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Analysis of Backlash in Feedback Control 
Systems \(^ith One Degree of Freedom 


L. M. VALLESE 

ASSOCIATE MEMBER AIEE 


Synopsis: The sinusoidal analysis of feed¬ 
back control systems with one degree of 
freedom, involving backlash, is developed 
in the time instead of in the frequency 
domain, by application of the Kryloff- 
Bogoliuboff method.^® Some interesting 
relations among the parameters of the 
output response are found, and the condi¬ 
tions for the limit of stability are derived. 
An approximate method to take into ac¬ 
count the harmonic content of the input 
is indicated. 


N onlinearities which occur in 

feedback control systems can be 
classified broadly as single valued and 
multivalued, according to the nature of 
their input-output relationship. Satura¬ 
tion and backlash are typical respective 
examples of these two classes. While 
for single-valued nonlinearities such a 
relationship is well defined and expressed 
only in terms of the instantaneous value 
of the input, the same is not true for 
multivalued nonlinearities. In this case 
the relationship depends both upon the 
instantaneous value and the rate of 
change of the input, i.e., upon its wave 
form, and in general cannot be expressed 
in simple analytical form. As a conse¬ 
quence, many of the iteration and per¬ 
turbation procedures of nonlinear anal¬ 
ysis, whidi are used successfully in the 
case of single-valued nonlinearities, can¬ 
not be applied in problems involving 
multivalued nonlinearities. 

The usual method of attack of such 
problems is based on the assumption 
that the input quantity varies mono- 
tpnically with time between two equal 
and opposite peak values; then, the 
input-output relationship assumes well- 
defined and simple expression and 
graphical representation, depending only 
upon the magnitude of the peak value of 
the input quantity. Step-by-step anal¬ 
yses of the autonomous behavior of 
feedback control systems with one degree 
of freedom, involving backlash in the 
forward or in the feedback branch of 
the loop, have been described in recent 
literature.The validity of these rigor¬ 
ous methods is subject to the correctness 
of the assumed backlash characteristic. 

The specification of monotonic varia¬ 
tion can be satisfied, in particular, with 


the assumption that the input quantity 
varies sinusoidally with time. In this 
case it is possible to apply an approxi¬ 
mate analysis, based on the principle 
of harmonic balance and subject to the 
before-mentioned limitation. Such a 
procedure, developed for feedback control 
systems by Tustin,® Godfarb,® Kochen- 
burger,^ and Johnson,® has proved very 
useful and sufficiently accurate to replace 
the more cumbersome step-by-step meth¬ 
ods. By introducing the concept of 
describing function, which can be con¬ 
sidered as the transfer fimction corre¬ 
sponding to the fundamental Fourier 
component of the output, the procedures 
of frequency analysis can be extended 
to nonlinear systems, providing in general 
graphical solutions for the amplitude and 
the frequency of the input quantity. 

The aim of this paper is to develop in 
the time instead of in the frequency 
domain the sinusoidal an?lysis of a 
feedback control system with one degree 
of freedom, containing backlash. This 
procedure, which was first proposed by 
Van der PoP and modified by Kryloff 
and Bogoliuboff,^® not only provides 
analytical instead of graphical solutions 
but also permits the harmonic content of 
the input quantity on the multivalued 
characteristic to be taken into considera¬ 
tion up to a certain extent. 

For purposes of exemplification it will 
be assumed that the backlash nonlinearity 
is in the feedback branch of the loop; 
see Fig. 1. The differential equation 
representing the behavior of the system 
is of type 

x-\-aiX’\-a2y=^a%Xi{t) ( 1 ) 

where y=y(x) is the functional relation¬ 
ship pertinent to the nonlinear term, and 
Xi(t) is the forcing term which is to be 
equated to zero when studying the 
autonomous behavior. 

Discussion 

In Fig. 2 the characteristic of backlash 
associated with an input wave form 
x=Ax sin Of is indicated. It is sym¬ 
metric with respect to the origin and, if 
2xo is the free play, possesses intercepts 
xo and yo with the co-ordinate axes. 


which are fixed parameters of the system. 
In addition jo^Kxoy where K—t3XL a. 

For the following analysis it is con¬ 
venient, in general, to represent a multi¬ 
valued nonlinearity y=y{x) as the sum 
of a single-valued mean relationship and 
a multivalued alternating relationship, 
where either or both can be nonlinear. 
For example, the single-valued character¬ 
istic associated with backlash is y=Kx, 
and the multivalued alternating nonlinear 
characteristic, according to 

y^Kx-hfix) ( 2 ) 

is for sinusoidal input 

fix)-=-Kxo. for -^i<iA<^/2 

K(Ax-XQ-x)y for x/2<^<7r-iAi 

= Kxoy for T—^i<^<3r/2 
= —KiAx—Xo-{-x), for 3ir/2<iA<2ir— 

(3) 


The phase angle is defined by 
sin ^l/i — l — 2x{i/Ax 

In Fig. 3 Jix) is plotted against x and 
against ^ for the case = It 

is of interest to observe that f(\p) is 
periodic and single valued, and possesses 
a Fourier spectrum of odd harmonics 
only, i.e. 

00 

/(^) = X) (fn(Ax) COS wif- sin »’/') 


since 

The separation of y{x) in a mean 
single-valued part and in an alternating 
multivalued part is important to define 
a relative measure of multivalued non¬ 
linearity. The latter is useful for the 
determination of the error involved in 
the approximate analysis. In the case 
of the backlash characteristic one can 
take as a relative measure the quantity 

dx which is smaller the larger 

— Ax 

the ratio A 1 / 3:0 is. 

Substitution of equation 2 in 1 provides 
x+a^Kx—-aix-^CL^fix') 
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X + Oj X + ^2^ “ 02^* 

Fig. 1 (above). Feedback control system with one degree 
of freedom, containing backlash 

Fig. 2 (right). Backlash characteristic for sinusoidal inputs 
of various amplitudes 


where it is assumed that aix+Oifix) 
remains small for all values of time. 
Letting, in accordance with the method 
of Kryloff and Bogoliuboff 

sin sin ^ 

x=^Ax(a cos ^ 

where and <p are assumed to vary 
“slowly^* with time, one has in first 
approximation 


dAx 

dt 



2v — ypi 




[cicaAx cos ^4- 


chfiAx sin ^)] cos \pdyf/ 


(5) 



dxp 
dt " 




(hfi-^x sin ^)] sin 


Substituting the relations 3 and per¬ 
forming the integrations 

dAx 1 , 

( 6 ) 

K(l2 , , 

— (sin 2^1+2^1— tt) ( 7 ) 

4XW ^ ' 

where ca^^’y/Kaz has been replaced with 
0 in equation 6. To investigate the 
existence of sustained oscillations one 
has to solve the equation (.dAx)/{dt)^0; 
letting p=^Ka 2 /ai^ and i2^=Q/ai, there 


follows 


Xti ^ p y 

(8A) 


(SB) 


From equation 8(A) there follows the 
condition 


In addition it is found that Ax/xq is 
uniquely determined as a function of the 
adimensional parameter f=p/Qi. 


In Fig. 4 the quantities Ax/xo, p, and 
have been plotted in separate curves 
as functions of {. Each of these curves 
possesses two branches, i.e., provides 
two solutions for a given value of f. 
However, from the relation 


sin ^1 = 1 — 


2xo 


which combined with equation 8 can be 
written sin = ± Vl ~ ir/f, it is seen 
that these two solutions correspond to 
equal and opposite if/i values, positive 
for the upper branch and negative for 
the lower branch respectively. For 
negative jpi values the amplitude Ax is 
less than the free play 2xo; see Fig. 5. 

The stability of the found solution can 
be investigated on the basis of the sign 
assumed by ld/(dAx)]l(dAx)/(dt)] in 
correspondence with the amplitude Ax- 
The solution is stable or not depending 
on whether this sign is negative or 
positive. From equations 6 and 7 one 
obtains 


d 


\dtj 2L" n\Aj 

i('-l) 


+ 

^Kl+cos2^i ) 
A^^ cos V'x 


-Xo' 


■] 


(9) 


This expression becomes zero for Ax— 


1.6xo (which corresponds to the point 
of minimiun of the p curve in Fig. ]4, 
i.e., f=1.05, p=5.0), and is ^0 re¬ 
spectively for ^^^1.6:ro. ^ Therefore, 
according to the results of this analysis, 
for values of 5 the system can settle 
as 5 nnptotically on either of two oscilla¬ 
tions, one unstable with amplitude less 
than 1.6xo and one stable with larger 
amplitude. Physically, of course, the 
unstable oscillation is not observed. No 
steady-state oscillations are found for 
P<5. As an example, the computation 
of Ax/xo and is shown in Fig. 4 for a 
given value of p=20. 

For design purposes the accurate 
evaluation of the minimum value of p 
for existence of oscillations is very im¬ 
portant. Unfortunately the present 
analysis is not well suited to this task 
since, at this limit, the relative measure 
of multivaluedness is very large. In 
Fig. 4 the results found with step-by- 
step analysis^ have been indicated with 
dashed curves. It is seen that complete 
agreement is obtained only forAx>-2xo, 
that the unstable oscillation actually 
does not exist, and that the critical value 
of p is ~3.046. 

Aside from the limitations indicated, 
the method of Kryloff and Bogoliuboff 
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possesses definite advantages of elegance 
of treatment. In addition, for p>-5, 
it provides a procedure for an approxi¬ 
mate correction of the basic assumption 
of sinusoidal input made in connection 
with the backlash characteristic. As a 
matter of fact, from the theory it is 
found that a refinement of the solution of 
first^approximation 

x=Ag. sin ^ 

is given by the expression 

COS sin (10) 


where fn(A:,) and g„(A^) have been 
defined in equation 4, and A^ and Q are 
the values determined in equation 8. 
For example, one has 


1 — 

.)=- /c 

V -^1 
KA^f 4 . 

=-1 --SI 

TT \ 3 


S{Ax sin cos Z\I/d\l/ 




(*— 1 +8 sin —6 cos 2\pi +3 cos 4\^i^ 


1 

4.) = - 


f(Ax sin ^)sin 


4 « ^0 . 1 


(8 cos 3^1+6 sin 2V'i—3 sin 4^i' 


On the basis of equation 10 the back¬ 
lash characteristic of Fig. 2 and its 
representative equations 2 and 3 can be 
re-evaluated obtaining a new representa¬ 
tion of type 

y=Kx-i-f*(Ax, rp) ( 11 ) 



Fis. 5. Backlash characteristic for A«<2xo 


In equation llf*{Axy can be expanded 
in a Fourier series containing only odd 
harmonics. After this has been obtained, 
equation 1 can be solved by application 
of the principle of harmonic balance. 
Letting 

CO 

x^Ax' sin ^4- ^2 ' (^n cos n^f/-\-Cn sin 
n = 3,5... 

where Ax'y and are considered 
unknown, and substituting into equation 
1 one equates to zero the coefficients of 
sin cos (w = 1,3, 6 ...) and obtains 
a system of equations in finite terms, 
which provide as solutions corrected 
values of Ax, Bn, and Cn- 

Conclusion 

The method of Kryloff and Bogo- 
liuboff and that of harmonic balance 
have been used to solve approximately 
problems involving nonlinear differential 
equations with multivalued terms. As 
an example, the problem of backlash in 
feedback control systems has been solved. 
The method is limited to systems with 
one degree of freedom. It provides the 
solutions in analytical form, and for this 
reason some fundamental relationships 
existing among the various parameters 
can be pointed out. 
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Basic Circuitry for Electrically Powered 
Pipe-Line Pump Stations Under 
Automatic or Remote Control 

M. A. HYDE 

MEMBER AIEE 


HROUGHOUT tlie last decade there 
has been an increasing trend to the 
employment of automatic sequence con¬ 
trol systems in electrically powered pump 
stations on crude oil and products pipe 
lines. Not only has sequence control ac¬ 
tuated by push buttons been widely em¬ 
ployed for attended stations but also the 
use of sequence techniques has been 
greatly extended by the automatic opera¬ 
tion of booster stations and by the remote 
operation of stations under supervisory 
control.^ 

The elements in a sequence control 
system must be arranged in essentially 
the same manner whether the starting 
and stopping signals are given by a local 
operator pressing a push button, by pilot 
devices responsive to line pressure or flow 
conditions, or by interposing relays ac¬ 
tuated remotely by supervisory control. 

This paper presents basic circuitry for 
electrically powered pipe-line pumping 
stations which employ sequence control 
for the pump units and which are there¬ 
fore suitable for automatic or remote 
operation. Considerations involved in 
the application of supervisory control 
for the remote operation of such stations 
are presented. The remote control of 
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MEMBER AIEE 

tankage facilities at initial and injection 
stations and of delivery facilities at ter¬ 
minal stations are not covered in this 
paper. 

Electric Elements 

Fig. 1 shows a typical single-line elec¬ 
trical diagram for a simple single-tmit 
pumping station, the piping and valve 
arrangement for which are shown in Fig. 
2. The primary disconnecting switch, 
lightning arresters, and transformers, 
usually owned by the electric utility com¬ 
pany, are located in an outdoor substa¬ 
tion which serves the pump station at an 
appropriate voltage, ordinarily 2,300 or 
4,160 volts, depending on the size of the 
load. The pipe-line company usually in¬ 
stalls a set of main secondary disconnect¬ 
ing switches to provide isolation of the 
station from the power supply. 

The scheme shown employs a main cir¬ 
cuit breaker 52 located outside the sta¬ 
tion building and the hazardous area. 
(See the Appendix for device designa¬ 
tions.) The principal control equipment 
is installed in a pressurized room of the 
station. For safety the station ventila¬ 
tion is operable even when the main 
breaker is open. By connecting the 
auxiliary power transformer on the sup¬ 
ply side of the main breaker, this breaker 
may be opened without interrupting serv¬ 
ice to the control room and pump room 
fans, the battery charger, and such light¬ 
ing as is desired to be continuously availa¬ 


ble. Station isolating valves and local 
residential load may be likewise served. 
All equipment supplied from this so- 
called “essential” auxiliary bus and lo¬ 
cated within the station building is explo¬ 
sion-proof. 

The remaining auxiliaries are supplied 
through a segregating breaker 52N. 
Their control equipment is installed in the 
pressmized control room along with the 
main pump control. Breaker 52N is 
manually closed and arranged for trip¬ 
ping simultaneously with main breaker 52 
in an emergency such as might cause the 
control room atmosphere to become 
hazardous. For this common tripping 
and lockout operation one or more emer¬ 
gency push buttons are used, explosion 
proof where installed in the station build¬ 
ing. Automatic tripping may be ac¬ 
tuated by a relay reflecting a loss of dif¬ 
ferential air pressure between the control 
room and pump rocm, or by a gas analyzer 
sampling the control room air. These 
features are discussed more fully in later 
paragraphs dealing with auxiliary control 
and protection. 

Some installations employ an emer¬ 
gency engine generator set which is lo¬ 
cated with its control in the nonhazardous 
area outside the station building and is 
arranged for automatic starting on fail¬ 
ure of utility power. 'The essential 
auxiliary power bus is then supplied 
through contactors interlocked to pre¬ 
vent paralleling the emergency generator 
with the normal power supply. 

Some installations, instead of serving 
the “nonessential” auxiliaries through 
breaker 52N^ employ a separate trans¬ 
former for this purpose, its primary con¬ 
nected to the main station bus on the 
load side of breaker 52. A disadvantage 
of this arrangement is that the nonessen¬ 
tial auxiliaries are de-energized whenever 
breaker 52 is opened. Except for an emer¬ 
gency condition involving hazardous at¬ 
mosphere in the control room, it is ad¬ 
vantageous for main breaker 52 to open 
without affecting the auxiliaries. For 
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example, orditiarily when 52 opens, shut- 
, ting down the main pump unit (or units), 
it is desirable to have power available for 
‘ closing the suction and discharge valves. 

The main breaker feeds the pump unit 
(or pump unit bus) and typically is equip¬ 
ped with relaying for phase reversal and 
voltage failure 47, overcurrent 5IS, and 
with a voltmeter V and a wattmeter W 
to indicate power supply and load condi¬ 
tions. An operating transformer on the 
supply side of the circuit breaker furnishes 
power for breaker closing, and a battery 
furnishes direct current for breaker trip¬ 
ping. The main breaker has connected 
to its load side the main pump motor 
starting equipment, with a surge protec¬ 
tion capacitor and lightning arrester. 
The single-line diagram, Fig. 1, indicates 
across-the-line starting of the pump motor 
although reduced voltage starting meth¬ 
ods are often employed. 

In a single-unit station employing full- 
voltage starting of the main unit, the lay- 


)MING 
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i. 


LIGHTNING 

ARRESTER 


POWER 

TRANSFORMER 


/>nnr||nnnr> 

/ POTENTIAL 
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out shown in Fig. 1 may be modified by 
combining the main breaker function 
with the motor breaker, thereby eliminat¬ 
ing a breaker. Some installations, par¬ 
ticularly new stations designed for un¬ 
attended operation, have all the control 
equipment installed in a single location 
sufiiciently separated from the pumping 
equipment proper to be outside of the 
hazardous area. With this arrangement, 
no hazard is introduced in the control 
room when its ventilation is interrupted, 
and the segregating breaker 52N is omit¬ 
ted. Other local differences in individual 
projects introduce deviations in detail 
from the layouts discussed, but they are 
generally representative of pipe-line prac¬ 
tice. 

Atndliaries and Their Control 

As is already evident, the auxiliaries 
and the control schemes employed for 
these devices vary according to the sta¬ 
tion layout. Some typical arrangements 
commonly used for the principal auxil¬ 
iaries will be described. 

Pump Room Ventilation 

Treatment of pump room exhaust fans 
ser\dng explosion-proof motor installa¬ 
tions is discussed later as a part of the 
pump unit starting sequence. Installa¬ 
tions employing force-ventilated motors 
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Fig. 1. Typical single-line electrical diagram for a simple single-unit pump station 


in the pump room require separate ven¬ 
tilation of the pump room, which should 
be preferably by a pair of exhausters with 
automatic discharge louvers, one unit 
serving as a spare. Frequently the 
motors are 2-speed to accommodate sea¬ 
sonal temperature conditions. They 
should be controlled from maintained- 
contact switches to insure resumption of 
operation after a voltage dip or power 
outage. 

Control Room Ventilation 

For installations typified by Fig. 1, 
where the control room is in the same 
building with the pumps, the control 
room air should be held at a small but 
positive pressure differential above the 
pump room, which may be as low as 1/8 
inch water, to prevent any infiltration of 
hazardous atmosphere from the pump 
room. The installation should include 
means of protection against failure of 
control room ventilation. This may be 
in the form of a low-pressure differential 
relay, which actuates an alarm in an at¬ 
tended station, and shuts down an un¬ 
attended station. This device operates 
through a time-delay auxiliary relay to 
permit a temporary loss of differential 
incident to the normal use of doors. The 
fan capacity should be adequate for warm 
weather conditions with the control room 
closed, and the excess air above exfiltra¬ 
tion allowed to escape through automatic 
louvers. Installation of duplicate fan 
units is desirable. Control should be by 
maintained contact switch to provide 
automatic restarting upon power resump¬ 
tion after an outage. 


VALVE 



PUMP 

MOTOR 


Q] PUMP SUCTION PRESSURE TAP 
H] PUMP CASE PRESSURE TAP 
H] PUMP DIFFERENTIAL PRESSURE TAPS 
0 PUMP FLOW TAPS TO ORIFICE 
H] STATION DISCHARGE PRESSURE TAPS 

Fig. 2. Piping and valve arrangement for 
simple single-unit pump station 
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Fig. 3. Typical piping diagrams for multiunit pump stations 


In some installations a combustible gas 
alarm is used to warn the attendant or to 
shut down an unattended station upon 
the incidence of a hazardous atmospheric 
condition. Circuitry for incorporation 
of these protective devices into the sta¬ 
tion protective system is detailed later in 
this paper. 

Instrument Air Compressor 

Pneumatic control systems are prev¬ 
alent for the regulation of station pres¬ 
sures. The necessary air compressor, 
including sometimes a stand-by unit, is 
controlled automatically by a pressiure 
switch on the air receiver. Air filtering 
and dehydrating equipment requires serv¬ 
icing, which in unattended stations can 
be handled on a periodic visit schedule. 
Instrument air failure should be alarmed 
by a separate pressure switch, and in the 
case of unattended stations, shutdown 
should result. 

Main Sump System 

A level in the main station sirnip above 
the normal working maximum should be 
alarmed by a separate float switch. The 
problem of sump pump control varies with 


different installations. On product lines, 
and on some crude lines, the possibility 
of contamination due to batch change in 
the line generally precludes automatic 
starting of the sump pump. One solution 
is to alarm at an upper working level, 
after which in an attended station the 
operator can start the sump pump at a 
suitable time depending upon the batch 
status. The pump control can be ar¬ 
ranged for automatic stopping responsive 
to a low-level contact. In unattended 
stations, main sump pumping may be 
done by local control on the occasion of 



Fig. 4. Schematic diagram for control of 


inspection visits or, if desired, the sump 
pump can be started and stopped by 
supervisory control with supplemental 
automatic stopping by low-level switch. 
For this latter type of operation it may be 
desirable that the controlling location 
have telemetered information charac¬ 
terizing the line content so that contam¬ 
ination can be prevented. 

Seal Leakage Sump System 

For detection of excessive seal leakage 
it is common to drain the seals of each 
main pump to a small individual sinnp. 
This seal leakage sump may in turn drain 
to the main station sump through a flow- 
limiting orifice which will pass the nor¬ 
mal leakage rate but will cause a rise in 
level sufficient to operate a float switch if 
the leakage is excessive. The float 
switch in turn effects an alarm and shut¬ 
down. 

In some installations, to minimize con¬ 
tamination the seal drainage is repumped 
directly from the small seal sump into the 
suction side of the main pump by a dis¬ 
placement pump driven by a fractional- 
horsepower motor. The repump has 
capacity for ordinary rates of seal leakage, 
but is inadequate to handle the excessive 
leakage incident to seal failure, and the 
resulting rise in sump level above the 
normal working maximum causes a float 
switch to alarm and shut down the unit. 
Some installations provide seal failure 
protection by a pressure switch responsive 
to pressure in the housing surrounding the 
outer end of each seal. 

% 

Station Isolation Valves 

It is common to employ “header gate’' 
valves to provide for isolation of the sta¬ 
tion from the line, particularly at mul¬ 
tiple-unit stations. When motor oper¬ 
ated, as is particularly desirable in large 
sizes, these valves may be controlled by a 
push button at the valves, and attended 
stations often provide supplementary 
control from the station control room. 
For unattended stations, remote super- 
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Fig. 5. Schematic diagrams for control of 
main pump units 

A—^Typical schematic diagram for sequence 
control of a single-unit pump station 
B—^Modification of sequence control to 
accommodate force-ventilated pump motor 
C—^Modification of sequence control to pro¬ 
vide sequential shutdown in a 3 -unit station 
in response to high station discharge pressure 


visory control has the advantage of pro¬ 
viding rapid isolation of the station in 
emergency. Individual stations vary as 
to arrangement of these valves. A com¬ 
mon arrangement is one upstream and 
one downstream of a station by-pass 
check valve, as shown in Figs. 3(A) and 
(B). Occasionally a motor-operated by¬ 
pass valve is used instead of a by-pass 
check valve, in which case interlocking 
provides against the by-pass valve being 
closed except when both isolating valves 
are fully open, and against either isolat¬ 
ing valve being closed except when the 
by-pass valve is fully open. 

Main Breaker Control 

The main circuit breaker may be 
manually controlled either locally or re¬ 
motely. Fig. 4 shows a scheme, in which 
momentary contact 1-close of master 
control device I energizes the breaker¬ 
closing relay ^2X through contacts of 
station lockout relay 86S and a phase re¬ 
versal and undervoltage auxiliary relay 
47X. If the breaker is subsequently 
tripped by any protective relay, it must 
be manually reclosed. (The protective 
shutdown system will be described later). 
A condition for closing the breaker is that 
power supply voltage and phase sequence 
be normal; this is detected by device 47, 
which has a contact 47Z closed on low 
voltage or phase reversal, and a contact 
47N closed when these conditions are 
normal. These contacts control the 
auxiliary relay 47X, as shown in Fig. 4, 
to prevent closure of the breaker under 
abnormal supply voltage. 

The scheme shown in Fig. 4 can be 
readily modified for automatic operation 
of the breaker after it has been closed by 
replacing momentary contact 1-close 
with a contact which remains in the 
closed position after operation. In this 
case, unless the breaker has been locked 
out by device 86S, it will automatically 
redose when voltage and phase sequence 
are normal. 

Pump Unit Control 

Fig. 5(A) shows a typical scheme for 
automatic starting and stopping of a 
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Fig. 6. Schematic diagram for station and 
unit lockout and annunciation 


single-unit station as shown in Fig. 2, with 
sequence operation of the unit suction 
and discharge valves and a solenoid-op¬ 
erated valve for venting the pump, as well 
as an associated pump room exhaust fan. 
Whether operation is entirely manual 
or by automatic sequence, the operating 
procedures should be carried out in pre¬ 
scribed order. 

For starting: 

1. Open suction valve and pump venting 
valve, and start necessary ventilation equip¬ 
ment. 

2. Energize pump motor. 

3. Open discharge valve and close pump 
venting valve. 

For stopping: 

1. De-energize pump motor and its asso¬ 
ciated ventilation equipment. 

2. Close discharge valve. 

3. Close suction valve. 

There are individual variations from 
these procedures; e.g., many installations 
do not require venting, and others in stop¬ 
ping the unit dose the suction and dis¬ 
charge valves simultaneously. Fig. 5(A) 
is based on the sequences just given, and 
shows a circuit breaker as the switching 
device 42 in a full voltage starting system. 
With appropriate minor modifications the 
diagram can be made to apply to control 
apparatus using contactor-fuse combina¬ 
tions for motor starting, and to various 
methods of reduced-voltage starting. 

Fig. 5(A) applies to an installation 
where ventilation is required to remove 
the motor loss heat, as for an explosion- 
proof motor located in the pump room. 
In this case, an air intake should be pro¬ 
vided in the wall opposite the motor, and 
an exhauster driven by an explosion- 
proof motor should be installed in the 
wall opposite the pump. Such pro¬ 
vision is of course tmnecessary for motors 
located outdoors. 

Starting Sequence 

The starting signal originates with mo¬ 
mentary dosure of master element 1- 
START contact, which can be a contact of 
a local push button, an automatic pilot 
device, or a remotely actuated relay. In 
series with this contact is limit switch 
contact 20D4 to prevent starting the unit 
when the discharge valve is in other than 
the dosed position. This is desirable to 
reduce the starting load on the motor. 
When the 1-start contact closes the 
drcuit through 20D4, master relay 4 seals 
itself in, starts the unit exhaust fan by 
energizing its contactor 88EC, and pre¬ 
pares a circuit to energize the open con¬ 
tactor 20SO of the suction valve controller. 


This circuit is completed through an 
auxiliary switch on the exhaust fan con¬ 
tactor 88EC. If desired, a vane switch 
or auxiliary contact on the exhaust dam¬ 
per may be used instead of a contact of 
the exhaust fan contactor 88EC. At the 
end of the opening stroke 20S0 is de¬ 
energized by the opening of limit switch 
20S1 on the valve mechanism. Closure 
of relay 4 sets up a drcuit for energizing 
solenoid vent valve 20 V, and as the suc¬ 
tion valve leaves its dosed position the 
dosure of limit switch 20S3 energizes the 
vent valve solenoid to open the vent 
valve. The vent valve solenoid is subse¬ 
quently de-energized, closing the vent 
valve, by the opening of limit switch 
20D4 when the discharge valve leaves the 
closed position. Closure of relay 4 pre¬ 
pared a drcuit for energizing relay 42X 
of the pump motor breaker, which cir¬ 
cuit is completed through limit switch 
contact 20S2 when the suction valve 
reaches the open position. Closure of 
relay 42X causes the breaker to close. 

When the breaker closes, an auxiliary 
switch 42a closes to energize the open 
contactor 20D0 of the discharge valve 
controller, and at the end of the opening 
stroke 20D0 is de-energized by the open¬ 
ing of limit switch 20D1 on the valve 
mechanism. The pump unit is then in 
operation. 

A sequence completion check is ini¬ 
tiated when master relay 4 is energized, 
completing a circuit to timing relay 48, 
which is set to provide a sufficient inter¬ 
val for normal completion of the starting 
sequence. If, at the termination of this 
interval, the suction and discharge 
valves are not in the full open position 
and the exhaust fan contactor is not 
closed, the unit is shut down through 
lockout relay 86. See Fig. 6 and later 
discussion of protection. 

When the pump motor is force-venti¬ 
lated, it is equipped with a motor-driven 
fan located outside the hazardous area. 
The unit control sequence then must pro¬ 
vide for purging the duct system and 
motor housing for a predetermined time 
before the pump motor can be started; 
during this interval the suction valve is 
opening. For this arrangement, the cir¬ 
cuits controlling motor breaker 42 are 
modified as shown in Fig. 5(B). Closure 
of master relay 4 energizes contactor 
88BC which starts the force-ventilating 
fan. When air flow is established through 
the duct system, flow switch 88FF2 closes, 
energizing timer 88FX which, after an 
interval sufficient to purge the duct sys¬ 
tem, closes to energize breaker-closing re¬ 
lay 42X, the suction valve having mean¬ 
while reached the open position. Upon 
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completion of the starting sequence, the 
unit is on the line and the pump opera- 
^ tion is subject to the hydraulic system 
control which will be discussed later. 

Stopping Sequence 

The stopping sequence can be initiated 
by momentary closxure of master element 
1-STOP contact, by opening of the mam 
breaker 52, by operation of lockout relay 
86, or by any of the other protective de¬ 
vices shown connected across the coil of 
master relay 4 in Fig. 5(A). When relay 
4 is released by closure of any of the con¬ 
tacts shown, the trip coil 42TC of the 
motor breaker is immediately energized 
and the exhaust fan contactor 88EC is 
released, sequence checking relay 48 
reset, and a circuit is prepared for ener¬ 
gizing the CLOSE contactor 20DC of the 
discharge valve. This circuit is com¬ 
pleted by auxiliary switch 42b when the 
motor breaker opens. When the dis¬ 
charge valve reaches the closed position 
it is stopped by opening of limit 20D3, at 
which time 20D4 completes a circuit to 
the CLOSE contactor 20SC of the suction 
valve. Closme of the suction valve 
completes the stopping sequence. After 
initiation of a stopping signal the unit 
cannot be restarted until the discharge 
valve is completely closed. The suction 
valve cannot be opened or closed unless 
the discharge valve is fully closed. In 
some installations, as already mentioned, 
the stopping sequence is modified to pro¬ 
vide simultaneous closure of the suction 
and discharge valves. In some cases the 
valve employs a torque-actuated limit 
switch to stop travel in the closed posi¬ 
tion, and sometimes a similar switch 
is used to stop travel in the open position. 

Scraper Passage Control 

In some stations automatic stopping 
and restarting is arranged to accomodate 
the passage of a scraper. This is accom¬ 
plished by recently deviced scraper de¬ 
tectors, one of which, installed just up¬ 
stream of the station, actuates a shut¬ 
down relay as the scraper enters the sta¬ 
tion zone. With the pump down the 
scraper proceeds through a full-opening 
station by-pass check valve, and then 
through a second detector on the outgoing 
side of the station which energizes a start¬ 
ing relay to restore the station to normal 
operation. 

Co-ordination with Hydraulic Control 

With constant-speed motors, which are 
ordinarily employed for reasons of sim¬ 
plicity and adaptability to hazardous at¬ 
mosphere, regulation of the station incre¬ 


mental pressure to suit line requirements 
is usually accomplished by some form of 
throttling valve in the station discharge. 
This throttling valve is under pneumatic 
control by pressure-regulating elements 
responsive to the station suction and dis¬ 
charge pressures and so arranged as to 
keep these pressures within prescribed 
limits under varying conditions in the 
line. This system may also serve very 
usefully to limit the rate of release of the 
pressure increment of an oncoming unit 
into the line, not only to prevent surges 
in the line but also to limit the load on 
the motor during the period when the 
line pressure is building up or “packing” 
following the opening of the unit dis¬ 
charge valve. In an attended station this 
is usually accomplished by the operator 
gradually increasing the setting of the 
discharge pressure controller by small 
increments at intervals of several minutes, 
until the line has stabilized at the higher 
pressure level. 

It is possible, of course, to perform this 
operation remotely through a motorized 
drive on the regulator control-point set¬ 
ting mechanism: On one products line 
employing single-unit stations, the throt¬ 
tling valve controller is equipped with a 
geared motor drive which, upon starting 
the pump unit, is energized to advance 
the controller setting slowly from an ini¬ 
tially low value to the desired maximum, 
and upon shutdown to return the setting 
to its initial value. This operation is 
performed locally, without any remote 
control or supervision, its progress being 
observed by telemetered values of the 
station discharge pressure. 

Another practice in single-unit stations 
is to apply to the hydraulic control sys¬ 
tem an overriding limiting controller re¬ 
sponsive either to flow or to motor load. 
This arrangement permits the settings of 
the suction and discharge pressure limit 
controllers to remain fixed at the sta¬ 
tion’s maximum operating condition. In 
this system a spring-dosed, air-to-open 
control valve is used, and a solenoid 
valve so installed that, when energized, 
it will release the air from the control 
valve, thereby holding it dosed. By 
energizing the solenoid valve when the 
suction valve begins to open and until 
the discharge valve is fully open, the 
throttling valve is held dosed, from which 
position it can initiate its controlling ac¬ 
tion most effectively in response to the 
flow-limiting or load-limiting controller. 

Features of Multiimit Stations 

Use of two or more pump units intro¬ 
duces some additional considerations. 


Multiunit stations usually employ pumps 
connected in series with a single throttling 
valve on the downstream side of the final 
pump, as shown in Figs. 3(A) and (B). 
The arrangement shown in Fig. 3(A) is 
commonly used in crude oil lines to mini¬ 
mize station piping and pressure drop, 
while that shown in Fig. 3(B) is usually 
employed in products lines (and occa¬ 
sionally crude oil lines) where it is im¬ 
portant to minimize contamination. The 
latter arrangement also permits the loca¬ 
tion of the unit valves outside the pump 
room. 

As previously stated, a single-unit sta¬ 
tion may not have a main circuit breaker, 
but in a multiunit station it is always de¬ 
sirable to have a main breaker. The 
motor surge protection equipment may 
consist of a single capadtor-lightning- 
arrester combination connected to the 
main bus. Time-delay undervoltage re¬ 
lays may be applied to the individual 
units with progressive time settings so 
that following a voltage dip, as many 
units can be retained on the bus as prac¬ 
tical, consistent with reasonable current 
demand. 

In multiunit stations shutdown in re¬ 
sponse to abnormal pressures is desirably 
sequential in order to minimize hydraulic 
shock and to keep as much of the station 
in operation as practical when shutting 
down part of the units would result in 
correction of the abnormal pressure. 
Shutdown due to low suction or high case 
pressure in the individual pumps is ac¬ 
complished in the same manner as for a 
single-unit station, by pressure switches 
installed on each side of each unit, at tap 
points 1 and 2 shown in Figs. 3(A) and 
(B). Since low station suction pressure 
is reflected on the suction side of the up¬ 
stream operating unit, the arrangement 
just mentioned provides inherently se¬ 
quential shutdown in the event of low 
station suction pressure. High case 
pressure will be sensed initially on the 
downstream unit, which will result in se¬ 
quential shutdown in the reverse order 
to that just described for low station 
suction pressure. Shutdown due to high 
station discharge pressure must be ac¬ 
tuated by a single pressure switch tapped 
to the downstream side of the station 
throttling valve (tap point 5 of Fig. 3). In 
many stations this switch shuts down all 
units simultaneously. However, sequen¬ 
tial shutdown on high station discharge 
pressure can be accomplished by the 
scheme shown in Fig. 5(C). 

In this system, the protective device 
contact 63P5 for high station discharge 
pressure energizes an auxiliary relay 
63P5X whidi closes the tripping circuits 


March 1955 


Hyde, Derr—Circuitry for Electrically Powered Pump Stations 


9 



of the operating units sequentially pro¬ 
ceeding downstream. The unit se¬ 
quence is automatically established by 
pump differential pressure relays 63F3-1, 
63P3~2, 63P3~3, etc., for the respective 
units, each of which holds open the cir¬ 
cuit to the trip coil of the succeeding 
downstream unit as long as it is actuated 
by differential pressure across its own 
pump. If desired, this same shutdown 
sequence may also be initiated by a pres¬ 
sure switch tapped to the upstream side 
of the station throttling valve, with its 
contact in parallel with pressure switch 
63P5. 

For stations employing two or more 
pump units somewhat more extensive 
provisions are needed than for single-unit 
stations to control the operating during 
line packing. A suggested method is to 
employ an overriding load controller for 
each pump unit in order to initiate throt¬ 
tling on excessive load, reflectinghigh flow, 
in any unit. During starting of the first 
unit only, the throttling valve is held 
closed until the suction and discharge 
valves are fully open. Another method, 
employed by a large products line, uses 
one load controller for a 2-unit station, 
and the controller is pneumatically ad¬ 
justed to the appropriate setting for 
single-unit or 2-unit operation by a sole¬ 
noid valve actuated from a limit switch 
at the open position of the discharge valve 
of the second unit. 

Another problem introduced in multi¬ 
unit stations is that of automatically ac¬ 
commodating the passage of a scraper. 
As previously discussed, a single-unit sta¬ 
tion with a full-opening by-pass check 
valve can be shut down and restarted by 
scraper detectors signalling the scraper’s 
entry to and departure from the station 
zone. However, in a multiple-pump sta¬ 
tion hydraulic and power-demand con¬ 
siderations make it undesirable to restart 
units simultaneously. By adding a motor 
operated by-pass valve between the sta¬ 
tion discharge and station suction, and 
arranging for the incoming scraper detec¬ 
tor to open this valve and for the out¬ 
going detector to close it, it is possible to 
leave aU the pumps running during the 
scraper’s passage. 

Protection 

In all types of electric equipment in¬ 
stallations protection against abnormal 
operation or equipment failure is im¬ 
portant, but in no type of installation is 
an adequate protective system more im¬ 
portant than in a pipe-line pump station, 
because of the hazardous nature of the 
medium transported. This is particu¬ 


larly true for automatic or remotely op¬ 
erated stations where usually no per¬ 
sonnel are present. 

The protection for individual stations 
will vary according to the basic arrange¬ 
ment. There are certain protective ftmc- 
tions which should be provided in all in¬ 
stallations ; described here are those con¬ 
sidered generally essential for the case of a 
t 3 q)ical unattended station; it is recog¬ 
nized that individual conditions may war¬ 
rant deviations from the functions enu¬ 
merated in the following. 

There are four basic operations that 
may result from the functioning of a pro¬ 
tective device: 

1. Station shutdown consists of opening 
the main circuit breaker, which is subject to 
subsequent reclosure. 

2. Station lockout consists of opening and 
locking out the main circuit breaker, after 
which the breaker can be reclosed only when 
the lockout device is manually reset. 

3. Unit shutdown consists of stopping the 
unit and closing its suction and discharge 
valves in the normal manner, subject to sub¬ 
sequent restarting. 

4. Unit lockout consists of stopping the 
unit and closing its suction and discharge 
valves, after which the unit can be restarted 
only when the lockout device is manually 
reset. 

In existing installations, the selection 
of protective functions which will initiate 
each of these actions has been based on 
individual engineering analysis. There 
are no industry-wide standards governing 
the protection of pipe-line pump stations. 
Based on experience, protective functions 
are assigned to the four basic categories 
which are believed to be best for typical 
unattended stations. 

Station Shutdown 

This should result only from phase re¬ 
versal or a-c undervoltage. Protection 
for both of these conditions is usually 
provided by a single relay shown as de¬ 
vice 47 in Fig. 1. As previously dis¬ 
cussed and shown in Fig. 4, operation of 
device 47 trips the main breaker. Auxil¬ 
iary contacts of this breaker are em¬ 
ployed in the master relay circuits of all 
pump units to effects their normal shut¬ 
down, Referrring to Fig. 5(A), a contact 
52b of the main breaker auxiliary switch 
shunts the master relay coil, and release 
of this relay trips the motor breaker and 
closes the suction and discharge valves. 
When voltage conditions are restored to 
normal the main breaker can be reclosed 
either manually or automatically, de¬ 
pending on the method of operation em¬ 
ployed, and the individual pump units 
may then be restarted after their suction 
and discharge valves have closed. 


Station Lockout 

The following conditions should result 
in station lockout: 

1. A-c overcurrent 51S. 

2. Battery undervoltage 80. 

3. Low instrument air pressure 96. 

4. High level in main sump 63L1. 

5. Unsafe atmospheric condition in control 
room 97 or 98. (Applies only where con¬ 
trol room is subject to hazardous atmos¬ 
phere.) 

Referring to Fig. 6, it will be noted 
that all of these functions result in opera¬ 
tion of station lockout relay 86Sf a con¬ 
tact of which trips the main breaker 52. 
This results in releasing the master relay 
4 of each individual pump unit as de¬ 
scribed in the preceding section. In the 
case of the first four functions just listed, 
the auxiliary power is not interrupted, 
and release of master relay 4 is followed 
by tripping of the pump unit breaker and 
closure of the discharge and suction 
valves. However, in the case of the 
fifth function (unsafe atmospheric condi¬ 
tion in the control room) dosure of de¬ 
vice 97 or 98 contact results in tripping of 
auxiliary segregating breaker 52N simul¬ 
taneously with energization of lockout 
relay 86S, as shown in Fig. 6. After this 
lockout operation, redosure of the main 
breaker can be accomplished only when 
relay 86S has been manually reset. The 
auxiliary segregating breaker 52N must 
be manually closed. 

Unit Shutdown 

The following conditions should result 
in the shutdown of an individual pump 
unit: 

1. Low suction pressure 63P1. 

2. High pump case pressure 63P2. 

3. High discharge pressure 63P5. 

4. Motor overtemperature 49. 

5. Pump case overtemperature 26P. 

6. Motor phase current unbalance 46. 

Occurrence of any of these conditions 
results in release of master relay 4 and 
normal shutdown of the pump unit as 
shown in Fig. 5(A). In the case of low 
suction pressure protection, note that de¬ 
vice 63P1 has its contact in series with a 
limit switch 20S2. This is necessary to 
prevent functioning of the low suction 
pressure switch until the suction valve 
is fuHy open, at which time normal suc¬ 
tion pressure should ordinarily exist. 

Following sudi shutdowns, the unit 
can be restarted by redosure of the 1- 
start contact. As previously discussed, 
the 1-START device can be a local push 
button, an automatic pilot device contact, 
or a remotely actuated relay contact. 
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Fig. 7. A single-unit booster station operated by super¬ 
visory control over microwave. Note separation of Fig. 8. Control room of a large multiunit pump station. Push-button sequence 

buildings for pump unit, control equipment, and microwave control for seven local units is provided on central control console. Diagram panel 


equipment 

Unit Lockout 

The following conditions should result 
in unit lockout: 

1. Motor overcurrent 51. 

2. Incomplete starting sequence 48. 

3. Seal failure 63L3. 

4. Motor bearing overtemperature 38Ml, 
38M2. 

5. Pump bearing overtemperature 38P1, 
28P2. 

Referring again to Fig. 6, it will be 
noted that all of these functions result in 
operation of pump unit lockout relay 86, 
a contact of which shunts the master relay 
4. The release of master relay 4 results 
in the tripping of the pump unit breaker 
and closure of the discharge and suction 
valves. The unit cannot be restarted 
until lockout relay 86 has been manually 
reset. 

The incomplete sequence protection is 
initiated by timing relay 48 energized 
when master relay 4 closes, as shown in 
Fig. 6(A). After its time setting inter¬ 
val, contact 48 closes in the coil circuit 
of auxiliary relay 48X, as shown in Fig. 6. 
If at this time both the suction and dis¬ 
charge valve limit switches do not indi¬ 
cate the fully open position, or if the con¬ 
tactor 88EC of the exhaust fan is not in 
its normal closed position, a circuit is es¬ 
tablished to energize auxiliary relay 48X 
which in turn energizes lockout relay 86. 
If during running operation either valve 
or the exhaust fan contactor leaves its 
normal position, relay 48X is energized 
and lockout results. Where the pump 
motor is force-ventilated the contact of 
device 88EC, in the coil circuit of auxiliary 
relay 48X, is replaced by a contact of the 
air-flow switch 88F. 


at left controls booster station 

A recently developed mechanical vibra¬ 
tion-monitoring relay is applicable to 
initiate lockout upon incipient mechan¬ 
ical failure of a main pump or its driving 
motor. This device is particularly ad¬ 
vantageous for pumps employing ball 
bearings, since in a ball bearing rough¬ 
ness is usually an earlier indication of 
trouble than is temperature rise. 

Local Annunciation 

Regardless of the method of control, 
whether local, automatic, or remote, it is 
desirable that all protective functions be 
individually annunciated locally. In at¬ 
tended stations this annunciation fre¬ 
quently takes the form of an audible 
alarm in combination with identifying 
indicating lights appropriately arranged 
on a graphic control panel. The control¬ 
ling location for a remotely operated sta¬ 
tion is likewise equipped with suitable 
indicating lights along with the control 
devices. At the remotely controlled sta¬ 
tion the most satisfactory form of an¬ 
nunciator is the drop type. All of the 
protective devices discussed in this paper 
are shown connected to individual drops 
of an annunciator in Fig. 6. With the 
type of annunciator shown, closure of any 
protective device contact completes a cir¬ 
cuit to the coil of an individual drop 30-1, 
etc., in series with the operate coil 50-0 
of a latching element of the annunciator. 
When the operate coil is thus energized, 
contact 50-0 of the latching element closes 
to increase the current through the indi¬ 
vidual drop to cause it to operate and 
open its coil circuit. A second contact 
50-0 can be used to sound a bell as shown 
in Fig. 6 or it can initiate a remote alarm. 
The alarm circuit is restored to normal by 


56 miles downstream by supervisory control 

energization of coil 30-R which me¬ 
chanically resets the latching element. 

Automatic Operation 

As previously indicated, it is possible 
to have the starting and stopping se¬ 
quences for a pump unit initiated auto¬ 
matically. Elements responsive to 
line pressure or flow conditions at the 
pump station can be employed to initiate 
these sequences, as shown in Fig. 
5(A). 

Completely automatic starting and 
stopping is usually only efliployed in 
single-unit booster stations. For the 
usual automatic installation, no informa¬ 
tion concerning the functioning of the sta¬ 
tion or the hydraulic conditions which 
exist is provided at any remote location. 
The operation of the automatic station is 
inferred from pressure and flow conditions 
at the adjacent attended pump stations. 

Remote Operation 

The unattended remote operation of 
both single-unit and multiunit pump sta¬ 
tions is becoming quite prevalent.®""® 
Such remote operation can be advan¬ 
tageously obtained by the use of super¬ 
visory control and telemetering equip¬ 
ment. Supervisory control operating 
over a single telegraphic-type channel is 
used to perform the necessary operations, 
to provide indications of the position of 
apparatus, and to provide indications 
and alarms for trouble conditions. Tele¬ 
metering equipment is used to provide 
quantitative indications of hydraulic and 
electrical conditions at the unattended 
station. The telemetered indications can 
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Fig. 9. Control equipment at a remotely operated pump station 

j \—^Switchgear assembly for a single-unit booster station remotely controlled. This assembly combined main station breaker, reduced voltage 
motor starting equipment, auxiliary power transformer, control center, sequence and protective relays, annunciator, local electric and hydraulic 

instrumentation, supervisory control, and telemetering transmitters 
B— ^Telemetering transmitters and supervisory relay cases (left) of switchgear assembly shown in (A) 


be obtaineti continuously by the use of a 
separate channel for each indication, or 
selectively over the supervisory control 
channel. In addition, multiplexing tech¬ 
niques can be employed to connect the 
telemetering transmitters and receivers 
to the same channel in consecutive order. 

In general remote operation of a pump 
station is not effected from a location 
closer than an adjacent attended pump 
station. An increasing trend is the es¬ 
tablishment of centralized control loca¬ 
tions, such as the initial station or the 
pipe-line system dispatching office, from 
which large numbers of attended stations 
can be operated. Therefore, the remote 
operation must be effective over relatively 
long distances rangingfrom approximately 
20 miles to hundreds of miles. The neces¬ 
sary channels for operation of pipe-line 
pumping stations can be provided by 
telegraphic-type tones operating over 
privately owned microwave or telephone 
line carrier links.In addition, leased 
facilities can be employed in two ways.^^ 
Individual telegraphic-type channels can 
be leased or a voice channel can be leased 
and the necessary number of telegraphic- 
type channels obtained by the application 


of audio-tone generating and receiving 
equipment. 

Fig. 7 shows a view of a single-unit 
pump station which is remotely operated 
over a microwave channel. From left to 
right it shows outdoor substation, control 
building, microwave building and tower, 
and pump building. 

Supervisory Control 

When a pipe-line pumping station is re¬ 
motely operated by supervisory control, 
the equipment applied must be arranged 
to provide the following minimum control 
functions and indications of device posi¬ 
tions : 

1. Start-stop sequence control of each 
pump unit. 

2. Indication of stopped or running con¬ 
dition of pump motors. 

3. Indication of open, closed, and inter¬ 
mediate positions of the suction and dis¬ 
charge valves of all pump units. 

In addition, it is extremely desirable to 
provide an indication of the position of the 
main breaker (also control of main breaker 
unless it is completely automatic) and to 
provide indications of station lockout and 
individual pump unit lockout. A super¬ 


visory control cutoff or transfer switch is 
desirable at the controlled station, and it 
is usual to indicate position of this switch 
at the controlling location. There may 
be installations where it is desirable to 
control the main sump pump. Unless 
completely automatic means are provided 
as previously discussed, it may be neces¬ 
sary to provide for remote adjustment of 
the control point setting of the station 
discharge pressure controller. Where 
electrically operated isolating valves are 
employed, provisions for their remote 
operation may be desirable. 

Rather than have the starting and stop¬ 
ping of pump units directly under the con¬ 
trol of a remote operator, it is sometimes 
preferable to provide a combined remote 
manual and automatic arrangement to 
govern the starting and stopping of pump 
units. With this type of control the op¬ 
erator can stop a pump unit at any time, 
but he can only prepare it for starting 
with the actual starting as well as subse¬ 
quent stopping then being dependent on 
line hydraulic conditions as sensed by 
pressure or flow switches. 

Economic considerations usually pro¬ 
hibit individual indications over super- 


12 


Hyde, Derr—Circuitry jor Electrically Powered Pump Stations 


March 1955 







visory control for all of the protective de¬ 
vice operations which are shown in Fig. 
6(A) for a typical single-unit station. 
However, the protective devices can be 
grouped in various combinations to pro¬ 
vide a relatively small number of indica¬ 
tions which can assist in determining the 
type of personnel to be dispatched to the 
controlled station after lockout is re¬ 
ported. A typical grouping of functions 
for common indications for a single-unit 
station is as follows: 

1. Power failure: device 47. 

2. Electric equipment failure; devices 46, 
48, 49, 5JS, 51, 80, 88E. 

3. Mechanical equipment failure: devices 
26F, 38M1, 38M2, 38P1, 38P2, 63L1, 63L3, 
96 and 97 or 98. 

4. Abnormal hydraulic conditions: de¬ 
vices 63P1, 63P2, 63P5. 

Supervisory control for pipe-line pump¬ 
ing is usually arranged to provide the 
same type of operating procedures as 
would be required for local push-button 
sequence control. The equipment is 
usually arranged so that it is only neces¬ 
sary to operate a start and stop push¬ 
button to initiate the starting or stop¬ 
ping sequence for a pump unit. Like¬ 
wise, the alarm lamps for protective de¬ 
vice operation are usually arranged to re¬ 
main lighted until the trouble contact has 
opened and a reset push button has been 
operated. The lamp indications for the 
pump motors and suction and discharge 
valves are often located in a diagram of 
the main station piping. A supervisory 
control diagram panel for the remote op¬ 
eration of a single-unit downstream pump 
station is shown at the left of Fig. 8. 
The control desks shown in Fig. 8 are for 
the sequence control of local pump units. 

The supervisory control equipment is 
generally installed with the motor con¬ 
trol equipment. In the case of new sta¬ 
tions, it is often made an integral part 
of the switchgear assembly. Fig. 9(A) 
shows the switchgear for a single-unit unat¬ 
tended pump station. The supervisory 
control equipment is mounted on the rear 
panel of the left-hand unit of this switch- 
gear. This supervisory control panel is 
shown at the left of Fig. 9(B). 

Telemetering 

Regardless of the number of pump 
units in a remotely operated station, it is 
essential to provide telemetered indica¬ 
tions to the controlling location of the 
following hydraulic quantities: 

1. Initial pump suction pressure. 

2. Final pump discharge pressure. 

3. Outbound line pressure. (Hot required 
if no throttling valve is employed.) 


Telemetering of flow may be desirable 
where flow conditions are not uniform 
throughout the line as may result from 
deliveries at interm^ediate points. While 
not essential for remote operation of a 
pump station, there are instances in which 
it may be desirable to telemeter electrical 
quantities such as watts and amperes for 
the pump motors and volts for the sta¬ 
tion. 

As previously indicated, the telemeter¬ 
ing may be continuous, the telemetered 
quantities may be indicated in consecu¬ 
tive order through some type of time-divi¬ 
sion multiplexing, or they may be selec¬ 
tively obtained at the will of the dis¬ 
patcher through the supervisory control 
equipment. Economics usually dictates 
in favor of the latter two arrangements 
although there are many possible compro¬ 
mise a.rrangements involving some con¬ 
tinuous and some selective or multiplexed 
telemetering. 

Pulse-duration or frequency-type tele¬ 
metering systems are usually em¬ 
ployed. -u xhe pulse-duration-type 
telemetering transmitters may be directly 
actuated by the hydraulic quantity or by 
the electric output of a transducer. The 
frequency-type telemetering transmitters 
can only be employed for hydaulic quan¬ 
tities through the use of transducers.^® 
The frequency-type telemetering system 
provides faster rate of response but re¬ 
quires channels capable of handling higher 
keying speeds. Telemetering transmitters 
of the frequency type are shown on the 
doors of the switchgear assembly at the 
left of Fig. 9(A). 

Conclusion 

Modem electrically powered pipe-line 
pumping stations are the result of the 
technical advances in this field which 
have been made during a period of some 
three decades. The advent of push¬ 
button sequence control for such stations 
approximately 16 years ago was the fore¬ 
runner of today's accelerated use of re¬ 
motely operated unattended pumping 
stations and completely automatic sta¬ 
tions. The justification for such re¬ 
motely controlled and automatic pump¬ 
ing stations is purely economic. 

Modem supervisory control and tele¬ 
metering systems make it possible to in¬ 
clude many desirable features in the de¬ 
sign of remotely operated pumping sta¬ 
tions regardless of the type of channel 
employed. 

Reliability cannot be overemphasized 
in the design of remotely operated or 
automatic stations. A full complement 
of devices to detect all hydraulic and elec¬ 


trical trouble conditions is all-important. 
Locally actuated shutdown of the unit or 
station in trouble should result after a 
condition of trouble has been detected 
by one of these protective devices. Re¬ 
mote or automatic operation should only 
be employed when its functioning is co¬ 
ordinated to an adequate protective sys¬ 
tem. 

Heretofore there has been a lack of con¬ 
sistent practice in designating equipment 
devices for pipe-line pump stations. As 
the result of considerable investigation, 
designations have been employed in 
this paper based on ASA Standard C37.2^® 
with such adaptations as were deemed 
desirable for pipe-line use. It is strongly 
recommended that a system such as em¬ 
ployed in this paper be followed as stand¬ 
ard practice to facilitate the interpreta¬ 
tion of diagrams. 

Appendix. Device Desisnations 
(Based on ASA Standard C37.2) 

1 Master element (start, stop, close, 

trip) 

4 Master relay 

20SC Suction valve closing contactor 

2050 Suction valve opening contactor 

2051 Limit switch open only when suc¬ 

tion valve is fully open 

2052 Limit switch closed only when suc¬ 

tion valve is fully open 

2053 Limit switch open only when suc¬ 

tion valve is fully closed 
20DC Discharge valve closing contactor 

20D0 Discharge valve opening contactor 

20D1 Limit switch open only when dis¬ 

charge valve is fully open 
20D3 Limit switch open only when dis¬ 
charge valve is fully closed 
20D4 Limit switch closed only when dis¬ 

charge valve is fully closed 
20 V Vent valve 

26P Pump case overtemperature ther¬ 

mal device 

30 Annunciator relay 

30-1, etc., individual drops 
30-0 operate coil 
30-R reset coil 

38M1 Motor bearing thermal relay (in¬ 

board) 

38M2 Motor bearing thermal relay (out¬ 

board) 

38P1 Pump bearing thermal relay (in¬ 

board) 

38P2 Pump bearing thermal relay (out¬ 
board) 

42 Motor circuit breaker 

a —^Auxiliary switch closed when 
breaker is closed 

aa —^Auxiliary switch closed when 
operating mechanism of 
breaker is in energized or 
operating position 
h —^Auxiliary switch open when 
breaker is closed 
CC —Closing coil 
rC—Trip coil 
X —Closing relay 
Y —Closing cutoff relay 
46 Phase current balance relay 
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47 


47X 

48 
48X 

49 
SIS 

51 

52 


52A 

52N 

63L1 

63L3 

63P1 

63P2 

63P3 


Undervoltage or reverse phase 
voltage relay 

L —Contact closed for abnormal 
conditions 

^—Contact closed for normal con¬ 
ditions 

Auxiliary undervoltage for reverse 
phase voltage relay 
Incomplete sequence timing relay 
Auxiliary incomplete sequence re¬ 
lay 

Motor thermal overload relay 
Station overcurrent relay 
Motor overcurrent relay 
Main circuit breaker 
a —^Auxiliary switch closed when 
breaker is closed 

aa —^Auxiliary switch closed when 
operating mechanism of 
breaker is in energized or 
operated position 

h —^Auxiliary switch open when 
breaker is closed 
CC —Closing coil 
TC —^Trip coil 
X —Closing relay 
y —Closing cutoff relay 
Auxiliary power breaker 
Auxiliary segregating breaker 
TC —^Trip coil 

High main sump level switch 
Seal failure contact 
Low suction pressure switch 
High pump case pressure switch 
Pump differential pressure switch 


63P5 

High discharge pressure switch 

63P5X 

High discharge pressure auxiliary 
relay 

80 

Battery undervoltage relay 

86S 

Station lockout relay 

86 

Pump imit lockout relay 

88BC 

Blower fan starter contactor 

88EC 

Exhauster fan starter contactor 

88F 

Motor air flow switch 

88FX 

Auxiliary timing relay for device 
88F 

96 

Low instrument air switch 

97 

Low room air differential pressure 

98 

Hazardous atmosphere protective 
device 

A 

Ammeter 

V 

Voltmeter 

W 

Wattmeter 
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Eddy-Current Press Drives 


F. L. HOPF 

ASSOCIATE MEMBER AIEE 

T he perennial requirement of more 
pieces per hour from all presses in a 
modem metal stamping plant has created 
many problems. Obviously, every press 
must operate at a greater number of 
strokes per minute with correspondingly 
higher punch velocity. This situation 
is aggravated by variations in steel sheets 
both from a chemical analysis and thick¬ 
ness consideration. 

These several problems instigated the 
development of better methods of driving 
and controlling presses. One system uses 
a direct-connected motor which starts 
and stops on each stroke. This drive is 
Hmited to the torque that the motor can 
develop, since a flywheel is not used. As 
a result special high-torque motors are 
employed. 

This situation resulted in the applica¬ 
tion of an eddy-current clutch and brake 
as a press drive. The use of this combina¬ 
tion which incorporates a flywheel permits 
selection and control of punch velocity 
anywhere in the stroke with a normal 
size standard induction motor. Models 


T. R. LA VALLEE 

NONMEMBER AIEE 

are available for single-, double-, and 
triple-action presses rated 300 to 1,500 
tons. The basic design, application, and 
excellent performance of these units is 
described in this paper. 

Speed-Torque Characteristics 

In the application of an eddy-current 
drive for mechanical presses, two basic 
problems are of prime importance. The 
first of these is che generation of sufficient 
torque for the job to be done. The 
second is to ensure adequate dissipation 
of heat which occurs in the functioning of 
the press. Fig. 1 illustrates the basic 
speed-torque relationship used for both 
the clutches and brakes of a typical press 
drive. Both units develop their rated 
torque at a specified slip speed. As 
noted, both also develop about 10-per¬ 
cent (%) excess torque above the rated 
value. This serves two purposes: the 
excess torque is advantageous for ac¬ 
celerating the driven system of a press 
when operated intermittently and by 


limiting the excess torque to about 10% 
some safety against breakage is en¬ 
gineered into the application. The up¬ 
permost curve in Fig. 1 illustrates the 
capacity of both the clutch and brake at 
rated excitation. At any reduced value 
of field excitation, the same characteristic 
curve is available but at a lower level of 
torque for the corresponding slip values. 
In this respect, the curve is quite similar 
to an induction motor designed for high 
slip. The utilization of an eddy-cmrent 
press drive does not, however, permit the 
use of a standard slip induction motor to 
drive the press, particularly on large, 
slow-speed, double- or triple-action ma¬ 
chines. It does, however, permit on 
large, slow, draw presses the flywheel to 
give up its energy during the draw 
while transmitting substantially constant 
torque. 

While Fig. 1 shows a typical torque- 
speed curve of an eddy-current press 
drive clutch or brake at rated excitation, 
obviously lesser amounts of excitation will 
show a characteristic reduced in ampli- 
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SLIP SPEED RANGE DURING COMPLETE 
PRESS CYCLE 

RATED EXCITATION CURVE D 

torque at rated press TONNAGE 

34 RATED EXCITATION_ 


RATED EXCITATION 


J4 RATED EXCITATION 


RATED SLIP RPM. MAX. SLIP 


Fig. 1 (left). Typi¬ 
cal torque-speed 
curves of clutch or 
brake In press drive 


V-BELT DRIVE 


REDUCTION 
GEARS- 


Fig. 3 (right), gears ^ 
Schematic eddy- to crank 
current clutch and 
brake 


25 50 

PERCENT SLIP SPEED 


tude but of similar shape. Thus, the 
clutch may be operated continuously at a 
fixed value of excitation or particularly 
on sloW“Speed presses; the amount of 
excitation can be varied at different points 
during the stroke to achieve speed varia¬ 
tion when required. This is of considera¬ 
ble value as wiU be seen later. 

Heat Characteristics and Cooling 

As has already been pointed out, eddy- 
current machinery must, at any excita¬ 
tion point, slip to develop torque; there¬ 
fore, the speed differences between the 
input and output multiplied by the 
torque transmitted represent power loss 
and are rejected in the form of heat. 
The magnitude of the slip loss for any 
speed and load point is calculated by the 
following equation 


slip rpm 
output rpm 

horsepower (load) 


horsepower (loss) = 


With a constant torque load the resultant 


characteristic is a straight line in which 
the losses are directly proportional to 
slip. However, if the torque load is re¬ 
duced, the operating losses are decreased 
directly in proportion to the reduction in 
torque. 

Because of the highly cyclic load known 
to exist in a mechanical stamping press, 
the losses are of considerably smaller 
order than would be thought at first 
glance. The worst condition is obviously 
when starting up the press from a cold 
condition or for intermittent operation 
where it is necessary to accelerate the en¬ 
tire driven system initially or for each 
stroke. Obviously, the slip is 100% at 
the time excitation is applied to the field 
coil. Experience, however, indicates that 
most of these drives will accelerate the 
driven system of the press in about 2 
revolutions of the clutch rotor and from 
a time standpoint from 0.6 to 1.0 seconds, 
depending upon the size of the press. 
Heating also occurs when the speed of 
the output or driven system of the press 
is arbitrarily arrested to some degree by 



FLYWHEEL & 
CLUTCH 


TO CONTROL 
CIRCUIT 


the eddy-current brake while the clutch 
portion is de-energized, then reaccelerated 
by reintroducing field excitation to the 
clutch coil. The work portion of the 
cycle rarely exceeds one-sixth of the total 
stroke. Consequently, if the clutch slips 
the maximum of 30% during this period 
when averaging over 360 degrees, it is a 
very small amount. A study of a large 
number of presses so equipped, rated be¬ 
tween 300 and 1,500 tons, indicated that 
the heat dissipation of the clutch is not a 
serious problem. In fact, in some cas^ 
the slip loss during the draw was negli- 
gible. 

From the foregoing the feasibility of 
air-cooling these units is evident. By 
incorporating a built-in fan, cooling air is 
directed over the finned clutch and brake 
rotors and exhausted at the flywheel. 
The merit of this arrangement has been 
demonstrated by successful operation of 
several hundred units. 

Construction of an Eddy-Current 
Press Drive 

The first eddy-current press drives were 
mounted on the side of the flywheel in 
the same manner as other clutches in use 
at the time. While a number of these 
are in daily operation, it was felt that a 



Fig. 

2 (left). A 

large 

eddy-current 


press drive 

1. 

Center dis¬ 


charge fan 

2. 

Form wound 


coil 

3. 

Individual Field 


assembly 

4. 

Clutch housing 

5. 

Clutch rotor 


rim 

6 . 

Rotor fin 

7. 

Ventilation 


holes 

8. 

Slip ring as- 


sembly 

9. Output shaft 
10. Heavy - duty 
roller bearing 



Fig. 4. Press drive application on a 1,500- 
ton press 
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Pra** Designation: 

^**'**^** P*** ***Jnute eont. 12 (Not considering slow down of ram) 
Strokes per minute int. 8 (10 with maximum slow down period) 
Length of Stroke 26 inches 


Conn. Rod Length 60H Inches - ‘1* 

Crank Arm Length 13 Inches z V 
Motor Horsepower 60 
Motor R.P.M. 1200 
Flywheel R.P.M. 419 
Ratio-Motor/Flywheel 2.86 
Press Tonnage 500 ot H In* = **** 

Press Tonnage 135 at 12 In. = 'd* 

Ram Velocity 15 F/M at H in. 

Type of Operation: Drawing 

Ram Slow Down Req*d: Hoif Speed (From normal for last 12**lnches 

of stroke. Normol speed for 
balance of cycle). 



p _Flvwheel RPM 419 
— Strokes/Min. - 12 
Z 34.95 


Cosine oC 


fr+l - dl^+1^ " ^ 73^+60)4^ - 13^ 8S20.25 

= 2xix(r4.1.d) = Tr 6oTx73 ~-°-iiii-- 


r^ss Effective Arm 


Angle oC s 3^- 4 feet * 44 inches (Htfndbook) 


~Sine oC X (r *«• 1 - d) 


Sine oC » .05379 


(Handbook) 


*.05379 X (73) 


5=3.927 


Torque Reqd. (lbs. ft.) 


— Tonnage (at *d* inches) x 2000 Ibs./ton x ^e (inches! 
12 inches/Ft. x R (torque muitiplier ratio) 


_ 500 x 2000 x 3.927 
12x34.95 


= 9370 lbs. ft. 


tionate amount of torque was available in 
the brake at the same slip speed. 

In Fig. 3 the elemental press drive 
shown illustrates how such a unit is at¬ 
tached to a press showing the rest of the 
connections in a line diagram. This best 
illustrates the general application. Fig. 
4 illustrates the 1,500-ton press utilizing 
the drive shown in cross section in Fig. 2. 

Selection of Clutch Capacity 

While there are several methods of de¬ 
termining the proper clutch size for a 
given press requirement, the most satis¬ 
factory for sizing eddy-current equipment 
is shown in Fig. 5. The information 
shown at the top of the figure adjacent to 
the force diagram is normally supplied by 
the press manufacturer to meet a definite 
requirement. As shown in the lower half 
of the calculation, the given values and 
application of the cosine law can easily 
be used to determine the torque capacity 
required of the clutch at a given distance 
from the “die-closed” position. The cal¬ 
culation in Fig. 5 is for a 500-ton eccentric 
toggle double-action unit. The next 
larger standard size press drive was used, 
namely a 10,500-pound-foot unit. This 
proved entirely satisfactory even when 
used much more severely than was 
originally planned. 

Selection of Brake Capacity 


Fig. 5. Press drive calculation sheet. Drive on top of press 


redesign to place the clutch portion of the 
drive within the fl)rwheel offered a number 
of advantages. In Fig. 2 a cross section 
of a modem unit rated at 90,000 pound- 
feet torque at 400-rpm clutch capacity 
and 60,000 potmd-feet at 400-rpm brake 
capacity is shown. This clutch is com¬ 
posed of six separate magnetic sections. 
Each of the field sections consists of a 
toroidal coil surrounded by cast pole sec¬ 
tions and securely bolted together. The 
six are keyed to the rim-type flywheel and 
operate, for all practical purposes, in¬ 
dependently of eadi other. These field 
coil assemblies are identical in the clutch 
and in the 4-coilbrake unit. At either 
side of the ring-type flywheel side plates 
retain the coil sections in place and pro¬ 
vide for the bearing support of the rotor. 
The brake housing is very similar except 
that it is arranged to anchor directly to 
the bed of a press. The rotors of both the 
clutch and brake have very thin rims, 
heavily finned for heat dissipation, and 
are supported by thin side members at¬ 
tached to a central hub. Thus, the iner¬ 


tia of the rotors is kept to an absolute 
minimum which is essential in rapid re¬ 
sponse of the driven system of the press 
which is ordinarily a requirement. All 
clutch brake coils are connected in 
parallel and the clutch coil leads are 
brought out through thyrite resistors for 
inverse voltage protection to four slip 
rings mounted on one of the side plates. 
Each of these rings is fed by two brushes 
located at 180 degrees to minimize elec¬ 
tric disturbances from vibration or foreign 
material on the surface of the rings. The 
coil leads of the brake are brought out to 
a junction box for connection to the press 
electric system. 

Stored energy was a particular problem 
in this design. This accounts for the ex¬ 
tremely heavy ring-type flywheel and the 
addition of similar rings inside the fly¬ 
wheel adjacent to clutch coil sections. 
This particular unit has a stored energy 
at 400 rpm of nearly 3,000,000 foot¬ 
pounds. The design operating point for 
the torque rating was developed at a slip 
speed of 90 rpm or 22.5%. A propor- 


NormaUy, an eddy-current air-cooled 
brake is used to complement the clutch for 
a complete drive for a mechanical press. 
The use of the brake, however, does not 
obviate the requirement for a full-capa¬ 
city, spring-loaded, friction brake, usually 
actuated by air. Practically all states 
require by law such a brake in the interest 
of safety. The eddy-current air-cooled 
brake furnished with the PD-10,500 
clutch just described utilized two of the 
same coil sections and rotors in the same 
diameter. The primary reason for select¬ 
ing a brake of lower capacity than the 
clutch is that on this application it has 
the advantage of operating at 100% slip 
at the time it is energized. Thus, greater 
torque capacity can be obtained per coil 
section than from the clutch whidi nor¬ 
mally operates at 20 to 30% slip. Most 
of the retarding effort is accomplished by 
the eddy-current brake, thereby pro¬ 
longing the life of the friction brake. 
Experience to date indicates that brakes 
for such units can normally be used with a 
rating of 25 to 60% of that of the eddy- 
current clutch. On heavy-duty, slow- 
speed presses operated intermittently, 
the brake duty is most severe inasmuch 
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Fig. 6. Acceleration test data on large press 



CRANKSHAFT ROTATION-DEGREES 

Fig. 7. Normal velocity ram 
operation/ full excitation 



20 40 60 80 100 120 140 160 ISO 
CRANKSHAFT ROTATION-DEGREES 

Fig. 8. Normal velocity ram, 
intermittent operation/ full ex¬ 
citation 



CRANKSHAFT ROTATION-DEGREES 


as the press must be stopped at each 
stroke. Using this basic infonnatiou for 
design a large number of presses rated up 
to 1,000 tons and others rated up to 14 
strokes a minute are in daily use. 

Press Operation with an Eddy- 
Current Drive 

As is the case in many other problems, 
there is a definite period of time between 
when excitation is applied to the slip 
rings of an eddy-current clutch used as a 
press drive and the time that field excita¬ 
tion is built up to a point where useable 
torque is obtained. While the direct cur¬ 
rent supplied to the coil for rated excita¬ 
tion is a small percentage of the trans¬ 
mitted horsepower, the time interval is 
worthy of some consideration. The usual 
manner of expressing this situation is 
with a time constant defined as the period 
of time required for obtaining 63% of the 
rated current through the coil. As pre¬ 
viously mentioned, a typical drive of this 
type for a 700- or 800-ton press will ac¬ 
celerate within about S revolutions of the 
rotor and in about 0*5 second. Such a 
curve is illustrated in Fig. 6. These 
curves show the current build-up in the 
coil, the rpm build-up in the output shaft, 
and the torque build-up in that shaft. 
It is noteworthy that the time interval 
for acceleration is so small. This curve 
is an actual test witkout field forcing. 
Further tests proved that field forcing 
would reduce the time interval. Other 
test data on a 1,000-ton machine were of 
the same general type but the time for 
acceleration without field forcing was in¬ 
creased to about 0.9 second. 


Fig. 9. Half velocity ram, full 
excitation 


It has already been pointed out that a 
press does its work in l/6th revolution 
or less, which represents the working 
portion of the stroke on a double- or 
triple-action draw operation. Therefore, 
the only concern is with the motion of 
the press slide between 90 and 180 degrees, 
from top dead center, usually between 
120 degrees, and when the dies dose. As 
mentioned in the foregoing, the eddy- 
current dutch of a press drive must 
develop slip before developing torque. 
Therefore, after the press accelerates to 
normal speed it maintains that speed until 
the punch contacts the metal for a draw 
operation or any other. At this point, 


the clutch rotor changes speed very 
rapidly until sufficient torque is developed 
to overcome the work in the press. This 
is shown in Fig. 7; the curve illustrates 
operation with an eddy-current clutch at 
full exdtation with the press operated 
‘‘on the hop.” The point at which the 
slip occurs depends upon the type of 
operation being done and may occur to 
180 degrees. If the same press and drive 
are operated on an intermittent basis, the 
velodty line appears as shown in Fig. 8 
which indudes the acceleration period re¬ 
quired at the beginning of each inter¬ 
mittent stroke. In each case, the dotted 
line represents a “geared line” such as 
woiild result if the input and output 
shafts were rigidly connected. The mag¬ 
nitude and duration of the slip during ac¬ 
celeration and during the work portion of 
the cycle are entirdy dependent upon 
the press and the operation being per¬ 
formed. This slip characteristic cushions 
the punch as it goes into the work and 
allows the metal a little bit more time to 
flow as it is drawn, thus minimizing scrap 
material resulting from a fast punch 
entry. 

Of considerably more value is the type 
of operation shown in Fig. 9. This type 
of operation results from interrupting the 
clutch exdtation at a given point of crank 
shaft motion and simultaneously supply¬ 
ing brake excitation. The speed of the 
output shaft of the dutch is reduced very 
rapidly, thereby redudng the vdodty of 
the punch to any predetermined value to 
about 30% minimum. At the time that 
the punch reaches the desired value of 
velodty, the brake exdtation is removed 
and the clutch re-energized, thus com¬ 
pleting the draw. The high speeds at 
which presses are being geared today make 
this featme of paramount importance. 
The characteristic curve exhibited in Fig. 
9, to be better understood, is redrawn 
as shown in Fig. 10, which illustrates the 
complete press cycle. Here the slow 



CRANKSHAFT ROTATION - DEGREES 
Fig. 10. Compositive curve/ half velocity/ ram for drawing cycle 
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STROKES PER MINUTE MAXIMUM SPEED 


CRANKSHAFT DEGREES X 10 (NORMAL) 




Ff9. 11 (above). 
A complete dou¬ 
ble-action press 
cycle with slow 
down 


Fi9.12(left). A 
typical press con¬ 
trol panel 


down of 50% has been plotted to a time 
scale thereby indicating the almost con¬ 
stant draw throughout the critical portion 
of the work stroke. This curve indicates 
a press operation “on the hop.“ This 
same motion is transferred to a double¬ 
action press motion curve, Fig. 11. If 
the press is operated intermittently, an 
acceleration portion would also show in 


Fig. 10 as in Fig. 8 between zero and 40 
degrees. 

Utilizing this principle, presses have 
been operated with the punch stopped 
completely at a point where normally it 
would have maximum velocity; then the 
eddy-current clutch was re-excited and 
satisfactory stampings were drawn. This 
severe test was used for demonstration 


purposes only, but it illustrates the flexi¬ 
bility of this operation. This principle 
in var 3 ring degrees is in everyday use by 
large automotive manufacturers. 

Control for Eddy-Current Press 
Drive 

It is evident from the foregoing that the 
precise operation of an eddy-current press 
drive, particularly as shown in Figs. 10 
and 11, is contingent on accurate timing 
and precise voltage control of the power 
supplied to the clutch and brake. 
Fig. 12 illustrates a typical excitation 
supply panel used in conjunction with an 
eddy-current press drive. Basically it 
consists of separate thyratron rectifiers 
for the clutch and brake; the clutch recti¬ 
fier grid-phasing network; the brake rec¬ 
tifier grid-phasing network; and a relay 
panel and a cam-operated limit switch 
(not shown). The phasing circuits of 
both the clutch and the brake rectifiers 
are so arranged that when all resistance 
is cut in the electronic tubes invert and 
rapidly discharge the coil. To provide 
for varying amounts of excitation for the 
clutch winding, the resistor of the clutcdi 
phasing circuit is tapped. The relay 
panel, in conjunction with the rotary cam 
limit switch (not shown), sets up and ad- 
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justs the phasing circuits of the clutch 
and brake and provides safety features. 

^ Some of the later control panels for this 
purpose incorporate current limiters, thus 
affording forcing voltage to minimize the 
time constant of the eddy-current clutch 
and brake for more rapid response. 

Conclusions 

In addition to the fundamental advan¬ 
tages of no friction surfaces, in the usual 
sense, vibration isolation, and low main¬ 
tenance, these units now provide a new 
tool for use in conjunction with modem 
high-speed mechanical stamping presses. 
While it is possible through the use of 
direct-connected motors to achieve slow 
draw and speed variations within the 
drawing portion of the stroke, such op¬ 


eration is limited to motor torque and is 
accomplished at relatively high cost. A 
similar operation can be obtained from a 
hydraulic press, but the initial cost is 
higher and the production rates are some¬ 
what less. 

Eddy-cxrrrent press drives are available 
in sizes from 7,000 pound-feet at 550 rpm 
to 120,000 pound-feet at 425 rpm. Simi¬ 
lar brakes utilizing the same coils and 
field sections are available to match the 
clutch capacities. Smaller capacity units 
have been offered in the past and probably 
will be offered again in the future. When 
they reappear, they will utilize the advan¬ 
tages pointed out in the latest construc¬ 
tion methods described in this paper. 
It is possible through the medium of toggle 
motion to arrange a mechanical press for 
slow down and fast recovery. Any such 


Electrical Grounding and Cathodic 
Protection at the Fairless Works 

W. E. COLEMAN 

ASSOCIATE MEMBER AIEE 


A STEEL grounding system has been 
installed at Fairless Works, the new 
plant of the U. S. Steel Corporation near 
Morrisville, Pa, The use of steel in¬ 
stead of copper for electrical grounding 
was adopted as part of a program to 
minimize underground corrosion. Since 
this is a departure from conventional 
practice, it is believed that the story of 
this particular installation will be of 
interest to many engineers. 

During the planning stage of this new 
plant, research engineers recommended 
that the underground structures be de¬ 
signed to provide as much protection 
against underground corrosion as econom¬ 
ically possible. The recommendations 
included the following main suggestions: 

1. All bare copper underground should be 
eliminated. 

2. All buried pipe lines should be coated. 

3. An insulating covering should be used 
on all lead cables. 

4. Steel rods containing 6-per-cent chro¬ 
mium should be used for electrical grounding. 

5. Cathodic protection should be used to 
prevent corrosion of the steel ground rods 
and to provide some measure of protection 
for other necessarily exposed steel or lead. 

Because of procurement difficulties, the 


H. G. FROSTICK 

MEMBER AIEE 

6-per-cent chrome steel was finally re¬ 
placed with plain carbon steel. This was 
not believed to be detrimental, because 
cathodic protection was included in the 
plan. 

After these recommendations had been 
accepted in substance by the design en¬ 
gineers, it became necessary to lay out the 
grounding system on a practical basis. 
Accordingly maximum ground-resistance 
values were established: 

1. At 69-kv substations, 1 ohm 

2. At transmission-line towers, 11 ohms 

3. At 13.8-kv substations and at building 
ground beds, 3.5 ohms 

4. At 2.3-kv substations, 7.5 ohms 

5. At isolated buildings, roadway-lighting 
standards, etc., 25 ohms 

The electric system at Fairless Works is 
designed for grounding all the a-c power 
sources. There are four a-c potential 
levels: 69 kv for open-wire transmission 
lines; 13.8 kv for underground distribu¬ 
tion and for operation of motors about 
2,000 horsepower and larger; 2.3 kv for 
utilization in power blocks between 100 
and about 2,000 horsepower; and 440 
volts for equipment of 100 horsepower 
and smaller. Lighting circuits are ener¬ 
gized at 110 volts from a 440-volt pri¬ 


fixed system has the inherent disadvan¬ 
tage of requiring almost a complete re¬ 
building job to alter the degree and rate 
or slow down. With an eddy-current 
press drive, the draw speed can be 
changed in a very short period of time to 
match the metal being processed or the 
job being placed in the press. For job 
shop operation the latter featiure is par¬ 
ticularly important as conditions vary 
over a wide range. 

From a power consumption standpoint 
the use of the eddy-ciurent press drive 
requires no increase in motor size. The 
negligible slip occurring from capacity 
use of the press does not reduce the pro¬ 
duction rates. Continued research and 
development will add many new uses for 
mechanical presses to the types of opera¬ 
tion outlined. 


mary supply. In addition, there is a 
250-volt d-c power supply for crane and 
constant-potential auxiliary services. 

All power sources are standardized. 
The transformers furnishing 13.8-kv 
power from the 69-kv primary are sized 
at 33,000 kva; 2,300-volt power is fur¬ 
nished through transformers rated 2,500 
kva; and 440-volt power is supplied by 
1,500-kva rmits. The constant-potential 
direct current is furnished almost en¬ 
tirely by 1,500-kw mercury-arc rectifiers. 

All transformers have delta-connected 
primaries and wye-connected secondaries. 
The 69-kv system is solidly grounded. 
The 13.8-kv systems are grounded at the 
transformer neutral through 10.7-ohm re¬ 
sistors. The 2,300- and 440-volt trans¬ 
formers are solidly grounded at the wye- 
connected secondaries. 

There are exceptions to these trans¬ 
former sizes as well as exceptions to the 
practice of grounding the transformer neu¬ 
tral. One example of the latter is the 
auxiliary power supply in the powerhouse, 
for which the two sets of transformers 
have sufficient capacity so that either set 
may carry the entire load. Ground indi¬ 
cation only is furnished at this point. 
Another example is at the pump house, 
where two 3,750-kva transformers (69 kv 
to 2.3 kv) are connected to ground through 
2-ohm resistors that (by means of a man- 
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ually operated disconnect switch) may be 
removed from the circuit. At this second 
location, if a ground-fault relay dis¬ 
connects a piece of equipment from serv¬ 
ice, and if the fault current has not 
damaged the effectiveness of the equip¬ 
ment, the control operator may take the 
calculated risk of removing the ground 
resistance and continuing to operate the 
apparatus. This may be done only 
when service must be maintained regard¬ 
less of possible damage to apparatus. 

Grounding these various power sup¬ 
plies offers many advantages, the most 
important of which is the improved pro¬ 
tection to both personnel and equipment. 
This protection is achieved by fixing the 
potential to ground, by limiting the 
ground-fault current, and by utilizing 
high-speed, positive, ground relaying. 
Since greater gain is to be achieved by 
use of a ground connection, careful atten¬ 
tion must be given to the means by which 
the electric system, buildings, and other 
underground structures are connected to 
earth. As may be inferred from this 
brief description, the electric system at 
Fairless Works is quite extensive. 

Grounding Requirements 

The over-all electrical plan called for 
6 outdoor substations, 14 indoor substa¬ 
tions, 1 power house, 45 building ground 
beds, 6 miles of overhead power lines, and 
20 miles of underground mxdtiple duct¬ 
line, Fig. 1 shows the location of ground 
beds in the portion of the plant devoted 
to sheet and tin production. It was first 
suggested that the electrical grounding 
be so placed at each location that it could 
be completely isolated geometrically from 
the installation it was protecting. This 
proposal had to be modified in the sub¬ 
station locations, where it was necessary 
to distribute the grotmding system to 
provide adequate safety for personnel. 
Grounding was not planned for individual 
manholes, but all cable sheaths were to be 
bonded together at every third manhole 


and the sheaths grounded at terminal 
points. 

The size and number of ground rods 
and the type of cathodic protection used 
were based on a field survey of the site to 
determine soil resistivity and composition. 
The first field measurements were made 
in May 1951, and were confined to meas¬ 
uring soil resistivity. The method of 
measurement was the 4-electrode system, 
in which a 4-terminal ground-resistance 
megger was used. The values obtained 
ranged from a minimum of 3,600 ohm- 
centimeters to a maximum of 90,000 ohm- 
centimeters. The average value was 
approximately 30,000 ohm-centimeters, a 
value considerably higher than had been 
expected. Calculations based on this 
figure indicated that to obtain a 1-ohm 
ground would require 100 steel rods (1 
inch in diameter), driven 40 feet into the 
earth. The high resistivity of the soil 
also indicated that rectifiers would prob¬ 
ably be desirable for cathodic protec¬ 
tion. However, it was reasoned that 
even though the ground resistance was 
high, it would be much more desirable to 
use a form of cathodic protection that 
would not require special power connec¬ 
tions and would not require maintenance 
at frequent intervals. Consultation with 
suppliers of magnesium resulted in a deci¬ 
sion to use specially designed magnesium 
anodes for the cathodic protection. The 
anode recommended was made up of a 
1-inch-diameter steel rod 20 feet long, 
with a piece of magnesium 10 feet long 
and 4 inches square cast on the center 
section of the rod; see Fig. 2. This ar¬ 
rangement permits using the anode as an 
additional grounding electrode, as well 
as an electrode for cathodic protection. 
The recommended plan for installing the 
anodes was to place them in a hole 15 feet 
deep and 8 inches in diameter or 10 inches 
square, and then to backfill with a wet 
mixture consisting of 50-per-cent ben¬ 
tonite, 25-per-cent gypsum, and 25-per¬ 
cent sodium sulfate. 

The basic plan called for the placement 



of the steel rods and the magnesium 
anodes in the arrangement shown in Fig. 
3. The design called for the use of one 
insulated copper cable to coimect all the 
steel rods and a second insulated copper 
cable to connect all the magnesium 
anodes. Each of these cables was then 
to be connected separately to the build¬ 
ing frame or ground bus above ground 
level. In this manner, the magnesium 
or the steel could be disconnected easily 
for measurement purposes. Variations of 
this basic ground-bed arrangement were 
made, as necessary, to provide proper re¬ 
sistance values and to suit space require¬ 
ments. In the substation locations, it 
was necessary to modify the basic scheme 
considerably and to distribute the ground 
rods and anodes in a manner that would 
provide for maximum safety. Fig. 4 
shows the arrangement used at the main 
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SECTION X-X 



Fig. 4. Ground plan of main substation 



SECTION Y-Y 


Fig. 3. Basic ground-bed arrangement 

A—3/8-inch crush rock 
B—Crushed rock 
C—Soil 

D—Ground rod (low carbon steel) 

E—Magnesium anode 
F—Copper cable (insulated) 

G —^Backfill: 50-per-cent bentonite, 25-per- 
cent gypsum, and 25-per-cent sodium sulphate 

substation, this arrangement being repre¬ 
sentative of those used at all substations. 

During the time the final design was 
being developed, additional field tests 
were conducted to confirm the calcula¬ 
tions as well as to verify the design. A 
test site was chosen about 200 feet east 
of the proposed location for the main sub¬ 
station. This point was on virgin soil, 
at an elevation of 18 feet. Soil resistivity 
was measured and found to average about 
40,000 ohm-centimeters. The actual 
values measured are given in Table I. 
The M. C. Miller corrosion-test set 
and the megger were both used, and the 
results checked within 5 per cent. 

To determine ground resistance and to 
measure cathodic-protection currents, a 
magnesium electrode was buried in a pre¬ 
pared backfill, and several steel rods were 
driven to various depths. The electrode 
consisted of five 21-inch anodes placed 
end to end and buried in a hole 15 feet 
deep and 7 inches in diameter beside a 
steel rod. A wire from each anode led to 
the surface so that individual currents 
might be measured. This arrangement, 
used in lieu of the proposed anode shown 
in Fig. 2, which was not yet available, 
permitted the determination of cathodic- 


current flow at various depths. The steel 
rods were 1 inch in diameter and were 
driven in 10-foot lengths, the lengths 
being welded together as needed. A 
compressed-air jack hammer was used to 
drive the rods. After some difficulty, 
one rod was successfully driven to 38.5 
feet, and its resistance to ground was 
measured as 13.4 ohms, which checked 
very well with calculations. Because of 


the difiSculty in driving the 1-inch rods, 
it was decided to change the specifications 
to provide lV 4 -inch-diameter rods. This 
would not appreciably lower the ground 
resistance, but it would make the rods 
much stronger. They would have less 
tendency to bend under the hammer, and 
considerably more steel would be in the 
electrode structure. 

After the electrodes had been allowed to 
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Table I. Soil Resistivity Readings at Test 
Site 


Table III. Ground-Resistance Measurements at Four Ground Beds 


Average Soil Resistivity, 
Ohm-C entimeters 


Resistance to Ground, Ohms 


1952 


1953 


>th. Feet 

1951 

1953 




Magnesium 


Magnesium 

10. 




Magnesium 

Steel 

“H Steel 

Magnesium 

Steel -j-Steel 

.23,900. 

.23,000 







20. 

.38,200. 

.32,500 

Building ground A . 

.4.2 . 

...3.3... 

.3.0 



30. 

.44,200. 

.31,500 

Building ground B . 

.5.8. 

...3.3... 

.3.1 



40.. ... 

.44,200. 

.28,300 

Building ground C. 

.2.8. 

...2.0... 

.2.0 



50. 

.47,600 


Building ground D . 

.6.25. 

,..3.0... 

.2.8. 

.35. .. 

. .2.2.2.0 

60. 

.43,600 









Table IV. Soil-Potential Measurements at Typical Ground Bed (See Fig. 5) 


Potential to Copper Sulphate, Volts 

Reference At Point A At Point B At Point C At Point D 


Table II. Anode Currents at Test Site 



Average Current Output, 



Milliamperes 


June 

May 

May 


1951 

1952 

1953 

Anode no. 1 (bottom).. 

...24.. 


. 6.4 

Anode no. 2. 

.. .20.. 


. 5 5 

Anode no. 3. 

-. .22.. 


.11.8 

Anode no. 4. 

.. .24.. 


,18.0 

Anode no. 5 (top). 

...20.. 


,12.2 

All five anodes. 

...32.. 

....36. 

,27.0 


Building frame. 

Building frame plus steel ground rods. 

Steel ground rods. 

Building frame plus magnesium anodes. 

Building frame plus magnesium anodes plus 

steel ground rods.. 

Magnesium anodes plus steel ground rods... 
Magnesium anodes. 


-0.53.... 

...-0.44.... 

,...-0.47.... 

,...-0.465 

-0.60.... 

...-0.58.... 

... -0.51_ 

...-0.56 

-0.77_ 

...-0.80.... 

...-0.78.... 

...-0.84 

-0.82.... 

...-0.78.... 

...-0.56.... 

...-0.70 

-0.85_ 

...-0.80.... 

...-0.57.... 

...-0.68 

-1.02.... 

...-0.88.... 

...-0.96.... 

...-1.10 

-1.35.... 

...-1.40.... 

...-1.30.... 

.. .-1.45 


settle for 1 day, measurements were made 
on the cathodic-protection currents. The 
current measured from the anode to the 
38.5-foot rod was 12.6 milliamperes, which 
is slightly more than 1 milliampere per 
square foot of steel. This value is gener¬ 
ally accepted as sufficient for high resis¬ 
tivity soils. About 6 weeks later, on 
August 2, 1961, a further check was made 
at the same location, and no significant 
change was noted either in the resistance 
to ground of the 38.6-foot rod or in the 
protection current being furnished by the 
magnesium. The fact that this much cur¬ 
rent was being obtained in the high-resist¬ 
ance soil was at first a little surprising; 
therefore, soil samples were taken and lab¬ 
oratory tests were conducted to deter¬ 
mine whether or not there could possibly 
be any error. The galvanic currents ob- 


tained in the laboratory with couples 

of 

o 

X o 

X 


X X 


POINT C 
© 

X o 

X 


magnesium and iron in slightly damp soil 
checked with the field results reasonably 
well. An additional field test made in 
May 1952, nearly a year later, indicated 
substantially no change in the protection 
current, although the polarization poten¬ 
tials measured against a copper sulfate 
cell had changed somewhat (magnesium 
from 1.65 to 1.55 volts, and steel from 
0.77 to 0.65 volt). In May 1953, a fur¬ 
ther check at this location showed some 
reduction in the total protection current. 
The current distribution among the 
anodes is given in Table II. 

The results of the 1951 tests were con¬ 
sidered sufficient support for the proposed 
design; therefore the installation was 
made in the spring of 1952 in accordance 
with the modified plans. The actual con¬ 


struction turned out to be rather difficult 
in some of the locations because of the 
large pieces of gravel profusely distrib¬ 
uted throughout the soil. In fact, one 
contractor experienced so much trouble in 
drilling holes for the anodes that the drill¬ 
ing rigs were abandoned and the holes 
were dug by hand. This resulted in 
holes with much larger diameters than 
were required, so that it was necessary to 
use more of the backfill than had been 
plaimed. In the entire installation, there 
are approximately 1,000 ground rods and 
500 magnesium anodes. 

After a portion of the installation had 
been completed, and before any of the 
plant was in operation, a series of tests 
was made in May and June of 1952 as a 
further check on the effectiveness of the 


Fig. 5 (left). 
Ground bed at 
northwest corner 
^ of raw coil stor¬ 
age building 
showing location 
X of soil-potential 

tests 

POINT A 

O 



BLDG. 


XXX 


POINT D 

' ® O X O X o 

o MAGNESIUM ANODE SCALE: H 

X STEEL ROD 


Fig. 6 (right). 
Galvanic current 
distribution — 
building ground 
bed at northwest 
corner of raw coil 
storage building 
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1. Current between magnesium and balance of 
ground network at test plate* 

2. Current between ground rods and balance of 
ground network at test plate* 

(a) With magnesium disconnected 

(b) With magnesium connected 

3. Potential between ground rods and balance of 
network at test plate 

(a) With magnesium connected 

(b) With magnesium disconnected 

4. Potential between magnesium and balance of 
network at test plate 

(a) With ground rods connected 

(b) With ground rods disconnected 

5. Resistance to ground of magnesium 

6. Resistance to ground of ground rods 

7. Resistance to ground of magnesium and ground 
rods 

8. Resistance between magnesium and ground rods 

* These values may be high if stray currents exist. 

amperes. 


230 milliamperes magnesium polarity negative 

126-132 milliamperes ground rod polarity negative 
18 milliamperes ground rod polarity negative 

0,05 volt ground rod polarity negative 
0.32 volt ground rod polarity negative 

0.72 volt magnesium polarity negative 
0.90 volt magnesium polarity negative 
3.0-3.5 ohms 
1.8-2.2 ohms 

1.6-2.0 ohms 
3.75 ohms 

Otherwise, they will probable not exceed 200 milli- 


over-all design. For discussion, these 
tests will be divided between building 
ground beds and substation ground instal¬ 
lations. 

Building Grounds 

Four building ground beds were tested 
during the week of May 14 to determine 
their ground resistance. These beds 
had been installed for several months but 
were not yet connected to the buildings. 
The results of this test are shown in Table 
III. Since the design resistance value for 
these beds had been 3.5 ohms, the de¬ 
signers were very happy with the results. 
One of these beds was rechecked in May 
1953 after it had been connected to the 
building framework for almost a year, 
and the resistance was found to be ap¬ 
proximately 30 per cent lower than it had 


been just after installation. This reduc¬ 
tion may be accounted for by the weather, 
which in the spring of 1953 was excep¬ 
tionally rainy. 

To determine the effect of the magnes¬ 
ium anodes in the ground beds, a detailed 
exploration of one bed was made by 
measuring potentials between the various 
structrures involved and a copper-copper 
sulfate reference electrode placed on the 
ground surface at several test points 
throughout the bed. This bed is shown 
in Fig. 5, with the test points indicated as 
A, By C, and D. The measurements 
were made shortly after the bed had been 
connected to the building structure; the 
values obtained are given in Table IV. 
It is interesting to note that the building 
framework is definitely cathodic. To ob¬ 
tain a more easily understood picture of 
this situation, a number of current meas- 



F« 3 . 7 (left). Copper test 
plate 


Fig. 8 (right). Soil po¬ 
tentials in vicinity of main 
substation control house 
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urements were made and these are shown 
diagramatically in Fig. 6. From this 
diagram, it is quite clear that the building 
structure is cathodic both to the anodes 
and to the steel grotmd rods. It is also 
quite clear that the anodes are necessary 
to prevent the ground rods from discharg¬ 
ing an appreciable galvanic current into 
the soil. Since it is reasonably easy to 
measure these currents, it was decided 
that this would be a good periodic-main¬ 
tenance test at each of the ground beds. 
Potential measurements to copper sulfate 
electrodes are useful when they can be 
carefully made and studied, but for general 
maintenance purposes it is not felt that 
it would be necessary to use the test cell. 
Data sheets based on the foregoing con¬ 
clusions were prepared and in May 1953 
these currents were again checked at the 
same location noted in Fig. 6 and re¬ 
corded on a prepared data sheet. A 
data sheet with the readings taken at 
this time is shown in Table V. 

A comparison of the currents measured 
in 1952 with those measured in 1953 
shows that the anodic condition of the 
steel ground rods has been reduced, and 
that the magnesium anode current has 
been increased. All these factors indi¬ 
cate that this particular groimd bed is 
behaving very well. The plant-mainte¬ 
nance personnel plan to make similar 
measurements on all the groimd beds and 
to repeat them semiannually. In this 
manner, any significant change will be 
noted soon enough so that it may be in¬ 
vestigated before an unsatisfactory con¬ 
dition has developed too far. 

The connection of the magnesium 
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anodes and the steel ground rods to the 
building framework is made to a copper 
plate on the building frame, as shown in 
Fig. 7. This permits convenient meas¬ 
urement of the quantities under considera¬ 
tion and provides a means of locating a 
source of stray direct current that may 
be detected during routine testing at the 
ground beds. Measurements through 
1953 have shown no evidence of stray 
currents of this nature. But it is to be 
expected that such currents may be found 
to exist at some time in the future, and 
it is important that they be detected 
and controlled before they can do ap¬ 
preciable damage to the underground 
system. 

Substation Grounds 

At the substation locations, it is not 
possible to isolate the ground connection 
because such a condition would provide 
too much of a hazard to safety. How¬ 
ever, it is possible to disconnect the 
anodes from the remainder of the ground 
network, so that measurements of cath¬ 
odic protection current and anode resist¬ 
ance can be made. Reference to Fig. 4 
will aid in understanding the groimd- 
wiring arrangement at the substation 
locations. 

Tests made in May and June of 1952 
were designed to check the effectiveness 
of the grounding and the cathodic protec¬ 
tion at the main substation. Ground-re¬ 
sistance measurements disclosed a value 
slightly below the design standard of 1 
ohm. A potential survey of the area 
was made by measuring the voltage be¬ 
tween a copper-copper sulfate cell (placed 
at various points) and the ground net¬ 
work. Some of the readings were taken 
with the magnesium anodes connected 
and disconnected. The results indicated 
that the magnesium was, in general, 
shifting the potential of the steel about 
0.1 volt closer to the potential of the 
magnesium. However, the potential of 
the soil in the vicinity of the substation 
control house was found to be very low, a 
condition that indicated the presence of 
a large cathodic area. This same condi¬ 
tion was found around the concrete 
foundations near the building ground 


beds. In the worst area, it was difBlcult 
to raise the potential of the soil by even 
0.01 volt with the magnesium. Measure¬ 
ments showed the total anode current 
to be 1 ampere, a value approximately 
equivalent to 1 milliampere per square 
foot of steel ground rod. Although this 
current density should provide sufScient 
protection, it was decided to make 
doubly sure by disconnecting one of the 
ground rods in the low potential area and 
measuring the current to that particular 
rod. The addition of the magnesitun 
reduced the earth-seeking current at this 
rod from 5.4 milliamperes to 1.0 miUi- 
ampere. Since this rod was located at 
one of the lowest potential spots in the 
area, it was decided that the general 
condition was quite satisfactory. 

These cathodic areas adjacent to the 
concrete foundations are probably due to 
the reinforcing steel. It is to be expected 
that this condition will gradually clear 
up as the concrete-enclosed steel becomes 
polarized. The soil potentials taken at 
this time were carefully made, and were 
recorded on a map of the area. A portion 
of this map, reproduced in Fig. 8, shows 
the potential readings taken in the vicinity 
of the control house. This figure reveals 
quite clearly that the cathode must be at 
or within the control house. Investiga¬ 
tion at the site did not reveal any stray 
direct currents. 

Transmission-Tower Grounding 

Each transmission-line tower is 
groimded with four of the 40-foot steel 
rods, one at each comer of the tower. 
There are no magnesium anodes for pro¬ 
tection of these rods because the latter 
are generally installed in high-resistance 
soil areas. However, the concrete struc¬ 
tures have proved to be cathodic to the 
ground rods, so it may eventually be 
necessary to provide some cathodic pro¬ 
tection for the tower grounds. The 
maintenance force plans to check the re¬ 
sistance to ground of these rods annually 
as a part of an over-all test program. 

Underground Cables and Piping 

All imderground cables have been 
neoprene jacketed. Splices have been 


wrapped with neoprene tape, and every 
precaution has been taken to prevent any 
exposure of the lead or copper to the 
earth. Under this condition, current can 
leave the covered metal only at designated 
drainage points or at incidental holes or 
breaks in the covering. All buried piping 
has been coated with coal-tar enamel and 
then wrapped with coal-tar-saturated 
asbestos felt. Although the cathodic 
protection was installed primarily for the 
steel ground rods, it will provide some 
measure of protection to the cable sheaths 
and piping at points where the coating 
may be damaged by handling during in¬ 
stallation. 

Stray Direct Currents 

Every effort has been made to prevent 
stray direct currents. It is believed that 
the planned maintenance and test sched¬ 
ule will provide for their detection before 
they can do appreciable damage. The 
ground-bed locations and arrangement are 
such that tracing stray direct currents 
will be facilitated. It is recognized that 
the development of large uncontrolled 
stray direct currents would offset the 
benefits of eliminating the bare copper 
underground, and could cause accele¬ 
rated corrosion of the magnesium anodes 
as well as the steel ground rods. 

Summary 

The over-all underground system at 
Fairless Works includes four features that 
tend to aid one another in combating 
underground corrosion. The elimination 
of bare copper underground reduces 
galvanic corrosion; the magnesium 
anodes protect the steel ground rods 
and serve to partly protect all under¬ 
ground piping, lead cables, and founda¬ 
tions; the insulating coverings on pipes 
and cables protect their metallic surfaces 
and reduce the requirements for cathodic 
protection; and the design of the ground- 
bed installations permits analysis of the 
stray-current situation. The cost con¬ 
siderations and the characteristics of the 
site have been considered in the design; 
and it is believed that this installation 
will serve as a model for many more 
industrial plants. 
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Transient Analysis oF a D-C 
Electromagnet With Cutout Switch 

T. H. LEE 

ASSOCIATE MEMBER AIEE 


resistance of pickup coil 
jR 2 = resistance of holding coil 
5 = variable in Laplace transform 
t = time, seconds 
X = travel of armature, inches 

position of armature at seconds 
OL = LiRi’^L^Ri 
i8 = Li+L2+2J14' 

r = time treated as a constant, seconds 
^—flux, webers 


Sjntiopsis: This paper analyzes the effect 
of the armature motion on the force stroke 
characteristics, the pickup speed, and the 
interruption performance of the cutout 
switch of a d-c electromagnet. The analysis 
of the interruption performance is made 
for a case where a capacitor is connected 
across the cutout switch. The same 
method can be extended to other cases. 

O NE OF the most important charac¬ 
teristics of a d-c electromagnet is 
the force-stroke characteristic, frequently 
called a “pull curve.” It indicates the 
maximum force the electromagnet will 
develop with a certain excitation and a 
certain armatture gap. It is therefore 
possible to determine the maximum load 
from the pull curve and also the maximum 
gradient of load if spring load is used. 
This pull curve can be talcen by blocking 
the armature gap and measuring the 
force exerted by the magnet on the 
armature after the coil current has 
reached its steady-state value. Since 
this curve indicates the force developed 
with steady-state current flowing in the 
coil, it will be called the static pull ciurve 
to distinguish it from the dynamic pull 
curve which will be discussed later. 

In the case of an a-c electromagnet 
there is very little difference between 
the flux density at open armature gap 
and the sealed-in position of the arma¬ 
ture, because the change of reactive 
voltage at open-gap position, because of 
the increase in inrush current, is generally 
a small percentage of the reactive voltage 
at the sealed-in position. The force of 
an a-c electromagnet therefore changes 
slowly as the armature gap is reduced. 
While in a d-c electromagnet the magne¬ 
tomotive force is a constant value, the 
flux is inversely proportional to the 
reluctance of the magnetic path which 
in tiun varies directly with the air gap. 
The force, which is proportional to the 
square of the flux, therefore increases 
rapidly as the gap is decreased. 

To provide sufficient excitation to 
develop the force required at the open 
gap position and yet not to overheat 
the coil if the magnet is to be rated for 
continuous duty, some coils of d-c electro¬ 
magnets are wound with two sections. 
The pickup section is wound with larger 


wire, and it has a much lower resistance 
than the holding section. The coils 
can be connected in one of the three 
ways shown in Fig. 1. The cutout 
switch inserts the holding coil in series 
with the pickup coil in both Fig. 1 (A) 
and (C). In (B) the cutout switch 
disconnects the pickup coil. On some 
electromagnets the current in the pickup 
coil may be so high that the arc will not 
be extinguished across the cutout switch. 
Capacitance C connected across the 
cutout switch is used to help the inter¬ 
ruption.^ The analysis of the interrup¬ 
tion performance is limited to the case 
shown in Fig. 1 (A). The same method 
can be extended to the other two cases. 
The equivalent circuit for Fig. 1 (A) is 
shown in Fig. 2. 

Nomenclature 

C=capacitance, farads 
E = line voltage, volts 
Ec{t) = voltage across capacitance, a function 
of time 

ec{s) —Laplace transform of Ec{t) 
jP=pull of magnet, pounds 
/=a constant for the straight-line equation 
of pull versus current on log-log 
paper; a function of gap 
gravitational constant 
^ = constant determined from the instan¬ 
taneous pickup coil current, amperes 
per second* 

J=current, amperes 
7i = current in pickup coil 
J 2 = current in holding coil 
Is —current in capacitance 
^i(5)» ^* 2 ( 5 ), ^‘ 3 (-s)= Laplace transform of Ji, 
72, Iz 

iir=peak current of pickup coil during 
pickup operation 
spring gradient, pounds per inch 
L = self-inductance, henrys 
7 / 1 =self-inductance of pickup coil at open¬ 
ing of cutout switch 

7 / 2 =self-inductance of holding coil at 
opening of cutout switch 
J17=mutual inductance between pickup coil 
and holding coil 
w=mass of armature and load 
iV=number of turns 

P=initial spring tension of load, pounds 



1 4 R 2 


ad 


' 4 R 2 

2aC 2 1 

ac 

'resistance, ohms 


Dynamic Characteristic due to 
Electromechanical Coupling 
Between Coil and Armature 


The ciurrent in the coil at any instant 
is related to the voltage by the equation 


Since N is constant 


( 1 ) 




R 


( 2 ) 


The static pull curve is taken with 
(d<p)/(dt)=0. This is evidently not true 
during the pickup operation since flux 
does change. In general 

<p=<p{It x) (3) 

hence 


dtp bl btp bjc 

dt bl bt bx bt 


W 


therefore 



b<p bl ^.btp bx 

jy —-jv— — 

bl bt bx bt 

R 


(5) 


If :c = 0 is chosen at the open-gap posi¬ 
tion, then (b<p)/(jbx), (bx)/{bt), and (bcp)/ 
(bl) are all positive. When the armature 
is not moving, (bx)/(bt) =0 and the equa¬ 
tion reduces to 


7 = ' 


b<p dl bl 

E-N-^ -r 

bl bt bt 


R 


R 


( 6 ) 


As soon as the armature starts to move, 
the term { N[(b(p)/(bx) ][ (bx)/(bt) ]} is al¬ 
ways positive and therefore tends to reduce 
the instantaneous current. The term 
(b<p)/(bx) actually is proportional to the 
variation of permeability with respect to 
the armature gap. As the gap becomes 
smaller, (b<p)/(bx) will become greater. 
As the armature travels ftirther toward 
the sealed in position, both terms 
(b<p)/(bx) and (bx)/(bt) increase and 
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Fig. 1 (left). Connec¬ 
tion of 2-section coil of 
a d-c electromagnet 
with cutout switch and 
capacitor 


Fig. 2 (right). Equiva¬ 
lent circuit for Fig. 
1(A) 
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therefore tend to reduce the current 
more. The instantaneous ptdl at any 
gap varies as the square of the instan¬ 
taneous current. This reduction in cur¬ 
rent due to the mechanical motion of the 
armature thus affects the d 5 mamic char¬ 
acteristics of the electromagnet greatly. 

Roters^ illustrates a step-by-step 
method of calculating the d 3 niamic 
characteristics. This method, tedious 
as it is, is of great importance to designers 
of a d-c electromagnet with cutout 
switch because the d 3 mamic charac¬ 
teristics affect directly the interruption 
performance of the cutout switch. At 
the end of this paper a simpler step-by- 
step method with the help of a magnetic 
oscillograph will be illustrated. 

Analysis of Interruption Performance 
of Cutout Switch 

The interruption of direct current with 
an ordinary switch is much more difficult 
than the interruption of alternating 
current because the switch must actually 
force the arc to become unstable.® With 
a capacitance across the switch the 
situation is entirely different. At the 
instant the contacts of the switch are 
separated, the voltage across the con¬ 
tacts is zero because the voltage across 
the capacitance cannot change instantly. 
A considerable recovery strength is 
developed almost immediately across 
the switch because of the formation of 
a sheath of neutral gas around the 
contacts. As the movable contact of 
the switch travels farther, the recovery 
strength increases with the rate of in¬ 
crease depending on the speed of the 
contact. A curve of recovery strength 
versus time will have the general shape 


shown in Fig. 3. In the meantime, the 
capacitance charges up. If the voltage 
across the capacitance is at no time 
higher than the recovery strength, there 
will be no arc across the switch and the 
energy stored in the pickup coil will be 
dissipated in the resistances. If the 
voltage across the capacitance is higher 
than the recovery strength, ignition will 
occur between the contacts. As soon 
as ignition starts, the capacitance will 
discharge rapidly through the arc and 
the voltage across the switch will drop 
to the value corresponding to the current 
and gap. If the switch is not able to 
force the arc to become unstable, the 
arc will not extinguish. The capacitance 
across the switch therefore changes the 
principle of interruption from forcing 
the arc to become unstable to preventing 
the ignition across the contacts. 

The analysis of interruption perform¬ 
ance of the cutout switch consists there¬ 
fore of two problems: 

1. Determining the recovery strength of 
the cutout switch. 

2. Calculating the voltage across the cut¬ 
out switch. 

The recovery strength of the switch 
with a capacitance in parallel is hard to 
determine. It must have a higher 
value than the recovery strength of the 
same switch at the natural current zero 
of a-c interruption because it does not 
have a previously ionized column which 
exists between the contacts during a-c 
interruption. Experiments on some elec¬ 
tromagnets with capacitance not high 
enough to extinguish the arc indicated 
that the recovery strength is less than the 
natural spark breakdown strength. For 
one particular switch, the upper limit 
of its recovery strength can be estimated 
by an experiment. 

Connect up a d-c electromagnet as 
shown in Fig. 1(A). With the armature 
blocked in the sealed-in position and line 
voltage applied, open the cutout switch 
with a similar magnet. Start with a 
value of C low enough that the cutout 
switch cannot interrupt the current. 
Then increase the value of C until the 
cutout switch interrupts satisfactorily. 
Using this value of C and equation 11, 


which will be derived later, it is possible 
to calculate the curve of voltage across 
the cutout switch versus time. This 
curve can be used as the upper limit of 
the recovery strength. It is true that 
the recovery strength depends upon the 
opening speed of the contacts, but if the 
cutout switch is opened at the lowest 
operating speed in practical appplication 
the calculated upper limit of the recovery 
strength will be on the safe side. 

The electromagnet shown in Fig. 1(A) 
can be represented by the equivalent 
circuit shown in Fig. 2. Since both coils 
are wound on the same core, it is fairly 
safe to assume that the coupling between 
two coils is perfect, or 

M=VlM (7) 

In calculating the voltage across the 
cutout switch, the question of what is 
the boundary condition of currents in the 
two coils immediately presents itself. 
The most severe condition, as far as 
interruption by the cutout switch is 
concerned, generally occurs when the 
current in the pickup coil is equal to the 
steady-state value. This corresponds 
to a load curve which coincides with the 
static pull curve. The voltage across 
the cutout switch will be derived for 
this case since the resulting equation is 
useful in estimating the upper limit of 
recovery strength of the cutout switch. 
The effect of armature motion on the 
voltage across the cutout switch will 
be investigated later. 

The equations for the circuit in Fig. 2 
are 


E=R,Ii+Li^+M^+RJ,+L, 

at at at 



00 


(9) 

1 

11 

(10) 

At (when the cutout switch opens) 


Ji(0)-|-. 72(0)=0 


The solution of these equations (Ap¬ 
pendix I) gives the voltage across the 
cutout switch as 


where 


1 / m 

“2aC^2\a2C2 aC 
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Fi$. 3. Voltase across cutout switch versus time 



Assuming that h readies its steady- 
state value before it starts to decrease 
(this corresponds to a loading coinciding 
with the static pull curve for a certain 
portion of armature travel), the solution 
of the voltage across the cutout switch 
Ec{t) with the help of the Laplace trans¬ 
formation is then (see Appendix II) 


Fig. 4 (above). (A) 
60-cycIe timing 
curve. (B) Voltage 
across cutout switch. 
(C) Pickup coil cur¬ 
rent 


«2C2 aC 

OL = L'zRi 

jS=Li "hL2 H“2 Af 

In arriving at equation 11, the follow¬ 
ing approximations were used 

Ri«R2 

R\.Ri,C^ <^1 *4~i2 Af 

A sample calculation has been made 
and the results are plotted in Fig. 3 
for various values of C and the following 
parameters: 

Li = 1 henry =25 ohms 

L 2 =16 henrys R 2 =*2,500 ohms 

114’=4 henrys 

In actual applications, the load curve 
will always lie under the static pull curve 
at 90 or 85 per cent of the rated voltage 
so that the magnet will surely pick up. 
The current in the pickup coil at the 
instant of the opening of the cutout 
switch is always less that the steady-state 
value. Also, the current in the holding 
coil at that instant is not zero due to the 
coupling between the pickup and the 
holding coils. The voltage across the 
cutout switch could be considerably dif¬ 
ferent from the results calculated with 
equation 11. 

A typical oscillogram of pickup coil 
current is shown in Fig. 4. The current 
has a negative slope just before the cutout 
switch opens. It is necessary to deter¬ 
mine the boundary conditions for equa¬ 
tions 8 through 10 for calculating the 
voltage across the cutout switch. The 
descending portion of pickup coil current 
can be closely approximated by the pa¬ 
rabola of equation 12 

( 12 ) 

where has the value zero when the 
pickup coil current is at its peak, K is the 


.zL 

\aC 2 




peak of pickup coil current, and ^ is a 
constant depending on the speed of 
pickup. The higher the speed of pickup, 
the higher will be the value of K 
The value of h can be found by substi¬ 
tuting equation 12 into and solving 13 

(13) 


The parameters Li, La, and AT vary be¬ 
tween the time and the time of 

opening of the cutout switch. If the 
positions of the armature at these two 
instants differ greatly, it will be neces¬ 
sary to move the point ^'=0 to some 
point closer to the opening of the cutout 
switch so that the values of Li, L 2 , and AT 
at the armature position corresponding 
to the opening of the cutout switch can 
be used. For the calculations in this 
paper it will be assumed that the positions 
of the armature corresponding to these 
two instants are very close together and 
values of Li, L 2 , and M will be those at 
the opening of the cutout switch. 

Solution of equation 13 is 


un 


2hMr X 2 Y 
L 2 


€ 



(14) 


Expanding the term e ^ into a series, 
using 




(15) 


and considering that t is of the order of 
milliseconds so that terms higher than 
can be neglected, then 


un 


2JM(l 
is \2 


6 Li ) 


(16) 


Let the cutout switch open at i' = T; 
then the boimdary conditions for solving 
equations 8, 9, and 10 become 

UQ)=K-hT^ (17) 


/.(O) 


2hM/l 
Li V 2 


r* 



(18) 
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In equation 19 only the coefi&cient of 
the first term on the right-hand side de¬ 
pends on the boundary conditions. In 
many electromagnets the second term 

OtC p-qXp a J 


is much smaller than the first term and 
therefore the quantity 


fiMR^Ri 



( 20 ) 


is of interest. 

The holding coil of an electromagnet is 
always wound with smaller wire then the 
pickup coil and hence generally 


Ri R2 
LiU 


or Ei<' 


L 1 R 2 


Since L 2 is larger then Li, AT is also 
larger than Li. Therefore 


Ri< 


MR2 

L 2 


r is therefore generally less than 1. When 
the second term in the right-hand side 
of equation 19 is negligible compared to 
the first term, the value of f is an indica¬ 
tion of the reduction in voltage across the 
cutout switch due to the armature mo¬ 
tion. The reduction in voltage can af¬ 
fect the selection of capacitance in two 
ways: 

1. A much smaller capacitance is sufficient 
for interruption, 

2. A capacitance of lower voltage rating 
can be used due to the reduction of peak 
voltage. 

r can be written in terms of /i(0) as 
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stant E/R-li(0) 


versus time 


TIME IN MILLISECONDS 


where 

MRiRif^ MRfi\ 

A is an indication of the speed of pickup. 
The higher the value of h, the higher is 
the speed of pickup. Speed of pickup de¬ 
pends on load. A dead weight load 
generally has a lower speed of pickup than 
a spring load of the same amount. The 
term /i(0)] is an indication of the 

position where the cutout switch opens 
for the same load, and consequently the 
same h. Families of curves plotted with 
r versus [£/jRi—Ji(0)] for constant k 
and with r versus h for constant 7i(0) are 
shown in Fig. 5. 

It is interesting to note that, for con¬ 
stant Ji(0), the higher the speed of pickup 
the higher the voltage across the cut¬ 
out switch and hence the more difl&cult 
is the interruption. For constant h, the 
lower the value Ji(0) the easier the 
interruption, as expected. The curves 
in Fig. 5 are not only useful in understand¬ 
ing the interruption performance but can 
also be used quantitatively in estimating 
the reduction of voltage across the cut¬ 
out switch. For any electromagnet, the 
highest possible voltage across the cutout 
switch can be estimated if the worst load¬ 
ing condition is known because the load 
determines the value of h. The position 
where the cutout switch is set to open de¬ 
termines the value Ji(0). 


derivation, hysteresis and eddy currents 
are neglected. Test results have justi¬ 
fied this simplification. There is also 
negligible saturation effect before the 
armature is sealed. 

With no saturation effect, the static 
pull curve, plotted as force versus current 
for a certain gap is a straight line with a 
slope of 2 on log-log paper since force is 
proportional to the square of the flux 
and flux is directly proportional to current 
if there is no saturation. The pull can 
therefore be represented by 

log F=log DMogfiac) (22) 

or 

(23) 

where/(3f) is a function of gap. 

For any current Jo 

F(Ux)^Io^f(x) (24) 

where F(Iq,x) is the static puH curve for 
current Jo, or 




F(Jo, X) 
Jo2 


(25) 


The instantaneous pull is a fimction of 
time since current is a function of time. 


F(t)^ 


FCIo^x) 

Jo^ 


IKt) 


(26) 


To find the instantaneous pull, it is 
necessary to know the position of arma¬ 
ture at different times. The equation of 
motion of the armature is 


Calculation of Displacement Versus 
Time and D3mamic Pull Ciurve 
from Oscillogram of Current 
Versus Time 

If the static pull cimve and the instan¬ 
taneous current for a particular magnet 
and given load are known from experi¬ 
ment, the instantaneous position of the 
armature and the corresponding instan¬ 
taneous pull can be calculated by the 
method described now. In the following 


w — = F(t)—mg—iF-^kx) 
Substitute 

_ Xn+i — 2oCfi 

dt^ (At)^ 

into equation 27 


(27) 

(28) 


1 J^(^) 

’-- 

mg-P—kXn (29) 
Equation 29 can be solved numerically 


by using the static pull curve and the os¬ 
cillogram of the instantaneous current. 
Fig. 6 compares the calculated curve for 
one sample and the experimental curve 
from a high-speed movie. The first term 
on the right-hand side of equation 29 
gives the instantaneous pull for t=tn. 

Remarks 

In calculating the transient voltage 
across the cutout switch, the inductances 
of the pickup and holding coils are as¬ 
sumed to be constant. An error is ob¬ 
viously introduced since the inductances 
increase as the armature moves toward 
the sealed-in position. To treat this 
condition, the inductances have to be 
considered as a function of time and the 
differential equations thus have variable 
coefficients. It is fairly accurate to as¬ 
sume that the inductance varies inversely 
as the armature gap for a small range of 
gap such as from the position where the 
cutout switch opens to the sealed-in posi¬ 
tion. The speed of the armature at this 
range is also fairly constant since the 
speed is relatively high and the distance 
is small. The inductances can then be 
represented by Zi(0=Li(l-fifei), 
=^L 2 ,{l+ki), and JU(0 = Af(l+^/), where 
k can be determined by combining 
the variation of inductances and speed 
of the armature within the required range. 
The solution of the equations can be ob¬ 
tained by assuming two infinite series 
around /=0 for both h and h as shown 
in Appendix III. A calculation has been 
made for a value of ife=250, c = l micro¬ 
farad, and other parameters the same as 
before. It is plotted in Fig. 3 and lies 
under the voltage curve for the same value 
of C and constant inductances. The 
energy stored in the pickup coil at the in¬ 
stant the cutout switch opens is l/2ZiJi2. 
As Li increases with time, h decreases 
since the stored energy in the pickup coil 
cannot increase any more after the open- 
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ing of the cutout switch. Therefore, the 
pickup coil will actually try to maintain a 
^ current less than the value for a constant 
inductance. This decrease in current is 
directly responsible for the lower voltage 
across the cutout switch. 

The calculation by assuming an infinite 
series is long and tedious. Since the re¬ 
sults obtained by assuming constant in¬ 
ductance are on the safe side, the varia¬ 
tion of inductance can be neglected. 

The dynamic characteristic not only 
affects the interruption performance of 
the cutout switch but also directly affects 
performance data such as pickup time, 
duty-cycle rating, and mechanical life. 
For a pure mechanical system, an increase 
of force by 21 per cent reduces the time 
required to travel the same distance by 
10 per cent. Because of the interrelation 
between the electric circuit and mechani¬ 
cal motion, an increase of 10 per cent in 
voltage will not cut down the pickup 
time by 10 per cent. The duty-cycle 
rating of the electromagnet can be de¬ 
fined only for a particular load since the 
magnitude and duration of current de¬ 
pend on load. The mechanical energy 
stored in the armature is the area en¬ 
closed by the dynamic pull curve and the 
axis corresponding to zero pull. The 
impact on the seat and hence mechanical 
life is dependent also on the dynamic 
characteristic. Unfortunately, a simple 
analysis is impossible because of the com¬ 
plicated nonlinear relationship of the 
magnetic circuits. 

Appendix I. Solution of 
Equations 8, 9, and 10 


Solving equation 10 for h and substituting 
in equations 8 and 9 


E «= (Z»i -{-Lt+2My^ — (L 2 + My ~+ 
at at 

(30) 

/ lidt dh dh 

—+ Rill‘dL% '-j-^Rili 
c dt dt 

(31) 

Using the Laplace transformation^ with 
the boundary conditions /i( 0 )=J 3 ( 0 ) = 
E/Ru the following equations are obtained 

[(J:i+l2+2K)s+7?i4-i?2]ii(5)~ [(X 2 + 

JW)i+i?2]t3(5)=-+f- (il + ilf) 

5 Rl 



[{U+M)s+Ri]Hs)- 

(L,s + Ri+-^y,(s) = M^^ (33) 

Solving for tsCj) 


(ii+ij+2 Jlf)r + Jf 1 +-^2 


»j(r) = 


(Z.l+i 2 + 2 ilf')s +i?l +i ?2 
KL,+M)s+Ri 


h(s)=E- 


Rl 


^1 , 


Rl ) 


-iLi+M)s-R2^ 
’ Cs 


—L2S—R2- 


(34) 


iLi+L2+2M)-— (LiU+M^+LiM+LiM) 
Rl 




—- [(i?ii:2+i?2l.i)Cs2+(i?ii?2C+Zi+L2+2il/)^4-i?i+i?2] 
Cs 


Since perfect coupling is assumed, the 
coefficient of in the numerator vanishes 
as does the coefficient of in the de¬ 
nominator. It is a good approximation 
for most cases to assume that R 1 R 2 C is 
negligible compared to Li-\-L 2 + 2 M and 
Rl is negligible compared to 2 ? 2 * 

Let 


ot RiL 2 ~{~RiLi 

^-=Li+L2-\-2M 

Then 


i2(s)^E- 




Cs 


(a Cs^ +iS5 + 1 ^ 2 ) 


£ 

Rl 


(L2Ri+R2Li)+ 


RiR2 '^ 


— (aCs^+fis~\-R2) 


E 


Cs 


Rl aCs^’\-^s-^R2 


Since 
Ecit) 
then 


~Jo C 


ec(^) = ^ ii(s) 


ec(s) 


Ri\a 


Cs^~hPS’^R2 
R 1 R 2 


He- 


s{otCs^-\-^sHR2) 

1 


B , ^2 ER 2 
524 . s-\r—-\—-X 

aC oiC ocC 


Let 




then 



(s*+- 

1 

4 R 2 

laH 

<xC 

Ijl 

4 R 2 

la^a' 

aC 


■R2 > 
aHaC) 


(35) 

(36) 


{H) 


(37) 


(38) 


(39) 


ER^ 1 / 1 1 Nl 

3(^-2)/J 


+ 


E 

- (43) 

5 


and by taking inverse transform, 




(44) 


Appendix II. Solution of 
Equations 8, 9 , and 10 
with Initial Conditions Given 
by Equations 17 and 18 

The Laplace transform of equation 8 
with boundary conditions as shown in 
equations 17 and iS is 

=Psii(s)- 


hM „ hMRj 
1,2 Sis’* 

(L2+M)sUs) +{Ri+RMs)- 

Rihis) (45) 


Since 

iLi+M) 


H)- 


L2^+2L2MHM^ 


L 2 

«L2+Li+2M«/3 


this equation becomes 


5+(t,+M)| 

S i\.\ 


AH 


hMRi 

’izr 


(40) 


(41) 


(42) 


^(^sHR2~\"Ri)ii(s)-‘ [(L2ArM)s-\~ 

R 2 MS) (46) 

Similarly, the transform of equation 9 is 

f ME hMR2 r/r , TTN . w T / ^ 

\”Z-SzT" [(L2+M)5+i?x]ii(5) — 

The solution ii(s) will have the same de¬ 
terminant in the denominator as equation 
34 and an additional part in the numerator, 
which is 
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^'y4"Ri4“R2 


-hMRi , 

|3s+J?i+J?a 


(L2-hM)s-hR2 

hMR2 , 

3 X 2 1 

3 X 2 

(L+JW)i+iJj 

1 


-hMR2 f M MRA 


SLa 


-hMR^ 


ZU 




Hence 




Therefore 


E r . hMR2Ri J ^ MR2\'] . ERi 


aCs^-f-jSs-f-iCa 


sL“+isr'’ 


(tt ‘ I 

\ ‘ Li J] aCs^+ps+Ri 


ERi 


s(^ocCs^ -h^s -^Ri) 


(48) 


(49) 


EcW- 


E r hMRiRi / JlfiSjXI 1 JSiea 1 

.+^ (..+i .+^)] 

\ / J^—5 otC p-g\_p q J 


JiM^R^Ri 

ZocL^E 


(50) 

(51) 


/ 


C dt dt 

^RiIi+Li^\Ul+kt)]+M^\m+M)] 
at dt 

(53) 

Assuming a series around ^=0 
Ji=ao^+fl^i/4*^3^2^*'h • • • • • • (54) 

and 

J3«6o^+M+&2^*+. .. +... (55) 

where oo — &o=ii(0). Substituting equations 
54 and 55 into 52 and 53, two simultaneous 
recursion equations are obtained for the 
coefficients 

lRi-\-R2+mn-hl)]an-[R2+{L2+M)X 

(«+1 )^] 6n+1 )an+i— 

(L2+M)in+l)bn+i^0 (56) 

when 

n—0 

^ai-(L2+M)bi^E-RiIiiO)-iLi+ 

M)kli(0) 

^ = [i?a+(i2+Jkf)(»+l)fe]o„- [Ri+ 

Cn 

L^(.n+l)]bn+(.Li+M)X 

(»+l)on4.i—I,2(»+1)6 b+i (57) 


Appendix III. Solution of Equations 8, 9, and 10 wijth 
Variable Inductances 

If Li(t)—Li{l+kt), L 2 (t)—L 2 (l+kt), and M(t) = M(l+kt), then equations 8 and 9 be¬ 
come 

E =RiIi+j^lLi(t)li] +|[Jlf(0J2] +-Rs-f!+| [Li(.t)Ii] 
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Transient Analysis of A-C 
Servomechanisms 

S. S. L. CHANG 

ASSOCIATE MEMBER AIEE 


T his paper deals essentially with two 
aspects of the a-c servo problem: 

1. It introduces a method whereby the 
transient data transfer functions are derived 
directly from the d-c transfer functions. 

2. It presents a method of taking into 
account the electrical transients in rotating 
components. These electrical transient 
effects are important to performance as 
well as stability in the upper data frequency 
range. 

A position control a-c servo with carrier 


frequency and phase errors is analyzed 
to illustrate the methods. 

Much valuable work relating to these 
subjects can be found in the literature, 
and it is desirable to state here what 
further results can be accomplished 
with this paper. The complex transform 
method enables one to calculate the 
transient response directly and it is 
also numerically simpler than Sobczyk’s 
method^ of upper and lower side bands 
in analyzing a sinusoidal input. Its 


numerical simplicity is illustrated by 
calculating the carrier frequency and 
phase shift problem. Sobczyk (and 
later Attura^) assumed the presence of 
either frequency error or phase error but 
not both and came to the conclusion that 
the performance of the system is not 
seriously affected. Both the experi¬ 
mental evidence and this method show 
that with both errors present the system 
performance can be very detrimentally 
affected according to a manner predicted 
by the theory. 

Regarding to the transient analysis 
of rotating components, Brown® took 


Paper 55-190, recommended by the AIEE Feed¬ 
back Control Systems Committee and approved 
by the AIEE Committee on Technical Operations 
for presentation at the AIEE W^inter General 
Meeting, New York, N. Y., January 31-February 

4, 1955. Manuscript submitted March 5, 1954; 
made available for printing December 21, 1954. 

5. S. L. Chang is with New York University* 
New York, N.Y. 


30 


Chang—Transient Analysis of A-C Servomechanisms 


March 1955 



into account the effect of rotor leakage 
reactance, but neglected the * stator 
^ leakage reactance and the amplifier 
impedance in his derivation of transfer 
function for a 2-phase servomotor. 
Frazier^ derived a characteristic equation 
for electrical transients in an induction 
tachometer under rather restricted termi¬ 
nating conditions. By the method of 
variations, the transient equivalent cir¬ 
cuits derived in this paper take into 
account all motor constants as well as 
terminating network elements. The re¬ 
sults are simple enough to apply. 

Complex Data Transfer Ftmction 

The instantaneous value of a carrier 
signal can be represented as 

<r (0 = sin C0c^+C2(0 cos <act ( 1 ) 

Generally both the sine and cosine terms 
are present, and the transmitted data 
is contained in the envelope functions 
and e^{t) only. 

If ei{t) and €^{1) are assumed to be 
arbitrary functions without restriction, 
they are not uniquely defined by equation 
1. That is, there are other sets of ei{t) 
and ^ 2(0 which give the same instan¬ 
taneous signal <r(/). For example: €i(/) + 
cos oict and e^it) — sin (act constitute such 
a set. However, if ei{t) and e%{t) are 
restricted to slow varying functions 
without appreciable frequency com¬ 
ponents of the order of carrier frequency 
or higher, then their values are unique, 
and their property of slow varying is 
preserved in passing through a linear 
network. Physically, the condition of 
slow varying is justifiable in an a-c 
servomechanism as the transmitted data 
are invariably of lower frequency than 
the carrier. 

The partial phase-shift operator j is 
defined to operate on the carrier only by 
advancing its phase 90 degrees, while 
leaving the envelope functions unaffected. 
S 3 mibolically, equation 1 may be written 
as 

a(0=[^iW+>2W] sin wc/ ( 2 ) 

Since the carrier factor sin (act is common 
to all signals, it can be left out of the 
expression altogether. The entire signal 
is represented by a complex envelope 
function 

e(t)^ei(t)+je2(t) (3) 

In the special case of both ei and 
being constants, equation 3 reduces to 
the vector expression of alternating 
current. 

In passing through a linear network, 
the output envelope edt) and input 


envelope ei(t) are related by the following 
equation 

eo(t)^G{Pe)^i{t) (4) 

G(/>e) is a complex function of the 
envelope time derivative operator p^. 
Let H{p) represent the operator which 
relates the instantaneous output signal 
(ro{t) and input signal such that 

(ro(t)=^mp)ai(t) (5) 

where p is the instantaneous time deriva¬ 
tive operator. The operator G{p^ can 
be derived from Hip) by the following 
substitution 

GiPe)^HiPe^j(ac) (6) 

In equations 4 and 5, Gipf) operates on 
the envelope eiit) only, while Hip) 
operates on the full expression of the 
input signal including both envelopes 
and carrier factors. The time constants 
in Hip) do not have a direct bearing on 
data transmission, while the time con¬ 
stants in Gip^ represent a delay or an 
advance in phase of the transmitted 
data. The envelope operator Gip^ in 
transient analysis is the counterpart of 
the data-frequency transfer ratio in 
sinusoidal analysis. 

The operators pe and j in Gip^ can 
be manipulated algebraically as a real 
algebraic number and V — 1 respectively. 
It is also permissible to rationalize the 
expression Gip^ or to expand it in a 
power series of pc- 

To show that Gip^ reduces to the 
data-frequency transfer ratio in the case 
of a sinusoidal modulating signal, let 
Odip^ and Gqip^ denote the real and 
imaginary components of Gip)- In equa¬ 
tion 4, the real and imaginary components 
of Cf and are the envelopes of the 
sin (act and cos (act terms respectively. 
In the literature of sinusoidal analysis, 
they are referred to as direct and quad¬ 
rature components. Accordingly, Ga 
transfers a direct component into a 
direct component, a quadrature com¬ 
ponent into a quadrature component; 
Gq transfers a direct component into a 
quadrature component and vice versa. 
It remains to be shown that Gd and Gq 
reduce to their corresponding expressions 
in sinusoidal analysis when the envelopes 
are sinusoidal. 

By definition, from equation 6 

Giipe) (7) 

In equation 7, as j terms are cancelled 
in the total expression, its operational 
significance is immaterial. Its only sig¬ 
nificance is being -v/—1, and it can be 
substituted by any other operator \/ — 1* 


Let (am be the data frequency, and i be 
the data phase-shift operator. Operating 
on a sinusoidal envelope, GdiPe) becomes 

[fr[i(«m+«c)] +H[i(w,n -«.)] ] 

= -(ir++H*-) (8) 

Similarly 

Ggii(am) ==^.lHliia>m-h(ac)] —«c)]] 

=Lfr+-ir*-) (9) 

Equations 8 and 9 are to be compared 
with equations 1 and 2 in Bjomson’s 
paper.® 

In general, eiit) and edt) are not 
sinusoidal. Let EiiS) and EdS) repre¬ 
sent their Laplace transforms. Equations 
4 and 6 become 

EoiS)^GiS)EiiS) ( 10 ) 

GiS)^HiS+j(ac) ( 11 ) 

Transient Performance of Modulating 
and Demodulating Devices 

Modulators 

An ideal modulating device converts 
instantly and proportionately an input 
quantity to the envelope of a sinusoidal 
carrier wave, which bears a constant 
phase difference from a given reference. 
Since the output quantity is the complex 
envelope, its transfer function is simply 
a complex constant K. Some of the 
actual modulators are studied in the fol¬ 
lowing: 

Balanced Vibrator and Potentiometer 
Circuit 

While these types differ from an ideal 
modulator in wave form and in con¬ 
tinuity, they can be considered ideal as 
far as the transient performance is 
concerned. 

Synchro Transmitter and Control 
Transformer 

The synchro transmitter impresses on 
the control transformer an alternating 
magnetic field aligned to its own rotor 
position. While there may be a small 
transient error between the rotor position 
of the synchro transmitter and the 
magnetic field position of the control 
transformer, such an error does not enter 
into the closed-loop characteristic and 
can be neglected as far as stability is 
concerned. 

If the rotor position of the control 
transformer is not perpendicular to its 
magnetic field, the envelope ^ of the total 
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Fig. 1. Transient equivalent circuit of an a-c tachometer 


flux linlcage to the rotor winding is 
proportional to the error angle 6 

( 12 ) 

The envelope e(t) of the induced voltage 
is 

e(t) — (pe'i-jcac)X(t) » K(Pe+j<ac)€{t) (13) 

Hence, the data transfer function of the 
synchro control transformer is 

(.4) 

jCOc \ COc/ 

A-C Tachometer 

The steady-state performance of a-c 
tachometers has been thoroughly ana¬ 
lyzed by Frazier.^ However, with respect 
to its transient performance, Frazier’s 


These conditions are the same as the 
conditions for good linearity and are 
expected to hold very well in practical 
cases. The transient performance of 
the tachometer can be represented as an 
ideal modulator terminated in a linear 
network as shown in Fig. 1(A). (In 
Fig. 1 vectors are indicated by a bar 
under the symbols.) The complex gain 
constant K is equal to the phasor 
representing the magnitude and phase of 
the net alternating flux linking the rotor 
winding along the reference phase in 
webers. The terminating network con¬ 
sists of the tachometer equivalent circuit 
of the signal winding together with the 
auxiliary calibrating network, if any, in 
the signal winding circuit. 


The reference winding impedances 
together with the auxiliary calibrating 
network connected to it affect the 
tachometer performance by modifying 
Ki, Fig. 1(B). However, these elements 
do not influence the transient perform¬ 
ance directly. 

With the complex transform method 
described in the foregoing section, the 
equivalent circuit of Fig. 1(A) is analyzed 
to obtain the transient performance of 
tachometers with a few typical termina¬ 
tions. The calibrating networks de¬ 
scribed in Frazier’s paper do not intro¬ 
duce any time constant larger than 
l/a>c. However, considerable time delay 
would be introduced by a terminating 
condenser tuned in resonance with the 
total signal winding inductance Li+M, 
to boost the output signal. 

Demodulators 

The idealized demodulator characteris¬ 
tic is to generate an instantaneous 
quantity proportional to the envelope 
of one component of the input signal 
while being totally unaffected by the 
out-of-phase component. Mathemati¬ 
cally, regarding the over-all transfer 
fimction, its representative operation is 
to multiply by a complex constant JK', 
and to take the real component. There 
are two types of commonly used de¬ 
modulating devices. 

Phase-Sensitive Detector 

The response of a phase-sensitive 
detector can be expressed as a power 
series in the reciprocal of the magnitude 
of the reference voltage. The zero’th 
order term is proportional to the envelope 
of the in-phase component of the input 
signal. The envelope of the out-of- 
phase component and the time-derivative 
terms appear in the first order or higher. 
Thus a phase-sensitive detector can be 


published work is limited to determining 
the characteristic equation of the instan¬ 
taneous value of the output voltage for 
the bare tachometer without considering 
the effects of linearity correction net¬ 
works. In the Appendix solution of the 
transient equations is derived with the 
terminating networks taken into con¬ 
sideration. While the exact solution is 
too tedious for practical application, a 
good and simple approximation can be 
obtained if either of the following condi¬ 
tions hold: 

1. Rotor resistance in signal winding 
terms is large compared to a certain im¬ 
pedance {a^Zf and Zc, Fig. 7). 

2. Speed is small compared to synchronous 
speed. 
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Fis. 3. Typical a-c servo 
and its equivalent d-c servo 



Ga(S) = 


Qo{S) 

Qf(S) 


made as close to an ideal demodtdator Analysis of a System by Complex 
as desired. Transform 


In general the modulator and demodula¬ 
tor have energy storage elements, and 
equation 19 can he modified as 

Ga(S)=KiKiXre3i.l component of 

mS+M)F(Sy^] ( 20 ) 

where H(S)=-Hi(S) H 2 (S) 

H 2 (S) is the transfer fimction of- the 
explicit network. Hi(S) depends on 
the modulator only. IlziS) and F(5) 
depend on the demodulator only. They 
are: 


Two-Phase Servomotor 

The response of a 2-phase servomotor 
is not linear if the motor speed is a sub¬ 
stantial fraction of its synchronous speed. 
However, it is approximately linear for 
small speeds. The linearity as well as 
its stability improves with increased 
rotor resistance. 

Generally, the frequency at which the 
open-loop gain is zero decibel is con¬ 
siderably higher than the highest data 
frequency so that the error can be small. 
The electrical transients have appre¬ 
ciable effect only in this high-frequency 
region. To study the stability in the 
high-frequency region, it is adequate to 
assume a small signal superimposed on 
a slowly varying large signal. 

For the case of low speed, as well 
as for the case of a superimposed small 
signal, the motor response is linear. It 
is shown in the Appendix that an actual 
motor can be considered as a Nichol’s 
simplified motor with a terminating 
network as shown in Fig. 2. The elec¬ 
trical transients depends entirely on the 
signal winding circuit and are not 
appreciably affected by the reference 
winding circuit. 

The transfer function of the 2-phase 
servomotor can be written into two 
factors. The first factor gives the ratio 
of the signal phase net flux linking the 
rotor to the grid input of the power 
amplifier. It is a function of the total 
time derivative operator P and can be 
integrated into the transfer function of 
the preceding electric networks. The 
second factor converts the complex 
envelope of the signal phase flux to torque. 
It is to multiply the complex envelope 
by K'[l—i(V(2«c))] and take the real 
component. 


The signal in an a-c servo is transmitted 
directly in part of the loop, as shown by 
the solid line in Fig. 3(A), and is trans¬ 
mitted in the form of a carrier wave in 
the other part of the loop, as shown by 
the dotted line. For a typical position 
control system, qt represents the error 
angle and qo the motor torque if the 
demodulator is a 2-phase motor, or 
qo represents a voltage if the demodulator 
is a phase-sensitive detector. 

Let Qo{S) and be the Laplace 

transforms of qo and qt respectively. If 
it is possible to find the ratio 

then the problem is reduced to a d-c 
servo problem, as shown in Fig. 3(B), 
and can be considered solved. 

To determine Ga(S), ideal modulator 
and demodulators are assumed at the 
moment. The output from the modu¬ 
lator is a voltage e(t) 

e(t)—Kqi(t) sin (16) 

where K and <p are constants. The 
complex Laplace transform of this func¬ 
tion can be written as 

E(S)--K^^^Qi(S) (17) 

If the demodulator is sensitive to the 
sine component of the carrier wave only, 
the Laplace transform of the output 
qo of the demodulator is 

Qo(S) — real component of [iCiCV^iT(54" 

M)Qi(S)] (18) 

Equation 18 follows from the preceding 
sections. Therefore 

Ga(S) = = KX' Xreal component of 

Ci(o) 

[^m(S+j<oc)] (19) 


Balanced vibrator or potentiometer: 

Synchro transmitter—control transformer: 
2Ji(5)=5 

A-c tachometer: Hi(5) —transfer function 
of network of Fig. 1(A). 
Phase-sensitive detector: IfsC 5) = 1 F( *5) = 1 
Two-phase servomotor: F(S)^l—j[S/ 
(2coc)] 


BsCS) ^-zXtransfer function of network of 
o 


Fig. 2 


It follows from these considerations 
that the transient effects of various a-c 
servo components cannot be treated 
separately except as complex mathe¬ 
matical entities. They cannot be de¬ 
termined experimentally as an inde¬ 
pendent effect. A simple analogy to 
this situation is that the real component 
of a product of complex factors does 
not equal to the product of the real 
components of the constituent factors. 


Mathematical Approximations 

The function i2'(5+jwc) can be sepa¬ 
rated into a steady-state factor 
and a transient factor depending on 5. 
Generally II{S) is composed of two types 
of factors, denoted by Ha{S) and HhCs) 

Ha{S)^l-\-TS ( 21 ) 

HtlS) = 1+- S+—„ where a< 1 (22) 

(ai wr 

Physically, an incidental time-dependent 
circuit, e.g., a phase-shift circuit, or a 
motor equivalent circuit, gives rise to 
factors of the form IIa(S) while a circuit 
intentionally inserted to stabilize the 
servo gives rise to factors of both the 
forms Ha(S) and He(S). Thus 

HaiS+jcoc) = 1 + r(5+i«c) = HaU^^c) 

a + TiS) (23) 
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>AG CARRIER PHASE ERROR LEAD 


Fig. 4. Maximum modulus of typical 60-cycle a-c servomechanism with detuned lead network 

and carrier phase error 


where 


T 

(25) 

l+j03cT 

1 

+7(wc “ <al^/ 1 —a*) 

(26) 

1 

i^i+jio)c+ci)i 's/I 

(27) 


The absolute values of Ti and are 
always smaller than l/wg. Ta can be 
many times larger than 1/wc if a is small 
and a)i=C(Jc. 

Generally, both types of time constants 
are present in H(S+jo)c). A useful 
approximation is to separate the factors 
into two groups. The first group con¬ 
sists of factors with time constants 
Ta and Tj, larger than l/wc* the second 
group consists of factors with time 


constants. Ti, T 2 , ... smaller than 

1/wc. The second group of factors is ex¬ 
panded into a power series. For example 

(l+TaS)ili-Ti,S)(l+TiS) 

(i+r25)(n-r35)(n-r45) 

=:(n-ra5)(i+n5)[i+(r,-r2- 

r3-r4)s+...] (28) 

The foregoing mathematical manipu¬ 
lations have two points of practical 
significance, namely: 

1. The separation of H(S+jo}c) into a 
steady-state factor and an electrical 
transient factor allows the steady-state 
factor H(J<ac) to be determined experi¬ 
mentally with the transient factor used as 
a modification. This procedure is very 
convenient especially in describing the 
rotating components. 

2. It is known that, with a sinusoidal 
data input, the effects of nonresonant 
networks are essentially a phase shift in 
the carrier factor and a phase shift in the 


envelope factor. The carrier phase shift is 
taken into account by the steady-state 
factor H(jo)c). The data time constants 
Tu Tit ... for a nonresonant network 
are always less than l/co^. 

Equation 28 takes into account the 
combined envelope phase-shift effect. 


An Example of Analysis 


A typical 60-cycle position control 
servomechanism with frequency and 
phase errors is analyzed to illustrate the 
method. It has the following elements: 

1. Synchro control transformer. 

2. Amplifier, with a 2-stage resistance- 
capacitance coupling network, a phase- 
shift network, and a carrier frequency lead 
network. 

3., Two-phase servomotor. 

Their respective transfer functions are: 

/ 0.035 \2 

_ 0.00152 _ 

4.o.o04475)(1 +0.000435S) 

^ 5(1+0.25) 

The transfer function Ga(S) can be de¬ 
termined from equation 20 with the help 
of the approximate equation 28 for vari¬ 
ous carrier frequency conditions. They 
are 

For coi=«c 


Ca(5)=iCXreal component of 

1+1.44 /148.1° (29) 

For coi=l.lo)c 

Ga{S) =KXreal component of 

1.82e^<»-°^°^^l+8.1 /64.0° X 

g)-ll.«/5i8l(|)’]} (3.) 

There is a similar equation for wi=0.9wc. 

Fig. 4 illustrates the calculated maxi¬ 
mum modulus to a sinusoidal data input 
at various values of actual carrier phase 
error. It is assumed that the gain of the 
amplifier is adjusted so that the over-all 
gain coefficient of the system is always 
600 radians per second. Fig. 5 gives 
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the transient response to a unit step 
input under the condition that c«)i= 
1.1 wc and a carrier phase error of —20 
^degrees, (<^=33 degrees). Fig. 6 illus¬ 
trates the situation if the carrier fre¬ 
quency is drifted away from its initial 
value without further adjustment made 
on the system. The over-all gain and 
time constants are plotted as a function 
of the initial phase-angle error <f). 

In Fig. 5 the response function is not 
plotted for small values of t for the 
following reason: Since the complex 
transform method is limited to data 
frequencies lower than the carrier fre¬ 
quency, the calculation for a unit step 
input is not strictly correct. For small 
values of t, the high-frequency terms are 
predominant, and the result is erroneous. 
For larger values of /, the high-frequency 
terms are subdued by destructive inter¬ 
ference and the calculated result is ex¬ 
pected to hold. Fig. 5 is a plot of 
equation 57 for values of t larger than 
0.0167 second, corresponding to one 
period of the carrier. Physically, the 
transient response of the servo is not 
expected to be consistent within one 
period of the carrier immediately after 
the step change is applied. 


Appendix. Derivation of 
Transient Equivalent Circuits of 
A-C Tachometers and 
Servomotors 


The derivation of the transient equiva¬ 
lent circuits is presented separately in the 
Appendix for two reasons: 

1. It is not necessary to know how the 
circuits are derived to be able to apply 
them. 

2. The derivation requires knowledge 
in a-c machinery not related to the rest of 
the feedback control field. 

The basic cross-field equations for the 


a-c tachometers and servomotors 
essentially the same, namely 

are 

Vie — =* Mpiiic — ic) 

(31) 

<I>C — ) “ •^ 2^0 

(32) 

M 

Vir -"(Rlr ']rLirp)iir = “ P^hr ~ h) 

(33) 

«r=-(tir-tr)--j V 

(34) 

R2ic^p4>e—na<l>r 

(35) 

R 2 . <t>c 

ir = p(l>r"\-n 

a 

(36) 



Fig. 5. Transient response to unit step input of typical 60-cycle a-c servomechanism with 
detuned lead network and SO-degree lagging carrier phase angle 



INITIAL PHASE ERROR 


Torque=2^1 


/ 

\a<f>r^c 0:; ^ I 


where 


(37) 


Fig. 6. Time constants and gain as functions of frequency and phase errors 


G.(,S)QiCS)^ 


Kv(1+T+$) 

Sd+T-SXH-TmS) 
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Fig. 7. Equivalent circuits representing basic equations for a-c tachometers and servomotois 

(cross-field theory) 


Vicf ict = control winding terminal 

voltage, winding current, control 
winding axis rotor current, and net 
fltix linking the rotor conductors 
along the control winding axis, all 
in control winding terms 
viTi 0r=the respective reference 

winding quantities, all in reference 
winding terms 

Rit Lu M, Lz, control winding re¬ 

sistance, leakage inductance, mutual 
inductance, rotor leakage induct¬ 
ance, and rotor resistance, all in 
control winding terms 
Rir, Xir=reference winding resistance and 
leakage inductance 

fit=ratio of effective control winding turns 
to effective reference winding turns 

For the a-c tachometers, the word “control*’ 
should be replaced by the word “signal,” 
^d the choice of the reference direction of 
iic and ie in this paper is opposed to that 
of the literature in general. 

Equations 31 and 33 give the effects of 
winding resistances, leakage, and mutual 
inductances. Equations 32 and 34 give 
the net rotor fluxes in terms of currents. 
Equations 35 and 36 give the rotor cur¬ 
rents in terms of transformer and speed 
electromotive forces. Equation 37 g^ves 
the motor torque as interaction between 
fluxes and currents. Defining Vr and Ve 
as d^rfdt and d^c/^t respectively and 
differentiating equations 32 and 34 with 
respect to t 

Vc * Mp(iic - 4) - Lipic (38) 

MP /. . ^ Lip 

Vr-—{HT-^T) —•h (39) 


frequency is a substantial fraction of 
Hence the electrical transients are im¬ 
portant in two respects: 

1. In determining the servo response to 
Hgh-frequency components of the reference 
input. 

2. In determining the servo stability. 

Generally, the power spectrum of the 
reference input is concentrated in a fre¬ 
quency range considerably lower than the 
frequency of zero decibel open-loop gain. 
This is a necessary condition for low error. 
Consequently the high-frequency com¬ 
ponents in the reference input are of rela¬ 
tively small magnitude. For both of the 
purposes just listed, the rapid data inputs 
can be considered as a small variation 
imposed on a possibly large slow data 
input for which the fluxes and currents in 
the servomotor or tachometer are already 
in steady-state balance. Towards the 
superposed small rapid variations the 
response of the motor and tachometer is 
approximately linear and can be treated 
in the manner now described. 

A-C Tachometers 

For a-c tachometers, ec in Fig. 7(A) 
represents the measured instantaneous 
output voltage across the terminals of the 
calibration network, and the flow of energy 
is from right to left. Without changing the 
direction of 4 in the representation, Cc and 
Vc can be expressed as 

ec(t)^-ZT(p)ic(t) (40) 

Vc(t)^-Zc(p)ic(t) (41) 


Equations 31, 33, 38, and 39 are represented 
by Fig. 7. 

As resonant effects are not present, the 
electrical transients introduce data time 
constants of the order of !/«<.. These 
effects are appreciable only in the relatively 
high frequency range, where the data 


The impedances Zt and Ze can be cal¬ 
culated from Fig, 7(A). Similarly, from 
the circuit of Fig. 7(B), the current is 
expressed as 


4(0= Yu(p)er(t)— 


1 

Zr(P) 


VT(t) 


(42) 


where Yu(P) is the transfer admittance 
ifler with the right-hand terminal of Fig. 
7(B) short-circuited. Zf(p) is the terminal 
impedance with replaced by a short 
circuit. All impedances in equations 40, 
41, and 42 are in operator forms. 

For a small change in speed the corre¬ 
sponding changes in fluxes and currents are 
obtained by taking differentials of equations 
35, 36, 41, and 42. They are 

R^hi^^p(h<p^---(hn)a4>T~-mL(h^-i) (43) 

~(54) = P(^^t) +(5») —+»(44) 
a a 


p(h4>c) = '-Zc(p)(Hc) (45) 

p(h4>T) = -Zr(p)(Hr) (46) 

Substituting equations 45 and 46 in equa¬ 
tions 43 and 44 


[R<i-\-Zc(p)](Uc )—7 2r(^)(54) = ’-a<f>r(dn) 

P 

(47) 


7" Zc(p)(dic) + [i?2+<i^-2’r(/>)](54) —a4>c(^) 

P 

(48) 

Solving (bic) from equations 47 and 48 
gives 


(54) = 

— +<^<5 -—Zt(P) 

_ p _ 

lR,+a^Zr(p)] +^Zr(p)Zc(p) 

p2 

m (49) 

In equation 49, and <f>c are the steady- 
state values of reference axis flux and 
control axis flux respectively. 

Under steady-state conditions, equations 
35, 36, 40, 41, and 42 can be solved for 
Ic, <f>c» and Ec. They are 


Ic=- 


a4>r 




R2 +Zc 
V c Zc 


joac Rz-^-Zc j<Oc 


^ / N 

— (a^) 


(50) 

(51) 


Zt YfiR^ZfOrEr 


(R2’^Zc)(R%-^a^Zr)-a^ZrZ, 


»* “I juc 


(52) 


Equation 52 is a generalized version of 
Frazier’s solution to the steady-state 
problem. Frazier’s methods of linearizing 
the performance of a-c tachometers are 
simply means of reducing Zf and Zc. 
Equations 50, 51, and 52 are vector equa¬ 
tions with the capitalized quantities being 
the corresponding vectors of the instan¬ 
taneous quantities. In the impedances 
and admittances, the operator p is replaced 
by iwc. 

The steady-state solutions provide a 
yardstick for simplifying equation 49. 
From equation 51, it is evident that the 
second terms of both the denominator and 
numerator of 49 are of the order 


_ a^ZrZc _ 

(R2^a^Zr)(R2+Zc) 

compared to the respective first terms. 
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This is exactly the factor which has to be 
small for linear steady-state response. In 
practically satisfactory tachometers, the 
^ second terms can be neglected. Equation 
49 becomes 


(Sic) 


0’4>r 

Ri+Zcip) 


(«») 


(S3) 


Equations 53 and 40 are represented by the 
equivalent circtut of Fig. 1. The constant 
K, is simply a(j>r. However, it is not 
necessary to calculate 4 >r. The equivalent 
circuit can be used to determine the elec¬ 
trical transient factor and attach it to the 
constant calibrated in steady-state condi¬ 
tion as shown in the section entitled “An 
Example of Analysis.” The constant Ro 
is a small correction factor for iron loss. 


Servomotors 

Equations 40 and 41 are replaced by 

ic(t) = Yv(.P)ec(.t) - »c(<) (54) 

Zc(P) 

For small rapid variations in the control 
phase electromotive force the variations 
in speed are small and produce an effect 
of still smaller order. To obtain correla¬ 
tions between the variations in currents 
and fluxes, the speed is treated as a con¬ 
stant. Another assumption is that, as the 
reference winding is connected directly to 
a source of electromotive force the 
reference phase flux is determined almost 
entirely by Cr and its variation resulting 
from a small variation in Cc can be neg¬ 
lected. Taking the variations from equa¬ 
tions 35, 36, and 37 one obtains 


R^iSic) ^P(S4>c) =(5^c) 


“^2 . .. 


(S<f>c) 


(55) 

(56) 


5Torque = iir a^T(Sic)^(S4>c) - 

L a a j 


- ~ [o>^Tp(S<l>c) — (S(f>c)ap4>r — 

nd(4>c^)] (57) 


Equations 54 and 55 are represented by the 
equivalent circuit of Fig. 2. Equation 57 
gives rise to the factor l—j.5(S/<ac) as 
shown in the following 

S4>c “ S^i(t) sin coci~\~S^(t) cos tact (58) 

P(S4>c)—[pe(S^i)-“<ac(S4>2)] sincoci-i- 

[pe(S<f>2)+cacS<t>i] COScact (59) 

0 ^ = 0 ^ COS tact, p<pr^ -’tacfpr sin tact (60) 

Substituting equations 58, 59, and 60 in 
57 and neglecting the double frequency 
terms, one obtains 


d Torque Pe(S<h) 

n [^i(5^]) + 02 ( 502 )] 1 “ (61) 

The term w(0i50)t+ 02502 ) is due to internal 
damping of the control winding flux. It 
is small compared to Wcn0r(50i). Retaining 
only the large terms, one obtains 



Torque = 




'c(50i)+- pe(S^i) 




(62) 


Equation 62 can be expressed in complex 
transform notation as 

Torque=^^eal[(l-^ 

(501+7*502) J (63) 

The factor [l-{j/2)(pe/o3c)] is equivalent 
to an expression first derived by Nichols, 
(reference 1 ). 


References 


1. Stabilization op Carrier Frbquencv Servo- 
mechanisms, A. Sobczyk. Journal, Franklin 
Institute, Philadelphia, Pa., July, Aug., Sept. 1948. 

2. Effects op Carrier Shifts on Derivative 
Networks for A-C Servomechanisms, George 
M. Attura. AIEE Transactions, vol. 70, pt. I, 
1951, pp. 612-18. 

3. Transfer Function for a 2-Phase Induction 
Servo Motor, Lloyd O, Brown, Jr. Ibid., pt. II, 
pp. 1890-93. 

4. Analysis of the Drag-Cup A-C Tachometer 
BY Means of 2-Phase Symmetrical Components 

R. H. Frazier. Ibid., pp. 1894-1906. 

5. Theory of Servomechanisms (book), H. M. 
James, N. B. Nichols, R. S. Phillips. McGraw- 
Hill Book Company, Inc., New York, N. Y,, 1947. 

6. Principles of Servomechanisms (book), G. 

S. Brown, D. P. Campbell. John Wiley and Sons, 
Inc., New York, N. Y., 1948. 

7. Transients in Linear Systems (book), 
M. F. Gardner, J. L. Barnes. Xbid., 1942. 

8. Network Synthesis by Graphical Methods 
for A-C Servomechanisms, George A. Bjomsonu, 
AJEE Transactions, vol. 70, pt. 1,1951, pp. 619-25. 

9. Operating Characteristics of 2-Pha8e 
Servomotors. R. J. R. Koopman. Ibid., vol. 68, 
pt. I, 1949, pp. 319-28. 


Thermal Stability of a New Insulating 
Material Used in Traction Motors 


R. W. FINHOLT 

NONMEMBER AIEE 


Properties Needed in Traction Motor 
Insulation 

M odern traction motors operate 
under severe conditions. The 
latest adopted standard for traction 
motors lists them as class B.^ This 
provides that the peak value by resistance 
of the armature shall not exceed 160 
degrees centigrade (C), and the peak 
value for the fields shall not exceed 
170 C. Modern traction motors on 
heavy Diesel-electric locomotives often 
exceed these temperature limits by 20 
to 30 C. The temperatures in the 
hottest part of the armature and the 
hottest part of the field will exceed these 
average resistance measurements. 


Coupled with these high temperatures 
are severe vibration conditions, dust, 
water, varying humidity, highly variable 
maintenance, and shock. Most traction- 
motor equipment operates on 3,000 volts 
or less on direct current, or 1,500 volts 
or less on alternating current. The 
railroads expect and get long motor life 
coupled with a very high degree of 
dependability. 

A general problem in insulation is 
that of high temperature combined with 
a number of mechanical destructive fac¬ 
tors. In the search for better materials, 
tests have been run on the high-tempera¬ 
ture materials that have become avail¬ 
able in the last 15 years. One of these 
in particular has proved to have such 


excellent properties, both physically and 
economically, that the General Electric 
Company is adopting it widely for use 
on traction motors. This new material 
is known as mica mat. 

Mica-Mat Insulation 

General Properties 

The form of mica mat found most 
useful in traction-motor insulation is 
impregnated with silicone resin. This 
is available as a 4.5-mil sheet material, 
and also as a 5-mil glass-backed tape in 
widths up to 38 inches. Other types of 
impregnants were rejected after heat¬ 
aging tests described in this paper. The 
material finally adopted was the silicone- 
treated General Electric mica mat. It 
is used both as wrappers on armature 
coils and as tape on field coils. After 

Paper 55-204, recommended by the AIEE Land 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Winter General Meeting, 
New York, N. Y., January 31-February 4, 1955. 
Manuscript submitted October 21, 1954; made 
available for printing December 20, 1954. 
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Table f. Electrical Properties of Mica Mat 


Silicone Treated 


Untreated 


Temperature, 0.002 Inch 0.004 Inch 
C Thick Thick 


0.002 Inch Thick 0.004 Inch Thick 
Plus Glass Cloth Plus Glass Cloth 
(0.0018 Inch (0.0018 Inch 
Thick) Thick) 


Dielectric constant, 

60 cycles 

f 26... 
\ 100... 
1 125... 

.1.6 .... 

.1.6 . 

.2.2 . 

.2.3 

.2.4 

.2.3 


( 25... 

.0.08%.... 

.0.08%. 

.2.3%. 

.2.5% 

Power factor 

i 100... 

.0.21%.... 

.0.23%. 

.1.7%. 

.2.5% 


( 125... 



.1.8%. 

.2.7% 

Dielectric strength... 

... 26.... 

.. .700 volts per.. 

. .700 volts per... 

.. .450 volts per... 

.. 450 volts per 

(short time) 


minute* 

minute* 

minutef 

minutef 


* 2-inch electrode. 11/4-inch electrode. 


Table II. Physical Properties of Mica Mat'*' 


Properties 


Measurements 


Thickness, inches. 0.004 

Weight per square foot, grams. 17 

Tensile strength minimum, pounds per. 10 

1 inch 

Folding endurance, flexes. 10 

Compressive strength at 200 C, minimum. 10,000 

psi 

Binder content, % by weight. 11 to 17 

Carbon content, % .5.8 to 9.0. 


reference 2 
reference 3 

Massachusetts Institute of Technology 
folding endurance tester (load 0.2 
kilograms) 


reference 4 


* General Blectric Speciflcation A14F7Dl. General Electric Chemical Department material 77862^ 
silicone-treated mica-mat sheet. 


working with various types of resins 
different types of mica mat, different 
kinds of backing material, and varying 
types of applications, the forms of mica 
mat used were narrowed down to the 
two just mentioned. Their general prop¬ 
erties are listed in Tables I and II. 
Typical breakdown values determined 
by tests on vatying thickness of ma¬ 
terial applied to bars in a manner similar 
to that used in service are shown in 
Fig. 1. 

General Tests 

An insulation material is usually 
subjected to four types of tests before 



R 9 . 1 . Dielectric siren$th of silicone-treated 
mica tape and sheet on copper conductor 


it is accepted as a standard manufactur¬ 
ing material. 

1 . Laboratory evaluation tests to de¬ 
termine the fundamental properties of the 
material. 

2 . Service-type tests on actual equipment 
or dummy mockups. 

3. Field tests with full-scale equipment. 

4. Acceptance and factory standards tests 
needed for actual manufacture if the first 
three tests are satisfactory. 

With mica mat the preliminary labora¬ 
tory tests included humidity and pressure 
tests, heat aging, various electrical tests, 
tensile strength, flexural strength, burst¬ 
ing strength flexing over a sharp-edged 
mandrel, resin content, thickness, density, 
and exposure to arcing and corona. The 
second type of testing demonstrated that 
mica mat insulated motors could be 
operated successfully tmder severe condi¬ 
tions. Motors were then made in trial 
lots for the third type of testing and put 
out in selected traction service under 
field conditions. After a year of field 
experience it became evident that mica 
mat was a remarkably good insulating 
material. Accordingly, factory produc¬ 
tion was started on several lines of mo¬ 
tors. 

During the time that field tests were 
in progress, co-operative work was 
carried out on the manufacture of mica 
mat to improve its ultimate physical 
properties. The fourth type of testing 


Table III. Effect of Heat Asms on Dielectric 
Strensth of Silicone-Treated Mica Mat 

3 V 4 Wraps of Mica Mat (13 1 / 2 % Silicone) 
on Copper Bars 6 Inches by 0.200 Inch by 
0.263 Inch 


Sample 

No. 

Time at 

250 C 

Average Dielectric 
Strength, Volts 
(4-Inch Section, 
Short Time) 

1. 

... 0 

.7,875 

2. 

... 1 week .. 

.8,250 

3. 

... 2 weeks .. 

.7,950 

4. 

... 1 month .. 

.7,925 

5. 

... 2 months.. 

.8,620 

6. 

... 4 months.. 

.7,650 

7. 

... 14 months.. 

.7,670 


was then undertaken to set up acceptance 
tests and manufacturing standards. Ap¬ 
proximately 1 year after the setting up of 
satisfactoiy tests and standards, mica 
mat was accepted as a standard insulat¬ 
ing material to be used by our design 
engineers wherever its application ap¬ 
peared proper. 

Of all the testing mentioned here, 
only heat testing wiU be discussed in 
detail in this paper; but other tests and 
heat tests cannot be divorced entirely. 
If mica mat had proved to be deficient 
in any one respect, e.g., in the ease of 
application to armature coils, it could 
not have been used as a standard manu¬ 
facturing material. 

Heat Tests 

The first tests were on flat sheet heat- 
aged at 250 C for 5 days. Mica-mat 
sheets impregnated with alkyd resin, 
with silicone, and with several poly¬ 
esters were tested. At the end of 1 
week only the sheet that had been 
impregnated with silicone retained its 
original properties. The other sheets 
had become brittle, mechanically weak, 
and had all but lost their original di¬ 
electric strength. 

A long-term aging test was run in 
whidi short lengths of copper wire 0.200 
inch by 0.265 inch were wrapped with 
3 V 4 wraps of mica mat. These were 
put in an air oven at 250 C. As can be 
seen from Table III, even after 14 months 
there was no significant change in the 
short-time dielectric properties of the 
material. Flat control sheets of un¬ 
impregnated mica mat likewise showed 
no change in dielectric after over 1 year 
at 250 C. When the dielectric strength 
of the silicone-treated mica mat was not 
impaired by short-time heating at 250 C, 
attempts were made to accelerate heat 
degradation. The temperature was 
raised to 300 C, then 350 C, and finally, 
after no degradation at those tempera- 
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20,000 


Fig. S. Effect of 
600 C on silicone- 
treated mica mat. 
Samples heated for 
3 V 2 hours at 600 C 



A— l\Aicd mat and silicone, catalyzed. 

8,000 volts before heat,* 8,000 volts after 
heat 

B—Mica mat and silicone, uncatalyzed. 
8,750 volts before heat; 7,000 volts after 
heat 

C—^Asbestos and silicone, catalyzed. 
4,125 volts before heat; >1,000 volts 
after heat 


tures, several samples were put in a 
furnace and held at 600 C for 3 V 2 hours. 
At the end of this time the copper wire 
was badly oxidized and a comparison 
sample of silicone-impregnated asbestos 
was falling apart. As can be seen in 
Fig. 2, the mica-mat samples were in 
good condition, were mechanically intact, 
and still had practically all of their 
original dielectric strength. The wrap¬ 
pers were cut off and analyzed for 
silicone by determining the per cent 
(%) of carbon. This analysis showed 
only 0.218% of carbon which, after 
subtracting the 0.14% value of the 
blank control, corresponded to less than 
0.2% of silicone. 

The silicone-impregnated mica mat 
profited from its partnership with silicone 
at all temperatures. Even though the 


Table IV. Effect of 100% Relative Humidity 
on Mica Mat Containing 10% Silicone 


Sample 

No. 

Tempera¬ 
ture, C 

Hours of 
Exposure 

% Change in 
Dielectric* 

1 . 

...22. 

...24.... 

.+ 4 

2 . 

...22. 

...96.... 

.+ 3 

3 . 

...50. 

...24.... 

.- 6 

4 . 

...60. 

...96.... 

.- 5 

5t. 

.. .22. 

...24.... 

.- 3 

6t. 

...50. 

...24.... 

.-14 

* Reference 6, short time, 
t Untreated. 
t Controls. 




Table V. 

Effect of 100% Relative Humidity 

with Various Amounts of Silicone Resin 

Tests Run at 22 C After 24 Hours’ Exposure 


atSOC 


Sample 

% 

% Change in 

No. 

Silicone 

Dielectric* 

1. 

. 0 . 

, ..-y.6 to -14 

2. 

.11.9. 

.-4.2 

3. 

.21.0. 

.-2.8 

4. 

.36.0. 

.-1-3.2 


* Reference 5, short time. 


carbon part of the silicone had burned 
out at the very high temperatures, 
enough of a binding action had taken 
place to render the mica mat still strong, 
still water resistant, and still possessed 
of its original dielectric strength. This 
straight thermal testing showed that 
mica mat had properties far in excess 
of those actually needed for the applica¬ 
tion. 

Humidity Tests 

Silicone-treated mica mat has good 
dielectric strength under severe hiunidity 
conditions. Tests at humidities from 
42 to 90% showed that both silicone- 
treated mica mat and untreated mica 
mat had an increase in dielectric strength. 
Under more severe conditions of 100% 
humidity at several dijfferent tempera¬ 
tures, untreated mica mat suffered a 
small loss in dielectric strength, but 
silicone-treated mica mat showed an 
increase in dielectric strength as long 
as no liquid water was present; see 
Tables IV and V. A loss in strength 
was found when there was condensation 
of water within the mica-mat sheet. 
Not until the sheet contained over 30% 
of silicone did the dielectric strength 
remain unimpaired by condensed water. 
This is the highest amount of silicone 
that can be gotten into the sheet itself. 
Higher percentages can apparently be 
obtained, but this is due to layers of 
silicone on the outside of the sheet. 
These tests showed that mica mat was 
satisfactory as far as humidity was con¬ 
cerned. Comparable tests run with 
silicone-pasted (12% silicone) mica tape 
on a glass backing gave results almost 
exactly like mica mat with about 12% 
silicone. 

Heat-aging the mica mat at 260 
degrees before humidity tests gave results 
comparable with nonaged samples. To 
evaluate severe heat aging, test bars 
run at 600 C for 3 V 2 hours were put in 
a 100% humidity chamber at 50 C. 
After 24 hours they showed a loss of 
6% in dielectric strength. Untreated 
mica mat is veiy water-sensitive and 
when dropped into a glass of water can 
be broken up to a slurry. The 600 C 
aged material, however, did not break 
up in water and retained most of its 



Fig. 3. Comparison of silicone-treated mica 
mat at various pressures 


original nonwetting characteristics. This 
showed that mica mat impregnated 
with silicone would retain its water 
resistance evfen after prolonged heating. 

Heat and Pressure Tests 

The insulations in the armatures and 
in the field coils have to be planned to 
withstand 200 C or more. In service 
there is also both centrifugal pressure 
and shock pressure and so the combined 
effect of heat and pressure on silicone- 
treated mica mat was evaluated. The 
apparatus used was a temperature con¬ 
trolled Carver Laboratory press fitted 
with a hydraulic pressure gauge and two 
dial gauges to measure jaw movement. 
The initial height of a stack of 1-inch 
square samples was measured at a speci¬ 
fied pressure with a telescoping gauge and 
micrometer. It was necessary to cali¬ 
brate the Carver press because of the 
significant amount of stretch, play, and 
compression in the system. Calibration 
was accomplished with a small steel 
block in place of the samples. The 
restdts in the calibration run at each 
pressure were subtracted from the read¬ 
ing of the sample run. The samples 
to be tested were placed as near to the 
center of the jaws as possible and the 
pressure raised to 1,000 pounds per 
square inch (psi). At the end of 5 
minutes the dial gauges were zeroed and 
the initial stack height was measured 
by taking readings at the four comers 
of the platen and averaging them. After 
measuring the initial stack height (ap¬ 
proximately V 2 inch), the pressure was 
raised to 1,000 psi every half-minute 
and readings were taken just before the 
pressure was raised. Failure points 
were taken at the first 1,000-pound 
interval that the sample would not 
stand. 

As shown in Fig. 3, the % compression 
versus the pressure was a linear logarith¬ 
mic function at both room temperature 
and at 200 C. At 200 C the sample 
treated with 13.5% silicone disintegrated 
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Fig. 4. Pressure causing failure of silicone- 
treated mica mat at various temperatures 



Fig. 5. Pressures causing failure of silicone- 
treated mica mat at 200 C and changing 
amounts of resin 


at about 4,000 psi. A careful check of 
pressure-temperature failure points 
showed that a moderately cured sdicone 
resin at 13.5% resin content had decreas¬ 
ing resistance to pressure with increasing 
temperatures; see Fig. 4. When an 
uncatalyzed resin was used as the 
impregnant, the resin flowed out of the 
mica mat under heat and pressure. 
Because of the low content of silicone 
resin remaining, the crush resistance 
falsely appeared to be high at high 
temperatures. An uncatalyzed resin is, 
of course, extremely undesirable from 
a crush-resistant standpoint. 

Increasing the concentration of silicone 
resin lowered the crush resistnace. The 
results of this test are shown in Fig. 5. 
The lower curve is for a 2-minute cure 
at 200 C, while the upper curve is for a 
3-hour cure at 200 C. These show that 
b^ow about 7% siHcone no failure 
takes place, even at 20,000 psi; but with 
increasing amounts of silicone, gradual 
reduction in the crush resistance takes 
place. 

The general conclusion from the 
pressure tests was that mica mat was 
satisfactory in this respect for application 
in traction motors if the silicone was 
kept below 15% and the cure was 
sufficient. Also catalysts were necessary 
for the cure and, if extreme resistance 
to pressure was needed, the resin content 
diould be kept below 7%. 

^ FinhoU- 


The crush resistance at 200 C today 
is considerably better than it was at the 
time when regular production was started. 
The silicone-treated flat sheet material 
which is used as a wrapper on armattue 
coils has a crush resistance of around 
10,000 psi at 200 C. The glass-backed 
tape has a crush resistance of aroimd 
8,000 psi at 200 C. These values are 
both lower than the 18,000 psi of the 
mica tape which they replace, but they 
are satisfactory for most normal use. 

Life Tests 

Life tests, carried out on both field 
and armature coils, were involved and 
lengthy. The results of one typical 
test may perhaps be of interest. This 
demonstrated that mica mat was a better 
insulation than copper was a conductor 
at high temperatures, and that the 
limiting feature in a motor might not 
be the insulation, but the copper. In 
this test a GE-733 traction motor was 
used with armature coils insulated with 
3 V 4 wrappings of glass-backed silicone 
sheet material. This motor armature 
was run in a torsional shake test stand 
for 250 hours at 200 C and for 90 horns 
cycling from 30 C to 200 C. The 
amplitude of vibration was approximately 
0.021-inch at 27 G’s. At the end of 
this time the insulation still appeared 
to be in good condition, but the binding 
wire was loose and the wedges were 
charred and loose. The insulation, both 
the standard mica tape and the mica- 
mat armature insulation, was intact. 
The armature was then heated to 250 C 
and the amplitude of vibration was 
doubled. After 200 hours of this severe 
punishment the copper wires broke and 
short-circuited to ground, ending the 
test. This armature is shown in Fig. 6 
as it came off the test. Note that some 
of the copper wires on the right-hand 
end windings have had their varnished- 
glass and mica-tape insulation com¬ 
pletely shaken off. 

Three coils from this armature are 
shown in Fig. 7. The two on the left 
are conventional coils with varnished- 
asbestos turn insulation and paper¬ 
backed silicone-pasted mica tape as 
ground insulation. The coil on the 
right had a mica-mat, glass-backed 
ground insulation wrapped over the 
polycoil. The ordinary varnish was 
completely disintegrated, leaving the 
asbestos a white fluffy mass. Mica- 
mat grotmd insulation still had nearly 
its original dielectric strength even 
after this tremendous heat and vibration. 
The conventional mica-tape coils were 
also satisfactory except for places in the 



Fig. 6. Armature of 1 SO-horsepower traction 
motor insulated with mica mat after thermal 
aging and vibration 



Fig. 7. Armature coils from a heat-aging 
life test 


armature that had come to extreme 
heat. Here the binder had decomposed, 
allowing the mica flakes to slip. These 
coils had failed electrically. 

Field Tests 

After these life tests, sample motors 
were put in all types of traction service 
ranging from troUey coaches to main 
line locomotives. Some of these motors 
are going into their fourth year of service. 
As the reports came in from the field 
and returned equipment was taken apart, 
it became evident that mica mat was 
not simply an adequate substitute for 
mica tape on armature coils but rather 
a superior insulating material. It was 
at once lower in cost, gave more uni¬ 
formly shaped coils, would stand more 
heat and vibration, and was somewhat 
easier to use in the factory. 

On the other hand, field tests showed 
that mica mat was not a universal 
substitute for mica tape. At the present 
time it does not seem suitable for taping 
armature conductors, although it makes 
excellent wrappers for ground insulation 


‘New Insulating Material Used in Traction Motors 


March 1955 



on armature coils. Neither does it 
seem suitable for field coils where high 
pressures are exerted in manufacture or 
in use. As shown before, there are 
definite limitations to the pressures 
this material can stand. There are still 
other places where it has been found 
unsuitable because of mechanical de¬ 
ficiencies as compared to mica tape. 
Where properly engineered, it has turned 
out to be a most satisfactoiy insulating 
material for traction motors. 

Summary 

Mica mat treated with silicone resin 
has been developed into an excellent 
material for insulating traction motors. 
As in testing of all traction-motor insula¬ 
tion, the effect of heat alone was only a 
small part of the investigation necessary. 
The effects of heat in combination with 


humidity, with pressure, and with vibra¬ 
tion were of equal or perhaps even 
greater importance than the effect of 
heat alone. The combination of all 
these effects was studied in a series of 
life tests and field tests of motors under 
operating conditions. It would be ex¬ 
tremely difficult to classify silicone- 
treated mica mat on the basis of con¬ 
ventional ABHC-typo. heat classification. 
Although quite suitable at high tempera¬ 
tures if there are not high pressures, the 
material is inadequate if equipment must 
stand high pressures. Classification of a 
material like silicone-treated mica mat 
can only be done reasonably on the basis 
of use: will it stand up to the purpose 
for which it is designed? It is sad but 
true that electrical design engineers 
must consider each case separately on 
its merits. They cannot depend on all 
over-all heat-type classification to tell 


them whether a material can be used or 
not. In traction-motor equipment me¬ 
chanical effects are extremely important. 
Indeed, in the case of many insulating 
materials tested, they have been found 
to be limiting factors. 
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The Effect of Pole and Zero Locations 
on the Transient Response of 
Sampled-Data Systems 


ELIAHU I. JURY 

ASSOCIATE MEMBER AIEE 


Synopsis; The effect of the location of the 
poles and zeros of the transfer function of a 
sampled-data system on the location and 
magnitude of the maxima and minima of 
transient response resulting from a step 
function input is studied. Theorems are 
given relating to the necessary conditions 
for the production of monotonic and non¬ 
monotonic time response expressed in terms 
of pole and zero locations in the z-plane. It 
is shown that, under certain conditions of 
pole and zero locations, the normalized time- 
sequence response may well be approximated 
by a single dominant time term. A method 
is presented of ascertaining from the pole 
and zero location whether these conditions 
exist. On the basis of dominant term ap¬ 
proximation, the methods of synthesis ap¬ 
plied to second-order systems can be gene¬ 
rally extended to general systems. The 
results of this investigation are directly 
applicable to the design problems in the field 
of pulsed networks and sampled-data control 
systems. 


I T IS known that the z-transform 
method^^"* can be readily used for 
analysis and design of sampled-data 
systems. This method is essentially a 


Laplace transform technique in which 
the sampled output is related to the 
input by system functions in the form of 
z-transforms. These system functions 
are ratios of rational polynomials in the 
variable z where z is defined as and T 
is the sampling period. 

These system functions can generally 
be regarded to consist of zeros and pole 
in the z-plane and the location of these 
poles and zeros has considerable bearing 
on the response and design of sampled- 
data systems. For instance, in the syn¬ 
thesis of a sampled-data configuration 
shown in Fig. 1, use of a linear network is 
employed either in the forward or the 
feedback path. The effect of these net¬ 
works on the system response can best be 
visualized by noting the effect of pole and 
zero configuration of the sampled-data 
system in the z-plane. More recently 
digital computers® or processing units® 
which are in essence sampled-data de¬ 
vices have been widely employed as a 
means of stabilizing sampled-data sys¬ 
tems, as shown in Fig. 2. Thus their ef¬ 


fect on the system zero pole pattern re¬ 
quires special study. 

In this paper an investigation is made 
of the effect that the location of the poles 
and zeros of the system-function (output/ 
input) of a linear sampled-data system 
has upon the location and magnitude of 
the maxima and minima in the transient 
response of the system when a step-func¬ 
tion input is applied. Attention is also* 
given to the necessary conditions for the 
production of a monotonic time-sequence 
response output for the system, these 
conditions being expressed in terms of 
pole and zero location. The investigation 
is limited to stable systems whose trans¬ 
fer function contains no poles outside or 
on the unit circle. It is shown that, under 
certain conditions of pole and zero loca¬ 
tion, the normalized time response may 
well be approximated by a single domi¬ 
nant time term. When this condition 
exists the design procedures for the 
second-order system can be extended to 
general systems. The results of this 
investigation are applicable to pulsed net- 
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in which 



Fig. 1. Typical $ampled-data control system 


works or to sampled-data systems em- 
pldying networks or digital computers as 
a means of stabilization. 

Nomenclature 

The explanation of s-transforms and 
the time-sequence response notation used 
in this paper is as follows: 

location of feth pair of complex 
poles inside the unit circle 
Tfc =*= 77 *=location of ^th pair of complex 
zeros in the z-plane 

PA; “location of ^th real pole inside the unit 
circle 

/**== location of ^th real zero in the 2 -plane 
/Jo** = (!-”«*)*+ 18*2 

70 *^ = ( 1 —tkY 4 - 7 *^ 

Pi*“distance from pi to aft+ijS* 

Pi* «distance from pi to Qr*-i-ii3* 

^<*a=distance from ai+j/Si to a*+7/3* 

^<*6 “distance from ai—j0i to a*+ij9* 

7aa=distance from fi+ 77 f to a*+ijS* 

7f*6 = distance from to o!*+fjS* 

Pi* =* distance from pi to ^*+ 7 * 7 * 

= ^ika = tan”"^ ^ ^ + 

a*— 

tan-‘2*±Z. 

'Pik =^aa+^iA:&— tan.-^ ^—^+ 

afc — ai 

taa-tild±L 

Oik^OLi 

tan*"^ — ^ — 

^i*=s: tan*“i—— 
a*—PI 


tion (output/input) containing I pairs of 
conjugate complex poles, q real poles, g 
pairs of conjugate complex zeros, and m 
real zeros. (It is assumed that no mul¬ 
tiple poles exist; also the real zeros can be 
outside the unit circle in the z-plane.) 
It is further assumed from physical realiz¬ 
ability that 2l+q>2g+m. The nota¬ 
tions used are explained in the Nomencla¬ 
ture and are illustrated in Fig. 3. 

If the system shown in Fig. 1 is sub¬ 
jected to a unit step-function input, the 2 - 
transform of the output time-sequence 
response is of the form 

C*(z)^R*iz)F*(z) = 

i = l _i«l_ 

(z-l) ® (8-p<) (1) 

i=l 

where K is a scale factor and can be as¬ 
sumed to be unity in the following work. 

The inverse z-transformation^ of equa¬ 
tion 1 yields a time response sequence 
C(nT) containing a constant term Ao 
plus terms which are functions of time. 
For convenience in the comparison of the 
responses of systems having different 
values of Aq, it is desirable to consider the 
amplitude-normalized time response se¬ 
quence defined as 

C(nT)^AoCo(nT) ( 2 ) 


m 2 

a (i-«) u [(i-n)*+Ti*] 


^0 = 


<=•1 


i-1 


(I — Pi) JJ — 


(3) 




is=l 


Accordingly, by inverse transformation^ 
of equation 1 and normalization, the fol¬ 
lowing expression is obtained for the nor¬ 
malized time-sequence response 


CoinT) 


I 


^ 0*2 




X 


sin («0*+X*-f^*)-f 
-!)*+’•* (4) 

^ = 1 


in which 


^ / fj^ik \ g / yika \{ 7 a& \ 
H n \ 70f A 70f / 




<=i 


<=i 


/ f>tk \ I / 0 ika \{ 0 m \ 
H \1 —Pi/ \ 0oi /\ 0oi / 


( 5 ) 


iV* = 


m |pz—p* | g / Pki 
il 1—Pi II \7oi 
£^1 _^==1 

^ ® l^iz 

n \^/3oi / n 11- 

i^k 

g I 

^k = ^^^ik “• 


Pki^^ 


— Pk 
Pi 


(d) 




'y^Mk — ^^4>ik (T) 
«=1 


and r* is the number of real zeros greater 
than p* in the z-plane. It is noticed that 
the coefficients ilf* and i\^* are formed in 
the same manner. Each is equal to the 
quotient of the product of factors due to 
zeros divided by the product of factors 
due to poles. The factors for all poles and 
zeros have the same form. 

An example using most of the important 
terms in equations 1 through 7 is given in 
Appendix I. 


OtJt 

^** -tan"i-^~- 
a*—1 

Development and Application of 
Theory 

Normalized Time-Sequence Response 

To provide sufficient generality, it will 
be assumed that the sampled-data system 
tmder consideration has a transfer func¬ 



Fig. 2. Typical sampled-data control system employing a digital computer 
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IMAGINARY 


OtK+j^K 


Z- PLANE 


C*(s)X(s~l)=2X 

- (9) 

^ (z—Pi) ^ Kz—aiY-hM 

j*l i«l 

Inverse s-transformation of equation 9 
yields AC(nT), which may be written 




m 






REAL 


ACinT)=AiW+fii^)’‘/^G(nr) ( 10 ) 


where 
G(nT)= sin 






sin (w^A:+Xft)H- 




OtK-j^K 


Fig. 3. Illustration of the notations employed 


U i^n jj (yuaym) 


Composition of Coefficients and of 
Phase Angles 

Referring to Fig. 4 and equation 5, it is 
evident that the pair of complex poles at 
ai±j^i contributes a multipl 3 dng factor 
/ to the denominator of Mjc of the amount 


In general a typical factor for a single 
element (pole or zero) is equal to the ratio 
of two distances in the z-plane, namely, 
the distance from the element to the 
pole for which the coefficients Mjc and 
iV* are to be computed divided by the 
distance of the element from the edge of 
the unit circle (or when z= 1). 

It is possible, however, to determine 
how the poles aizLjpi must move in the bi¬ 
plane in order that the factor / remain 
constant. A constant / chart for the 
typical pole angle \l/jt can be plotted from 
which the coefficient Mjc can be readily 
obtained for the pair of poles of angle 

^k- 

To determine the effect of pole and zero 
locations on the typical phase angle X^, 
Fig. 4 should be examined. It is noticed 
that the angle contribution of a pair of 
complex elements oti±:jpi to X* is equal to 
the angle substended by the pair of poles 
at the point aidzjPi, This is the 


angle B indicated in the same figure. 

Constant-angle contours in the z-plane 
can be plotted from which a particular 
can be easily determined. Charts of 
constant / and constant X* are not plotted 
in this paper. However, their plot can be 
easily computed if required. 

Two Time-Response Theorems 

As a result of the condition 2l+g>2g+ 
w, C(»r) = 0. Therefore, the z-trans- 

71 — 

form of the first difference of the time- 
sequence response is of the form (see Ap¬ 
pendix II of reference 4) 




a I 
u Pil u 


i=l i = 2 


^ \ Pil / ^ \ yna ) \ Tii& / 

1=1 _< 3 !_ 

^ \ Pil/ ^ \^iia )\^m ) 

isal i=s2 

i9&k 

W I Mi-~PA; [ g / Pki \f hi \ 

^1 Pil 1 ^ \yiia/\ym) 

i = l _ ?=1 _ 

^ / PA;i\/ Pki \ 2 |pi~Pfc| 

^ \Ailo/\^il&/ ^ Pil 


IMAGINARY 




z- PLANE 


f =. Ajl 






Fig. 4. Construe*^ 
tion for the deter¬ 
mination of con¬ 
tribution (a) to 
the multiplying 
factor f, (b) to 
total phase angle 
Xk 
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The definition of G(nT) is of advantage 
in determining when the difference equa¬ 
tion 10 changes sign, and hence the 
maxima and minima of C{nT), the time- 
response sequence. It is evident that 
LCinT) changes sign when G{nT) changes 
sign, for the quantity 
is always positive. 

If it is assumed from the pole number¬ 
ing that Vand if it is 
also assumed that th^ii 

it is evident from equation 11 that after 
some value of ^ all terms except the first 
in G(nT) will be less than some arbitrarily 
small amount, and hence G(nT) will 
change sign with the changed sign of sin 
{n6i+ Xi). From this behavior is deduced 
the following theorem: 

Theorem la: The transient-sequence re¬ 
sponse to a step-function input of a linear 
sampled-data control system having no 
real poles between the unit circle and the 
circle representing the first pair of com¬ 
plex poles cannot be monotonic. 

It is known that the s-transform 
method yields the response at sampling 
instances without any information be¬ 
tween samphng instances. However, 
theorem la can be extended to the actual 
response between sampling instances, for 
if the sampled output cannot be mono¬ 
tonic it necessarily follows that the out¬ 
put between sampling instances is also 
nonmonotonic, thus: 

Theorem Ib: The transient response to 
a step-function input of a linear sampled- 
sampled-data control system having no 
real poles between the unit circle and the 
circle representing the first pair of com¬ 
plex poles cannot be monotonic. 

It is of interest to examine next the case 
where Pi=(oti^+Pi^y^\ Under such 
conditions, G(nT) becomes 


I 


sin (««ji:+X*)+ 




In order that the time-sequence response 
Co(nT) does not exhibit maxima nor 
minima, it is necessary that LC{nT) 
and hence G{nT) be nonnegative. It is 
seen from equation 15 that as n becomes 
large, G{nT) can be approximated well 
by the first two terms. Thus in order 
that G(nT) remain nonnegative, it is 
necessary that n be even and that ni 
ft/pii be equal to or greater than the up¬ 
per value of sin (^^i+Xi). From these 
facts can be deduced the following theo¬ 
rem: 


Theorem II: In order for the transient- 
response to a step function of a sampled- 
data system having its real pole on the 
perimeter of the same circle on which the 
first pair of complex poles lies to increase 
monotonically, it is necessary that the 
number of real zeros larger than the real 
pole in the z-plane be zero or even, and 
that the quantity n/ft/pn be equal to or 
greater than the upper limit of sin (w^i+ 
Xj). In general, sin («0i+Xi) is not per¬ 
iodic and its maximum value may not 
necessarily be unity. However, to as¬ 
sure the monotonic condition it is evi¬ 
dent that wi'ft/pii should be larger or 
equal to unity. In theorum II, it is as¬ 
sumed that the real pole is positive; how¬ 
ever, for the negative real pole see Ap¬ 
pendix II. 

The conditions given for theorem II 
are necessary but not sufiSdent for the 
productions of a monotonic time-sequence 
response. 



SAMPLING INSTANTS 


Illustrative Example 

As an illustration of the use of the 
second theorem and the various equations 
derived, the system consisting of multiple 
zeros at the origin, one real pole jS, and 
two complex poles at ±.j^ will be con¬ 
sidered, as shown in Fig. 6. Referring to 
equation 15, ri=0, — ni 

equals unity. Since in this example 
^i = t/2 , Xi = 7r/4, the upper limit of sin 
(«^i+Xi) = +l/V2. Therefore, according 
to theorem II, it would be expected that 
the response is monotonic and exhibits no 
maxima or minima. The normalized 
time-response equation for such a system 
can be obtained from equation 4, thus 


c;o(«r)=n—— X 
r(1-^) sin (ne+}p+\)- 




Assume 


/3=0.5 (17) 

Thus 


$=7r/2 

X= —37r/4+ir= 7r/4 (18) 

-tan“i /5/-1=(26.5 °-t) 

Equation 16 becomes 
Co(?jr) = H-(0.5)” j-^j^0.6sin 

26 . 5 '’+jVo. 707 X 1 . 12 l (IP) 


The plot of equation 19 is shown in 
Fig. 6, where the response is monotonic 
and exhibits no maxima or minima. 
However, any zero not at the origin would 
make ni' less than unity and the system 
would be nonmonotonic because the up¬ 
per limit of sin (w0+X) in this case would 
be larger than I/V2. 


Dominance of Normalized Time- 
Sequence Response 

From the preceding section, it appears 
that it is possible to approximate AC(nT) 
after a certain by the first term of 
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equation 11, i.e., sin (n^i+Xi). This term 
results from the poles which are 

on the perimeter of the circle in the 2- 
plane nearest the unit circle. Such an 
approximation, when applicable, is of 
considerable value in simplifying the de¬ 
termination of the locations and magni¬ 
tudes of the maxima and minima of the 
time-sequence response. To find the 
points of maxima and minima the values 
of 2n must be obtained, for which AC{nT) 
changes sign. This value of n ought to be 
an integer and can be found by first solv¬ 
ing the following equation 

where integer for which is 

positive, and Y^h is a corrective factor 
whose value is such that would let w be an 
integer ntunber. (The value of n can be 
obtained by first solving the equation 
(w^i+Xi)=At, which would generally 
yield a noninteger value, and the actual n 
is the upper integer number of the value 
obtained.) The magnitude fo this correc¬ 
tion factor depends on the value of h 
used- 

To consider the magnitude of C(nT) at 
the critical points of maxima and minima, 
it will be convenient to consider the de¬ 
viation of Co(«r) from unity at these 
maxima and minima. For this purpose 
the quantity will be introduced, being 
defined as the deviation of CoinT) from 
unity at the critical point corresponding 
to the value of h used, i.e. 

= ( 21 ) 

By evaluating equation 4 at the critical 
points defined by equation 20 and ap¬ 
plying equation 21, it is found that 

/ hir— \i+Ynn$i \ 
sin (feT+ih+ 

_y. 

k-2 

/ hT^\l+Ynhdi \ 

sin [5* --—^*+Xji+^*] + 

01 
Q 

/ hT'—'Ki +Y 

(-l)"*+*iVikPA:^ J (22) 

It is desirable to introduce two factors 
which will serve as measures of the domi¬ 
nance yji by the first term of equation 22. 
These are k^m and and are defined 
as follows 




Ml- 


^01^ 


X 


^Mkh = 


/ hv— \i+Ynh0i \ 

-'X 

sin(/tir+i^i+ 


Mtt 




Xi+rn7»' 


X 




201 


Ml 




2 X 




/ hv— xi-t-ynx0i \ 
(aa»+/3i*)'' ^ ^X 

sin (h 2 r+^+ 


^A«’—Xi+r«Zi0i> 




(23) 


(24) 


In terms of these new factors, equation 22 
can be written as 


i 


sin [die 


^MkhX 

A5=2 
fex—Xi-h YnhBi 


61 








kmn j 


(25) 


where 71 is the first term of equation 22 . 

The importance of the factors kukh and 
kj^kh is now apparent. If these quantities 
are sufficiently large, then the contribu¬ 
tion resulting from terms other than the 
first term in equation 25 will cause a small 
correction, resulting in a dominance of the 
deviation by the first term. It is seen 
from equations 23 and 24 that kukh and 
kirkh are large if: 


1. is large, i.e., the greater the dis¬ 
tance of the first pair of complex poles from 
the origin the greater is k^Kh- 

2. oik^ are small, i.e., all other complex 
poles exist near the origin of the unit circle. 

3. Pk is small, i.e., all real poles are near the 
origin in the a-plane. Evidentally when the 
foregoing conditions exist, C^{nT) can be 
approximated in equation 26, where it is 
assumed that 


Ml Mji _^ 01 ^_ 

ft ft ^‘ft[(«i-i)'+ft*]’/= 


»iv* 


Co(»r)=i+ifi 


fti® 


ft[(ai-l)*+ft»]'''* 

(cKi^+jSi^)”^* sin (w^i+Xi-h^i) (26) 


where 


m / iiji \ q / yiia\/ 7fi&\ 

H — II \70<A70f / 
_ £^1 _ 

^ \ ^ / ^iia \ I Pm \ 

H \ 1 — Pi/ H \^oi / \^(ti ) 


< = 1 
0. 


Xi—(28) 


i = i 


<=2 






(27) 


From the foregoing discussion it ap¬ 
pears that, when dominance holds, the 
first overshoot for /i = l can be obtained 
from equation 22. 

/ «•—-Xi+ymgi X 

sin (7r+^i+ YniOi) (29) 

Equation 29 shows that the deviation 71 
depends on the quantity 

( 

Vft[(ax-l)>‘+ft»]‘/7^ 

/ ^ —Xi+yni0i \ 

(ai^+iSi^)^ ^X 

sin (TT-f-^iH- YniBi) 

multiplied by a factor Mi, due to the 
location of the poles and zeros in the 
system other than the first pair of poles. 
It can easily be shown that the deviation 
7 from unity at the first maximum of the 
normalized time-sequence response re¬ 
sulting from the application of a step- 
function input to a second-order system 
(i.e., consisting of one pair of complex 
poles and a single real zero in the z-plane) 
is as follows 

^QlKt^il/l — /^i) 

■^“ftKai-D’+ft*]’/* 

/ ir~x+rn0i \ 

sin (x-f^i-b YnBi) (30) 

Thus the result shown in the foregoing 
is that, except for a difference between 
Xi and X in equations 29 and 30, the de¬ 
viation from unity 71 is that of the system 
containing only the dominant pair of 
poles (oiidojpi) multiplied by a factor due 
to every other pole and zero (excluding 
jui, the zero of the second-order system) 
in the system. Therefore, the design in¬ 
formation obtained for a second-order 
system^ can be extended to general sys¬ 
tems when the dominance is applicable. 
The effect of other poles and zeros on 
overshoot and rise time of a second-order 
system can be evaluated easily. Further¬ 
more, the methods of analysis developed 
in this paper should be extremely useful 
in determining the locations and magni¬ 
tude of the maxima and minima of Co 
(nT) in a perfectly general analysis prob¬ 
lem even when dominance does not hold. 
An example illustrating the dominance of 
the normalized time-sequence response is 
presented in Appendix III. 

Conclusions 

The use of the z-transform method in 
the analysis and design of sampled-data 
control systems is becoming increasingly 
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Important, because this method yields 
considerable information in a systematic 
manner of a sampled-data system’s be¬ 
havior. From the material presented in 
this paper, it is evident that the transient 
response to a step-function input can be 
obtained from pole and zero patterns of 
the sampled-data system plotted in a 2 - 
plane. By the application of theorems 
la, Ib and II, it is often possible to de¬ 
termine whether a nonmonotonic time- 
sequence response exists. 

The analytical procedures that have 
been outlined allow the determination of 
the locations and magnitudes of the max¬ 
ima and the minima to any desired de¬ 
gree of approximation in a direct and re¬ 
latively simple manner. The calculation 
of the factors kMich and serves to in¬ 
dicate the importance of the various 
terms in equation 25. 

It has been shown that, if sulBdcient 
separations exist between the poles and 
zeros in the z-plane, i.e., when conditions 
1, 2, and 3 exist, then the time response 
can be well approximated at the first 
maxima and beyond by using a simple 
time term. When the dominant-term 
theory is applicable, computation of the 
location and magnitude of the maxima 
and minima is simplified considerably. 
In addition, the effect of the various poles 
and zeros on the location and magnitude 
of this maximum time response can be 
quantitatively prescribed which would 
indicate the deviation from the maxima 
of a second-order system. This investiga¬ 
tion will be discussed in another paper 
where it will be shown how to obtain the 
direct transfer function G*{z) from the 
poles and zeros of the over-all transfer 
function. 

Finally, certain of the methods pre¬ 
sented in this paper in addition to their 
use in analysis can also be applied in the 
solution of design problems in sampled- 
data systems to 3 deld prescribed time-se¬ 
quence responses to step-function inputs. 


Appendix I. Illustrative Example 

To illustrate the various notations intro¬ 
duced in equations 1 through 7, the follow¬ 
ing example is chosen which includes most 
of the important terms in those equations. 

Consider a sampled-data system transfer 
function to consist of real zeros at (—2, 0), 
(0.8, 0), two complex zeros at (0.8 ^j\), one 
real pole at (0.6, 0), and four complex poles 
at (0.5=hy0.7), (0.2±j0.1), in the z-plane. 

The 2 -transform of the response to a step 
function is of the form 


X2='012“^12+5i2+522“<^12 (38) 

In this example 

jLn=—2, ju 2=0.8, ri = l 

Pi =0,6, = 0.8=bjl 

ai=fc:i/3i = 0.5=hj0.7, «2=t:j/32=0.2d=i0.1 (39) 

01=0.95, 02=0.46 

\^i=0.95H~7r, ^2 = 0.124-|-ir 

Substituting these values in equations 34 
through 38 and identifying the various terms 
from the Nomenclature, there results 


_ (sH-2)(2H-0.8)[(2~0.8)^+0.1^] 

s-1 (2-0.6) [(2-0.5)2-1-0.72] 

1(2-0.2)2-1-12] (31) 

From equation 3, .4© equals 
. (1+2) (1~o.8)[(1-0.8)2-H2] 

* (l-0.6)[(l-0.5)*+0.7*] 

[(l-0.2)»+0.1»]=3.25 (32) 

The normalized time-sequence response 
can be written as follows 


(o:i2+^i 2)«A sin (»0i+Xi+^i)+ 

^ ^2[(052— 1 )*+^2^] 

sin (w 02 +X 2 +\^ 2 )+ 

(-l)*+^»i\ri(pi)^ (33) 


Mu Mi, Nu Xi, and X 2 can be obtained 
from equations 5, 6, and 7 as follows 


Mv 




Ni- 


( m \/ m \/ yiia\ / yii&\ 
l~Mi/\1*"/^/\7oi / \70l/ 

Vl — pi/\ ^ 02 // 

( m 2 \/ m 2 \/ 7i2a\ / Ti2& \ 

1 — Ml/ \l~m/\T01 / \T01 / 
\1 — Pi/ \roi / \ ^01 / 

Ml —Pi I |m 2—Pi |/PiiV 

1—Ml 1—M 2 \roi/ 

/ —Y 

V^oi/ \^02/ 


Xl = 011 — 1^21 + 5ii+021 — ^11 


(34) 


(35) 


(36) 


(37) 


Jlfi = 1.6, M 2 =3.64, ^71=4.9, 

Xi=-2.39, X2=0.14 (40) 

Thus equation 33 finally equals 

Co(«r) = l + 1.85(0.74)’'/2 

sin(0.95w-1.442+2r)+29.6(0.05)”/2 

sin (0.464n+0.265+7r)+4.9(0.6)'' (41) 

The normalized response is shown in Fig. 
7 where it is seen that it is nonmonotonic, 
which is consistent with theorem la because 
it has no real pole between the unit circle 
and the circle presenting the first pair of 
complex poles. 


Appendix II. Illustrative 
Example 


To illustrate theorem 11, two cases are 
examined. 


Case I 

Assume a sampled-data system transfer 
function consisting of a zero at the origin, a 
zero at the point (—0.2, 0), a real pole of 
(0.5), and two complex poles at (dr/0.5) in 
the z-plane. The z-transform of the re¬ 
sponse to a step function can be written 
using the notations of equation 1, in the fol¬ 
lowing manner 


C*(2) 


g (g -Mi)(g-M2) 

2—1 (g—Pl)[(z—ai)2+|(3i2] 


In this case 


(42) 


Ml = 0, M2= —0.2 

PI = 0.5 (43) 

ai = 0, drijSi = d:i0.5 

Substitute relation 43 in equation 42 to 
obtain 
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Fig. 7. Transient response to a step-function input of system described 
in Appendix I 
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Fig. 8. Transient response to a step-function input of system having 
monotonic response 
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C*{z) 


z z(z+0.2) 
z^ ( 2 - 0 . 6 )( s 2 + 0 . 52 ) 


(44) 


Fig, 9 (left). Transient re- ‘ ^ 

sponse of a system having non¬ 
monotonic response to a step 
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Fig. 10 (right). Transient re- 
sponse of a system in which the 
dominant-term approximation 
is satisfactory at the first maxi¬ 
mum and beyond 
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The normalized system-response CoinT), 
following equation 4, is given 

sin 

(-D^+^WiCpi)" (45) 

ri in this case equals zero (no real zero larger 
than pi). 

The expression for Mi, Ni, and \i can be 
obtained from equations 5, 6, and 7 as 
follows 



Mil M21 

0.5 V'( 

-0.2)2+0.52 


"K/r - 

1—Ml 1—M2 

1 

1+0.2 



Pii 

Vo. 

, 52 + 0.52 



1 —pi 

T 

-0.5 





=0.159 

(46) 


|mi~Pi| 1m2— 

Pij !£:; 

■0.51 1-0.2- 

0.5| 

Ni^ 

I-MI 1-i 

M _ 

1 1+0. 

2 

■ /puV 


0 . 52 + 0.52 



Vfti/ 


12 + 0.52 





= 0.728 

(47) 

Xi = 

5ii+52i—^11 



(48) 

From the Nomenclature 



ei= 

0.5 

tan“^ ~ « 

0 2 



(49) 

^1= 

, 0.5 

! — tan""^ —s 
1.0 

=0.46+ 

IT 

(SO) 


Therefore, the normalized time-sequence re¬ 
sponse equals 


Co(»r) =1+0.159 


l^+0.5g 

0.5\/l+0.52 


(0.5)« sin (1.67w+4.01)--0.728(0.6)« (51) 


The response Co(nT) is plotted in Fig. 8, 
where it is observed that it is monotonic. 
From theorem II, for the response to be 
monotonic, ni'fii/pu should be larger than 
the upper limit of sin («0i+Xi). «i' can be 
obtained from equation 14 as follows 


Furthermore, the upper limit of sin (w^i+ 
Xi) is 0.763. Since /3i/pu is 0.707, thus 
fti'^i/pn > upper limit of sin (w0i+Xi), and 
the response is monotonic as found from 
equation 51. 


Case II 

Considering the same system as before, 
except that the real zero in this case is 
(0.2, 0) in the z-plane, the z-transform of the 
output is given as 


C*(s)-^ 

z— 


1 


z(z—0.2) 
(z-0.5)(22+0.52) 


(53) 


and the normalized response is given as 


Co(»r) = l+0.533(0.5)»‘ 

sin (1.57f^+1.63+^)-0.469(0.5)'' (54) 

Plotting equation 54 for values of n indi¬ 
cates that the system response is nonmono¬ 
tonic, as shown in Fig. 9. 

From theorem II, for the response to be 
nonmonotonic, ni'^i/pii should be less than 
the upper limit of sin (»0i+Xi). In this case 

, |a* 2—Pil 

m = - 

jUil A21 

-l-0°l -0.857 (55) 

VO.S \/0.2*+0.52 

and 

i3i/pii = 1/^/2 (56) 

The upper limit of sin (w^i+Xi) is 0.919. 
Thus ni^i/pn<sin (wPi+Xi) and the re¬ 
sponse is nonmonotonic as shown in Fig. 9. 

Therefore, it is seen that when one of the 
zeros is positive the response is nonmono¬ 
tonic, and when one of the zeros is negative 
the response is monotonic, which is expected 
from theorem II. 

In theorem II it is tacitly assu med that 
Pi is positive and equal to 
how ever, in case pi is negative but |pi| 
= V«i2+jSi2, then theorem II can be easily 
modified, such that 


, k-P.|U-Pi| 1-0-51 l-0.2-0.5l 
Ml Ml 0.5 \/ 0 . 2 ^+ 0 . 5 ® 

= 1.3 (52) 


( —l)”wi'/3i/pu+sin (w0i+Xi)>O, 

for ^-integer (57) 

Equation 57 yields the following two con¬ 


ditions 

^*i'j9i/pii>upper limit of sin (w^i+Xi) 

when n is even (58) 

sin («^i+Xi)>«i'j8i/pu when n is odd (59) 


Appendix III. Illustrative 
Example 

To illustrate the dominance of the nor¬ 
malized time-sequence response, consider a 
system consisting of a real zero at the origin, 
two complex zeros at (0.6=fc;T), and four 
complex poles at (0.5=fcJ0.8), (0.1=bj0.3). 
In this example the magnitude of one of the 
complex poles is larger than the other. 
Thus the z-transform of the output sequence 
is 

^ ' 2-1 [(2-0.5)!*+0.8»] 

[(2-0.1)*+0.3*] (60) 

The normalized time-sequence response is 

sin (»fli+Xi+i^) + 

,, __w 

sin (ntfa+Xa+^s) (61) 

Substituting the various values of this 
example in equation 61 to obtain for the 
normalized time-sequence response 

CoinT) = 1+0.464(0.89)“/* sin 
(1.01»-0.502+x)+ 

1.23 (0.1)”/* sin (1.25«+1.63+x) 

(62) 

The response Co^nT) is plotted in Fig. 10 
for various values of n. It is observed that 
as n increases the contribution of the last 
term of CoinT) is negligibly small compared 
to the second term which is predominant as 
n increases. 

To obtain the value of n which yields the 
maximum of the time-sequence response, 
solve the following equation 
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In this example, 
thus for A ®= 0 




■ 1,5 


(63) 

1.01, Xi= —1.51; 

(64) 

The actual value of n (wWch should be an 
integer) is 2 and vno m this case will be 0 5 
Thb V.1U. o( . yijld. tt. 


Xi 

ei 


1.51 

i.oi' 


IT—Xi 4.66 


01 1.01 


(65) 

( 66 ) 


The value of » chosen is 6 and in this 
case equals 0.41. For this value of n the 
last term of equation 62 is negligibly «waii 
compared to the second, and consequently 
dominance holds for the first maximum and 
beyond. Furthermore, it can be seen from 
the plot of Fig. 10 that Ci(,nT) (the first two 
terms of equation 62) is considerably differ¬ 


ent than the total response, which indicates 
that dominance does not hold for small 
values of n. 

The maximum overshoot can be found 
using equation 29 to yield the following 

71=0.464 (0.89)2-6 sin (0.46+x) 

=0.342 (67) 


Pole and Zero Numbering 

The poles and zeros are numbered con¬ 
secutively according to magnitude. For 
instance, the real pole nearest the point 
(1, 0) on the edge of the unit circle is pi, the 
next nearest is p 2 , etc. The pair of con¬ 
jugate poles lying on a circle nearest the 
unit circle is the next nearest is 

ct2^jl32, etc. Similar numbering applies to 
the zeros. 
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Application of Germanium Power 

Rectifiers 


R. M. CRENSHAW 

ASSOCIATE MEMBER AIEE 


A lthough the metal germaiiiimi is 
not a recent discovery, the bulk of 
research and development on this material 
has been done in the recent past. So it 
can be said that the discovery of the impor¬ 
tant uses of germanitim has been made 
during the past decade. Anything which 
promises a revolutionary change in the 
field of electronics immediately becomes 
front-page news because electronic equip¬ 
ment now plays such a vital part in our 
industrial development as well as in our 
private lives. Such wide publicity has 
resulted in many people using the terms 
in a conversational way without realizing 
the exact meaning or the wide range of 
possible applications. 

Several large companies have devoted 
much time and money to research on the 
possible uses of germanium. As some of 
this development work progressed in the 
research laboratories of the General 
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Electric Company, it was only natural 
that some of the engineers should begin 
to think of the possibilities of this metal 
in a direction other than electronic appli¬ 
cations. Consequently, one branch of 
the development was directed toward 
power rectifiers. In due course a prac¬ 
tical germanium power rectifier element 
was developed and has now been applied 
to industry in the form of a d-c power 
supply. 

For many years the well-known copper 
oxide and selenium rectifiers have been 
important where d-c power is needed in 
moderate quantities for industrial plants. 
Now the germanium power rectifier takes 
its place beside the others and promises to 
replace them in many applications. 

Germanium Power Diodes 

The first look at this new power recti¬ 
fier is startling because of its small 
physical size compared to other metallic 
rectifiers; see Fig. 1. Germanium is not 
a plentiful metal and its present cost is 
quite high. Fortunately a very small 
quantity of the metal will perform a large 
rectifying job. Germanium is a gray- 
colored crystalline metal, hard and brittle, 


with a melting point slightly below 1,000 
degrees centigrade. One source of the 
metal is a by-product of the silver and 
zinc mining industry. It must be care¬ 
fully refined so that the final product is 
in single crystal form. The pure single 
crystal material is produced as a long 
cylinder, shaped like a cigar, with the 
diameter being controlled by the speed 
and temperature of processing. The 
material is then sliced into wafers 
about 0.020 inch thick and about the 
diameter of a dime. But this wafer does 
not yet have all of the required qualities 
of a rectifier. Although a complete 
chemical explanation of the atomic struc¬ 
ture required to produce rectifying prop¬ 
erties is quite involved, the designation 
“P”-type and 'W**-type germanium is 
currently being used to describe the 
structure. This simply means that some 
impurity or unbalance of the atomic struc- 



Fig. 1. Germanium rectifier element 
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ture is necessaty to produce free electrons. 
Experiment has proved that alloying with 
indium produces P-type germanium and 
alloying with antimony produces iV-type 
germanium. The actual rectifying ele¬ 
ment is. made in the form of a sandwich 
with the thin wafer of germanium placed 
between a layer of indium and a layer of 
antimony. This sandwich must be care¬ 
fully heat-treated to produce the desired 
atomic structure which permits easy 
current flow (in the conventional sense 
opposite to electron flow) from P to N. 
This is a critical step in the process; 
dose control of time and temperature is 
essential for uniformity of electrical 
characteristics. 

Rectifier Characteristics 

Fig. 2 gives some idea of the relative 
size and physical arrangement of the 
dime-sized wafers already described. 
The small physical size will be recognized 
as a distinct advantage and it is interest¬ 



ing to make a comparison between this 
cell and those of other metallic rectifiers. 

The ratio of forward to reverse resist¬ 
ance is in the order of 1 to 400,000 at the 
area of optimum rating, which far ex¬ 
ceeds the ratio of other metallic rectifiers. 
Obviously the small size is advantageous 
only if the material can be worked at a 
high ciurent density. Fig. 3 indicates 
the relative current density of the three 
prindpal metallic rectifiers: germanium, 
copper oxide, and selenium. Note that 
for germanium the scale is read in amperes 
per square centimeter, while for the others 
it is milli-amperes per square centimeter. 
This illustrates that the germanium cell is 
operated at a current density almost 
1,000 times greater than copper oxide. 
To make a more simple comparison, one 
of these dime-sized wafers, when properly 
cooled, is capable of rectifying as much 
as 3 kw. At this point it is evident that 
the small size offers some problems as well 
as advantages, mainly in the ability to 
make the physical connections which will 


handle relatively large currents. An¬ 
other problem is that of effectively re¬ 
moving the heat generated in this very 
small device. 

Like other metallic rectifiers, german¬ 
ium has a negative temperature char¬ 
acteristic. Forward losses are a function 
of load current and reverse losses are a 
function of inverse voltage. Both losses 
cause a cell temperature rise which, in 
turn, changes cell resistance to further 
modify the losses. Reverse losses in¬ 
crease rapidly as the temperature rises 
because the reverse current change is 
exponential. Fig. 4 indicates how reverse 
current changes with temperature. The 
heat must be dissipated from a small area 
very rapidly and the radiating fins with 
forced air or liquid immersion have proved 
the most effective method so far. 

The normal full load temperature rise of 
the cell is 30 degrees centigrade over a 
35-degree-centigrade ambient. Experi¬ 
ment has determined the derating curve 
for higher ambient temperature. The 
derating can be done either by cur¬ 
rent or voltage. Fig. 5 shows this re¬ 
lationship. 

Electric Connections 

Germanium rectifier cells can be con¬ 
nected for single-way or double-way. 



Fig. 3 (Uft). 
D-c characteris¬ 
tics of typical 
metallic recti¬ 
fiers per 1- 
square - centi¬ 
meter active area 


Fig. 5 (right). 
Current rating at 
various ambient 
temperatures 


PERMISSIBLE OPERATING VOLTAGE 
OF NOMINAL 65 VOLT RMS CELL 
AT VARIOUS TEMPERATURES WHEN 

CURRENT DERATING AT RATED VOLTAGE OPERATED AT RATED CURRENT 




AMBIENT TEMPERATURE fC) 
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Ffg. 6 (left). Double-way 
rectifier unit of S50-ampere 
65-volt d-c output 


single-phase and 3-phase operation. In¬ 
dividual cells can be operated at a voltage 
considerably higher than is customaiy 
with other metallic rectifiers of equivalent 
rating. One of the standard connections 
is shown in Fig. 6. This is a standard 
double-way, 3-phase rectifier connection. 
Six individual cells connected in this 
manner have a rating of 225 amperes at 
65 volts d-c. This is a surprisingly high 
rating for six of these relatively small 
germanium cells and is one of the distinct 
advantages. Such a self-contained power 
supply can be connected on the d-c out¬ 
put side in series or parallel with other 
equivalent units to form almost any 
combination and rating of power supplies 
required for industry. This voltage 
rating lends itself to providing the cus¬ 
tomary 125-volt power supply when two 
units are connected in series. This 
arrangement is well within the range of 
nominal 25-kw rating of packaged power 
supplies which have been offered 
for some time, using other metallic 
disk rectifiers. Fig. 7 gives a vivid com¬ 
parison of size between a packaged 
selenium rectifier and the new germanium 
rectifier, both rated 25 kw, complete 
with transformers, switches, cooling 
blowers, and instrumentation. Fig. 8 


Fig. 8 (right). Close-up of 
the rectifier with panel removed 

shows the front view of a packaged 25-kw 
125-volt germanium power rectifier and 
Fig. 9 shows a rear view of the same unit, 
displaying the vertical motor-driven fan 
which pulls air over the rectifier cells and 
forces it downward over the transformer, 
discharging out the bottom of the cubicle. 

To summarize, the principal ad¬ 
vantages of germanium power rectifiers 
over other metallic types are: 1. high 
efficiency; 2. low regulation; 3. good 
stability; 4. very small reverse current; 
5. high inverse voltage rating; and 6. 
small physical size. Fig. 10 shows a 
typical efficiency and regulation curve. 

Industrial Application 

The Metal and Thermit Corporation 
has become the first purdbaser of a 
germanium power rectifier. This com¬ 
pany is engaged in the business of re¬ 
claiming tin from tinplate scrap by the 
electrolytic method, which requires a 
considerable amount of direct current 

Fig. 7 (left). Size comparison 
between germanium and se¬ 
lenium units 


at a potential in the order of 115 volts. 
The load is constant. 

Recently this company decided to re¬ 
place an old motor-generator set. After 
comparing motor-generator sets, mechan¬ 
ical rectifiers, and other metallic disk 
rectifiers, a decision was reached to give 
this new germanium power rectifier a 
chance to prove the advantages claimed 
for it. As well as being competitive in 
first cost, germanium has the advantage 
of high efficiency, easy installation, 
quietness of operation and very little 
maintenance. 

A group of four 25-kw packaged power 
supplies, as described previously, were in¬ 
stalled. Fig. 11 shows the installation. 
These units are connected in parallel to 
a common d-c bus which will supply a 
nominal rating of 800 amperes at a volt¬ 
age up to 125 volts d-c. 


Fig. 9 (right). Germanium 
rectifieri back view 
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Fis. 10. Efficiency and resulation curve 


Character of the Load 

The chemical process is beyond the 
scope of this paper; however, a brief ex¬ 
planation of electrical characteristics will 
be helpful in understanding the applica¬ 
tion. In common with most electrolytic 
processes, the internal resistance of the 
circuit is quite low. It follows that the 
initial applied voltage must be quite low 
to limit inrush current to a reasonable 
value. A voltage in the order of 25 per 
cent of final full load voltage is a safe 
value for use with the rectifier. 

As current begins to flow through the 
electrolyte, a back electromotive force 
(emf) is produced. This counter voltage 
rapidly rises to a value equal to the re¬ 
duced applied voltage. Thus, the inrush 
current is quickly reduced to practically 
zero. The applied voltage may now be 
increased in fairly large steps without 
causing further excessive inrush current, 
provided the continuity of the circuit is 


maintained. The back emf continues to 
rise as the applied voltage is increased, 
finally reaching a maximum value at 
about SO per cent of final full load volt¬ 
age. Beyond this point, it is desirable 
to have continuous adjustment of applied 
voltage so it can be set at a value which 
overcomes load circuit resistance and 
maintains the desired load current. 

Method of Control 

When using the d-c generator it had 
been the practice to turn the field 
rheostat for minimum voltage (in the 
order of 35 volts), then dose the d-c 
circuit breaker. From the characteristics 
of the process previously described, it 
can be seen this practice would cause a 
suddent current inrush which would taper 
off to practically zero as the back emi 
builds up. With the rectifier, the prob¬ 
lem is a little different in that it is de¬ 
sirable to limit inrush current for better 


protection of the cells, as well as to mini¬ 
mize tripping of the instantaneous over¬ 
load. The need for a rather wide range 
of voltage adjustment is evident, al¬ 
though fortunately rather large steps can 
be used at the lower values. It was 
known that the power supply should be 
about 100 volts for an 800-ampere load 
current. It was determined by experi¬ 
ment that an initial applied direct volt¬ 
age of about 25 volts would limit the 
total inrush current to the order of 200 
amperes. 

When planning the installation, it was 
decided that an induction voltage regu¬ 
lator could provide smooth voltage ad¬ 
justment for a considerable range either 
side of the normal 100-volt operating 
point. It did not seem economical to 
build such a regulator with a range to 
provide the required starting voltage. At 
this point, it was discovered that the 
autotransformer starter from the re¬ 
tired motor-generator set drive motor 
would be available. By opening the wye 
of this autotransformer, three series 
reactors are available and these are in¬ 
serted in the incoming a-c line adjacent 
to the voltage regulator to provide a very 
effective reduced voltage for starting. 
Fig. 12 shows essentially the schematic 
connection of the power system as used. 
The series reactors are not shown here, 
but they are located just below the con¬ 
tactor. 

The voltage regulator is rated 475 
volts, 154 amperes, making it suitable for 
six 25-kw rectifier units. It provides 
continuous manual control 25 percent 




DC SUPPLY FOR TIN 
RECLAIMING CELL LINE 


Fig. 11. Complete d-c power supply with germanium rectifiers 


Fig. 12. Diagram of connection of germanium rectifier 
power system 
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above and below rated voltage. This 
range gives 73 volts minimum to 122 volts 
maximum at the rectifier output termi¬ 
nals. 

Proper sequence for start-up is assured 
by interlocks in the main contactor con¬ 
trol circuit. The fans must be running, 
overloads reset, and voltage regulator at 
the minimum position before the main 
contactor can be closed. The manual 
short-circuiting contactor around the 
series reactor is always rdeased by its 
“no voltage release coil” when the main 
contactor is open. 

The first operation is to dose the d-c 
load circuit breaker; then power is 
applied to line by push-button control 
which doses the main contactor. This 
applies the minimum alternating voltage 
to the rectifiers, resulting in approxi¬ 
mately 25 volts d-c at the load. This 
levd of voltage suddenly applied to the 
load causes a momentary inrush in the 
order of 200 amperes total current if the 


line has been idle for a period long enough 
for the back emf to disappear. The 
current quickly drops to practically 
zero because the back emf soon equals 
the applied voltage. Short-circuiting of 
the reactor raises the supply voltage to 
73 volts d-c, again causing a current in¬ 
rush in the order of 200 amperes total. 
This current rapidly decreases to prac¬ 
tically zero as the back emf quiddy builds 
up to a new value. The next step is to 
increase the d-c bus voltage with the 
voltage regulator. At about 80 volts on 
the d-c bus, the load ammeter begins to 
show steady-state current flow through 
the load, indicating that the maximum 
backemf has been reached. The operator 
continues to increase the d-c bus voltage 
by means of the voltage regulator imtil the 
desired load current is reached. It has 
been found that 101 volts produces a load 
current of 800 amperes which is satis¬ 
factory operation, leaving ample range in 
the regulator in either direction to pro¬ 


vide for minor changes in load char¬ 
acteristics. 

Operating temperatures of the rectifier 
cells have been measured at several points 
under normal load conditions. With an 
ambient of 32 degrees centigrade, the 
highest total temperature observed is 49 
degrees centigrade. 

Refer again to Fig. 11 which shows this 
installation at work. The four units are 
arranged in such a manner that two more 
units can easily be added to bring the 
total rating to 150 kw, the equiva¬ 
lent of the retired motor-generator set. 

A similar germanium rectifier installa¬ 
tion has been in operation for several 
months in a General Electric plant. 
Several other complete power supply 
equipments are on order for use in the 
chemical, aluminum, steel, and titanium 
industries. Ratings such as 16,000 am¬ 
peres at 65 volts, 12,000 amperes at 130 
volts, and 40,000 at 24 volts are being 
manufactured for these industries. 


Further Effects of the Pole and Zero 
Locations on the Step Response of 
Fixed, Linear Systems 

ARMEN H. ZEMANIAN 
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Synopsis; An extension is made to a method 
of evaluating the effect of the pole and zero 
locations on the unit step response of fixed, 
linear systems originally devised by Mulli¬ 
gan.’ This extension permits a rapid deter¬ 
mination of the points at which the step 
response crosses the final value line for many 
systems. The first such point is the rise 
time from zero to the final value. 

A SIMPLE and rapid means of obtain¬ 
ing the step response is of great use¬ 
fulness in evaluating the transient char¬ 
acteristics of a fixed, linear system. 
MuUigan^ has devised a very simple 
though approximate method of obtain¬ 
ing the locations and magnitudes of the 
maxima and minima of this step response 
from the pole and zero locations of the 
corresponding system function without 
having to determine the total response. 
The system fimction is defined as the La¬ 
place transfom of the unit step response, 
for a system which is initially at rest, 
divided by ^ where r is the complex fre¬ 


quency argument of the system func¬ 
tion. These maxima and minma have 
abscissas tf, as shown in Fig. 1. Moreover, 
this procedure leads to a rapid means of 
synthesizing a system function when 
these maxima and minima are prescribed. 

The following is an extension of this 
approach to include those points at which 
the step response crosses the final value 
line. These are the points which have ab¬ 
scissas in Fig. 1 and the first such ab- 
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sdssa has a value which is the rise time 
from zero to the final value (henceforth 
called “the rise time from zero to one”). 
The method is applicable only to those 
system functions which have no poles in 
the right-half s plane or on the imaginary 
axis, no zeros at the origin more poles 
than zeros, and no multiple poles. When 
a dominant pole approximation (this will 
be explained later) is used, the last re¬ 
striction may be lifted so long as the 
dominant pole pair is not a multiple one. 
The notation will be the same as that 
employed by Mulligan. 

Notations for Pole and Zero Locations 

— location of Kth pair of complex 
poles 

location of iTth pair of complex 
zeros 

— PA;=location of iTth real pole 
—/**== location of Kth. real zero 
1 ^ 0 * = distance from origin to 

Pika =distance from — at +j^i to ~ ak +j/3* 
Pm = distance from — to — ajc+JPk 

= distance from origin to 
7 i*a=distance from —U+jji to 

distance from —^i—jyito -aji^+jlPk 
Pifc-distance from —pt to —ajc+jPk 
ju«;s; = distance from — ju< to -aju-i-jPk 
/outdistance from —pi to —^k+jjk 
Pk~“ Ti 

Oik =* ^ika t tan -r — -f 

tan-'te* 

^ik-^ika+Hkb- tan“’~—^ + 

(Xi-'ak 

oti—aie 
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^ik *“ /j<t>ik 

i SB I i=z I issl 

i^k 


(6) 


Fi 3 . 1. Illustration of some critical points in the unit step response 


tan“^ 5A;i=tan“i — 

a* Mi—a* 

jSjfc 

tan-i 

Pi — 


Review of Previously Developed 
Theory 

It is assumed that the system function 
has n pairs of conjugate complex poles, 2 
real poles, g pairs of conjugate complex 
zeros, m real zeros, that 2n+g>2g+my 
and that there are only first-order poles 
and zeros. The notations for the pole and 
zero locations are illustrated in Fig. 2. 
The poles and zeros are numbered con¬ 
secutively according to the magnitude of 
their real parts starting with the one with 
the lowest real part. If two or more pairs 
of conjugate complex poles or zeros have 
the same real part, then these are num¬ 
bered consecutively according to the 
magnitude of their imaginary parts start¬ 
ing with the lowest imaginary part. In 
this discussion, the quantities designated 
by Greek letters are either the pole or zero 
locations in the 5 plane, distances between 
these locations, or angles generated by 
these locations. These symbols are also 
illustrated in Fig. 2. 

The Laplace transform for the unit step 
response of such a system that is initially 
at rest is 


F{s)^K 


m g 

n (a 4-Mi) n [(54-^<)^4-7i^] 
£=i__ 

2 n 

s n (s^pi) n 


( 1 ) 


The final value of the response is 


m g 

n Pi n 

/(a>) = lims F(s)=K— - — - (2) 

>0 q n 

n Pi n 

*=1 


factor, the result is 




^ f(i) 

"/C") 


7k 

sin 




(^*^+^*4"^*) 4-( — 1) X 

k = i 

(3) 


where 




^ g / yika\/ ym\ 

n n y Toi / \ 7oi / 

X X 

q. (pjj\ ^ ( faa\/ ^m\ 


(4) 


and where w and are the ntimber of real 
zeros in the right-half plane and the 
number of real zeros to the right of p* 
respectively. 

Some simple graphical means exist for 
the evaluation of the factors ikT*, iV*, and 
Xft. Since in the forthcoming extension of 
the theory to include the points [Ti,f {» ) ]. 
it is only necessary to evaluate X*, the 
graphical methods applying to Mjc and 
Ntc will not be reviewed. 

For every complex pole pair, there is an 
angle Xj^, whidi is the sum of the angles 
due to all other poles and zeros as shown 
in Fig. 2. If the pole and zero locations 
are normalized by dividing every co¬ 
ordinate by jS* and then entered into Fig. 
3, the contributions to \jc of any pole or 
zero may be obtained. This chart may be 
constructed from the consideration that, 
if the pole moves along a circle 

of radius esc with center at <r= — 
cot then the pair of poles 
contributes a constant angle 
^ik to Xfc. Using expression 6 to evaluate 
X*, elements to the right of the abscissa 
of produce a negative con¬ 

tribution to \l/ik or dije and those to the left 
produce a positive contribution. More- 



March 1955 


Zemanian—-Effect of Pole and Zero Locations on Step Response 


53 













indicated while those to the right of 
— a* contribute t minus half the values 
indicated. Finally the contributed angle 
of an n order element is n times the angle 
of a first order element. 

This is the point of departure from 
which this approach will be extended to 
include the points wherein /„( Ti) =/„( »). 
The assumption is made that such points 
exist. The theorem proposed by Mul¬ 
ligan, which follows, may be useful as an 
indication of their existence. 

Theorem: The transient response to a 
step function input of a linear, jBxed 
lumped and stable system having no real 
poles between the origin and the real part 
of the first pair of complex poles cannot be 
monotonic. 

Furthermore, a theorem proven in 
reference 2 may similarly be of use if 
sufficient information about the frequency 
response of the system is available. 

Theorem: If the magnitude or real part 
of a low-pass system function of a linear, 
fixed, lumped and stable system vanishes 
with increasing frequency and has a value 
at any frequency greater than its value 
at zero frequency (i.e., if it “peaks**), 
then the corresponding step response can¬ 
not be monotonic. 

Development of New Theory 

Setting fn (Ti) =fn (<» ) = 1 in equation 
3, the following expression is obtained 

0 = (- CSC sin 

n 

CSC sin 

A! = 2 

4- 

wherein the first term is written separa¬ 
tely from the first summation. Dividing 
through by (— esc 

0= sin 4* 

^MiCSC^l 

( 8 ) 

Ml CSC 

where =a**“ and — ptc^ ai. 

Now the quantity Xi will be defined by 
the following expression 

jSiTi—cir—Xi—(9) 

where c=d+i and d is the largest integer 
(positive, negative, or zero) for which 
(dTT—Xi—^i) is negative. It is tbe value 
by which the fiiTt for the actual response 
differs from the ^Tt resulting from the 
approximation of the unit step response 


by the first and second terms of expres¬ 
sion 3. Normalizing the s plane pole and 
zero locations by letting iSi=l and in¬ 
serting this value of Ti into expression 8, 
the following is obtained 


= --X 

csc^i 

sin [/3;fc(c7r~Xi- 
Q 

^1+Xi) +X;fc-1-^*] +( “ I)**y^ X 

k^l 

r — I'^k+rk^ L_ g—Xi —1^1+act) 

JlflCSC^l 

( 10 ) 


This expression provides a means of cal¬ 
culating the quantity Xi by a trial and 
error process once the pole and zero loca¬ 
tions of a particular system are known. 
The procedure is to assume the Xi on the 
right-hand side of expression 10 as zero 
and then calculate the sin xt by the re¬ 
sulting expression. Inserting the new 
value of Xi into this expression, the pro¬ 
cess may be repeated. This is continued 
until the Xi do not vary. Then expression 
9 may be used to calculate the Ti, The 
first point Ti, which is the value of rise 
time from zero to one for the response, is 
obtained when c is set equal to d+1 . 

Under certain conditions on the pole 
and zero locations, the will be compara¬ 
tively small and the Ti may be calculated 
without the necessity of determining the 
Xi, That is, the unit step response is ap¬ 
proximated by the first two terms on the 
right-hand side of equation 3. The 
second term corresponds to the dominant 
pair of poles (that complex pair which is 
closest to the jea axis in the s plane and 
closest to the <r axis if there is more than 
one such complex pole pair). These con¬ 
ditions will now be determined. Ex¬ 
pression 10 may be rewritten as follows 


sin [j8;fc (ctt — Xi—+Xi) +X;j; -1- 4- 




where 


■J4csc\f'* 

If the Kmu and the Knm are large, the 
contributions to sin Xi will be small and a 
good approximation will result. There¬ 
fore, speaking qualitatively, the condi¬ 
tions for a good approximation are as 
follows: 

1. The greater and p^^ are (i.e., the 
further to the left in the 5 plane the other 


poles are as compared to the dominant pair) 
the better will be the approximation. 

2. The greater the ratio of sin ^ft/sin 
(i.e., the lower in the 5 plane the first com¬ 
plex pole pair is and the higher the other 
complex poles are) the better will be the 
approximation. 

3. The larger the ratios Mi/M^ and 
Mi/iVjt are, the better will be the approxi¬ 
mation. From expressions 4 and 6 it can 
be seen that these ratios may be written as 
follows 



ij>^k 


For these ratios to be large the factors for 
the zeros in the ntunerator should be 
large and the factors for the poles in the 
denominator shall be small, speaking 
qualitatively. The following conditions 
would favor such ratios: 

3a. There should be no zeros too close 
to the dominant poles (large pu, yna, and 
ynb)- 

3b. Bunching of the zeros would be prefer¬ 
able (small pijc, yijca> 7m» |/*<—pjfcl, and pki)- 
3c. The poles should be well separated 
(large p^, pika, Pikb, and |p<—pa:|)- 

As was to be expected, the conditions 
which lead to a good approximation of the 
actual Ti by a dominant pole approxima¬ 
tion are the same as those which lead to a 
good approximation of the maxima and 
minima. The effect of the various factors 
of Kifki and K^ki have been determined 
quantitatively in MuUigen’s paper and 
will not be repeated here. It is to be 
noted that large separation between the 
poles, especially horizontal separation 
between the first pair of poles and the 
others, with no complex poles too near 
the real axis other than the dominant 
pair and with no zeros too close to the 
first pair of poles are conditions which 
favor an approximation of the unit step 
response by the first two terms in equa¬ 
tion 3. Such an approximation leads to 
considerable simplification in the analysis 
of complex systems. 

As an example of the ease with which 
these points Tt may be obtained, the 
Doba network will be considered. This 
system has a driving point impedance 
having a dominant pair of complex poles 
at (—1.625±il.740), a real pole at 
(—2.34) and a pair of complex zeros at 
(—2.30=1=^2.83). The corresponding unit 
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step response is 

fnW-l-0.760€-^-®25^sm 

(1.740/+0.046) -0.966€“2.34< 

The angle Xi may be obtained either by 
calculating its components according to 
equation 6 or by normalizing the pole and 
zero locations and using Fig. 3. Its value 
is —0.773 radian and the value for is 
0.819 radian. Use of equation 9 where 
Xi is arbitrarily taken as zero then yields 
the approximate value for the first point 
Ti as 1.78 seconds. Its actual value is 
1.99 seconds. The approximate value for 
the second point is 3.59 seconds while the 
actual value is 3.55 seconds. The ap¬ 
proximations for the successive points are 
even better. 

Finally the rise time from zero to one 


and the first overshoot may be exactly de¬ 
termined once the pole and zero locations 
of a system function and the final value 
of the corresponding unit step response are 
known for a one complex pole pair and one 
real zero system. A chart yielding these 
quantities and finding use either in the 
analysis or synthesis of such systems may 
be found in reference 3 wherein the fore¬ 
going material is also treated in greater 
detail. 

Conclusions 

The procedure described in this paper 
permits the determination of the points 
where the step response crosses its final 
value line without having to determine 
the entire response. This method in¬ 


volves a trial and error process. How¬ 
ever, if the pole and zero locations favor a 
dominant pole approximation, these 
points can be approximately determined 
by use of equation 9 setting Xi=0, The 
quantities jSi, Xi, and ypi are determined 
entirely by the pole and zero locations. 
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An Eddy-Current Braking Crane-Hoist 
Controller with Variable Brake 
Excitation 

H. J. RATHBUN 

ASSOCIATE MEMBER AIEE 


S 3 mopsis: An a-c crane-hoist controller 
for a wound-rotor induction motor and an 
eddy-current brake is described. The brake 
serves as an artificial load for the motor. 
Emphasis is placed on the desirability of 
using speed-responsive excitation for the 
brake to cause its torque to increase so 
rapidly with speed that flat speed-load 
characteristics are obtained. A magnetic 
amplifier responsive to a signal voltage taken 
from the secondary circuit of the motor is a 
simple and reliable means to controlling 
the brake excitation. 

-■ % 

T he polyphase wound-rotor induction 
motor is used extensively for crane 
hoists. Many of these hoist drives, par¬ 
ticularly those handling loads which must 
be accurately positioned, should be oper¬ 
able at several different subs 3 nichronous 
speeds which are substantially independ¬ 
ent, of the load on the hook. 

With resistance added to its secondary 
circuit, a polyphase wound-rotor induc¬ 
tion motor, when operating in the direc¬ 
tion of its torque with balanced voltages 
on its primary, runs at speeds materially 
below its S3mchronous speed only if it is 
driving a substantial load. The actual 
load on a crane-hoist motor, however, 
varies throughout a wide range. It can be 
a small positive load as when hoisting or 
lowering an empty hook, a large positive 
load as when hoisting a heavy load, a 
small negative or overhauling load as 
when lowering a light load, or a large 
overhauling load as when lowering a 
heavy load. Consequently, it has been 
found desirable for certain a-c crane-hoist 
applications to use an artificial load 
which so loads the motor that its speed 
may be changed materially by changing 
the resistance of its secondary circuit re¬ 
gardless of the actual load on the hook. 
For example, mechanical load brakes 
have been used on cranes to provide an 
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artificial load for a wound-rotor motor 
permitting heavy hook loads to be low¬ 
ered slowly, and electric load brakes have 
been coupled directly to the motor shaft 
to load the motor artificially during 
hoisting as well as lowering. The electric 
load brake can be a generator having an 
external resistive circuit or it can be a 
generator having no external circuit such 
as an eddy-current brake.^*^ The eddy- 
current brake has advantages in simplic¬ 
ity and economy. A controller for such a 
combination of a motor and an eddy-cur¬ 
rent brake is called an eddy-current brak¬ 
ing hoist controller. 

Motor Operation 

In so far as the motor is concerned, an 
eddy-current braking hoist controller is 
usually a plain-reversing magnetic con¬ 
troller operated by a multiposition revers¬ 
ing master switch. If it is necessary to 
lower very heavy loads at a creeping 
speed, the torque of the eddy-current 
brake can be augmented by unbalanced 
voltage braking torque in the first lower¬ 
ing speed point. A typical plain-revers¬ 
ing eddy-current braking hoist controller 
providing five hoisting and five lowering 
speed points controls the secondary cir¬ 
cuit of the motor to provide the speed- 
torque curves of Fig. 1. Torque is 
plotted in per cent of the rated full-load 
torque of the motor and speed is plotted 
in per cent of synchronous speed. Fig. 2 
is an elementary wiring diagram of the 
external secondary circuit. 

In the first lowering speed point of the 
master switch, all of the acceleration con¬ 
tactors are open, and the motor operates 
along speed-torque curve 1 in the power¬ 
lowering quadrant of Fig. 1. The first 
acceleration contactor lA closes in the 
second lowering speed point, changing the 
motor performance to that indicated by 
lowering curve 2. In the third lowering 
speed point, the second acceleration con¬ 
tactor 2A closes, and the operation is in 
accordance with lowering curve 3. In the 
fourth lowering speed point, the third ac¬ 
celeration contactor 3A closes, and the 


operation is in accordance with lowering 
curve 4. After the master switch reaches 
the fifth lowering speed point, the fourth 
and the last acceleration contactors 4A 
and 5A dose in sequence. Closure of the 
acceleration contactor 4A causes the 
motor to operate along an intermediate 
acceleration curve indicated by a broken 
line in Fig. 1. Only contactors 4A and 
5A need to be controlled by acceleration 
relays while lowering. 

In the first hoisting speed point, con¬ 
tactor lA doses, and the motor operates 
along speed-torque curve 1 in the power 
hoisting quadrant. Contactor 2A closes 
in the second hoisting speed point, but no 
contactors operate upon movement of the 
master switdh to the third hoisting speed 
point. The hoisting speed-torque curve 
2-3 is for operation in these two speed 
points. In the fourth hoisting speed 
point, contactor 3A closes, and in the 
fifth hoisting speed point contactors 4A 
and 5A close in sequence, dosure of con¬ 
tactor 4A causing the motor to operate 
along an intermediate accderation ciuve 
indicated by a broken line. Contactors 
3A, 4A, and 5A should be controlled by 
accderation relays while hoisting. When 
the motor is controlled as just described, 
the eddy-current brake is energized in the 
first two hoisting speed points and in the 
first four lowering speed points and is de¬ 
energized in all other speed points. 

Brake Construction and Operation 

A diametric cross section of a fan- 
cooled eddy-current brake suitable for 
crane-hoist service and arranged for 
mounting on a motor frame or other ver¬ 
tical surface is shown in Fig. 3. A tor¬ 
oidal coil causes interdigitated stator 
teeth to be of alternate polarity. The 
rotor rim cuts the flux between these 
teeth causing eddy currents to flow in the 
rim. The retarding torque of the brake 
is of course zero at standstill and increases 
with speed and with excitation.® Similar 
brakes are also available for floor mount¬ 
ing. If the brake is operated with dif¬ 
ferent values of constant excitation, its 
speed-torque performance is as shown in 
Fig. 4. When the excitation is constant, 
the torque of the brake increases rapidly 
with speed up to about 500 rpm, but at 
higher speeds increases very slightly with 
speed. 

The crane-rated excitation of the brake 
is well below the saturation value, and 
consequently the brake torque at any 
given speed is approximately proportional 
to the excitation. For most crane-hoist 
applications, the crane-rated excitation 
of the brake provides a torque at the 
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Fig. 1 (left). Speed- 
torque curves of the 
motor alone 


STATOR. 



Fig. 3 (right). Dia¬ 
metric cross section of 
an eddy-current crane 
brake 



synchronous speed of the motor which is 
greater than the rated full-load torque of 
themotor, but, for purposes of explanation, 
it will be assumed in all cases that the 
crane-rated excitation of the brake is such 
that its torque at S3mchronous speed is 
equal to the rated fuU-load torque of the 
motor. A synchronous speed of 1,200 rpm 
is assumed. Consequently, base torque 
in pounds-feet is the same for both motor 
and brake and the base excitation is the 
excitation producing a brake torque at 
1,200 rpm equal to the rated full-load 
torque of the motor. 

Operation of Motor and Brake 
Combined 

Since the motor and the eddy-current 
brake are directly coupled together, their 
torques are directly opposed whenever 
the brake is excited and the motor is 
operating as a motor in the direction of its 
torque. A speed-torque curve of the 
motor alone for an exemplary lowering 
speed point and a speed-torque curve of 
the brake alone at two different values of 
constant excitation are shown in Fig. 5. 
At a certain selected lowering speed, the 
motor exerts a lowering torque Tm and 
the brake operating with base excitation 


common shaft therefore lowers at the 
selected speed. By adding the motor 
torque to the brake torque algebraically 
for other selected speeds, the speed-torque 
performance at the common motor and 
brake shaft can be predicted for those 
speed points in which the brake is ex¬ 
cited. 

Fig. 5 shows two resultant speed-torque 
curves. The motor in each instance is 
operating with the same secondary re¬ 
sistance. The resultant curve shown by a 
solid line is for performance at the com¬ 
mon motor and brake shaft when the 
brake excitation is constant at its base 
value, and the resultant curve shown by a 
broken line is for operation when the per- 
unit excitation of the same brake is in¬ 
creased to 150 per cent. A comparison of 
these two resultant curves shows that in¬ 
creasing the brake excitation from one 
constant value to another constant value 
merely decreases the speed for all loads 
and does not improve the speed regula¬ 
tion. A similar result occurs when a 
larger brake is substituted. 

If the excitation of the eddy-current 
brake is increased continuously with 
speed, its speed-torque curve for an ex¬ 
emplary lowering speed point becomes as 
shown in Fig. 6. Combining the speed- 


torque curve of the brake, when its exci¬ 
tation is varied, with the speed-torque 
curve of the motor gives the resultant 
speed-torque curve shown by the broken 
line. The resultant speed-torque curve 
shown by the solid line is obtained by 
combining the speed-torque curve of the 
motor with the speed-torque curve of the 
same brake operating with constant 
excitation at base value. A comparison 
of these two resultant curves shows that 
improved speed regulation is obtained by 
varying the brake excitation. 

Speed-Responsive Signal Voltage 

In order to increase the brake excita¬ 
tion with speed, a speed-responsive signal 
must be obtained. Conveniently, this 
signal can be a voltage taken from the 
external secondary circuit of the motor. 
Referring again to Fig. 2, if E® is the volt¬ 
age across the slip rings, the phase volt¬ 
age Ep across each of the legs of the bal¬ 
anced wye-connected secondary resistor 
is 

£j, = ^ volts (1) 

An advantageous signal voltage is the 
voltage drop between the resistor taps R4 


exerts a retarding or hoisting torque Tb. 

Consequently, the resultant torque at the 
common motor and brake shaft is the 
algebraic sum of torques Tm and Tb- 
Since, for the speed selected, is greater 
than Tm, the resultant torque Tr is a 

hoisting torque. After acceleration or pig. g (below). Elementary 
deceleration, an overhauling load exerting wiring diagram of the external 
a per-unit lowering torque of on the secondary circuit of the motors 

Fig. 4 (right) 
Speed - torque 
curves of an 
eddy - current 
crane brake with 
different values 
of constant ex¬ 
citation 
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% LOWERING TORQUE 


% HOISTING TORQUE 



Fig, 5. Effect of increasing brake excitation from one constant value to a second constant value 


7o LOWERING TORQUE 


% HOISTING TORQUE 



Fig, 6. Comparison between operation with variable and constant brake excitation 


and R6 of one leg of the resistor. This 
signal voltage E is a proportionate part 
of the phase voltage Ep and depends upon 
the ratio of the resistance of R4-R6 to the 
total effective resistance of the same leg 
of the secondary resistor. Since the 
voltages Es and Ep have a fixed relation, 
the ratio of the voltage E to the voltage 
Es also depends upon the ratio of the re¬ 
sistance of R4-R6 to the total effective re¬ 
sistance of the leg as expressed in the 


equation 


resistance of R4-R6 


total effective resistance of the leg 

volts (2) 

The total effective resistance of the leg 
changes upon operation of the accelera¬ 
tion contactors lA, 2A, and 3A whereas 
the resistance from R4 to R6 does not. 


lOO 



% SPEBD 


Consequently, as the acceleration con¬ 
tactors lA,2Ay and 3A close, the ratio be¬ 
tween the signal voltage E and the ring 
voltage Es becomes greater. 

The ring voltage Es decreases both in 
magnitude and frequency as the motor 
speed increases. It becomes zero at syn¬ 
chronous speed. Because of the increased 
internal voltage drop caused by the in¬ 
creased secondary current that flows 
whenever the secondary resistance is re¬ 
duced, the magnitude of the ring voltage 
Es also decreases at any given subsyn- 
chronous speed upon closure of an ac¬ 
celeration contactor. 

The upper four curves of Fig. 7 show 
the variation of the ring voltage Es with 
speed for four different values of second¬ 
ary resistance Rs that are used in the first 
four lowering speed points respectively. 
The intermediate two of these resistance 
values are also used in the first two hoist¬ 
ing speed points respectively. By sub¬ 
stituting v^ues of Es from the curves into 
equation 2, the variation of the signal 
voltage E with speed is obtained. The 
lower four curves of Fig. 7 show how the 
signal voltage E varies with speed for the 
same four resistance values. 

The signal voltage E gives an indication 
of motor speed but it decreases with motor 
speed, whereas the excitation of the eddy- 
current brake in any selected speed point 
should increase with speed. The signal 
voltage also increases as resistance is re¬ 
moved from the secondary circuit whereas 
for the desired crane performance the 
range of excitation of the brake should 
become less as the master switch is moved 
to the faster speed points. To accom¬ 
plish the desired inversions in the rela¬ 
tions between the signal voltage and 
speed and between the signal voltage and 
the changing of the secondary resistance, 
a magnetic amplifier has been developed. 
This amplifier provides an output voltage 

Fig. 7 (left). Variation of ring voltage Eg and signal voltage E with 
speed for different values of secondary resistance 


Fig. 8 (below). Elementary wiring diagram of the magnetic ampli¬ 
fier 
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PER UNIT CONTROL VOLTS 

Fig. 9. Load characteristic of the magnetic amplifier 



Fig. 10. Speed-torque curves of an eddy-current brake alone when its 
excitation is varied 



Fig. 11. Speed-torque relations of the motor and brake combined 


that varies inversely with respect to its 
control voltage. 

Magnetic Amplifier 

Fig, 8 is an elementary wiring diagram 
of the magnetic amplifier which forms a 
part of the complete eddy-cttrrent brak¬ 
ing hoist controller. A saturable core 
reactor in the amplifier has a single coil 
and two reactance coils. The reactance 
coils are in parallel with each other and 
both are connected in series with a line re¬ 
sistor across the power input terminals 
of the amplifier. The d-c output voltage 
of a power rectifier connected in parallel 
with the reactance coils is applied to the 
coil of the eddy-current brake. 

A transformer or potentiometer can be 
used to change the signal voltage E to a 
control voltage of suitable value for the 
amplifier. The control voltage is im¬ 
pressed on the control input terminals of 
the amplifier and is rectified by the control 
rectifier. The d-c output of the control 
rectifier is supplied to the control winding 
of the saturable reactor. 

Fig. 9 is the load characteristic of the 
magnetic amplifier and shows the rela¬ 
tion between the control voltage and the 
output current when the coil of an eddy- 


current brake is connected across the out¬ 
put terminals. The control voltage and 
the brake current are in a per-unit system 
in which the base voltage is the voltage 
which causes base brake excitation, and 
the base brake excitation is the excitation 
which causes the brake to exert its base 
torque at 1,200 rpm. When the control 
voltage is large, the core of the saturable 
reactor is saturated, the reactance coils 
have low impedance, the voltage drop 
across the line impedance is large, and the 
output voltage and current are a minimum. 
Upon a decrease in the control voltage, 
the impedance of the reactance windings 
increases, the voltage drop across the line 
impedance decreases, and the output 
voltage and current increase. When there 
is no current in the control coil, the im¬ 
pedance of the reactance coils is a maxi¬ 
mum and the output voltage is a maxi¬ 
mum. 

When control voltages which vary like 
the signal voltages E of the lower group 
of the curves of Fig. 7 are impressed on 
the amplifier, the brake excitation changes 
with speed and with operation of the ac¬ 
celeration contactors to provide the re¬ 
tarding speed-torque characteristics of 


Fig. 10. Lowering curves 1 through 4 
show how the brake torque changes in the 
first four lowering speed points respec¬ 
tively, and hoisting curves 1 and 2 show 
how the brake torque varies in the first 
two hoisting speed points respectively. 
The speed-torque relations at the common 
motor and brake shaft can he predicted 
by combining the appropriate curves of 
Fig. 1 and Fig. 10 in the manner explained 
in connection with Fig. 5. The results are 
shown in Fig. 11. 

Description of Complete Controller 

Fig. 12 is an elementary wiring diagram 
of the eddy-current braking hoist con¬ 
troller which controls the motor and 
brake to give the performance of Fig. 11. 
Frequency relays are used to control ac¬ 
celeration.A resistor is used as the line 
impedance of the magnetic amplifier, and 
in the ‘*ofi” position of the master switch 
this resistor has an effective value which 
limits the brake current to an amount 
just sufficient to insure closing of the a-c/ 
d-c relay. The a-c/d-c relay provides an 
interlock between the eddy-current brake 
circuit and the controller so that over- 
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Fig. 12. Elementary wiring diagram of the eddy-current braking hoist controller 




speeding cannot occur as a result of loss 
of current in the brake circuit. Closure 
of the a-c/d-c relay completes the circuit 
to the coil of the undervoltage relay UV, 
When the master switch is moved to the 
first hoisting speed point, relay IBR 
closes to release the friction brake and 
contactors H and M close to cause the 
motor to exert hoisting torque. The ac¬ 
celeration contactor lA also closes in¬ 
stantly. Contacts on the master switch 
operate to eliminate a portion of the line 
resistor causing it to have its normal 
operating value. In the second hoisting 
speed point, the acceleration contactor 
2A closes instantly to increase the motor 
torque and decrease the brake torque. 
The time delay relay TR also becomes 
energized in this speed point and closes its 
contacts instantly to by-pass the contacts 
of the a-c/d-c relay. In the third hoisting 
speed point, power is removed from the 
eddy-current brake at the master switch 
and the a-c/d-c relay opens. After the 
acceleration relay BAR operates with the 
master switch in the fourth hoisting speed 
point, the acceleration contactor3.4 closes. 
The acceleration relays 4AR and 5AR 
control the closure of contactors 4A and 
5A after the master switch is moved to 
the last hoisting speed point. The con¬ 
tacts of the relay TR are delayed in open¬ 
ing so that, upon return of the master 


switch to the second or first hoisting speed 
point, relay UV is held closed through 
the contacts of relay TR until the a-c/d-c 
relay is again energized. 

In lowering, contactors L and M close 
to cause the motor to exert lowering 
torque. Contactor 1A remains open in the 
first speed pbint and closes instantly 
in the second speed point. Contactor 
2A closes instantly in the third speed 
point and contactor 3.4 closes instantly 
in the fourth speed point. This causes the 
motor torque to increase in steps and the 
brake torque to decrease in steps. When 
the last speed point is reached, power is 
removed from the eddy-current brake at 
the master switch and contactors 4A and 
5A close in sequence under control of re¬ 
lays 4AR and BAR. If the eddy-current 
brake should become de-energized inad¬ 
vertently while the master switch is in the 
first two lowering speed points, the conse¬ 
quent opening of the a-c/d-c relay causes 
opening of the undervoltage relay UV 
which removes power from the motor 
and causes the friction brake to set. Re¬ 
lay TR is energized in the third lowering 
speed point and closes its contacts to by¬ 
pass the contacts of the a-c/d-c relay. 
Should the brake excitation fail while the 
master switch is in the third or fourth 
lowering speed points, the secondary re¬ 
sistance is low enough to prevent danger¬ 


ous overspeeding. The circuit through 
the normally closed contacts of the a-c/ 
d-c relay to the operating coils of con¬ 
tactors 4A and 5A insures that these 
contactors remain closed until the eddy- 
current brake is again energized after 
movement of the master switch from the 
fifth lowering speed point. 

Fig. 13 shows the results of a test made 
on a 10-ton crane equipped with a con¬ 
troller like that of Fig. 12. The perform¬ 
ance of the crane for both hoisting and 
lowering is given with the load on the 
crane hook in tons plotted against the 
hook speed in feet per minute. 
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A Series Method of Calculating 
Control-System Transient Response 
from the Frequency Response 

DAVID V. STALLARD 

ASSOCIATE MEMBER AIEE 


T he methods of calculating the closed- 
loop frequency response (control ratio 
C/R) of a linear control system are well 
known and straightforward.^ To calcu¬ 
late the transient response to a step ref¬ 
erence input, which in some cases may be 
more important, is more difficult. Of the 
various methods^”"* for calculating this 
transient response, the Laplace trans¬ 
formation is perhaps the most rigorous 
and also the most laborious, especially if 
the control ratio C/R has numerous poles. 
Partly because of this difficulty, the fre¬ 
quency response has predominated over 
the transient response in analysis and de¬ 
sign. There is need for a simple, fast 


method of calculating the step transient 
response, preferably from the frequency 
response. 

This paper explains a simple method of 
calculating the step transient response 
from a convergent sine series formed 
directly from the control ratio. The 
technique is not wholly new, for in 1939 
Bedford and FredendaU® published a sine 
series method for calculating the step 
transient response of video amplifiers. 
Using an independent but similar method, 
Tustin® published in 1952 a simpler sine 
series for calculating the transient re¬ 
sponse of a control system from its con¬ 
trol ratio; but he did not show how to 


make the series short or how to test it. 

Tustin^s method is the basis of this 
paper, which extends the method by 
showing a technique for forming a short 
but accurate sine series and for testing its 
convergence. The actual computation 
and plotting of the transient response is a 
simple routine which can be performed by 
an unskilled person. 

Analysis of Transient Response 

Replacing Step Transient Response 
BY AN Equivalent Periodic 
Response 

The fundamental principle of the sine 
series method of calculating the step 
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Fig. 1. A—Biock diagram of a servo. B— 
Transient response to a step input 


transient response of a control system is 
that the step input may be replaced by an 
equivalent square-wave input. To find 
an equivalent square wave, consider the 
block diagram of a typical control system 
and its response to a unit step input in 
Fig. 1. Because a slightly oscillatory step 
response is a typical and usually desirable 
response, it will be assumed here. The 
time for the first transient overshoot can 
be estimated as Floyd’s^ “build-up time 
4” (as discussed in Appendix I), which is 
given by 

( 1 ) 

6)0 

where coo is the cutofic frequency, at which 
C/R has a phase angle of —90 degrees. 
It turns out that in many control systems 
the build-up time to reach the peak over¬ 
shoot is between S/coo and 4:/ojq for moder¬ 
ate overshoots. 

It is probable that in a well-designed 
system the step response will come to a 
vanishingly small velocity and error be¬ 
fore time ktu , where k is roughly 5. Hence, 
the input r and response c of the control 
system can be replaced without error over 
the time iiiterval from 0 to kk by an 
equivalent square-wave reference input 
r' and a periodic response c' of Fig. 2. 
The period of this square-wave reference 
input r' is 

T^2kh ( 2 ) 


Fig. 2 (right). Equivalent 
square wave and periodic re¬ 
sponse 


Fig, 3 (right). Periodic re¬ 
sponse to wave of doubled 
period 



and the fundamental frequency oji is 
therefore 

«i-2x/r (3) 

It is easily shown by elementary Fourier 
analysis^ that the square-wave r' is the 
sum of the following infinite series 
00 

2 V / ^ n 
ft —1,3 

Calculating the Response by 
Superposition 

A series expression for the step response 
now follows readily, because the principle 
of superposition can be applied if the 
system is linear. The response to the 
square-wave input is the sum of the re¬ 
sponses to the Fourier components taken 
separately. Thus, over the interval from 
0 to ktb, the transient response to a step 
input can be represented as a series of 
sine terms 


will converge for two reasons: 1. the 
Fourier coefficients for r' in equation 4 
vary inversely with frequency, the co¬ 
efficient of the seventh harmonic term 
being only 0.091; and 2. above the cut¬ 
off frequency wo, the frequency response 
C/R diminishes rapidly with increasing 
frequency. 

Tustin’s Time Series 

Tustin® has recently published two sine 
series for calculating control-system step 
response which are simpler and more con¬ 
venient than the series expression of Bed¬ 
ford and Fredendall (equation 5). Al¬ 
though Tustin’s derivation was inde¬ 
pendent of that of Bedford and Freden¬ 
dall, the two derivations are similar, and 
it is interesting to show how Tustin^s 
series can be developed from equation 5. 
The familiar trigonometric equation for 
the sine of the sum of two angles may be 
applied to equation 5 to give 


sin ^5^ 

2 TT ^ 

n«l,8 

where \Wn\ and /^« denote the magni¬ 
tude and phase angle respectively of the 
control ratio C/R at the frequency wwi. 
This equation was published with dif¬ 
ferent notation by Bedford and Freden¬ 
dall® for calculating the transient response 
of video amplifiers to a step input of volt¬ 
age; no explicit criterion for determining 
a suitable frequency wi was given. 

The infinite series of equation 5 for c' 




oo 

Lx 


\Wf\ cos sin (««i0+ 
_IM sin / cos {fUjiiit) 


n 

( 6 ) 


2 TT 


00 

Lx 

« = 1,3 


Re{Wn) sin {ncoit)-\-Im{Wn) cos 


n 

(7) 


Table I. Re(Wn) for Instrument Servo 



Frequency, 
Radians per 
Second 

lOloglWkl 

Angle Wn, 
Degrees 

Re(Wn) 

Re(Wn) 

n 

4 Re(Wn' 

TT n 


_ 10.9. 

_ 0.33. 

_ —2.5... 

... 1.08 _ 

.. 1.08 ... 

.... 1.360 

3a>i.... 

.... 32.7. 

.... 0.88.... 

.... --19.5... 

... 1.16 .... 

.. 0.386... 

... 0.491 

S<i»i 

... . 54.5... 

_ 1.0_ 

_ —43 ... 

... 0.92_ 

.. 0.184... 

... 0.234 

7o)i.... 

. 76,2. 

_ 0.82_ 

_ -66 ... 

... 0.49 _ 

.. 0.070... 

... 0.090 

(Jidi .... 

.98 . 


_ -90 ... 

... 0 _ 

.. 0 

... 0 

1 ... 

.120 . 

_—1.15_ 

_—110 ... 

... —0.262_ 

. .-0.024... 

...-0.030 

13ci>i.... 

.142 . 

_—2.3_ 

_—121 ... 

... -0.302_ 

..-0.023... 

...-0.030 


.163 . 

_—3.3 _ 

_—131 ... 

... -0.306_ 

..-0.020... 

...-0.026 

iTwl!! ]! 


_-4.5 .... 

....-139 ... 

...-0.269.... 

..-0.016... 

....-0.020 


where Re{W^ denotes the real part (in- 
phase component) of the control ratio 
C/R at the frequency nwi, and Jw(PFn) 
denotes the imaginary part (quadrature 
component). Now suppose that the 
period 2ktb of the square-wave input r' is 
doubled by doubling the value of k; then 
the response c' is zero from time -’kk/2 
to zero time, and is unity from ktb/2 to 
kh; see Fig. 3. By this assumption, the 
response c' in equation 7 is zero if — Hs 
substituted for t 
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00 




0-^4-- 

2 T 


n = l,3 


Re(Wn)[—sm {ntait)] -^Im^Wn) cos {fKait) 
n 

( 8 ) 


Equations 7 and 8 may be added to give 


1 I 4 lm{ Wn) cos (^ 0 ) 1 /) 
r / J n 

n“l,3 

Alternatively, equation 8 may be sub¬ 
tracted from equation 7 to show that 


.. 4y^ jgg(TF.)sin (ncuiO 

T / J n 

« = 1,3 

Tustin has derived equations 9 and 10 by 
a slightly different but equivalent treat¬ 
ment. Certainly equation 10 is simpler to 
calculate and plot versus time than the 
older series of Bedford and Fredendall 
(equation 5), and it may converge faster, 
even though the fundamental frequency 
0)1 is necessarily halved. 

However, Tustin did not offer an ex¬ 
plicit criterion for choosing a fundamental 
frequency wi. If it is chosen too big, the 
series is inaccurate. If wi is conservatively 
made quite small, then the series is long 
and the convenience of the method is 
lost. 


Convergence 


To extend the usefulness of Tustin’s 
sine series for calculating step response, it 
is desirable to determine a good choice of 
wi and to test the convergence of the re¬ 
sulting series. To choose coi, it may be 
assumed that the settling time of the tran¬ 
sient response in Fig. 3 is less than 4.5 
/ft. This assumption is discussed in Ap¬ 
pendix B of reference 8, from which this 
paper is condensed. From Fig. 3 it is 
dear that the interval 4.5 % may be set 
equal to the quarter-period kt^/2. Hence 
k may be equal to 9, and the period T is 18 
4. The fundamental frequency is then 


2t W T 0)0 

T 94 9t/o)o 9 


( 11 ) 


using Floyd’s approximate value t/coq for 
4. The various harmonic frequencies are 
wo/3, 5ci)o/9, 7c«)o/9, coo, llwo/9, etc. The 
term in equation 10 at the ninth harmonic 
frequency coo vanishes because at this fre¬ 
quency the phase angle of C/R is —90® 
(by definition) and so the real part of 
C/R is zero. Terms at higher frequencies 
are quite small and the series converges 
rapidly. 

As a preliminary check on the converg¬ 
ence and accuracy of the terms in the 



O .02 .04 06 .08 .10 .12 .14 .16 

TIME IN SECONDS 



Fig. 5. Idealized step 
response 



Fig. 6. Unit impulse 
response 


Fig. 4. Step response of instrument servo 


series of equation 10, it can be evaluated 
at ^4/2 by substituting 90 degrees for 
c*)i/. The response is 

, 4/ Re(Wo). 

c'^-[Re{Wx) -r-h 

•7r\ 3 

Re{W,) Re{W,) ^ 

and necessarily must be unity, if equation 
10 is valid. 

Example: Step Response op an 

Instrument Servomechanism 

To illustrate the method, a simple ex¬ 
ample has been chosen. It is an actual in¬ 
strument servomechanism^ compensated 
by a viscous-coupled inertia damper, with 
a loop ratio which has been calculated as 

1320(0.0645+1) 

E ^2(0.0074454-1) ^ ^ 

A plot of G on the log magnitude-angle 
diagram showed that the cutoff frequency 
0)0 was 15.6 cydes per second (98.0 radians 
per second). Hence the build-up time 
was estimated as 7r/98=0.033 second, 
and the fundamental frequency was 
chosen as 98./9= 10.9 radians per second. 
From the plot of G on the log magnitude- 
angle diagram (not shown) the values of 
ReiWr/) are calculated in Table I. 

The convergence of the series was 
checked by substituting the coefficients of 
the right-hand column of Table I into 
equation 12. The sum was 1.019 instead 
of unity, but this discrepancy was prob¬ 
ably within the range of computational 
errors. 

The step transient response of the in¬ 
strument servo was then calculated by 
equation 10 with the eight coeffidents of 
Table I. The calculation was fadlitated 


by a tabular form in which each column 
contained the terms for a given value of 
time; 5-degree intervals were chosen for 
0 ) 1 ^. The solution is plotted as the circled 
points in Fig. 4. 

For purposes of checking and compari¬ 
son, the step response was also rigorously 
calculated by the Laplace transform^ 
method as 

c = 1 4-0.3066-'®*'^4-1.688r®"*'^ X 

cos (76.4^—214.8 degrees) (14) 

The Laplace solution is plotted as a 
smooth curve in Fig. 4. Only 4 of the 16 
points calculated by the series solution 
differ by 3 per cent from the exact La¬ 
place solution, the rest agreeing within 
2 per cent. These discrepancies are due 
partly to computational errors. Also, the 
build-up time in Fig. 4 is about 0.037 
second, instead of 0.033 second as esti¬ 
mated. 

It is apparent that the solution calcu¬ 
lated by the series is sufficiently accurate 
for engineering purposes. Furthermore, 
the coefficients of the series are quickly 
found from the plot of the loop ratio on 
the log magnitude-angle diagram, which 
is commonly used for design purposes 
anyway. Mter the coefficients of the 
series were checked by equation 12, it was 
possible to assign the computations to 
engineering assistants. The Laplace^ 
solution is usually much more tedious to 
calculate than that in the example and 
generally cannot be assigned to engineer¬ 
ing assistants. 

Transient Response to Ramp 
Inputs 

The transient response to a unit ramp 
input (r=/) may be derived from equa¬ 
tion 10 for the step response. It is 
easily shown that the response to a unit 
ramp input is the time integral of the re¬ 
sponse to a unit step input. Equation 10 
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may readily be integrated term by term. 
Computations may then proceed in much 
the same way as for the unit step input. 

Conclusions 


In the design of a linear control sys¬ 
tem, it is often desirable to calculate the 
step transient response, for this may be 
more important than the frequency re¬ 
sponse. By extending the series method 
of Tustin it is possible to calculate the 
step transient response almost directly 
from the control ratio C/R, The step 
transient response c is replaced by an 
equivalent periodic response c' to a square 
wave input r', whose period is more than 
four times the servo settling time. For 
example, the fundamental frequency a>i 
of the square wave is wo/9, where <oo is the 
cutoff frequency, at which the control 
ratio C/R has a phase lag of 90 degrees. 
The response is given by 




sin (ncjit) 


(15) 


where Re(Wn) is the real part (in-phase 
component) of the control ratio C/R at 
the frequency ncoi, and is readily found 
from the log magnitude-angle diagram. 
Usually eight terms in the series will suf¬ 
fice to give adequate accuracy. The con¬ 
vergence and accuracy may be checked 
easily by letting out equal 90 degrees and 
calculating the response; because of an 
original assumption in the derivation, the 
response should be unity. In the calcu¬ 
lated example, the series solution agrees 
well with the Laplace transform solution 
and was much easier to calculate. 

In the calculation of the step response, 
the series is quickly derived from the log 
magnitude-angle diagram. After the 
series has been checked for convergence 
and accuracy at «i^=90 degrees, it can be 
assigned to assistants as a routine numer¬ 
ical calculation. Each calculation jridds 
a point on the step response plot. There 
is no need for special curve fitting, or dif¬ 
ficult solutions of poles, as in other meth¬ 



Fig. 7. Build-up time of an actual transient 
response 


ods. The series method is direct, simple, 
and accurate. Although the discussion 
has been focused on feedback control 
systems, the series method of calculating 
step transient response can be applied to 
many other linear systems whose fre¬ 
quency response has been calculated. 


Appendix I. Approximating 
the Build'up Time tb 


Floyd ^ has developed a transformation by 
which he “determines the system frequency 
response required to realize an idealized 
response to a unit step function, where the 
step is the time integral of the impulse.” 
The idealized response is shown in Fig. 5, 
The corresponding response to a unit im¬ 
pulse is the time derivative of this idealized 
step response, and is shown in Fig. 6. For 
the sake of conciseness, this paper offers a 
mathematical treatment which is equivalent 
to Floyd’s but is shorter. The control ratio 
C/R of the system can be found by dividing 
the Laplace transform of the unit impulse 
response by the transform of the unit im¬ 
pulse 

£ _ ^ (response) _ r€~^^dt ^^ 

R L (unit impulse) I ^ ^ 

^ Jo h —stb stb ^ 

To particularize the analysis for a sinusoidal 
frequency response, jo> may be substituted 
for 5 in equation 17 


R (atb 


(18) 


Consider the case where C/R has a phase 
angle of —90 degrees. Evidently this can 
occur only at frequencies which make the 
exponential term equal to —1. The lowest 
frequency coo at which this can happen is 
given by 


—= —iir (19) 

Hence the build-up time is related 
uniquely to the cutoff frequency coo 


This is the same result which Floyd obtained 
with a different analysis beginning with an 
equation relating the real part of C/R to the 
impulse response. 

Now, this concept of build-up time may 
be extended to the transient response of a 
physical system, as shown in Fig. 7. To a 
first approximation, the actual transient 
response can be replaced by an idealized 
response whose time tb corresponds to the 
time for the first overshoot. Hence, the 
build-up time for the first peak overshoot of 
an actual transient can be estimated roughly 
as t/ci>o from equation 12. On page 62 of 
reference 3, a graph of transient response 
for an elementary servomechanism shows 
that the build-up time is about 3.3/coo if 
the peak overshoot is 25 per cent. Hence 
it is intuitively concluded that the build-up 
time can be approximated as x/coo or 3.3/coo 
for reasonable overshoots. 
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Analysis ot Errors 
Feedback 

JACK SKLANSKy 
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Synopsis: The system error in sampled- 
data feedback systems resulting from the 
application of a test function is an important 
design parameter. The *‘system error*' is 
defined as the difference between the actual 
output of the system and the desired output. 
There are two components which contribute 
to this error: one, called “organic error,” 
is brought about by the system energy 
storages, and the other, called “ripple,” is 
brought about by the sampling process. 
Formulation of the system error is obtained 
by the application of the Laplace and z- 
transformations. Both the system error 
time function in intersampling times and the 
rms system error are formulated in terms of 
the system parameters. Illustrative ex¬ 
amples demonstrate the theory. 

A n IMPORTANT class of feedback 
systems is characterized by the fact 
that the data appear in sampled form in 
one or more places in the system. A 
common prototype of a sampled-data sys¬ 
tem is shown schematically in Fig. 1, 
where the error signal appears in sampled 
form. The sampler is shown as^a syn¬ 
chronous mechanical switch whose period 
between samples is T seconds. The hold 
circuit following the switch is used to 
convert the pulse sequence into a con¬ 
tinuous function more closely resembling 
the original error function. This paper 
will consider hold circuits which are im¬ 
plemented either with linear networks or 
with the standard clamp or boxcar circuit. 

As in the case of continuous systems, 
the sampled-data system will experience a 
system error which is the result of the im¬ 
perfect response of the system to an ap¬ 
plied input. One component, which will 
be referred to as the organic error, is in¬ 
troduced by the lags or leads of the con¬ 
tinuous part of the system. In addition, 
there is another component of system 
error, usually called ripple, which is intro¬ 
duced by the sampler. In the steady 


Paper 55-189, recommended by the AIBE Feedback 
Control Systems Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Winter General Meeting, 
New York, N. Y., January 31-February 4, 1965. 
Manuscript submitted April 7, 1954; made avail¬ 
able for printing December 22, 1954. 

Jack Sklansky and J. R. Ragazzini are with 
Columbia University, New York, N. Y. 

This research was supported by the U. S. Air Force 
under Contract AF J8(600)-677, monitored by the 
Office of Scientific Research, Air Research and 
Development Command. 


in Sampled-Data 
Systems 

J. R. RAGAZZINI 

MEMBER AIEE 

state, this ripple contains only those fre¬ 
quency components which are at sampling 
frequency or its harmonics. Since the 
sampling frequencies are generally high 
with respect to the passband of the sys¬ 
tem, ripple effects originating in the 
sampler are generally suppressed by the 
forward transmission function (including 
the hold) but, except for certain cases, 
never perfectly. 

Despite the normally small amount of 
ripple in the output of a sampled-data 
system, it does represent a degradation 
in performance which may be serious in 
certain applications. For instance, in 
precise control systems where the output 
must follow an input very closely, ripple 
effects may cause the performance of the 
system to fall outside acceptable toler¬ 
ances. In systems where the controlled 
variable is at a high power level, ripple 
canses an unnecessary loss of power in the 
actuator. In systems employing gearing, 
ripple will cause a hammering of the 
gears, which will increase wear and back¬ 
lash . For systems which include a human 
operator, ripple will cause unnecessary 
control movements on his part and 
thereby induce fatigue. For process 
control, ripple causes a variation in the 
quality of the product. It is evident, 
therefore, that both organic and ripple 
components of the system error require 
investigation. Earlier work has been 
done on the subject, but this paper pre¬ 
sents novel approaches to the problem 
which lead to results useful to the de¬ 
signer. 

The problem of obtaining mathematical 
descriptions for ripple is not a simple one. 
An expedient formulation will be devel¬ 
oped through the use of z-transform^ and 
ordinary Laplace transform techniques. 
(The z-transformation is the application 
of the Laplace transform to pulsed data. 
Because this obtains functions that are 
rational in this variable is replaced by 


z and the resulting functions are called z- 
transforms.) During transient disturb¬ 
ances, the ripple component of system 
error is generally small and often meaning¬ 
less. In the steady state, on the other 
hand, the ripple may be the only com¬ 
ponent of the system error. 

To establish the significance of system 
error, reference is made to Fig. 2. Plot¬ 
ted here is a time function Ca(t) which rep¬ 
resents the desired response resulting 
from the application of an input and the 
time function c{t) representing the actual 
response. The difference between these 
two functions represents the system error 
€(t)y part of which is organic and the re¬ 
mainder is ripple. Stated mathemati¬ 
cally 

€(t)^Cd(t) -c(t) (1) 

To obtain the system error, it is neces¬ 
sary to place some specification on the de¬ 
sired response. For instance, in a unity 
feedback system the desired response is 
generally taken equal to the input. More 
difficult to ascertain in the case of 
sampled-dsLta systems is the actual re¬ 
sponse function c(t ). The material which 
follows is largely concerned with the deter¬ 
mination of c(t) for the sampled-data feed¬ 
back control system. 


General Formulations 


As mentioned previously, the com¬ 
bination of z-transform and ordinary La¬ 
place transform tedmiques can be em¬ 
ployed to obtain the time function for the 
output. For the system of Fig. 1, it has 
been shown^ that the Laplace transform 
of the output time function c{t) is given by 


C(s) 


Gjs) 


( 2 ) 


where 


z^auxiliary variable 

G^r*(z)^pulsed loop transfer function 

R*(z)A 5 -transform of the input function 


The central problem encountered is that 
of readily obtaining the inverse of this 
transform. While this is not a simple 
task, procedures and methods given later 
will result in a workable solution. 

As a basis for derivation, the system 
shown in Fig. 3(A) will be considered. 
The hold shown here is a simple clamp 


Fig. 1. Typical error-sampled 
feedback system. T is the sam- 
plins period 
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circuit (or zero-order hold). It is empha¬ 
sized that the analysis applies equally 
well to holds in the form of low-pass net¬ 
works. A little reflection will show that 
the system block diagram can be re¬ 
arranged as shown in Fig. 3(B). Here 
the integrating action of the hold is ab¬ 
sorbed in the plant and the operation of 
subtracting the present pulse from the 
one immediately preceding is distin¬ 
guished in a separate block. 

For physical systems, the transfer func¬ 
tion Gp(s) has more poles than zeros and, 
furthermore, the poles will generally be 
simple. Also, the transfer functions of 
most practical control systems contain a 
pole at the origin of the complex plane, 
thus giving Gp(s)/s a double pole, at the 
origin. As a consequence of these proper¬ 
ties, tlie partial fraction expansion of 
Gp(s)/s will in general appear as follows 

Gp(s) _ Ai ^ As ^ ^3 ^ ^4 ^ 

s s s+as a-ha$~ 

(3) 

m 

Schematically, the block diagram of the 
system can be redrawn in the form shown 
in Fig. 4 where it is seen that the forward 
transmission can be resolved into a num¬ 
ber of simple parallel paths corresponding 
to each term of equation 3. Applying 
the ^-transform technique to obtain the 
z-transform of the pulsed output of eadi 
parallel channel, it is possible to relate 
the output of the mih channel, to 

the input to that channel, by the 

relation 



TIME 

Fig. 2. Curve showing significance of system 
error 

obtain the magnitude of the pulses consti¬ 
tuting the output pulse train for that 
particular channel. The pulse at the n\h 
sampling instant, detennines the 

continuous time function for the output 
of the mth channel in the interval which 
follows. Thus for a channel such as the 
third or fourth in Fig. 3, whose transfer 
function is this time function 

is 

Cn{t) (S) 

The expression is simple so long as the 
initial value of the transient, Cm{nT), is 
available. This has been readily ob¬ 
tained by the use of the z-transform in 
equation 4. 

The only component of the forward 
transfer function for a particular channel 
which may give difficulty is the one hav¬ 
ing a double pole at the origin. For in¬ 
stance, the first channel in Fig. 3 has a 
transfer function Ai/s^, The time func¬ 
tion between the nth and (n-1-1)^^ in¬ 
stants, Cx{t)y is of the form 


l-}-GH*(z) 


(4) 


where Gm*{^ is the pulsed transfer func¬ 
tion of the wth path. For instance, for 
the first parallel path shown in Fig. 4 the 
function Gi*(s) used in equation 4 is the 
z-transform corresponding to a transfer 
function 

By inverting the z-transformsf for each 
path, it is a relatively simple matter to 


tThe general inversion equation is c{nT) — l/(2irj) 
where r is a circle centered about 

the origin of the s-plane and enclosing all the finite 
poles of C*(z). See Stone,® p. 217, and Smith, 
Lawden, and Bailey,® p. 380. 


ci{t) -=a^h(t-nT) (6) 

The constants a and h may be evaluated 
by noting that a, the value at the begin¬ 
ning of the interval, is c\{nT)y while the 
slope h is the product of the error pulse 
eiit) and the constant Ai, The error 
pulse is readily obtainable from the inver¬ 
sion of 

It should be observed that the tech¬ 
nique outlined here is applicable equally 
well in cases where a clamp circuit is not 
included. Should a low-pass filter re¬ 
place this element, the only change in the 
technique outlined in the foregoing is 
that the term (1—z~^) is omitted from 
equation 4 and that the factor l/s is 


omitted from the transfer function 
Gp{s)/s. 

The complete continuous output func¬ 
tion c(t) for any interval between nT and* 
(n+l)7' is the sum of the output time 
functions for each parallel channel. Thus 

c{t) +Ci(t) +... +cUt) (7) 

where nr^i<(w+l)r. 

The total system error €(/) is obtained 
by substitution of c(t) in equation 1. In 
the steady state the system error is gener¬ 
ally readily separable into organic and 
ripple components. This is not always 
the case during transient or for more com¬ 
plex input functions. In any case, it is 
hot of paramount importance to separate 
the system error into components since 
its total magnitude determines the per¬ 
formance of the feedback system leader 
study. What is important are the con¬ 
tributions to the system error by the sys¬ 
tem parameters. This information will 
be of value to the designer in meeting 
error specifications and will be available 
in the expressions for system error ob¬ 
tained by the foregoing procedure. 


Illustrative Example 


To illustrate the procedure which has 
been outlined, its application to tlie simple 
feedback system shown in Fig. 5 is de¬ 
scribed. In this system a lag network, 
rathqjr than a damp circuit, serves as the 
hold. The actuator or plant is taken as 
a perfect integrator. The feedback trans¬ 
fer function is unity and the system is 
error-sampled. The problem is to find 
the output time function for the interval 
of time between the wth and (?j+l)-5^ 
sampling instant. The forward transfer 
fimction G{s) is 


Gis) = 


1 

^(5 + 1 ) 


( 8 ) 


This can be expanded into partial frac¬ 
tions 


G(i) = Gi(s) +G,is) ----J- (9) 

Using the available tables of z-transforms^ 
the z-transforms of the forward transfer 
function and its components are obtained 

Gi*(2)=r^ (10) 

1— Z 



-pc(t) 


Fig. 3. System used 
for derivation of system 
error 

A (left)—Actual system 
B Cright)—Rearranged 

system 
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Fig. 4 (left). Equivalent system for determination of 
system error 

Fig. 5 (above). Feedback system used in illustrative ex¬ 
amples 


=■■<■>—l-k- 

(11) 


(12) 


The components in each channel are ob¬ 
tained by the general equation 4 except 
that the hold transfer function is omitted. 
In addition, it is assumed that the test 
input r(t) is a unit step function, making 
R*(z) equal to 1/(1— 2 "^). Thus, sub¬ 
stituting in equation 4 there results 






1 - 2-11 - 26-^^-1 + €“^2 


(13) 






1-26“^2“" + 


(14) 


If, for purposes of illustration, it is as¬ 
sumed that T is chosen equal to In 2, so 
that €“^ = 1/2, then inversion of equa¬ 
tions 13 and 14 will yield 

Ci(«r)=l+2-”/* sin^ (15) 

4 

and 

Ci(nT) — — 2~”/^^cos ~ + sin (16) 

The time function in the interval from 
nT to {n+l)T is obtained by the use of 
equation 5 

cifi (17) 


which, upon substitution of the results of 
equations 15 and 16, becomes 


c(/)-l-2-“”/'cos —+ 

4 

2-”/*sm (18) 

To find the system error, the desired out¬ 
put ca{t) must be specified. Since the 
feedback is tmity, the desired output is 
taken equal to the input r(t). Hence 

^t)^r(t)^c(t) (19) 

Since r{t) is unity, the system error in the 
interval nT<t<{n+ 1) T becomes 


sin ( 20 ) 

A measure of performance throughout all 
sampling intervals is obtained in this 
manner. 

Rms System Error 

In the previous section the output func¬ 
tion c{£) was obtained and the difference 
between this function and a desired out¬ 
put function was called the system error.. 
This error can be evaluated both during 
transients and in the steady state. The 
results are particularly valuable when it 
is desired to ascertain whether the error 
exceeds some maximum allowable toler¬ 
ance. Often, however, an average per¬ 
formance of the system is significant and a 
designation of rms error is desirable. As 
in all averaging procedures, the function 
which is being averaged should have con¬ 
stant or asymptotic properties over all 
time if the result is to be significant. 
For this reason, in obtaining an expres¬ 
sion for the rms error, only steady-state 
operation is considered. 

A general result can be obtained if the 
input test function r{t) is taken as an 
exponential or sum of exponentials of the 
form 

= ( 21 ) 

where X is complex for the general case. 
(In particular, when X=jco, the equation 
to be derived for the per-cent mean 
square ripple applies to a sinusoidal input 
of frequency o? as well as to and this 
property can in turn be generalized to 
periodic and random inputs. This is dem¬ 
onstrated in Appendix II.) For use in 
equation 2, which gives the Laplace trans¬ 
form of the output, the transform of the 
sampled function r*{t) must be used. 
It has been shown^»2 that for the input 
just given 




oo 

-s 


i?(54-j«wo) 


OO 

=-y"—^ 

T ^ ^^ — (X 4“7Wcoo) 


( 22 ) 


where 


— -, coo- 

X 


A 2x 

,A — 


Equation 22 is substituted in equation 2. 
The steady-state output Cssit) is obtained 
by evaluating the residues of the function 
C{s) only at the poles of R*{z). Thus, 
the expression for the steady-state output 
time function becomes 


- 2’ / ^ l+G:H*(ea-y’«^)»’) 

n as <— 00 

__ \w= — oo _ / 


since GH*{z) is periodic in jco. 

It is of interest to note that a sampled- 
data system is linear but time-variant. 
L. A. Zadeh has shown^ that such a sys¬ 
tem can be characterized by a system 
fimction containing ^ as a parameter; for 
the sampled-data system considered here, 
the system function is 




CssQ) 






The desired function Cd(t) is taken to be 
the signal component of the steady-state 
output, i.e., the component of complex 
frequency, X, obtained from equation 23 
by setting n = 0. Thus the desired func¬ 
tion is 

g(X)eX^ 

r[i+Gir*(«’'^] ^ ^ 

and the system error is the difference be¬ 
tween the complete steady-state response 
Css{i) and the desired response cait). This 
can be considered to be the steady-state 
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noise, often called ripple, due to the op¬ 
eration of the sampler. 

If the mean-square system error is to 
be obtained, the following expression must 
be evaluated 

(25) 

where the bar signifies a time average. 
In order that the mean be finite and non¬ 
zero, it is necessary that the real part of X 
be zero, in which case only sinusoidal or 
d-c inputs have significance. For this 
condition, it is also noted that the de¬ 
sired output function cjf) and the side¬ 
band components of Css{t) are orthogonal, 
so that the mean of the cross product of 
these terms is zero. Thus the mean 
square of the system error becomes more 
simply 

k^* = k«(/)|’-|c<8(<)|* (26) 

The problem resolves itself to that of ob¬ 
taining the mean-square value of expres¬ 
sions such as 23. To facilitate this, a 
general property of z-transforms will be 
utilized. This property is stated by 


00 

Z[G(^)C?(-^)I.=i=i;^ \GUno>i)\^ (27) 


where Z[G(5)G(—^)] is the z-transform of 
the impulsive response of the system 
whose transfer function is G{s)G{^s), 
The condition that z is equal to unity is 
equivalent to stating that 5 is equal to 
zero. The validity of equation 27 is seen 
by noting from references 1 and 2 that 

Z[G{s)G{^s)] 


-s 


G(,s +iwwo) G{—s — jwcoo) (28) 


and setting s equal to zero. This property 
is extended slightly by introducing the 
complex frequency X 


Z[G(5-fX)G(-r-l-?i)]2-.i 

00 

|G(\+j»«o)k (29) 


where X is the conjugate of X. This 
property is applied to equation 23, where 
it is recognized that to obtain the mean 
square requires the summation of terms 
similar to those in equation 29. To facil¬ 
itate notation, a function P(r,X) is intro¬ 
duced which is defined as 


P{s,\)tG{s^\)G{ -s+X) (30) 

Also 

(31) 

The mean-square value of the steady- 


state output is the sum of the squares of 
its frequency components. Hence with 
the application of equation 29 to 23 the 
mean-square value of the steady-state 
output is obtained as 


^ ltr(X-|-i»i*>o)|* 

k»»(') 1 * “ r2|i+G:ir*(e^’’)k 

^ ■P*(z,X)|8-l 

r|n-Gfl‘*(«^’’)k 


(32) 


and the mean-square value of the desired 
function is 


k<((i)l* 


|g(X)l» 


(33) 


(A more detailed derivation of the second 
member of equation 32 is given in Ap¬ 
pendix I.) Thus the mean-square value 
of the system error is 


k«)i»i«‘(x)= 


rp*(g,x)Ui-|G(x)|» 

r*ln-GH*(«^’’)|» 


(34) 


where the mean square is seen to be a 
function of X and is so written. This is 
the working equation for system error for 
error-sampled feedback systems. 

If it is desired to take into considera¬ 
tion input ftmctions in which X has a posi¬ 
tive real part, a modification of the mean- 
square system error can be introduced. 
By taking a weighted mean in.which the 
weighting factor is exp{ — 2[Pe(X)]/}, the 
squared functions being averaged are 
made to conform with the condition that 
the effective real part of X in the exponen¬ 
tials in equations 23 and 24 be zero. 
Physically the use of this weighting factor 
is seen to be justifiable when it is con¬ 
sidered that the error of the system when 
subjected to a rising exponential input 
would diverge and not possess a finite 
mean. Yet this specification of error has 
value because it is possible that a system 
be subjected to a disturbance which can 
be so characterized for a finite time, and 
the minimization of a steady-state 
weighted error would then have physical 
significance. The expression for error for 
this case is also given by equation 34. 

The system error can also be expressed 
as a percentage of the desired output. If 
this is taken as the ratio of the mean- 
square system error, as given in equation 
34, to the mean-square desired output, 
as given in equation 33, a much simplified 
result is obtained 






k(<)l» 


rp*(z.x)|,,i 

|G(x)h 


(35) 


Note that UpK^) may be called ‘ ‘ripple 
factor** in analogy with the terminology 
for power rectifiers. As might be ex¬ 
pected from physical considerations, the 


per-cent system error depends only on the 
forward transfer function Gis), It is in¬ 
dependent of both the relative level of for¬ 
ward gain and the feedback transfer func¬ 
tion H(s), This is a significant property 
which is of value in the design of system 
in which system error is a stringent re¬ 
quirement. 

A more convenient expression for 
€p\\) can be given when X is purely 
imaginary. Note that 

P*(zJ(a)\z^i 




lG{s-hj(»+Jn(aQ)G( -5- 

j«-7»coo)]|««o 

00 

» lG(J<^+jnwD)G( —jo> —jnat)] 


=ZlG(.s)G(.-s)h^^ (36) 

Thus, if one defines 

Q{s)iG(.s)G(.-s) (37) 

then 


I „= Q*(z) = 0*( (38) 


Hence, when X=jw, equation 35 becomes 






-1 


(39) 


where is the z-transform of 

G{s)G{—s)y with z replaced by 

The per-cent mean-square ripple speci¬ 
fication is a good figure of demerit to be 
minimized in a system design. 

Expression 34 has the further advan¬ 
tage that statistical minimization pro¬ 
cedures can be applied for inputs which 
are not expressed by a single exponential 
but by a spectral density. If the input 
signal spectral density is taken as 5rr(w), 
then the mean-square value of the system 
error becomes 


€^(j(o)Srr(co)dci) (40) 

This follows from the fact that be¬ 
comes, roughly speaking, the square of 
the absolute value of the Fourier trans¬ 
form of the system error when X is re¬ 
placed by jo). (A more rigorous deriva¬ 
tion of equation 40 is given in Appendix 
II.) The mean square of the desired 
output is similarly obtained 

Cp(t)^ r \Ka(J<^)\^SrrMd(a (41) 


where 


TT (J! ^ A 

A figure of demerit which can be used in 
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minimization procedures is the ratio of 
the mean-square system error to the 
mean-square desired output 

(42) 

Often the integrals given in equations 40 
and 41 will need to be evaluated only over 
a frequency band up to the sampling fre¬ 
quency or one or two multiples. This 
follows from the fact that the forward 
transmission rarely has bandwidth suffi¬ 
cient to pass a signal whose frequency is 
comparable to that of the sampler. 

Generally, it will be difficult to evaluate 
integrals of the type given in equations 40 
and 41 analytically, and numerical meth¬ 
ods will have to be used. One such 
method consists in approximating the 
spectral density of the input signal by 
means of a series of equivalent sinusoidal 
terms, obtaining the mean-square error 
resulting from these term by term, and 
adding the result. Nevertheless, tech¬ 
niques for evaluating the integrals should 
be found so that analytical procedures 
which will statistically minimize the 
mean-square system error may be devised. 

Illustrative Example 

To illustrate the mean-square method 
of specifying the system error, the system 
shown in Fig. 5 will be used. It is as¬ 
sumed that a sinusoidal input is applied 
and that the system is in a steady state. 
In this case the complex frequency X will 
be taken as jw. The first step will be to 
obtain P{s,j(a), as defined in equation 30. 
Thus, for the G{$) of Fig. 5 

P{s,j(S) = T- —. ' , . , . - - (43) 

(5 4 -jco) \s -hi) (5 -f-jcu — 1 ) 

which upon expansion into partial frac¬ 
tions becomes 


P(s,j(a) = - 




ir 1 

2 _5-h7co —1 


1 

^+> + 1 




(44) 


Setting z equal to imity 

r 


P*(iM- 


4sin« 


sinh T 


2(cosh J*—cos (aT) 


(46) 


Applying equation 35 to 46, with X re¬ 
placed by 7 * 6 ), the per-cent system error is 
given by 


ep^jco) = 


TP%lJod 

|C?C7«)|* 


( 47 ) 


which, upon substituting the results from 
equation 46, yields 


€p^(J<a) = T6)^(c«)^-hl) 



_ sinh T 

2(cosh F—cos (oT) 


-1 (48) 


Letting T be equal to In 2, as before, it is 
possible to calculate the system per-cent 
mean-square error as a function of input 
frequency. This requires the use of a 
desk calculator in view of the fact that 
relatively small differences of large num¬ 
bers are involved. The per-cent rms 
system error is shown in Fig. 6. It is 
seen that the per-cent rms system error 
increases as the signal frequency increases. 
As a matter of fact, the rms ripple intro¬ 
duced by the sampler is, for this example, 
almost equal to the rms component of the 
output at an input frequency of half the 
sampling frequency. It is seen that to 
keep the ripple down below 10 per cent 
for a system of the type being considered, 
it is necessary to adjust the sampling fre¬ 
quency to be about 5 times the maximum 
input frequency. 

By use of a better hold, or‘‘desampling 
filter” as it is sometimes called, the per¬ 
cent ripple can be reduced. The tech¬ 
niques which are used to obtain the result 
with other forms of holds are the same as 
those outlined in the foregoing, with the 


Using the tables of z-transforms in refer¬ 
ence 1, and noting that Z[—l/(5+a)2]is 
simply [5/(da)]Z[l/(^+a)], the pulsed 
transform of Pisjca) becomes 


(45) 


(It will be noted that, since the input is 
sinusoidal, the use of equation 36 in ob¬ 
taining 45 would have been somewhat 
more convenient, but for illustrative pur¬ 
poses the more general technique has been 
used.) 



Fis- 6. Per-cent rms system error as a func¬ 
tion of input frequency; ci>o^27rX sampling 
frequency 


possible exception that for some types of 
holds, such as a clamp or zero-order hold, 
rational functions of are encountered 
in the forward transfer function. 

Conclusions 

The problem of obtaining the output 
function of a sampled-data feedback sys¬ 
tem between sampling instants can be 
readily solved by a combination of tech¬ 
niques involving continuous and pulsed 
Laplace transforms, the latter being 
known as z-transforms. The system error 
of a sampled-data system can be evalu¬ 
ated throughout any chosen interval, so 
that adherence to specifications in this re¬ 
gard can be readily ascertained at critical 
intervals. The effect of system param¬ 
eters can be observed in view of the 
relatively straightforward procedures 
which are used. These procedures are 
valuable for the analysis of the transient 
as well as the steady-state response of the 
system. 

Some classes of signal are not sudden 
disturbances, but are, rather, continuous 
time functions which can be described 
either in terms of a Fourier series or in 
terms of a spectral density. In this case 
the mean square of the steady-state sys¬ 
tem error is more meaningful. Here 
mean-square system error evaluations are 
made and the effect of system parameters 
observed. Unfortimately, in those cases 
where the signal is expressed in terms of a 
spectral density, analytical techniques 
for the evaluation of the mean-square 
system error are not available and this 
evaluation must be approximated by gra¬ 
phical or similar means. The techniques 
for evaluation of system error are de¬ 
veloped and the performance of the sys¬ 
tem during intersample intervals can be 
specified. These techniques are valuable 
additions to the method employing the 2 - 
transform, which gives the output only at 
sampling instants. 


Appendix i. Expression for the 
Mean-Square of the Response 

to*"' 


Consider the expression for Css(t) as given 
by equation 23. Note that 

cUt)=K(\.t)^ ( 49 ) 

where the system function with r 

replaced by X, is given by 


y ] [GCX+inwo)*^"”"*] 

ril+GHVoi 


Note that when 


( 50 ) 


May 1955 


Sklansky, Ragazzini—Errors in Sampled-Data Feedback Systems 


69 




lc„«)h-|irC;«;«)l» (51) 

Equation 50 can be extended to the case 
where X has a positive real part by weighting 
the averaging of |css(/)|2 by the factor 
exp { — 2[i?:e(X)]^}. One then obtains 

If so desired, this may be written 

lc„(i)|2=|ji:(X;i)l» (SIA) 

where it is understood that the left member 
is a weighted mean whenever Re(\)>Q, 
Now, squaring the absolute value of equa¬ 
tion 50 gives 

< ^ lG(X+i««o)|*+ 

VWas: — «> 

CO oo 

lG{\-hjncao) X 

»= — «s mss — 00 

I (S2) 

where conjugate of X. 

The mean of the second summation is 
zero. Hence, averaging equation 52 over /, 
one obtains 


y^ |6^(X4-i«6)o)|^ 


(53) 


Combining this with equation 51 (A), it is 
seen that when the input is ^e(X)>-0, 
then ' 


_ X) |ff(?^+7»«o)|» 

rs|l+Gfl'*(e^^)|2 


(54) 


where it is understood that a weighted mean 
of is to be taken whenever Re(\)>0. 


Appendix 11. Determination of 
the Moan-Square System Error 
for Periodic and Random Inputs 

Case of a Sinusoidal Input 

If the input is sinusoidal, say, r(0 = cos 
<at=Re(e^^^), then, since the sampled-data 
system is linear, the steady-state output is 

c,>(.0’^RelK(Jo-/)<^*] (55) 

where Kijo)\t) is the system function given 
by equation 50. Squaring this obtains 

cos Oil — 

\lm[K(J(a\t )]} sin tat] * 
^Re^[K(J(c\()] cos^ 

Irn^ [K{j(a ;/) ] sin^ (ot — 
Re[K{jo}\t)]Im[K(jca\t)] sin 2tat (56) 

Now the frequencies present in K{jo)]t) are 
direct current and multiples of the sampling 
frequency wo- Hence, if it is assumed that 
0 ) is not an exact multiple of wo (which must 
be the case whenever the input and the 
sampler are independent), then the mean 
value of Re^[K{jca\t)] cos^ w/ is just {l/2)Re^ 


[K{j<a]t)], and the mean of the last term of 
equation 56 is zero. Thus the mean of 
equation 56 is 

c,m ReHK(J<»M +\lm^[K{jcoyt)]-Q 

40 2t 

=i|2i:a«;<)h (57) 

Since the ripple factor is — 

where is the fundamental component of 
it is seen that the ripple factor 
for a sinusoidal input is the same as for an 
input e q ual to 6^^^ Note that in both cases 

IKOP. 

If w is an exact multiple of wo, then the 
system behaves just as if the input were 
direct current, the size of the output de¬ 
pending upon the phase of the input as well 
as its amplitude. However, such an in¬ 
stance will be rare, since the input frequency 
and the sampling rate will usually be inde¬ 
pendent. Note that the application of 
equation 53 to 57 gives, for a sinusoidal in¬ 
put of unit amplitude 

y^ \G(J(a+jn(a^\^ 
2 r 2 |n-GjEr *(«>"^)|2 

Case of a Periodic Input 

When the input is periodic, say, r(t) = 
cos (wju^+0/t), then the output is ^ 

c., it) } (58) 

where w;^=juwi. Squaring this gives 

ft 

ft V 

(S9) 

Assuming that the difference of any in¬ 
tegral multiples of w^u and w^ will not be 
exact multiples of the sampling frequency 
(which will be true whenever the input and 
the sampler are independent), then the 
second summation can be expressed as the 
sum of products of sinusoids of different 
frequencies, so that the mean of that sum¬ 
mation therefore will be zero. The result 
obtained in the case of a sinusoidal input 
can be used to obtain the mean of the first 
summation of equation 59. Thus, for 
periodic inputs 

=1 \Kij<4>f,-,t)\^ (60) 

This expression may be combined with 
equation 53 to obtain a more explicit equa¬ 
tion. 

It will be noted that equation 60 is 
also applicable to input functions composed 
of sinusoidal components whose frequencies 
are not harmonically related (i.e., functions 
which are “almost periodic**)* so long as the 
input and the sampler are independent. 

Case of a Random Input 

If the input is a stationary random func¬ 
tion (or even if its amplitude distribution 


varies periodically with time) and if it is 
independent of the sampler, then a result of 
L. A. Zadeh*s paper on correlation functions 
in variable networks® may be applied. 
Inserting the proper symbols in equation 23 
of that paper gives 





K{j<a ;/) ir( —jw;/+r) X 


Strict) (61) 


where the bar indicates an averaging with 
respect to t, SrrM is the spectral density of 
the input, and ^ccM is the correlation func¬ 
tion of the output. The mean-square 
value of the output is obtained by setting 
r = 0; thus 


Css^(i) = MO) r \K.(Jo}\t) I^X 

* c/ — 00 

SrrMdco (62) 

Equation 40, which expresses the mean- 
square system error in terms of the spectral 
density of the input and the system *s param¬ 
eters, will now be derived. Taking the 
mean of the square of equation 1 gives, for 
the steady state 


6^(0 --CssKt) -2 Css(t)cM +ca\t) (63) 

Using a procedure similar to that used in 
reference 6, equation 61 can be extended to 
cross correlation functions; in particular 


^csscdi r)^Css(t) Cd(t -f t) 


^KU^;t)Kdi 

« constant= css(t) ca{t) (64) 


where 


Kaijo))^ 


GU<^) 




(65) 


Using equations 50 and 65 it is seen that 

KU(a\t)Kdi —jw) = |iC(2( jw)| 2 (66) 

Hence 


Css{t) ~ J I Kd{ j<a) 1 25rr(w) dca 

m 

Combining equations 63 and 67 gives 

( 68 ) 

Applying equations 62 and 67 to 68 gives 

^=^J_^[|-e(i«:<)h- 

I KdU<^) 1 2 ] 5r7-(w) (69) 

By equations 50, 65, 32, and 34, one finally 
obtains 



X 


y^ |G(7co-l-i»a)o)l2 -|G(iw)|2 

SB — 00 Jj 

r2|i+GH*(6^“2)|2 ^ 

SrTi(*i)do} (70) 
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(e^jw) Srr M d<a (71) 

• which is the desired result. 
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An Adjustable Speed Power Selsyn 

System 

s. y. MERRin 

ASSOCIATE MEMBER AIEE 


T his paper treats a system consisting 
of two wound-rotor induction motors, 
with rotors paralleled through, slip rings, 
the speed of which is controlled by a fre¬ 
quency changer connected to the slip 
rings. The system is a form of syn¬ 
chronous tie in which the driving motors 
and selsyns are incorporated in one ma¬ 
chine. The block diagram in Fig. 1 
gives a general picture of the system. 

The slip frequency of the induction 
motors is the same as the output fre¬ 
quency of the frequency changer. An 
increase in this frequency results in a de¬ 
crease in the speed of the induction 
motors, so that their speed can be con¬ 
trolled exactly by adjusting the output 
frequency of the frequency changer. 
The relation of speed to load, and speed 
control characteristics, are the same as 
those of two synchronous motors con¬ 
nected to an adjustable speed alternator. 

This system would be useful in applica¬ 
tions where two or more shafts must be 
driven at exactly proportional and ad¬ 
justable speeds. Such applications are 
found in some paper, textile, and lino¬ 
leum machinery, lift bridges, and kilns 
with associated feeders.^ 

Because of the possible uses, and the 
fact that this sytem has received very 
little treatment in the literature, develop¬ 
ment of an analysis and method of calcu¬ 
lation is desirable. In this paper, means 
for calculation are developed and calcu¬ 
lated results are compared with experi¬ 
mental results, expected performance is 
evaluated in a hypothetical application, 
and conclusions are drawn regarding sys¬ 
tem performance, design considerations, 
and need for further study. There are 


several power selsyn systems similar to 
the one being considered. Three of 
them will be discussed briefly. 

With the frequency changer in the 
block diagram omitted, but the connec¬ 
tion between the rotors remaining, the 
system represented is the one often called 
the synchronous tie. The induction 
motors tend to remain in the same angu¬ 
lar position with respect to each other. 
The synchronous tie is usually used to 
synchronize shafts which supply power to 
meahanical loads and are driven by in¬ 
dividual motors.^’* 

In a second type of system, the fre¬ 
quency changer in the diagram is replaced 
by an impedance. With certain imped¬ 
ances, the induction motors can supply 
driving power as well as synchronizing 
power.®”® 

In another application, the frequency 
changer may be replaced by an induction 
motor, often called a selsyn generator, 
having stator windings connected to 
rated voltage and rotor windings con¬ 
nected to the common rotor circuit of the 
other two induction motors. Motors so 
connected are often called selsyn motors. 
If the selsyn generator is driven mechani¬ 
cally, power is transmitted to the selsyn 
motors, and they are capable of driving 
and synchronizing loads at a speed propor¬ 
tional to that of the selsyn generator.^ 
In this case the selsyn generator may be 
thought of as a kind of frequency changer. 

The power selsyn system considered 
uses a frequency changer with an output 
frequency entirely independent of output 
current. An example of such a frequency 
changer is a rotor similar to that of a 
S3mchronous converter, having an iron 


ring pressed on it to complete the magnetic 
circuit, a polyphase voltage connected 
to the slip rings, and three brushes equally 
spaced around the commutator. If the 
rotor is driven externally, a polyphase 
voltage of frequency sf appears at the 
brushes, where ^ is the per-unit slip and/ 
is the supply frequency. Frequency 
output is controlled by the speed of rota¬ 
tion. There is no interaction between 
the power required for rotation and the 
electric power flowing through the fre¬ 
quency changer. Therefore the me¬ 
chanical power required by the frequency 
changer is just enough for friction and 
windage losses, and the output frequency 
is unaffected by changes in electric load 
on the'frequency changer. 

Operating Characteristics 

1. The speed of both motors is equal, and 
can be adjusted by adjusting the output 
frequency of the frequency chaiiger. 

2. For a constant output frequency of the 
frequency changer, changes of load on the 
motors do not affect the speed. The de¬ 
veloped torques must of course be within the 
steady-state stability limits, or the induc¬ 
tion motors will lose synchronism with each 
other and the frequency changer. Curves 
of torque versus load angle can be plotted 
just as for synchronous machines to deter¬ 
mine stability limits. 

3. Motor power factor can be adjusted by 
adjusting the output voltage of the fre¬ 
quency changer. This has no effect on 
speed, within stability limits. The rela¬ 
tionship of frequency changer voltage and 
motor power factor is the same as the rela¬ 
tionship of field exciting voltage and power 
factor in synchronous motors. Over-all 
system power factor must be distinguished 
from motor power factor. The former is 
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Fis. 1 (left). 
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influenced by the reactive power flowing to 
the frequency changer, which is generally 
opposite in sign to that flowing to the 
motors. For given conditions, an optimum 
condition of frequency changer voltage may 
be found, taking into account copper losses 
in motors and frequency changer. 

4. Changes in the phase position of the 
frequency changer output voltage, such as a 
brush shift would produce, cause only a 
shift in the rotor positions of the motors. 
Speed, power input and output, complex 
primary current, and absolute secondary 
current of the motors are not affected after 
the transients have died out. 

Mathematical Analysis 

The circuit diagram is given in Fig. 2. 
The method of analysis, which is one used 
by Prof. P. C. Cromwell, is based on 
coupled circuits. The induction motors 
are assumed identical. All impedances 
are assumed to be balanced and constant. 
Stator and rotor impressed voltages are 
assumed to be balanced 3~phase positive 
sequence voltages. Core loss is neglected 
and a linear magnetization curve is as¬ 
sumed. 


Fig, 3 (right). 
Illustration of 
stator current 
locus 
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FOR ^iL*Kr^2L variable 


III FOR4iu«K/ 
&2L“ 1^2 


VG/Kz,K2 
;/K-Ki 




BIB—I 






I„FOR 4ic-K,^\ 


IT 





A physical concept can be expressed in 
terms of rotating field theory. Stator 
and rotor windings have the same num¬ 
ber of phases and poles, and polyphase 
voltages of frequency c*j/27r and ^a>/2x 
respectively are applied to them, thereby 
inducing in the case of 2-pole motors 
magnetic fields revolving at co and sea 
radians per second respectively with re¬ 
spect to the windings which induce them. 
The fields “lock in'' with each other, just 
as do the stator and rotor fields of syn¬ 
chronous machines. Thus with respect 
to a stationary reference point both 
stator and rotor fields have an angular 
velocity co. The velocity of the rotor fidd 
with respect to the reference point is equal 
to the velocity of the rotor field with re¬ 
spect to the rotor plus the velocity of the 
rotor with respect to the reference point. 
Stated mathematically, this is co=5w-|- 


(o)—5co). Thus the angular velocity of 
the rotor is Though this ap¬ 

proach is not related directly to the 
mathematical analysis, it furnishes an 
easily grasped physical concept. 

Two basic rms current equations are 
derived: equation 1 is for the stator cur¬ 
rent and equation 2 is for the rotor cur¬ 
rent, both for machine 1 

Vi cos (5 ix,--52l)/2 
{a^Rr'/s+Ri) +j(a^XT' - Xi) 
/2a-|-(5ij[,"“52L)/2 ~ 
jVi sin 

ia^R2/s+RiHj(a^X2-Xi) 

/2cK-|-(glL —^2 l)/2 — 

A*V2/d^ 

s[(amT'/s+Ri)+j(a'‘XT’-Xi)] 

- Af-Sidln-Vi/Zi) (2) 



where 

/ij= complex stator current of machine 1 
(induction motor) 

J 2 i~ complex rotor current of machine 1 
(induction motor) 

angular displacement of rotor due to 
load, machine 1, from position occu¬ 
pied by rotors when F 2 = 0 , and both 
rotors are loaded equally to given 
slip 

52l = angular displacement of rotor due to 
load, machine 2, as in the preceding 
item 

5=per-unit slip 

A complex ratio of transformation 

of the induction motors, (a is the 
turns-ratio between stator and rotor 
windings, a is one-half the angle by 
which the axis of the exact induction 
motor circle diagram leads the 90- 
degree lagging position, a is usually 
small—1 or 2 degrees) 

A *—conjugate of A 

stator winding resistance per phase 

i 22 —rotor winding resistance per phase 

stator winding inductive reactance per 
phase 
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PER CENT RATED POWER DEVELOPED BY MACHINE 2 
Fig. 6. Power factors 


all real and reactive power inputs and 
losses, complex primary currents, and 
absolute secondary currents. There is 


Fig. 4. Complete circle diagram for slip of 0.25 


X 2 —rotor winding inductive reactance per 
phase. (Xi and X 2 are total react¬ 
ances, not leakage reactances) 

leakage reactance per phase. 
(This is the sum of stator and rotor 
leakage reactances as used in the 
usual induction motor equivalent 
circuit, expressed in stator terms) 

Zi — jRi+jXi= stator winding impedance 
. per phase. (This is the open-circuit 
impedance) 

Xx — internal inductive reactance per phase 
of frequency changer 
= internal resistance per phase of fre¬ 
quency changer 

JiTjjr*'= and (These 

definitions are arbitrarily made for 
convenience in writing the equations) 
complex stator impressed voltage, rms 
line to neutral 

1 ^ 2 — complex rotor impressed voltage, rms 
line to neutral 

Equations for machine 2 may be ob¬ 
tained from those for machine 1 by inter¬ 
changing 5il and diL and changing the 
second current subscript to 2. 

Without going into too much detail, a 
word of explanation is in order concern¬ 
ing F 2 —va/X and 5 il, 821 - The mathe¬ 
matical development was in terms of 


absolute rotor angular positions 81 and 52. 
It was found convenient to choose as a 
reference point the position of the rotors 
with ^ 2=0 and the motors loaded equally 
to the given slip. Departures from this 
position due to load changes are defined 
as 5 i£, and 82 L and may be used directly 
in the equations. It should be noted 
that this convention results in some def¬ 
inite value of 8 il and 52^ for no-load 
conditions, as contrasted with zero value 
of the load angle for synchronous ma¬ 
chines at no load. 

Practically, X is difficult to specify or 
measure since it is associated with a slip 
frequency voltage. Fortunately, it can 
be shown that X has essentially no effect 
on the system operation. This can be 
proved mathematically, but is obvious, 
since a change in X merely represents a 
momentary change in the output fre¬ 
quency of the frequency changer. It 
can be shown that if an effective value of 
X=^ is calculated by the three steps to be 
described, and the real value of X hap¬ 
pens to be h+g, then the only error result¬ 
ing is that the phase angle of the second¬ 
ary currents is indicated as g radians too 
high. Correct values are indicated for 


therefore no real need to know what X is. 
The effective value of \ — h is calculated 
as follows: 

1. Assume F 2 = 0 and that both motors are 
loaded equally to the given slip sji. 

2. This is the reference condition, so that 
5 i ='62 = 5ii —521,—0. If F 2 “®?^ 2 /X is now 
applied at frequency /s*, the speed and 
power output will be unchanged. 

3. The effective value h is whatever value 
of X is required to give the same power out¬ 
put before and after the application of F 2 . 
(The physical equivalent of these assump¬ 
tions is merely that X is adjusted before ap¬ 
plication of F 2 so that the frequency changer 
is synchronized with the existing secondary 
voltage before being cut in.) 

Other conventions of \ 8 il, and 52/, are no 
doubt possible, but this one gives good re¬ 
sults and therefore has been used in the 
calculations for this paper. 

The capital letters used on the right in 
equations 3 through 5 represent complex 
expressions which are constant at a 
given slip. For a given slip equation 1 
may be written 

cos (Si/,—52 l)/2 

/( 8 il^ 82 l)/^ "\-C sin (Si/,—52i,)/2 

/ (Sil““82l)/2 ~\-D/8il ( 3 ) 
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Table 1 


D-C System 


Power Selsyn System 


speed, rpm. 

.,..600... 

...900... 

...1,200... 

...600. 

.900. 

.1,200 

System full load cxirrent, a-c amperes. 

.... 54... 

... 73... 

... 91... 

... 64. 

.68. 

. 103 

System full-load power factor, per cent_ 

...100... 

...100... 

... 100... 

... 87. 

.95. 

. 93 





lag., 



System full-load efficiency, per cent. 

.... 61... 

... 67... 

... 72... 

... 71. 

.75. 

. 68 

Machinery required.. 

... .two 28-kw 32-horsepower... 

.. .two 

38-kva ’ 

wound-rotor 


d-c shunt motors, one 
56-kw d-c generator 
with phot exciter, one 
70-kva 63-horsepower 
S3mchronous motor 


induction motors, one 
76-kva frequency 

changer with fractional- 
horsepower adjustable 
speed driving motor 


which can be shown to be equal to 

hi=E “jr P/SiL "\-jC C)/2 -f- 

(B^jC)/2 /(8iL-S2L) (4) 

or more simply 

hi^ /Six .'i^ G /(SiL-^ S 2 X/ ) (5) 

For each value of 8 il there is a circular 
locus of Ill as dzL is varied. Fig. 3 illus¬ 
trates this, for 8 iL=k and all values of 
82 Z, at some constant slip. Fig. 3 is not 
drawn to scale. 

Fig, 4 is the complete circle diagram 
of /ii for Siz from 35 degrees to —15 
degrees, and all values of 82 l> for a slip 
of 25 per cent. The points —15-0, —13-0, 
—11-0. . .w—0, are similar to point ^—0 
in Fig. 3. Any point 0 is located on 
the circular locus for diz—n. Given 5^^, 
Ill can be found by stepping off the angle 
—52L from n —0 around the circle as 
shown in Fig. 3. Fig. 4 applies to the 
experimental setup described in the fol¬ 
lowing section, and was used in calculat¬ 
ing its performance for Figs. 5 and 6. 

Experimental and Calculated Results 

The proposed system was set up and 
tested under load. Two similar 3-phase 
6-pole wound-rotor induction motors 
rated at 5 kva, 220 volts, 60 cycles were 
used. A stator voltage of 117 was used 
for the induction motors because of the 
low output voltage of the frequency 
changer which was used. A frequency 
changer having the required characteris¬ 
tics was adapted from a 6-pole 6-kva 
Schrage brush shifting a-c motor.® 

The system operated satisfactorily at 
25-per-cent slip (900 rpm), at —10-per- 
cent slip ( 1,320 rpm), and at all inter¬ 
mediate speeds, including synchronous 
speed. Speed could be varied con¬ 
tinuously between these limits by varying 
the output frequency of the frequency 
dianger. Speed was not affected by load 
changes within the stable region. Speed 
could not be controlled by the frequency 
changer for speeds outside the range from 
35-per-cent slip to —15-per-cent slip. 


Undoubtedly this range would have been 
higher, and power developed without loss 
of synchronism would have been greater, 
if a frequency changer with a higher out¬ 
put voltage had been available. The 
one used had a maximum output voltage 
of about 30 per cent of the induction 
motor open-circuit secondary voltage. 

The primary purpose of the experi¬ 
mental test was to serve as a check on the 
mathematical analysis. In Figs. 5 and 6, 
calculated and experimental values are 
compared for a slip of 25 per cent, de¬ 
veloped power of machine 1 constant at 
84.5 per cent of rated induction motor de¬ 
veloped power, and developed power of 
machine 2 variable. 

The following reasons for discrepancies 
between experimental and calculated 
curves are apparent: 

1. About 50 per cent of the total loss was 
copper loss in the internal resistance of the 
frequency changer, which was definitely 
nonlinear because of brush drop. 

2. There was some instrument error and 
some unbalance of impedances and voltages. 

Although the errors may not have been 
tmavoidable, it was not possible to elim¬ 
inate them in the time available for the 
test. Making allow^ce for them, the 
experimental results indicate that the 
method of calculation is reasonable ac¬ 
curate. 

Application 

If a suitable frequency changer is 
available, a power selsyn system of this 
type can be designed for many applica¬ 
tions normally requiring other types of 
drives. For illustrative piuT)oses, this 
has been done for a hypothetical applica¬ 
tion and expected performance compared 
with that of an adjustable speed d-c 
system. 

In the hypothetical application, which 
might be found in a cement mill, it is re¬ 
quired to drive a kiln and kiln feeder at 
proportional adjustable speeds. Each 
load is normally driven at 900 rpm and 
requires approximately constant torque 


at all speeds. The system must be capa¬ 
ble of continuous operation at any speed 
between 600 rpm and 1,200 rpm and 
speed must be continuously variable under 
load between these limits. Comparison 
of expected performance of both systems 
at 600, 900, and 1,200 rpm with both 
loads equal is given in Table I. 

D-c motors with adjustable voltage 
speed control are often used for kiln and 
feeder drives.^ Wound-rotor induction 
driving motors, syndhronized by a syn¬ 
chronous tie and having speed controlled 
by external resistance, are also used in 
this application. Because of the ob¬ 
viously greater efficiency of the d-c system 
at speeds substantially below synchronous 
the expected d-c system performance is 
considered, even though it does not have 
the exact synchronism feature of a power 
selsyn type of system. Expected perform¬ 
ance of the d-c system is based on the 
assumption of a 440-volt 3-phase motor- 
generator set with a synchronous motor 
operating at 90-per-cent efficiency and 
100-per-cent power factor and a d-c gen¬ 
erator operating at 90-per-cent efficiency, 
supplying voltage adjustable between 
zero and rated value to two shunt motors 
operating at 88-per-cent efficiency. Effi¬ 
ciencies given are full-load values and are 
assumed to be reduced by 2 per cent at 900 
rpm and by 5 per cent at 600 rpm. 

Expected performance of the power 
selsyn system is based on the assumption 
of two identical 6-pole 3-phase 440-volt 
60-cycle induction motors having a no- 
load current of 9.05 /—85^ 

0.300 ohm per phase, leakage reactance 
of 2.3 ohms per phase, ,4=2.0 /—0.6^ 
core loss of 600 watts, friction and wind¬ 
age loss of 500 watts at 1,200 rpm, 375 
watts at 900 rpm, and 250 watts at 600 
rpm. The frequency changer is assumed 
to have a magnetizing current of 6/—85 
input voltage of 440 at 60 cycles, output 
voltage variable under load in steps from 
55 to 220 at frequency variable from zero 
to 60 cycles, and internal impedance of 
0.75+j0.106 ohm per phase from the low- 
voltage side. Output frequency is as¬ 
sumed to be unaffected by load changes. 
Output voltage is assumed to be adjusted 
to 127 at 600 rpm, 69 at 900 rpm, and 59 
at 1,200 rpm. 

Conclusions 

The circle diagram gives a convenient 
means for calculating performance. Com¬ 
parison of calculated and experimental re¬ 
sults indicates that the circle diagram is 
reasonably accurate. If a suitable fre¬ 
quency dianger is available, a system can 
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be designed which will give good perform¬ 
ance, with reasonable efficiencies and 
power factors over a wide range of speeds. 

The whole system clearly depends on 
the existence of a frequency changer hav¬ 
ing a suitable voltage range and low 
enough internal resistance and reactance, 
which can be produced economically. 
Treatment of the design of such a ma¬ 
chine is beyond the scope of this paper, 
but its possible uses have been demon¬ 
strated. 

The equations developed could be 
modified to apply to other similar sys¬ 
tems such as the modified Elramer drive 
used for wind tunnel drives® or to syn- 


Discussion 

Thomas J. Higgins (University of Wis¬ 
consin, Madison, Wis.): I found this paper 
of considerable interest. The content is 
well organized; the purpose of the paper is 
clearly stated; the basic theory and perti¬ 
nent approximation made in the course of 
development are well set out; and the ac¬ 
count of the experimental investigation is 
nicely done. 

Within the limitations stated by the 
author, the experimental data would 
appear to corroborate the basic analysis of 
the operation of the system studied. 


P. C. Cromwell (The University of Ten¬ 
nessee, Knoxville, Tenn.): I congratulate 


chronous ties having impedance in the 
rotor circuit. 

The most promising areas for further 
study of this system appear to be: 1 
steady-state stability analysis; and 2: 
electrical and economic characteristics 
of the frequency changer. 
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undergraduate students, for steady-state 
and transient problems for a number of 
years. It seems to me much sounder^ from 
an educational standpoint, to start from 
Kirchhoff^s laws and derive the equivalent 
circuit for a single-phase induction motor, 
e.g., to obtain its characteristic performance 
curves mathematically, than to use the 
usual physical concept approach favored by 
most textbooks. 

It is my own opinion that the present dis¬ 
favor of machinery courses has been 
brought about to some extent by the usual 
unanalytical approach now current in our 
colleges. 


S. Y. Merritt: I wish to thank the discussers 
for their comments. Their interest is appre¬ 
ciated. 


Electrical Grounding Systems and 
Corrosion 

L. P. SCHAEFER 

MEMBER AIEE 


T he object of this paper is to consider 
the proper conduction of electric cur¬ 
rents to the earth resulting in adequate 
grounding, and also conduction of cur¬ 
rents through the earth resulting in cor¬ 
rosion or the prevention of corrosion. 
The functional objectives in designing an 
electrical grounding system are to pro¬ 
vide a low resistance path for the fault 
currents to ground, and to provide safety 
for personnel by limiting the potentials to 
safe values. This is normal grounding 
practice and underground corrosion has 
generally been neglected until a consider¬ 
able amount of damage has occurred to 
the primary structure. 

The earth is tremendous in cross section 


and consequently when considered as a 
conductor between two electrodes it has a 
relatively low electrical resistance. How¬ 
ever, an electrode placed into the earth 
will have a finite resistance value depend¬ 
ing on the texture, aeration, moisture, and 
dissolved salts in the soil surrounding the 
electrode. 

Corrosion underground is an electro¬ 
chemical reaction, often caused by dis¬ 
similar metals, dissimilar electroljrtes, and 
stray currents. Dissimilar metal corro¬ 
sion is set up as a result of two metals, 
such as copper and lead, which are elec¬ 
trically connected together and immersed 
in an electrolyte, such as a soil. One of 
the most common forms of this type of 


corrosion is that which occurs to the zinc 
case of a flashlight battery as the cell sup¬ 
plies IV 2 volts to an external load con¬ 
nected to the center carbon electrode and 
the zinc case. Corrosion resulting from 
dissimilar electrolytes is the type that 
occurs when soils of different resistivity 
surround the same section of buried metal 
pipe. Stray current corrosion occurs when 
stray electric currents leave a buried metal 
structure. Corrosion is halted when the 
porrosion currents which leave the struc¬ 
ture are nullified or “bucked out“ by ex¬ 
ternally applied current. The method of 
applying currents through the soil to halt 
corrosion on a structure is called cathodic 
protection. In order for the physical ef¬ 
fects which are described in this paragraph 
to take' place, it is necessary for electric 
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current to jBiow through the earth from 
one electrode to another. The earth is 
then a component of the corrosion circuit. 

The earth as an electric circuit element 
can be measured in terms of its electrical 
resistivity. This value will vary with a 
number of factors, some of which were 
pointed out in the second paragraph. 
Also, the resistivity will vary with the 
depth below grade, where lower values are 
usually obtained as the soil becomes more 
moist because of the level of the water 
table. However, higher resistivities are 
also often experienced with increasing 
depth when rock structures are encoun¬ 
tered. The electrical resistivity of the 
earth varies between extremely wide 
limits and is a decisive factor in using the 
earth as a return conductor such as for 
electrical grounding, corrosion, stray cur¬ 
rent electrolysis, inductive interference 
and lightning protection. 

Earth resistivity measurements are 
made by the standard 4-pin or Wenner 
method.* This method uses four pins set 
up on grade where the two outside, or 
current, electrodes are ZD feet apart and 
the two center, or voltage, electrodes are 
D feet apart, where D is the distance be¬ 
tween pins. The resulting values of volt¬ 
age and current when used in the relation 
191Z) E/i give the soil resistivity in ohms 
per cubic centimeter(ohm-cm). The par¬ 
ticular spacing on the surface of the 
ground produces the average soil resis¬ 
tivity to the depth below grade corre¬ 
sponding to the surface spacing. The 
analysis for this method is given in Ap¬ 
pendix I. Fig. 1 shows the variation of 
soil resistivity in ohm-cm, with depths 
from 2 to 12 feet below grade, for eight 


widely separated parts of the United 
States. 

The actual instrument used to measure 
the resistivity of the soil requires a man¬ 
ual or automatic means of reversing the 
polarity of the current, which is desirable 
because of polarization effects which occur 
at the electrodes. Commercial instru¬ 
ments indicate the ratio of voltage to a 
current. Usually, the depth of the elec¬ 
trodes in the soil is not important; how¬ 
ever, if poor electrical contact is made 
with the earth, a resulting low instrument 
sensitivity will be obtained. Because of 
the wide variations in soil resistivity, it is 
almost always necessary to measure the 
resistivity in the precise locality under 
consideration. These same types of soil 
electrical resistivity tests can be used for 
geophysical prospecting, but their inter¬ 
pretation requires more detailed analysis 
than is necessary for the electrical ground¬ 
ing problem. 

The electrode configuration which 
makes electrical contact with the soil 
should provide the lowest ohmic resist¬ 
ance which is feasible from an economic 
standpoint. This is true for electrical 
grounding systems, and is also a basic de¬ 
sign criterion for ground beds which sup¬ 
ply corrosion control for buried metallic 
structures. This concept, as shown later 
in the paper, makes it possible to combine 
good electrical grounding and adequate 
corrosion control. 

Lead Cables in Ducts 

The various types of underground lead 
cable sheaths which are exposed to ex¬ 
ternal corrosion include electric power and 



Fig. 1. Soil elecirical resistivities at various depths to 12 feet for eight localities in the United 


States 


lighting cables, telephone, fire alarm, and 
teletalk cables. The usual construction is 
to pull the cables into fiber ducts imbed¬ 
ded in a concrete envelope. The most 
common construction provides separate 
duct runs and manholes for the various 
cable systems; however, some older sys¬ 
tems may use common manholes and duct 
runs. 

Corrosion of lead sheath cables is due 
to several causes, such as: 

1. Small anodic and cathodic areas of lead 
due to splices, scratches, and abrasions. 

2. Alternate wet and dry duct runs. 

3. Galvanic effects due to copper bond 
straps, ground connections, or proximity to 
other metals. 

4. Stray current effects from electrified 
railways, industrial chemical operations, 
and other sources. 

In a number of known corrosive loca¬ 
tions, it has been the practice in the past 
to use a protective neoprene sheath over 
the lead sheath to prevent sheath corro¬ 
sion. This is a satisfactory mitigating 
measure against local cell action, dis¬ 
similar soil environment, and galvanic 
cells. The stray current problem, how¬ 
ever, may require a complete system 
study resulting in the proper use of in¬ 
sulating splices and possible polarized 
forced drainage bonds. The neoprene 
sheath construction has proved satisfac¬ 
tory in providing a moisture-proof coating 
that apparently has a relatively small de¬ 
terioration with age. It has been re¬ 
ported that polyethylene coatings 
also are most satisfactory.^ One in¬ 
cident is known where termites have 
eaten through the pol 3 rv'inyl chloride in¬ 
sulation on a buried cable in North Car¬ 
olina, resulting in cable failure from mois¬ 
ture seepage. 

The fundamental corrosion cell con¬ 
sists of two electrodes separated by an 
electrolyte on the internal circuit and 
electrically connected together on the 
external circuit. The coating practice de¬ 
scribed in the last paragraph supplies a 
high resistance electric barrier to current 
flow on the internal circuit, thus halting 
the corrosion. The insulated jacketed 
cable on the one hand requires adequate 
grounding because most certainly none 
will be obtained as a result of the under¬ 
ground cable run. The bare lead sheath 
cable on the other hand will have a fairly 
low ground resistance as a result of wet 
ducts and low soil resistivity. To this is 
added a grounding system to insure a low 
ground resistance value. The grounding 
system will generally consist of a bare 
copper ground bus of 500,000-circular-mil 
size or larger located in a spare duct or 
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embedded in the concrete envelope of the 
duct runs. Another usual practice is to 
locate terminal and switching equipment 
in underground vaults with a considerable 
ground mass, all of copper, located at the 
vault. Both the lead sheath and the cop¬ 
per ground rods and interconnecting 
cables are bare. A low resistance contact 
with the soil has thus been obtained for 
the grounding system. This is usually 
less than 6 ohms at the terminal equip¬ 
ment in the vault, and less than 25 ohms 
at each ordinary manhole. For the gal¬ 
vanic corrosion cell circuit, there are 
these low resistance contacts with the 
earth plus the driving potential of 0.5 to 
0.6 volts from the lead-copper combina¬ 
tion. The lead sacrifices to the copper, 
thus prolonging the life of the copper 
grounds at the expense of the lead cable 
sheaths. 

A duct survey, made by placing a lead 
electrode in a spare duct, will show anodic 
sections of cable when voltages are meas¬ 
ured between the cable and the lead elec¬ 
trode. These anodic secti ons will have the 
characteristic voltages given in Table I. 

The stray current problems on lead 
sheath cables from electrified railways is 
rather complex. The track resistance to 
earth, the cable resistance to earth, soil 
resistivity, the geometry of the two sys¬ 
tems, and rail bond continuity are all 
items affecting the magnitude of induced 
stray currents on the cables. The system 
study involves track-to-cable or track-to- 
soil potential recordings at all crossover 
locations and all areas where the track and 
cable runs are adjacent. On the basis of 
these recordings the locations of “natu¬ 
ral’* drainage bonds are determined, 
usually near the generating stations. 
Also, it is ascertained by the recordings 
whether the drainage bonds are adequate 
to supply corrosion protection or whether 
cathodic protection in the form of recti¬ 
fier-driven “forced” drainage is to be ad¬ 
ded to the system of bonds connecting the 
cables and tracks. 

Where’power cable runs are bonded to a 
bare copper conductor in the duct en¬ 
velope, or in a spare duct, there is cer¬ 
tainly a problem in galvanic corrosion. 
Functionally, such a system may be very 
satisfactory from the standpoint of sup¬ 
plying a low resistance ground for opera¬ 
tion of system relays. From a corrosion 
point of view, the very minimum of main¬ 
tenance would require that the duct runs 
be pumped dry at all times. Where low 
soil resistivities prevail, it may be neces¬ 
sary to cut the lead cables free of the cop¬ 
per ground bus and apply new grounding 
using heavily zinc coated steel rods and 
cathodic protection. Such a system is de- 


Table I. Voltases of Anodic Sections 


Potential,* 

Cause of Voltage Volts 


Anodic areas of lead 

Wet ducts. 

Galvanic corrosion.. 
Stray currents. 


0 to -1-0.2 
0 to +0.4 
0 to +0.5 
~2.0 to +10.Ot 


* Potentials measured with the sheath positive as 
referred to a test lead half-cell electrode, 
t From electric railway sources, negative side of 
supply grounded.*^ 


scribed in Appendix II. Where cable 
systems show a positive potential of 0.3 
volt or more with respect to the environ¬ 
ment, the condition is objectionable. 
If cathodic protection were attempted to 
be added to the lead cables which were 
thoroughly bonded to a copper ground 
bus or copper ground rods, it would be 
most difficult to change the potential of 
the cable with respect to the soil. This is 
because of the short-circuit path between 
the cathodic protection anodes and the 
many ground rods or ground bus, con¬ 
sequently making it difficult for cathodic 
protection current to reach the cables 
themselves. 

The corrosion problems for under¬ 
ground telephone and fire alarm cables 
are approximately the same as those for 
power cables; however, the grounding is 
somewhat different. Telephone grounds 
are at exchanges and subscriber locations 
for operational purposes. The dissipation 
of lightning surges before there is damage 
to the cables depends on values and loca¬ 
tions of grounds, spatial location of cable 
runs, and soil resistivity values of areas 
through which the cables run. Corrosion 
control on phone cables is somewhat 
simpler than for electric power cables be¬ 
cause the grounding system is not so ex¬ 
pensive and because the flashovers due to 
fault currents are absent. Underground 
fire alarm cables have much the same 
corrosion problems as do the telephone 
cables. 

Substation Grounding 

Electric substations are subject to ex¬ 
ternal corrosion on noncurrent-carrying 
parts, such as housings, and above and be¬ 
low grade structures. The mechanical 
parts of air switch gear are subject to 
corrosion under conditions of moisture and 
weathering. This is also true of bus struc¬ 
tures where dissimilar metals are in¬ 
volved. 

Substation grounding systems are 
closely associated with corrosion prob¬ 
lems. A low soil resistivity of 1,500 
ohm-cm or less makes it relatively easy to 


provide low resistance grounding; how¬ 
ever, corrosion of the buried lead cables, 
column footings, steel conduit, etc., might 
be severe. From values of 15,000 to 
150,000 ohm-cm, soil corrosion is reduced 
in severity, but it is most difficult to secure 
a low resistance ground without resorting 
to the use of an elaborate and expensive 
grid. 

Major distribution substations usually 
require a ground resistance value of less 
than 1.0 ohm; minor substations are less 
than 5 ohms, and small capacity dis¬ 
tribution equipment, such as transformers 
and switchgear, are grounded at less than 
25 ohms. There are several available 
methods of measuring the ohmic value 
of substation grounds.® Geometrically 
speaking, the larger the grounding grid, 
the more elaborate is the test setup 
which is required to measure the resist¬ 
ance value. 

Major substations will require low re¬ 
sistance grounding to provide for fast re¬ 
laying to clear faults, and to provide for 
lightning and surge protection. To 
achieve these low values, a considerable 
quantity of bare grotmd rods and large 
quantities of bare connecting conductors 
are used. Such grounding systems are 
usually of copper, and as a result of this 
choice of material attention is then 
focused on the possible corrosion mitigat¬ 
ing measures for the other underground 
and at grade structures. The ground non- 
current-carrying ferrous housings of trans¬ 
formers, switchgear, voltage regulators, 
etc., can usually be mounted so that no 
galvanic circuit prevails between the steel 
housings and the copper grounding sys¬ 
tem. Steel frame columns can be coated 
with bituminous paint and set in concrete 
to reduce corrosion possibilities. Care 
must be taken so that no salt is used with 
the concrete if poured in freezing weather. 
Underground cable and conduit systems 
should be brought into the substation in 
fiber ducts set in concrete. The duct runs 
should be kept pumped dry of water as 
part of a regular maintenance program. 
Underground cables and conduit should 
be grounded separately by use of heavily 
zinc coated steel rods, cathodically pro¬ 
tected. The underground cable and con¬ 
duit systems should also be coated with 
neoprene for the cables and a good bi¬ 
tuminous paint system for the conduit 
where the substation is located in a low 
soil resistivity area. The coating pro¬ 
vides an electrical resistance in the gal¬ 
vanic corrosion cell circuit which reduces 
the possible galvanic current which may 
flow. If the galvanic current is completely 
nullified, corrosion will not take place. 

An electric substation using a con- 
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siderable amount of copper in a grounding 
system makes it extremely difficult to 
bring the other underground structures in 
the vicinity under cathodic protection. 
This is true because the copper ground 
system soil-to-structure potential must 
exceed 0.55 to 0.60 volt, as measured to a 
copper-copper sulfate reference half-cell, 
before any changes in the potential of 
steel structures to the soil can be obtained. 
This is related to the location of the two 
metals in the electromotive force series. 
Consequently, the steel and lead in the 
substation yard, especially if their surface 
areas are small compared to the copper 
grid, will receive little or no cathodic 
protection current while the copper 
grid system will be very much overpro¬ 
tected. 

Attention then is brought to bear on 
possible alternative designs which might 
be used in place of the copper material 
where local conditions of corrosivity war¬ 
rant the use of special design features. 
The major consideration for grounding 
conductors and rods is the ability to 
handle large fault currents up to 30,000 
amperes for periods as long as 30 to 50 
seconds without burning. Lightning 
surges with durations in the microsecond 
range are more of a mechanical problem 
than a heating one. Consequently, the 
material, other than copper, which might 
be used for a ground bed must have good 
current-carrying qualities and utilize fit¬ 
tings which are of the rigid damp type. 
Usually the bare conductors connecting 
the ground rods contribute toward in¬ 
creasing the conductivity of the ground 
bed. Where the ground rods alone can 
supply the proper resistance, the connect¬ 
ing cables can be of copper, but these 
should be insulated with a neoprene 
sheath suitable for direct burial. Careful 
design attention should be given to the 
proper insulation of the connectors used 
to clamp the cable to the ground rods. 

The remaining consideration is given to 
the proper choice of ground rod material. 
Zinc is used for ground rods, and is rec¬ 
ommended in the 25-ohm range. Where 
lower resistance grounds are required to 
handle fault currents, a nonamorphous 
material is recommended. This choice is 
heavily zinc coated steel rods. The 
ground rods in turn are then cathodicaUy 
protected by zinc anodes. Such a system 
will not only provide corrosion mitigation 
for the grounding system but will help pro¬ 
tect the other buried structures and also 
will aid in reducing the total ohmic re¬ 
sistance level of the ground bed. Mag¬ 
nesium can be used as anode material in 
the place of zinc if a greater driving volt¬ 
age is desirable. 


Tower Line Grounding 

A transmission line has a ground wire 
stretched between towers, with usually 
about 20 to 30 feet separation above the 
phase conductors at mid-span. Primary 
power distribution systems usually will 
be a grounded neutral system. The 
grounded neutral wire runs the entire 
length of the circuit and fans out with 
each single-phase lateral. The transmis¬ 
sion line will usually have every tower 
grounded; this is true whether the towers 
are steel or wood H frames. Primary dis¬ 
tribution is on wood poles, and ordinarily 
pole-butt grounds are used. The fre¬ 
quency with which grounds are located on 
the distribution lines will vary with the 
soil resistivity and insulation levels of the 
line. These locations will vary from an 
average of every fifth pole to every pole. 

The problem of obtaining low resistance 
grounds at tower and pole locations is the 
same as that for the previous structures 
described in the paper. Rights of way and 
costs, which must be kept to reasonable 
values, are some of the problems in estab¬ 
lishing low resistance grounds. In many 
locations where the subsoil or rock condi¬ 
tions prevent the use of long ground rods, 
it is necessary to use multiple short rods, 
buried horizontal wire, or a counterpoise 
system. Shallow grounds are subject to 
variations in resistance due to changes in 
temperature, such as frozen ground in the 
winter, or the moisture conditions of the 
soil. The tower-footing resistance for a 
transmission line will depend on the de¬ 
sired lightning performance of the line. 
A desired value of not over 10 ohms is not 
uncommon for tower-footing resistance. 
Primary distribution lines will have a de¬ 
sired pole resistance value of from 20 to 
80 ohms, depending on the frequency of 
the grounding.^ 

Steel tower footings are subject to soil 
corrosion, dissimilar metal corrosion as a 
result of copper grounds being connected 
to the towers to secure low ohm resistance 
levels, long line currents as a result of dis¬ 
similar soil environments through which 
the transmission line footings are located, 
and stray current electrolysis as a result of 


adjacent electrified railways and cathodic 
protection on pipe lines in the vicinity of 
the transmission lines. 

Steel tower footings are subjected to 
considerable soil corrosion where they are 
located in soils with resistivities of less 
than 1,500 ohm-cm, and, as previously 
stated, such soils make it possible to sup¬ 
ply a low resistance ground to the tower. 
Galvanic corrosion as a result of bonding 
dissimilar metals, usually zinc coated steel 
and copper, results in a rapid deterioration 
of the steel. Where the tower resistance 
value of, say, 10 ohms is obtained by cop¬ 
per ground rods, the zinc coating on the 
steel tower footings will act as an efficient 
sacrificial anode to protect the copper 
ground rods. As soon as the zinc coating 
is stripped, the steel tower footing will 
also start corroding. Where the trans¬ 
mission line leaves the substation, which 
contains a considerable amount of copper 
in the grounding grid, as many as 50 to 60 
towers have been affected by the substa¬ 
tion ground mass. This effect is meas¬ 
ured by reading the change in tower-foot- 
ing-to-soil potential, as measured with re¬ 
spect to a copper sulfate half-cell, before' 
and after the tower ground wire is dis¬ 
connected. 

Long line currents, as a result of the 
dissimilar soil environments through 
which the transmission line passes, are 
produced in the grounding system of the 
transmission line. These direct currents 
enter the ground system at the towers 
located on high ground where the soil is 
less moist and has a higher electrical re¬ 
sistivity. The galvanic currents then 
leave the grounding system at the low 
points in the transmission line where the 
soil resistivity has a lower value. The 
mechanism of this type of corrosion is 
shown in Fig. 2, where galvanic currents 
flow to the line at towers A and from the 
line at tower B, resulting in tower-footing 
corrosion at F. A practical solution to the 
corrosion problem at tower B would be to 
revise the grounding to eliminate any dis- 


“A" 



Fig. 2. Long lino currents on grounding system of an electric transmission line 
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similar metal corrosion and then apply 
cathodic protection by using sacrificial 
anodes of zinc or magnesium. Approxi- 
• mately 5 milliamperes per square foot of 
tower and grounding surface, plus the ad¬ 
ditional current necessary to nullify or 
'‘buckout” the long line current, will be 
required of the sacrificial anode system. 
The current density of 5 milliamperes is 
based on the total area of the corroding 
metal and is a satisfactory value for steel 
in neutral soil; however, it is only the ex¬ 
pected order of magnitude and the actual 
value can best be determined by field 
tests. The magnitude of the stray cur¬ 
rent flowing in the earth at tower B can be 
measured by an earth current meter, or by 
measuring the current-resistance drop 
along the ground wire on either side of 
the tower and then computing the current 
from the known resistance of the ground 
wire. 

Stray direct currents superimposed on 
the transmission-line grounding system 
from sources such as electrified railways 
or as a result of cathodic protection in¬ 
stallations on pipe lines, tanks farms, and 
other structures usually require system 
studies for a proper solution. Stray earth 
currents from any source, such as an elec¬ 
trified railway track or a cathodic protec¬ 
tion ground bed, will return to the gener¬ 
ating source by any adjacent low resist¬ 
ance path. The magnitude of such cur¬ 
rents depends on a number of factors 
which are the same as those mentioned in 
the section entitled '‘Lead Cables in 
Ducts.” The mitigating measures neces¬ 
sary to prevent stray current electrolysis 
of tower footings usually require con¬ 
sideration of a number of factors with due 
consideration being given to lightning 
and fault currents. 

Power transmission lines can also be a 
source of damaging currents for buried 
pipe lines where insulating couplings are 
involved which are adjacent to, or which 
cross under, the transmission line. The 
pipe lines, by induction, become part of 
the transmission-line ground counter¬ 
poise system. Large currents which oc¬ 
cur as a result of lightning flashovers and 
phase faults are induced on the buried 
pipe line, and the wrriter has measured 
as much as 80 amperes of alternating cur¬ 
rent induced on 6-inch piping running 
parallel to a 230-kv tower line for about 1 
mile. Surge currents cause damage to the 
insulating flanges on the pipe lines by 
arcing across and fusing the flanges to¬ 
gether.® Any kind of current on a pipe 
line transporting flammable fluids can be a 
hazard if the pipe line is cut or a section is 
removed and proper precautions are not 
taken. 


Industrial Plant Grounding 

Electrical grounding systems in indus¬ 
trial plants should maintain a low poten¬ 
tial difference between equipment and 
machine frames, metal enclosures, build¬ 
ing structures, etc., to avoid electric 
shock hazard to personnel, and to provide 
a low resistance path to earth to insure 
fast relay operation to dear fault currents 
before they become damaging. Electric 
currents as small as 0.05 to 0.17 ampere 
at 100 volts can be fatal to personnel. A 
good ground structure in an industrial 
plant will limit voltages across cable in¬ 
sulation, motor frames, and peak voltages 
in transient effects, and permits rapid 
isolation of faults.® 

Grounding for industrial plants will 
follow the same general procedure as that 
for other installations. The best locations 
for the ground beds are determined by the 
soil electrical resistivity measurements, 
and these in turn supply design data 
necessary to define the ground beds. 
However, these better locations for the 
grounding system may not conform to the 
desired locations of substations or under- 
, ground cable manholes. A major indus¬ 
trial operation will have a considerable 
amount of underground structure. This 
will consist of electric and telephone 
cables, air, water, fuel oil and sewer pip¬ 
ing, underground and on-grade sted 
storage tanks, and steel building column 
footings. In a large industrial plant, there 
would be ample opportunity to use the 
tmderground piping for electrical ground¬ 
ing. From the standpoint of securing a 
good ground this might be satisfactory. 
Actually, pipe grounds are not good prac¬ 
tice, since the piping may be abandoned 
or relocated or have nonconducting pipe 
joints, as is often the case wdth cast-iron 
water and sewer piping. 

The use of nonferrous ground rods 
sudbi as copper, fimctionally will supply 
adequate grounding for an industrial 
plant. However, long corrosion-free life 
for the copper will be obtained at the ex¬ 


pense of the underground steel and lead 
structures in a great many cases. On the 
other hand, the use of steel for ground 
rods presents a corrosion problem which 
obviously could not be solved by the use 
of some kind of coating on the steel 
ground rods. Consequently, cathodic 
protection in the form of sacrificial anodes 
of zinc or magnesium can be used to sup¬ 
ply corrosion mitigation to the steel 
ground rods as well as the other under¬ 
ground structures in the vicinity. At 
the time an industrial plant is being 
constructed, it is relatively easy to install 
sacrificial anodes designed for a 20-year 
life, along with the required ground bed 
systems. A grounding system using 
cathodic protection of this type is shown 
in Fig. 3. If after a plant has been in 
operation for 5 or 10 years it is desired to 
revise the grounding system because of 
excessive corrosion repairs or other 
reasons, it may be more economical to use 
a rectifier supplied ground bed system and 
zinc coated steel ground rods.^®*^^ 

Most industrial plants will have some 
sort of stray current problem if no atten¬ 
tion has been given to its control. The 
source of these stray direct currents may 
be welding equipment, plating processes, 
battery charging equipment, possibly 
some d-c control circuits, and motor gen¬ 
erator equipment. The practice with 
welding equipment, which often causes 
trouble, is to ground one welding elec¬ 
trode to the building frame. This will 
superimpose the direct current onto the 
grounding system and, if the current 
which leaves the grounding rods is large 
enough, considerable corrosion will result. 
Such stray direct current will cause in¬ 
ternal heating in the substation trans¬ 
formers if allowed to continue unchecked. 
Large program plating equipment, where 
a continuously moist atmosphere pre¬ 
vails, will have many leakage paths where 
the d-c bus structure is supported on in¬ 
sulators. Usually, since low voltages are 
involved, these insulators are most inade¬ 
quately designed to prevent stray current 
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Fig. 3. An industrial plant partial plan showing grounding and cathodic protection with 
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leakage, as a result of moisture and dirt. 
Control circuits using direct current with 
one or the other polarity grounded, can 
readily superimpose direct current on the 
grounding circuits. Battery charging 
equipment is subject to d-c leakage, and 
the earth path can be of low resistance as a 
result of the available acid and acid fumes. 

Lightning and Surge Protection 

Direct lightning strokes are responsi¬ 
ble for trouble on transmission lines. 
Grounded neutral systems have fairly low 
resistance paths to ground, and aerial 
telephone cables have lower failures from 
lightning because of the shielding effect of 
the sheath. If a lightning stroke has a 
crest value of 20,000 ampres, this current 
through a 5-ohm ground resistance pro¬ 
duces a voltage drop of 100,000 volts, and 
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because of the geometry of the' systems, 
either by inadvertant direct contact or by 
induction, part of the ground conductor 
system of a power transmission line wiU 
usually require spark-gap installations at 
the insulating flanges along the pipe line. 


Static Grounding 
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and to provide grounding for lightning. 
In addition to these precautions other 
safety practices are used, such as washing 
down walls to discharge charged particles 
and remove possible hazardous conditions. 
These are possibilities for corrosion in the 


through a 25-ohm ground this current 
value produces a 600,000-volt drop. 
About 90 per cent of this voltage will ap¬ 
pear in a radius of 6 to 10 feet around the 
ground electrode. 

The actual peak values of current from 
lightning strokes are maintained for a 
short period of 20 to 30 microseconds. The 
surge current resulting from the lightning 
flashover producing a line-to-ground fault 
may last to 5 cycles until interrupted by 
the circuit breaker. Such fault currents 
require special precautions where cathodic 
protection systems are used in conjunc¬ 
tion with electrical grounding systems. 

Where sacrificial anodes are used to 
supply cathodic protection to the ground¬ 
ing system, no special fault current pro¬ 
visions are required since the anodes are 
an integral part of the grounding system. 
However, there are little or no data avail¬ 
able on the impulse characteristics of com¬ 
mercial zinc or magnesium anodes, but it 
might be of considerable value to check 
the ground resistance of such anodes using 
a surge generator and the required meas¬ 
uring instruments. 

The use of rectifier forced drainage sys¬ 
tems in connection with grounding sys¬ 
tems, or more usually for underground 
cable systems which are grounded, re¬ 
quires some special techniques. These 
devices have been described in the litera- 
tmeM^ Buried pipe lines which become, 


The adequate discharge of static elec¬ 
tricity by grounding is a problem from a 
hazard standpoint, where explosive and 
flammable materials are handled in con¬ 
nection with hospitals, fuel handling, am¬ 
munition depots, and many industrial 
processes. Hospital floors, which are 
conducting, usually require resistance 
values in the order of 100,000 ohms to 1 
megohm between the floor and ground. 
Fuel handling grounds will be generally of 
the 25-ohm variety with the attendant 
switching equipment suitable for hazard¬ 
ous locations. Grounding systems for 
ammunition depots are rather elaborate 
for each individual manufacturing build¬ 
ing, and their ohmic values and complex¬ 
ity are rather similar to those for electric 
substations. 

Grounding systems in hospitals, due to 
their physical components, are generally 
not subject to corrosion. Fuel handling 
grounding practice consists of crossbond¬ 
ing the above ground piping and the con¬ 
nection of the ground bus to suitable 
grounding grids in order to prevent spark¬ 
ing in the presence of flammable vapors. 
For such systems the same types of corro¬ 
sion problems will exist, in regard to dis¬ 
similar metals, cathodic protection, and 
stray currents, as were discussed in the 
previous sections of the paper. 

Grounding systems at ammunition de¬ 
pots are designed to discharge electricity 


systems and practices which may lead to 
malfunctioning and hence greatly reduce 
or nullify the safety features obtained by 
elaborate grounding systems. Each man¬ 
ufacturing building is generally isolated, 
because of the explosion hazard, and a 
grounding girdle of bare cable trenched 2 
feet deep connects the various ground rods 
and the lightning rods. In a number of 
instances, these ground girdles are of bare 
7/l6-inch diameter stranded steel gal¬ 
vanized wire rope connecting to copper 
ground rods and steel lightning rod pole 
footings. Such dissimilar metal combi¬ 
nations are bad practice from the stand¬ 
point of the ground system itself. The 
copper ground rods also provide a chance 
for the corrosion of piping and lead cable 
systems which enter each building. In 
the design of such systems the use of dis¬ 
similar metals should be avoided and 
cathodic protection applied where corro¬ 
sive conditions prevail. 

Appendix I. Four*Electrode 
Method of Soil Resistivity 
Measurement’'*'^® 

In Fig. 4 let current I enter the ground at 
the point electrode no. 1 whose radius is s; 
area = 2ws^; radial current density 
I/2ts^; and let p=soil resistivity. Then 
the electrical intensity E(s) is 
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The combined resistance is 


and the potential between the distance s and 
an infinite point is 

V=f“E(s)ds~Ip/2irs 

The resistance of electrode no. 1 and an 
infinite point is 

R(s)^V/I--p/2irs 

The resistance of a circuit between 1 and 2 
with a circuit between 3 and 4 is 

R — Riz — jR 23 “ (i?14 ““ i^24) 

= p/27r(l/P - 1/2D -1/2 jD+1/P) 

= pf2TrD 
p^2TrDR 

where R = V/I, 

For D in feet and p«=soil resistivity in 
ohm-cm 

p=2r30.6P V/I 
= 1911? V/I 

The depth to which the electrodes are 
placed into the earth will not affect the meas¬ 
urements, provided this distance is rela¬ 
tively small compared to the electrode 
spacing. 


Appendix II. Cathodic Protection 
for Underground Lead Cable 
Systems 



iC is 0.6 where 5 = 20 feet, K is 0.77 
where 5 = 40 feet, K is 0.87 where S = 
60 feet. 

1. Basic data: Underground lead tele¬ 
phone cables are to be protected against cor¬ 
rosion by cathodic protection. Surface 
area of cables and ground bed involved: 
5,640 square feet. The current density of 
0.0003 ampere per square foot was deter¬ 
mined by test to supply a change of 
0 .2-volt in the negative direction as 
measured from the cable to a lead shoe elec¬ 
trode in contact with the soil. 

2. Total current required: 5,640 X 
0.0003 = 1.69 amperes, or roughly 2 am¬ 
peres. 

3. The resistivity of the soil involved is 
780 ohm-cm. 

4. Impressed current system design: 

(a) The anode resistance is computed 

using equation 1 

0.0324 ^ 
r « —-— ohms 


r 


0.0324X780 

8.7 


=2.89 ohms 


using 3-4-inch diameter by 80 inch long 
anodes with an effective length of 8.7 feet, 
as a result of the coke breeze backfill, and a 
separation of 20 feet. The ground bed re¬ 
sistance is 


Sample calculation (see Fig. 5): A verti¬ 
cal anode buried in the soil has the following 
general equation for the resistance of the 
anode 


0.0324p ^ 
f =—=— ohms 


( 1 ) 


r 2.89 

"KN^o.exs 


= 1.6 ohms 


(b) Assuming a 3-per-cent voltage drop 
in the feed wire, a good general practice be¬ 
cause of the relatively large amounts of cur¬ 
rent encountered, the voltage to be supplied 
by the rectifier is 


where 

IL= length of anode, feet 
p= specific resistivity of soil, ohm-cm 
r = resistance of the anode to remote ground 
iV‘=anodes in a straight line at a separation 
feet and connected in parallel 


jE-0.03=/i? 

0.97E=2X1.6 
E = 3.3 volts 

A rectifier with a d-c output of 5 or 6 volts 
and a rating of 10 amperes will be chosen 
for this application. 
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Discussion 

F. E. Kuhnan (Consolidated Edison Com¬ 
pany of New York, Inc., New York, N. Y.): 
Mr. Schaefer’s comprehensive paper dis¬ 
cusses and clarifies the conflicting require¬ 
ments of grounding and corrosion protection 
of underground structures. As a prelude 
to this discussion, it is well to restate briefly 
the reasons for grounding. 

Grounding of electric equipment and cir¬ 
cuits is necessary to prevent overvoltages 
caused by lightning, switching surges, and 
faults which would be harmful to personnel 
and damaging to equipment. Grounding 
also facilitates the quick operation of relays 
and circuit breakers to clear line-to-ground 
short circuits. Grounding wires for these 
purposes are designed to carry transient cur¬ 
rents. 

Where metallic pipes are exposed to the 


-♦- 

magnetic field of current-carrying conduc¬ 
tors, it may be desirable to ground the pipe 
at both ends of the exposure to reduce the 
effect of induced voltages. Thus it is cus¬ 
tomary to ground the sheaths of telephone 
cables paralleling a high-voltage tower line 
to reduce the magnitude of currents (and 
noise) induced in the telephone circuits. 
Similarly, a buried coated pipe line parallel¬ 
ing an overhead electric circuit may be 
grounded at intervals to reduce the a-c po¬ 
tential difference between the pipe and the 
earth. Grounding wires for these purposes 
carry steady-state currents as well as tran¬ 
sient currents. 

Since grounding is necessary to protect 
human life, it receives and deserves prece¬ 
dence in electrical design. However, when 
the details of the grounding design are de¬ 
cided for any installation, they should be 
reviewed from the standpoint of hazards 
caused on buried structures, including the 


corrosion hazard. Mr. Schaefer has done a 
good job in pointing out these hazards and 
describing methods for mitigating them. 

One of the subjects touched on is the prob¬ 
lem of voltages induced in pipe lines parallel¬ 
ing high-voltage tower lines. Many of these 
pipe lines are provided with insulating 
joints for corrosion protection. It has been 
found that, under normal operating con¬ 
ditions on the electric line, a voltage in the 
order of 15 volts may be induced in rela¬ 
tively short sections of pipe line, less than 2 
miles long.^ This voltage is sufficient to 
give mild shocks to personnel operating 
valves on the pipe line. Larger voltages, of 
course, would be induced in longer sections 
of pipe line. Mitigative measures consist 
of reducing the length of pipe between insu¬ 
lating joints, and installing a local ground 
grid in the working area of the valve and 
connecting it to the main. In the case of a 
line-to-ground fault on the electric circuit 
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the induced voltages on the pipe may be 
much larger, possibly in the order of 1,000 
volts or more. 

Investigations made about 25 years ago^ 
showed that the 60-cycle voltage induced in 
a telephone wire paralleling a faulted elec¬ 
tric line is proportional to the ground return 
current and to the mutual impedance be¬ 
tween the electric line and telephone wire. 
The mutual impedance depends primarily on 
the spacing between the two circuits and the 
electrical resistivity of the soil. For close 
spacings between the electric line and the 
telephone wire, the mutual impedance is in 
the order of 0.1 ohm per 1,000 feet of expo¬ 
sure. Thus, if the ground return current 
were 2,500 amperes, a potential difference 
of 250 volts coiid be induced in 1,000 feet of 
telephone wire or 1,320 volts per mile. 
Voltage of this magnitude can be expected 
in wdl-insulated pipe lines paralleling a high- 
voltage tower line. 

Mr. Schaefer mentions that spark gaps 
have been installed across the insulating 
joints and that they have prevented burning 
of the insulated flanges by the fault current 
(see ref. 8 of the paper). Another method^ 
consists of instalHng galvanic anodes along 
the coated pipe line to reduce the resistance 
between the pipe and earth, and grounding 
each side of the insulating joint to buried 
zinc electrodes. The zinc dectrodes func¬ 
tion as lightning arresters and also provide a 
low resistance path around the insulating 
joint for currents induced from the power 
line. Thus the method has the advantage 
of providing corrosion protection to the pipe 
line as well as grounding the pipe for light¬ 
ning surges and induced voltages. 

This discussion pertains to overhead dec- 
tric tower lines only. In the case of under¬ 
ground pipe-type feeders where the pipe is 
solidly grounded at both ends, almost the 
entire fault current would be returned to 
the generating source by the pipe, and only 
a negligible portion would flow through the 
earth and other buried pipes.^ 

The problem of power cables supplying 
railway properties deserves spedal consider¬ 
ation with respect to grounding and cor¬ 
rosion. In this situation, precautions 
should be taken to keep the power cable 
sheaths and neutrals dear of contact with 
current-carrying parts of the railway and 
thus prevent the flow of stray current from 
the railway property to the power company 
cables. The railway properties referred to 
indude railway substations, tracks, devated 
structures, rapid-transit subways, and any 
structure connected with the railway sys¬ 
tem that might carry railway current. 

Within railway substations it may be 
desirable to install an a-c ground bus to 
ground the neutral of low-voltage power serv¬ 
ices and the circuit-breaker housing, meter¬ 
ing equipment, and transformer of high- 
voltage services. The a-c ground bus 
should be grounded to the water pipe but 
kept clear of contact with the substation 
building steel and the railway d-c and 
ground busses. Such construction would 
serve to reduce the dectrolysis hazard on the 
power cables, and in the case of failure on 
the railway system reduce the flow of heavy 
fault currents which could cause burning of 
pipes, cables, and conduits. 
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S. S. Watkins (Gibbs & Hill, Inc., New 
York, N. Y.): My comments are from the 
viewpoint of the engineer who is not a cor¬ 
rosion specialist nor a cathodic protection 
specialist but is concerned with the over-all 
design of substations and generating sta¬ 
tions. Mr. Schaefer’s paper renders a wel¬ 
come assistance by warning that normal 
grounding systems can cause galvanic cor¬ 
rosion, by presenting useful data on corro¬ 
sion, and by suggesting remedies. But I 
wish to caution against sacrifice of the objec¬ 
tives of the grounding system in the effort 
to prevent corrosion. There is an inherent 
conflict between the purposes of an effective 
grounding system and those of corrosion 
prevention. 

The station designer uses copper cable 
and copper-clad rods for current capacity 
and permanence, designs an extensive sys¬ 
tem of ground rods and bare cable for low 
ground resistance and for limitation of volt¬ 
age differences throughout the station area 
during ground fault, and welcomes any nat¬ 
ural conditions of high water content, dis¬ 
solved salts, and low resistivity of soil since 
these facilitate attainment of low ground 
resistance. But all of these factors can be 
causes of galvanic corrosion of underground 
steel and lead. The conflicting require¬ 
ments of effective grounding and of corro¬ 
sion prevention must be reconciled by the 
station designer. 

Mr. Schaefer offers a solution in which all 
buried copper cables and buried copper con¬ 
nections of the grounding system are insu¬ 
lated and the ground rods are heavily zinc- 
coated and cathodically protected. No 
doubt this wiir prevent corrosion, but the 
insulation of the cable sacrifices an impor¬ 
tant function of buried bare cable, that of 
limiting the voltage differences throughout 
the station area during a fault to ground. 
Where buried cables are insulated, it may be 
necessary to increase the number of ground 
rods and space them closely along the sta¬ 
tion periphery and near mechanisms and 
switch handles to keep voltage differences 
within safe limits. 

Published information on voltage gra¬ 
dients of actual grounding installations 
is scarce. Ground-resistance gradients 
usually can be measured, with standard 
ground-resistance instruments, during the 
period immediately preceding the energizing 
of a new station. The results of such 
measurements can be very valuable to the 
engineers concerned and valuable to the 
electrical industry as a whole if they are 
published. 

Another solution of the conflicting re¬ 
quirements of corrosion prevention and 
effective grounding retains the equalizing 
effect of extensive bare conductors buried 
horizontally. Design calculations and field- 
test figures from a number of actual in¬ 


stallations were given in a 1954 conference 
paper *‘A11 Steel Station Grounding Net¬ 
work’' by S. J. Litrides. 

Mr. Schaefer’s mention of severe corro¬ 
sion in soil of 1,500 ohm-cm or less resistivity 
suggests that high soil resistivity, which 
makes effective grounding difficult, may be 
a *'cloud with a silver lining.” It would be 
helpful to station designers if any figure of 
soil resistivity could be stated, above which 
bare copper station-grounding networks 
usually do not cause a serious degree of gal¬ 
vanic corrosion. 

In the section on "Lightning and Surge 
Protection” it is stated that about 90 per 
cent of the voltage will appear in a radius of 
6 to 10 feet around the ground electrode. I 
assume that this applies only to small elec¬ 
trodes, such as a single grounding rod. 

The information which the paper gives on 
earth-resistivity measurements should prove 
useful. I agree that such measurements 
should be made at the precise location of 
every proposed grounding installation. 


L. P. Schaefer: I wish to thank Mr. 
Kulman and Mr. Watkins for their construc¬ 
tive discussions. Both discussions have re¬ 
emphasized the reasons and the. means of 
obtaining good electrical grounding which 
is of prime importance in the safe operation 
of electric equipment. It is well to point 
out here that performance is always a cri¬ 
terion of good electrical design and this 
should not be sacrificed because corrosion 
has caused failure somewhere down the 
line. 

Mr. Kulman has done an excellent job of 
presenting data which are of value on the 
subject of induced voltages in buried pipe 
lines, cables, and pipe-type feeders. For¬ 
tunately, this was a subject of considerable 
interest some 20 years ago in the era of elec¬ 
trified interurban lines and street railways 
which are, as utilities, almost extinct at 
the present time. A buried pipe line is a 
leaky ground conductor which is subject to 
induced potentials where the pipe line 
parallels power transmission lines and elec¬ 
trified railway tracks. The induced volt¬ 
age on the pipe line is a function of the cur¬ 
rent and the mutual impedance between the 
pipe and track or pipe and transmission line. 
The use of insulating joints on a pipe line 
which is in the field of a transmission line 
or an electric railway track system will de¬ 
pend on some of the following items: 

1. Coating resistance of the pipe line. 

2. Average soil resistivity. 

3. Types of electric power transmission 
lines in the area. 

4. Electric resistance to ground of tower 
footings, or track systems. 

5. Geometric layout of pipe line and 
power transmission lines. 

6. Location of insulating flanges. 

Riordan^ and Sunde^ indicate the param¬ 
eters and derive the general equations for 
solutions to the induced voltage problems for 
pipe lines from electric railway sources. 
These generalized equations are applicable 
to present-day cathodic protection problems 
on transmission pipe lilies. 

Mr. Watkins h^ pointed out the need 
for low potential differences between various 
pieces of electric equipment in a substation, 
and also the need for the reduction of volt- 


82 


Schaefer—Electrical Grounding Systems and Corrosion 


May 1955 



age gradients to a minimum in and around 
any substation yard. For conditions of high 
soil resistivity it may be necessary to use an 
extensive underground counterpoise system 
of bare cable connecting driven rods or mesh 
mats in order to secure a low resistance 
ground. If the choice of material for this 
grounding system presents a possible gal¬ 
vanic corrosion cell problem, then it may be 
necessary to provide insulating sections in 
the underground lead cables or insulating 
joints in the pipe lines to break up the gal¬ 
vanic cell circuit. However, insulating sec¬ 
tions may not be necessary if the mutual 
impedance of the grounding cable or ground¬ 
ing pipe system is high enough to prevent 
galvanic currents from flowing. Also, in 
low resistivity soils the total area of bare 
copper grounding may be small compared 
to the total area of buried lead cable. Con¬ 


sequently, little or no damage will be done 
to the lead cable as a result of corrosion be¬ 
cause of the small area of the copper cathode 
target in the galvanic cell circuit. 

The copper of a bare copper connecting 
cable and copper-clad rods may be subject 
to environment corrosion. Cinders around 
the copper structure will provide a low resist¬ 
ance ground. However, the sulphuric acid 
will leak out of the cinders and cause corro¬ 
sion of the copper. Also, as an example, 
copper can be subject to galvanic corrosion 
from cast-iron piping. It is a common prac¬ 
tice to use copper service piping from cast- 
iron water mains. Unless an insulating 
coupling is used, the copper causes corrosion 
of the cast-iron pipe. This process removes 
the iron from the pipe, leaving a graphitized 
pipe near the copper service. The process 
is then reversed and the copper starts to 


corrode to the graphitic pipe section. 

Some of the problems described in the 
foregoing make it difficult to connect cor¬ 
rosion to a specific soil resistivity value. 
The soil resistivity is one component of the 
underground corrosion circuit, and, though 
important, there are other factors, such as 
the geometry of the electrodes, conditions 
of coatings, lineal resistance of the struc¬ 
tures, and possible stray current problems 
which may also have a direct bearing on the 
corrosion process. 
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An Analytical Method For the Design 
of Relay Servomechanisms 


JOHN E. HART 

ASSOCIATE MEMBER AIEE 


R elay servomechanisms in general 
show advantage over continuous 
servomechanisms with regard to cost, 
size, weight, and complexity. The 
application of relay servomechanisms, 
however, has been retarded by the 
meager understanding of obtainable 
operating characteristics and the lack of 
practical design methods. 

The purpose of this paper is to present 
a method for design of relay servo¬ 
mechanisms. Physical circuitries and 
components are not considered directly, 
but, rather, the results axe presented 
in nondimensional form to allow more 
general application. Certain assump¬ 
tions have been made regarding the basic 
properties desired in the servomechanism 
to be 'designed. It is assumed desirable 
that the system be quiescent in steady 
state and that the inherent design 
simplicity be achieved. In order to 
execute rapidly the transient to a step 
input and minimize overshooting, it wiU 
be shown that a “critically damped” 
or “deadbeat” response is desired. (For 
a deadbeat response the relay will dose 
and open only once when the system is 
subjected to an input step.) 

In view of these assumptions, the 
method of design is based on derived 
analytical expressions of deadbeat criteria, 
wherein the parameters considered are 
restricted to the following: 1. inertia, 
2. viscous damping, 3. motor torque, 


4. gear ratio, 5. coulomb friction, 6. 
dynamic braking, 7. external braking, 
8. relay sensitivity, 9. relay hysteresis, 
10. relay transient time, 11. velocity 
feedback coefficient, and 12. velocity- 
squared feedback coefficient. 

Nomenclature 

Dimensional Parameters 

c = angular position of the motor shaft 

system inertia reflected to the motor 
shaft 

viscous friction coefficient reflected to 
the motor shaft 
stall torque of motor 
motor speed time constant 
maximum steady speed state of motor 
shaft in the absence of coulomb fric¬ 
tion 

a=pull-in voltage of relaying device, volts 
error source sensitivity, volts per unit 
angle 

17= gear ratio (ratio of motor speed to 
output speed) 

linear velocity feedback coefficient, 
radians per radian per second 
&=velocity-squared feedback coefficient, 
radians per radian per second^ 

2d:=relay drop-out time 

Nondimensional Parameters 

u=angular position of the motor shaft; 
C/{CmT) 

O'=angular velocity of the motor shaft; 
CjCrni) 

(f=angular acceleration of the motor shaft; 

€=measure of one-half the width of the 
dead zone 


X = ratio of drop-out to pull-in voltage of the 
relaying device 

/c=measure of linear velocity feedback 
coefficient 

j8=measure of velocity squared feedback 
coefficient 

T=ratio of relay drop-out time to motor- 
speed time constant 

Qjs: ratio of viscous friction coefficient when 
the relay is open to the viscous fric¬ 
tion coefficient when the relay is 
closed , 

<^=ratio of coulomb friction present when 
the relay is open to the motor-stall 
torque 

A = ratio of coulomb friction present when 
the relay is closed to the coulomb 
friction present when the relay is 
open 

Deadbeat Criterion for Simplified 
Relay Servo 

Consider a servo consisting of an error 
source, a polarized relay, and a motor, 
as shown in Fig. 1 The equation for the 
motor shaft is assumed to be 

Jc-\-Bc^QmKc) ( 1 ) 

where/(c) is a function which is restricted 
to values of =b 1 or 0 and c and c stand for 
dc/dt and d^c/dt^ respectively. The 
assumed characteristics of the polarized 
relay are shown in Fig. 2. Operation of 
the relay provides a discontinuous motor 
voltage, since the value of /(c) becomes 
dbl whenever the magnitude of the error 
voltage exceeds the pull-in voltage of the 
relay. If the magnitude of the error 
voltage is less than the drop-out voltage 
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CONTROL ELEMENT (POLARIZED RELAY) 



CONTROLLED VARIABLE 
(OUTPUT SHAFT) 




Fig. 1 (left). Simplified 
relay servomechanism 


Fig. 2 (right). Relay 
characteristics 


for the relay, the value of J(c) is zero. 
Under the condition that the reference 
input remains zero, the error voltage 
will equal motor position multiplied by 
a proportionality factor involving error 
source sensitivity and gear ratio. The 
response of the system to a step error 
is therefore determined by assuming an 
initial value of the motor position 
different from the value of the reference 
input. 

In order to simplify and non- 
dimensionalize equation 1, divide through 
by Qm- Then 


-i— 


^f(c) 


( 2 ) 


where T^J/B (the mechanical time 
constant) and Cm = Qm/B (the maximum 
steady-state speed of the motor). Equa¬ 
tion 2 may be rewritten as 


<f-fa- = =bl orO 


(3) 


Use will also be made of a nondimensional 
measure of shaft position <r, where cr is 

. 

The response of the system is described 
by curves of the successive states of 
position and velocity in the phase plane. 
Such curves are termed trajectories. 
Fig. 3 shows a phase plane where the 
botmdaries of relay operation are de¬ 
lineated and the equations for these 
boundaries, as well as the equations of 
motion of the system in various regions, 
are indicated. In the equations de¬ 
scribing the boundaries for relay opera¬ 
tion, e is a nondimensional measure of 
the relay pull-in voltage 

_ aN 

hCffiT 


For the system under consideration, 
the equations for the trajectories in the 
various regions are given by Weiss.^ In 
the region where the relay is open, the 
equation is 

O'-her = 0*^-1-(To (4) 


where <7o and o-o are the initial co¬ 
ordinates. In Fig. 4, if the system is 
to respond to all step errors regardless 
of magnitude without reversal of the 


motor, the velocity must come to zero 
when the position is less than e. From 
nondimensional considerations, the initial 
velocity, in. the central region, can have a 
maximum value of imity. The initial 
value of position for the region where the 
relay is open is — X€. Inserting these 
conditions in equation 4 gives the 
inequality 

0-|-6>l~X€ (5) 


or 



( 6 ) 


This inequality is therefore the criterion 
for deadbeat response. Obviously, over¬ 
shooting may occur, and an error may 
exist in steady state; but the magnitude 
of overshoot and the value of steady- 
state error are restricted to a range 
corresponding to plus or minus the pull-in 
voltage of the relay. 


Practical Systems 

In practical applications it may be 
desirable to reduce the dead zone neces¬ 
sary for deadbeat operation below the 
value required for the simplified relay 
servo. Such a reduction may be pro¬ 
vided by altering the boundary equations 
for relay operation or by altering the 
equations of motion for the various 
states of the relay. Alteration of the 
boundary equations may be accom¬ 
plished by velocity feedback or lead 
networks; the equations of motion may 
be affected by employing various types 
of braking or utilizing mechanical damp¬ 
ing means. 

If a resistance-capacitance lead net¬ 
work is employed, the gain of the system 
is adversely affected. Consistent with 
the assumed properties of simplicity, 
light weight, etc., for the complete 
system, the requirement of additional 
amplification associated with a resistance- 
capacitance network renders this type 
of stabilization undesirable. In many 
cases mechanical damps, such as the 
Lanchester damp, are also undesirable, 
because of the resulting limitation on 
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u- ■ 
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acceleration. The maximum motor speed 
is not affected by the presence of a me- 
dianical damp but the transient time is 
substantially increased. 

Two forms of velocity feedback have 
been suggested in the literature.^ The 
simpler of these consists of subtracting, 
from the error signal, a signal propor¬ 
tional to the rate of change of error or 
the velocity of the output. In the 
presence of this type of feedback the 
equation for the relay operation boundary 
of Fig. 4, e.g., would change from 

Xe (7) 

to 

o-**—Xe—icer (8) 

where 

k 

r 

The more complex form of velocity feed¬ 
back consists of subtracting from the 
error signal a signal proportional to the 
square of the rate of change of error or 
the square of the velocity of the output. 
For this case the relay boundary would 
be, e.g. 

o-=-Xe-/3a'2 (9) 

Consistent with the nondimensional form 



It is evident that, when the relay is 
open, the presence of a braking action 
will tend to stabilize the system. In 
equation 1 it was assumed that the value 
of viscous damping B was independent 
of the operation of the relay. In reality, 
when the relay is open, the value of 
viscous damping depends upon the 
amount of dynamic braking employed. 
The nondimensional equation applicable 
when the relay is open will be 

cf'-|- o£(7=0 (10) 

The response of the system will be 
affected by the value of a. The system 
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Fig. 3 (left). 
Equations of mo¬ 
tion and bound¬ 
aries for regions 
of phase plane 


Fig. 4 (left, be¬ 
low). Deadbeat 
response and tra¬ 
jectory equation 


Fig. 5 (risht). 
Limits of dead¬ 
beat operation 



X 


-I 


crsXe 


will be unstable if a. is equal to zero, 
unless some other type of braking action 
is employed. Such supplementary brak¬ 
ing action may be obtained by applying 
a friction brake to the motor shaft when 
the relay is open. Assuming the fric¬ 
tional force of the brake to be a constant 
(and the ratio of this torque to the motor 
torque to be the equation of motion 
when the relay is open will be 

ef4.ao'=-<^ (11) 

Deadbeat Criteria 


assumed to be constant and is repre¬ 
sented nondimensionally as r, where 
r^TJT, The pull-in time for the 
relay is not involved in the deadbeat 
criteria; the value of this parameter 
does influence the response of the system, 
however, as will be discussed in the next 
section. 

The deadbeat criterion when simple 
velocity feedback is employed is 



For velocity squared feedback the 
criterion is 



may be simplified by considering th 
general criterion 



( 16 ) 


where x is the numerator of the right- 
hand side of the inequalities 12 through 
15. Curves for the inequality 16 are 
shown in Fig. 5 for several values of x. 
The value of the numerator x as a func¬ 
tion of (t—k) or (r—p) for various 
values of <j> is shown in Fig. 6 for a = 0 
and in Fig. 7 for a — l. Sets of curves 
for other values of a are easily deter¬ 
mined. 


Physical Interpretations of 
Nondimensional Parameters 
and Assumptions 


The method of derivation described for 
a simplified relay servo has been em¬ 
ployed to establish the more compre¬ 
hensive criteria for deadbeat operation; 
see Appendix I. One final parameter is 
considerered, namely, the drop-out time 
of the relay. The drop-out time is 
defined as the time required for the 
relay contacts to open after the coil 
voltage reduces to a value below the drop¬ 
out voltage. The drop-out time is 


If a is equal to zero the criteria are 
1 


€>- 


2 <i> 


1+X 


and 


(14) 


T— /S-f-; 


«>- 


2<f> 


1+X 


(15) 


Graphical presentation of these criteria 


The criteria for deadbeat response 
presented are exact in so far as the 
equations utilized in their derivation 
apply to the physical system under 
consideration. In reality, however, a 
physical system may not be described 
by simple linear equations and the 
factors neglected may, under certain 
circumstances, be significant in limiting 
the performance that may be obtained. 
Other factors, which do not affect the 
deadbeat criteria, must also be con- 
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sidered because of their influence on the 
response time. 

The relation of the physical parameters 
to a particular value of a nondimensional 
parameter may be determined by in¬ 
spection. If the expression for e is 
reduced to the fundamental parameters, 
e.g. 

aNB^ 

it is seen that € increases proportionahy 
to the relay pull-in voltage a. If a is 
increased, in order to increase €, the 
actual dead zone at the output shaft 
increases. If, on the other hand, jg is 
increased by increasing the viscous 
damping 5, the actual dead zone will be 
unchanged; the time constant will be 
decreased, however, as will the maximum 
motor speed. Decreasing inertia J 
increases € and shortens the response 
time, but produces no effect on the 
maximum motor speed. 

An understanding of these and other 
relations is necessary to provide an 
insight to the fundamental properties 
of relay servomechanisms. If, e.g., J 
is decreased, the resulting increase in « 
is favorable; the decrease in J increases 
T, however, and thereby adversely affects 
the system response. 

It has been assumed that the time 
required for the motor torque to build 
and decay is negligible. In a physical 
system this time constant may not be 
neglected if a rapid response and mini¬ 


mum dead zone are to be obtained. 
From a phase-plane consideration, the 
presence of this time constant limits the 
rate of change of velocity with respect to 
position at the transition points of the 
trajectory. However, the motor-torque 
time constant may be approximated as a 
time delay and added to the relay 
transient time. 


If a system is deadbeat, the presence 
of a pull-in time for the relay or the 
build-up time of motor torque will not 
alter the deadbeat characteristic. The 
time required for the system to respond 
to an input step, however, will be in¬ 
creased by the presence of such time 
constants or time delays. 

Two conditions will result in a steady- 
state oscillation or limit-cycle operation 
of a’ relay servomechanism, notwith¬ 
standing its compliance with a deadbeat 
criterion. If a load torque greater than 
<i> is applied to the output shaft, the relay 
will operate intermittently so that the 
time average of motor torque plus 0 will 
cancel the applied torque. In like 
manner, when the input is a constant 
velocity, the relay will operate inter¬ 
mittently to provide an average output 
velocity equal to the input velocity. The 
actual deviation between the input and 
output in these cases obviously depends 
upon the system parameters. In general, 
it may be stated that the smaller the 
actual dead zone and the higher the 
motor torque, the smaller the actual 
deviation will be. 

In a physical system, it will generally 
be found that a design requiring the 
actual dead zone to approach zero, or 
the ratio of drop-out to pull-in voltage 
to approach tmity, will result in a limit- 
cycle oscillation. One reason for such 
oscillation is the statistical natmre of the 
relay operation. E.g., the saturation of 
an electromechanical relay, because of 
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Fig. 8 (icft). 
Stability limits 
with linear veloc¬ 
ity feedback 
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the momentary application of a high 
voltage, can cause a variation in the relay 
operation. 

Linear and squared-velodty feedback, 
as stabilizing means, have been mathe¬ 
matically analyzed by Feldbaum.^ The 
results given by Feldbaum have been 
expanded and are presented in Figs. 8 
and 9. In these figures, points above 
or to the right of a curve indicate sets of 
parameters corresponding to stable sys¬ 
tems. Relay drop-out time may be 
included in stability considerations but 
the parameter <f> leads to simultaneous 
transcendental equations. 

In Figs. 6 and 7 the use of the feed¬ 
back factors K and jS, as to their effect on 
deadbeat operation, is indicated. From 
the abscissa axes of Figs. 6 and 7 it is 
apparent that the parameters k or P may 
be utilized to nullify the effect of relay 
drop-out time r. If (t—k) or (r—jS) is 
less than zero, the system will be further 
improved. The extent to which these 
factors may be employed to improve the 
system is limited, however, by secondary 
considerations. Consider the case of 
velocity squared feedback as shown in 
Fig. 10, where the value of is relatively 
large. For this case, the trajectory of 
the response following a step input 
indicates that the relay will open and 
close several times—^but in the same 
sense. Such operation is considered 
undesirable because of the general in¬ 
crease in response time involved. In¬ 
spection of Fig. 11 indicates that this 
type of operation may also be encountered 
with linear velocity feedback. A cursory 
analysis shows, however, that the value 
of K whidb. may be employed before this 
'‘overdamped’' type of response is en¬ 
countered is greater than the value of /3. 
This factor, together with a consideration 


Fig. 9 (right). 
Stability limits 
with velocity- 
squared feedback 


of the circuit complexity required to 
provide a squared term, renders the 
linear velocity feedbads: method more 
desirable in most cases. In support of 
the use of the squared term, however, 
it should be noted that its employment 
results in a significant decrease in 
transient time when the major portion 
of the braking action is of the coulomb 
friction type. 

One additional factor should be men¬ 
tioned before presenting the design 
procedure: the coulomb friction present 
which is independent of the operation of 
the relay. Such friction may arise from 
gear loading or other sources inherent in 
the system. In designing, an attempt is 
made to minimize this friction because 
of its adverse effect on motor torque. 
Expressions are developed in Appendix I 
for deadbeat criteria where coulomb 
friction is not negligible. 

Design Procedure 

The specifications to be met by a servo¬ 
mechanism may be stated in various 
ways. For linear systems, the form of 
the specifications is of little importance 
because of the implicit relation of one 
form to another. For relay servo¬ 
mechanisms, however, it is desirable that 
the specifications state the allowable 
static and steady-state following errors, 
the allowable overshoot, and the maxi¬ 
mum transient times. Specifications of 
bandwidth or other frequency charac¬ 
teristics would require a complex inter¬ 
pretation because of the nonsinusoidal 
form of the output of a relay servo¬ 
mechanism when subjected to a sinu¬ 
soidal forcing function and also because 
of the effect of input magnitude on the 
output wave shape. 


The design of a relay servomechanism 
is carried out by first calculating the 
motor power required from considera¬ 
tions of the maximum motor speed, the 
load diaracteristics, and the approximate 
accelerations required. After selecting a 
motor, the values of 4i and T may be 
calculated from the motor and load pa¬ 
rameters. The sensitivity required for the 
error source and relay pull-in voltage 
may be calculated to give the specified 
value of dead zone. From these data 
the value of e may be calculated. With 
the selection of a relay, or pilot and 
power relays, the value of X is obtained. 
Assuming the system to be deadbeat, 
the required value of x is obtained from 
the inequality 16, The value of r is 
determined for the relay assumed and this 
parameter, together with the required 
value of Xf permits determination of 
various sets of the remaining parameters: 
oj, and K or p from curves on Figs. 6 
and 7. This infonhation and knowledge 
of the relay pull-in time will indicate 
alternate arrangements which may be 
utilized to meet the required speci¬ 
fications. As in any servomechanism 
design, testing of a mockup of the system 
will be necessary for adjustment and to 
indicate allowable values of backlash, 
resolution requirements, and other sec¬ 
ondary considerations. 

This design method was employed in 
calculating the values of 6 for deadbeat 
operation in two relay servomechanisms. 
The values of the various nondimensional 
parameters and the measured and cal¬ 
culated values of e for these systems are 
presented in Table I. The approximate 
agreement achieved for these servo¬ 
mechanisms indicates the usefulness of 
this design method. The system referred 
to as servo no. 1 in Table I could be 
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Fig. 10. Typical response with excessive velocity-squsred feedback Fig. 11. Typical response with excessive linear velocity feedback 


adjusted to meet the following speci¬ 
fications: 

Static error: ±15 minutes of arc. 

Maximum slewing speed: 150 degrees per 
second. 

Velocity error coefficients: 0.05 at 10 
degrees per second; 0.0035 at 150 
degrees per second. 

Transient time for 90-degree step input: 
less than 1 second. 

Maximum overshoot for 90-degree step 
input: 30 minutes of arc. 

In general, it is found that a dead zone 

equal to about half that required for 


deadbeat operation may be employed. 
This procedure results in a peak overshoot 
magnitude approximately equal to the 
total width of the dead zone. 

Summary 

The deadbeat criteria presented form 
the basis of a method of design of relay 
servomechanisms. The complexity of the 
systems considered has been limited to 
include only the essential parameters 
because of the assumption that a relay 


servomechanism woidd not be employed 
except to utilize its inherent property 
of simplicity. The presentation of 
criteria in terms of relations of non- 
dimensional parameters permits applica¬ 
tion of this design method to a wide 
range of physical systems. 

For systems defined by the parameters 
considered, the general criteria represent 
the necessary and sufficient conditions 
for deadbeat operation. In attempting 
to obtain general criteria for a more 
complex system, which considers the 


Table I. Calculated and Measured Parameters 
for Physical Models of Two Relay Servo¬ 
mechanisms 


Parameter 


Servo Ko. 1 Servo No. 2 


foot-pounds per 

radian per second... 8.39 X10 “8... 8.39 X10 

slug feet*.0.284X10-8. .6.76X10-8 

Qm, foot-pounds.3.0 X10 -*_3.0 X10 -* 

r, seconds.0.03385.0.806 

a/h, radians.0.025.0.0476 

i\r, gear ratio.60 to 1.210 to 1 

k, radians per radian 

per second.0.0238.0.1588 

Coulomb friction, 

foot-pounds.1.07 X10 -8... 1.393 X10 

Braking friction, 

foot-pounds.1.07 X10 -2... 1,393 X10 -8 

Dynamic braking, 

foot-pounds per 

radian per second.. 1.2X10-8_1.2X10-8 

Relay pull-in voltage ..3.5.3.5 

Relay drop-out volt- 

.2.1 


age. 

Relay drop-out time 
(approximate), 
seconds. 

.1.0X10-8.... 

.0.143 


.0 703 


.0 358 


0 03 

X. 

proximate) 
.0.6. 

A. 

.1.0.!.. ! 

€ calculated. 

€ measured. 

.0.0313.!!!!!! 
.0.124. 
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0.143 

0.197 


proximate) 

0.6 

1.0 

0.0681 

0.0346 
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motor-torque time constant or the effects 
of a lead network, e.g., it is found that 
the solution of simultaneous trans¬ 
cendental equations is reqtiired. Thus 
the designer of the more complex relay 
servos will be required to use empirical 
or approximate methods of design. 

Appendix I. Derivation of 
Deadbeat Criteria 


then the equation for the locus of events on 
each trajectory, following the initial event 
by a constant time delay t, is 

-f- 

le^(n-hl)-l]& (22) 

where D is the right-hand side of the non- 
dimensional equation of motion for that 
region. 

For the system with linear velocity feed¬ 
back, the boundary equation in the absence 
of a time delay is (for point 1) 

0*1= —X€—ic<ri (23) 


give the deadbeat criterion for the case 
where o!=0 

(1-As(.)(t+—-K--) 

' 1+X 

For a system with velocity-squared feed¬ 
back the boundary equation for point 1, 
in the absence of relay drop-out time, is 

(29) 

In the presence of drop-out time (from 
equation 22), the boundary equation is 


Deadbeat criteria will be derived for 
systems with dynamic braking a, coulomb 
braking <j>, coulomb friction A, relay drop¬ 
out time r, and either linear velocity feed¬ 
back K or velocity-squared feedback 
For these systems the equation of motion 
where the relay is open is 

(17) 

The corresponding equation for the tra¬ 
jectories in this region is 



For the case where a = 0 the equation of 
motion will be 


The equation of motion for the trajectories 
approaching this boundary is 

cf-f-<7 = l-A<^ (24) 

The value of D in equation 22 is therefore 
i —Substituting this value for D and 
the values of m and n from equation 23 
into equation 22 gives the boundary 
equation for point 1 as 

(ri = -X6-t-(l-A(^)[(l-en(l-0+r]-f 

[e’*(l-K)~l]<ri (25) 

If a system is deadbeat for the case 
where the velocity (upon entering the 
region where the relay is open) has its 
maximum possible value, then it will be 
deadbeat for all step inputs. The value 
of the maximum velocity is 

(26) 




(19) 


and the corresponding equation for the 
trajectories 




2<l> 


( 20 ) 


The relay boundary equation is used in 
the derivation of each of the deadbeat 
criteria. The form of this equation, as 
influenced by the drop-out time r, will be 
indicated before the consideration of 
several criteria. 

Weiss^ shows that if the equation for 
the locus of points on the phase plane 
corresponding to a given event is 


A phase plane showing the boundary 
and trajectory equations and a typical 
deadbeat response for this case are shown 
in Fig. 12. For the system to be deadbeat 
it is necessary that <r 2 be less than € when 
<7*2 is zero. Substituting equations 26, 
26, <r 2 = 0 , and <r 2 <€ into equation 18 gives, 
after simplification, the desired criterion 


_ 


l+x 


(27) 




(21) Similarly, these substitutions in equation 20 


<ri = —Xe4-(1 —■ A0)[(1 —e^)(l —j8<Ti)-l-r] -j- 

(30) 

Substituting equation 30 and the conditions 
—A<^, OTgssO, and, <r 2 <€ into equation 
18 gives, after simplification, the deadbeat 
criterion 


e>- 




(1-A<^) j 


1+X 


(31) 


Similarly, these substitutions in equation 20 
give the deadbeat criterion for the case 
where a=0 


€>- ^ 




A> 

' 2 ; 


(32) 


1+X 
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Discussion 

Robert W. Bass, John M. Kopper, and 
Henry S. McDonald (The Johns Hopkins 
University, Baltimore, Md.): To anyone 
who has tried to design relay, or on-off, 
servomechanisms, the difficulties in both 
analysis and s 3 mthesis are well known. 
That so much work has been done on linear, 
continuous-type servos is due to the for¬ 
tunate circumstance that a neat and com¬ 
plete anal 5 rtical theory can be worked out 
easily for this type, largely because little 
more is involved than a complete examina¬ 
tion of the solution to a linear second-order 
differential equation with constant coeffi¬ 
cients. With relay servos the situation is 
different, as attested to by the many and 
varied approaches that have been used to 
date in an effort to analyze the problem 
so as to make possible a s 3 mthesizing tech- 


-♦- 

nique. When one considers that the ma¬ 
jority of servo systems are called upon to 
respond to steplike changes rather than 
to sinusoidal changes, it would appear that 
the approach used by MacColl, Weiss, and 
Feldbaum (see references of the paper), 
and now extended by Mr. Hart, is the one 
most likely to produce good design methods. 
Using this realistic approach, Mr. Hart has 
obtained general design curves which should 
prove of great value in the construction of re¬ 
lay servos for the case of deadbeat opera¬ 
tion. 

In cases where deadbeat operation is not 
possible, other criteria for stability are 
necessary. At Johns Hopkins, in a pro¬ 
gram being sponsored by Frankford Arsenal, 
we have been working with other than the 
deadbeat criterion and have extended 
Feldbaum^s work to include time delay 
along with hysteresis and velocity feedback. 
Stability curves similar to those of Mr. 


Hart and Mr. Feldbaum have been de¬ 
termined for the case of a resistance-ca¬ 
pacitance phase-lead network in the loop. 
In addition, we have considered the use of 
relay output voltage feedback, suggested to 
us by Oscar Wilsker of Frankford Arsenal, 
who had used it successfully in several ex¬ 
perimental relay servomechanisms. A most 
important result of our work is the analytical 
determination of a proper combination 
of position, velocity, and relay output volt¬ 
age feedback to achieve stability by remov¬ 
ing completely the effects of hysteresis and 
time delay from the system in the sense of 
step and ramp inputs. From this we have 
developed a general logarithm for the case 
of higher-order relay systems. This allows 
the determination of a set of feedback 
coefficients (including feedback around the 
relay) which will exactly stabilize such a 
system for step and ramp inputs. 

We owe Mr. Hart a considerable debt 


May 1955 


Hart—Analytical Method for the Design of Relay Servos 


89 



for making a decidedly forward step in the 
difficult procedure of going from the analysis 
of systems to the synthesis of systems. 


Rufus Oldenburger (Woodward Governor 
Company, Rockford, Ill.): The treatment 
by the author of the effects of various param¬ 
eters on the performance of relay servo¬ 
mechanisms and the study of deadbeat 
response is most timely. In any thorough 
study of such relays the parameters dis¬ 
cussed by Mr. Hart must be taken into 
account. 

A number of papers^ have been con¬ 
cerned with the intentional use of satura¬ 
tion, such as making a servo travel at full 
speed (and power) as much of the time as 
possible. The perfoimance is designed to 
be deadbeat. For optimum controller- 


process transients the servo output of the 
controller must generally travel at full 
speed at all times, except when the speed 
should be zero. For the saturation ap¬ 
proach the values of controlling functions 
determine when the servo should travel at 
full speed in one direction, full speed in the 
other or stand still. 

The theory of relay servos was given con¬ 
siderable impetus by Dr. I. Flugge-Lotz’s 
book.* 
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Time Variation of Industrial System 
Short-Circuit Currents and Induction 
Motor Contributions 


W. C HUENING, JR. 

ASSOCIATE MEMBER AIEE 


C alculations of the approximate 
variation with time of industrial 
power system short-circuit currents were 
made for a discussion of the circuit-breaker 
application procedure proposed in an 
AIEE paper. ^ The results of the calcu¬ 
lations indicate that induction motor 
loads produce contributions to short- 
circuit currents that do not decay rapidly 
in every case and perhaps should not be 
ignored even when present simplified ap¬ 
plication calculating procedures permit it.^ 
In this paper, the method used to deter¬ 
mine the approximate short-circuit cur¬ 
rent time variation is described, and the 
behavior of induction motors which 
produce short-circuit current contribu¬ 
tions that do not decay rapidly is dis¬ 
cussed. 

Factors Affecting Short-Circuit 
Currents 

The principal sources of system short- 
circuit currents are the connected rotat¬ 
ing machines, including both motors and 
generators. When an industrial power 
system is short-circuited, if the plant has 
a utility tie, a major contribution to the 
total short-circuit current is delivered 
via this tie from the remote-connected 
utility generators. If synchronous gen¬ 


erators are part of the plant power system, 
they are major contributors. Synchro¬ 
nous and induction motors connected to 
the plant system, although not considered 
electric power sources when operating 
normally, also contribute appreciably to 
the total short-circuit current under sys¬ 
tem fault conditions. 

The most important factor affecting 
not only the magnitude but also the time 
variation of the contribution from each 
of the rotating machine sources is the im¬ 
pedance between the short circuit and 
the contributing source. Contributing 
sources at locations electrically dose to 
the short-circuit point will have the 
amount of their current contributions 
limited but little by impedance. Plant 
synchronous machines are usually elec¬ 
trically close to the short-circuit point, 
and in calculating their behavior as con¬ 
tributors, accepted procedures for deter¬ 
mining terminal short-circuit currents^ 
(in which a synchronous machine is repre¬ 
sented by a dianging impedance that is 
initially a subtransient value at the start 
of the short circuit and increases through 
transient to synchronous, or steady-state, 
values as time progresses) are followed 
with modifications to account for series 
impedances. Induction motors are also 
often electrically close, and their behavior 


as contributors is approximated by sim¬ 
plifying, and modifying to account for 
added impedance, the accepted equiva¬ 
lent circuit used for calculating their per¬ 
formance. 

Contributing sources that are electri¬ 
cally remote will have a high circuit imped¬ 
ance in series to the short-circuit point. 
Utility generating equipment is con¬ 
sidered to be very remote electrically in 
making calculations of industrial system 
short-circuit currents. It is assumed that 
the impedance external to the utility gen¬ 
erator terminals is so large with respect 
to the internal impedance of the genera¬ 
tors that the total impedance of the 
utility circuit to the point of connection 
in the industrial system is essentially a 
constant. 

Any short-circuit current, and any 
contribution from a rotating machine 
source to the short-circuit current, is 
likely to be asymmetrical and can be 
analyzed as though it consists of two 
parts: an alternating component and a 
direct component. Although the alternat¬ 
ing component may in itself consist of a 
fundamental and several smaller har¬ 
monic frequency portions, only the funda¬ 
mental frequency portion at or near 
rated frequency for the power system is 
considered here. Fig. 1 shows an asym¬ 
metrical current wave, its components, 
and rms values for the whole wave and for 
its alternating component. 

Neither the rms value of the alternating 
component nor the direct component of 
the contribution from any source remains 
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by the AIEE Committee on Technical Operations 
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J {X, + Xg) 



R, jX, jXg Rg 



GROSS MOTOR SHAFT OUTPUT 
A. PER PHASE EQUIVALENT CIRCUIT 


jX^ (Replaces X, + Xg)^ 



WHILE LOAD INERTIA KEEPS “VIRTUAL" 
MACHINE SHAFT TURNING, ROTOR FLUX 
PRODUCES DECAYING SHORT-CIRCUIT 
CURRENT CONTRIBUTION, !„• 


Fig. 1 (above). Structure of an asymmetrical current wave 


♦CONSERVATIVE -Xm<(X, H-Xg) 
DUE TO SATURATION 


Fig. 2 (right). 


Representation of induction motors in short-circuited 
systems 


AFTER SYSTEM IS SHORT CIRCUITED 



“virtual" MACHINE ABSORBING POWER 
EQUAL TO MOTOR OUTPUT PLUS ROTOR 
LOSSES (THE TOTAL POWER TRANS¬ 
FERRED ACROSS THE AIR GAP) 


6 A SIMPLIFIED INTERPRETATION 


(QUANTITIES ARE PER UNIT VALUES ON 
MOTOR RATED KVA AND VOLTAGE BASES) 

E = IMPRESSED SYSTEM VOLTAGE. PER 
PHASE 

I , = STATOR CURRENT 
12 « ROTOR CURRENT IN STATOR TERMS 
Im » MAGNETIZING CURRENT 
l„ = CORE LOSS CURRENT 
\m « RMS SYMMETRICAL SHORT-CIRCUIT 
CURRENT CONTRIBUTION 
R, ~ stator RESISTANCE 
Rg » ROTOR RESISTANCE IN STATOR TERMS 
X, s STATOR LEAKAGE REACTANCE 
X, « ROTOR LEAKAGE REACTANCE 
Xm » MAGNETIZING REACTANCE 
Sh s CORE LOSS CONDUCTANCE 
X„s= LOCKED ROTOR (STARTING) 
REACTANCE 

s « SLIP IN PER UNIT OF SYNCHRONOUS 
SPEED 

D. NOMENCLATURE 


at a constant magnitude as time passes 
from the initial instant, when the short- 
circuit current starts to flow. Usually, 
the magnitude of each component de¬ 
cays nearly exponentially, and a time 
constant can be found to represent each 
decay pattern. Since time constants are 
determined by circuit reactance and re¬ 
sistance values, external impedance in the 
path from a contributing machine to the 
short circuit affects not only the magni¬ 
tude but also the decay pattern of both 
the alternating and direct components of 
the short-circuit current contribution. 

Basis of Calculating Procedure for 
Time Variation 

The basic approach to determining the 
time variation of each current component 
by this method is to evaluate the initial 
magnitude of the component and its ini¬ 
tial exponentantial decay and to obtain 
an approximate value for the limiting 
final magnitude. The decay of each cur¬ 
rent component from the initial current 
magnitude toward the approximate final 
magnitude proceeding exponentially ac¬ 
cording to its initial pattern is assumed to 
be nearly correct for several cycles after 
the start of a short circuit. 

The calculation of the approximate time 
variation of a total system short-circuit 
current following the basic approach con¬ 
sists of the following steps: 

1. Development of the equivalent circuit. 

2. Solution of the circuit for initial or 


zero time (^=0), contributions from each 
contributing source. 

3. Representation of each separate source 
in an “individual” circuit, in which the 
initial value of source current flows alone 
through a single external impedance. This 
definition of an individual circuit is used 
throughout the paper. 

4. Determination of the time variation of 
the decaying alternating and direct com¬ 
ponents of each contribution separately in 
its individual circuit. 

5. Summation of the individual contribu¬ 
tions to obtain the variation of the sym¬ 
metrical alternating and the direct com¬ 
ponents of the total short-circuit current, 
and computation from these of an asym¬ 
metrical rms total short-circuit current 
time variation.® 

Equivalent Circuit 

Following usual short-circuit calculat¬ 
ing procedures, a solution is sought for the 
worst fault condition, that of a 3-phase 
“bolted” short circuit. The circuit sym¬ 
metry during a bolted 3-phase fault per¬ 
mits a “per-phase” calculation. 

An equivalent circuit is drawn, using 
the system 1-line diagram as a guide. 
Each static circuit element is represented 
by a single series impedance and each 
rotating machine by a single impedance 
in series with a voltage source. Again 
following usual calculating procedures, all 
shunt branches (magnetizing reactances, 
line capacitive reactances, etc.) are 
omitted. Values are ’inserted for each 
impedance after conversion to per-unit 
quantities on a common base kilovolt- 


amperage and voltage. Because both 
affect time constants, resistance and 
reactance values are given for each im¬ 
pedance. The impedance substituted 
for each contributing source is selected so 
that a “conservative” value will be ob¬ 
tained for its initial symmetrical contri¬ 
bution. A conservative value for a short- 
circuit current is one calculated so that 
any error gives a current value larger than 
actual. A circuit breaker applied on the 
basis of the calculation should never be 
in trouble for it should never be required 
to carry a current quite as high as the cal¬ 
culated one. Equivalent circuit imped¬ 
ances thus tend toward minimum values. 

The utility circuit, if one exists, is 
represented by a reactance, corresponding 
to the maximum magnitude of short- 
circuit kilovolt-amperes that can be de¬ 
livered from the utility system to the 
point of connection to the industrial sys¬ 
tem in series with a voltage source. 
This mayiTmi Tn available fault kilovolt¬ 
amperes can generally be obtained from 
utility engineers. A resistance may be 
assigned to complete the equivalent im¬ 
pedance if a value for the reactance-resist¬ 
ance ratio is also available from utility 
engineers, or can be assumed. 

Groups of similar rotating machines are 
often lumped together and treated as one. 
Synchronous machinery is represented 
by stator resistance in series with sub¬ 
transient reactance and a voltage source. 
Subtransient reactance is selected be¬ 
cause it is the reactance quantity, of 
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those associated with synchronous ma¬ 
chine behavior, that corresponds to ini¬ 
tial current after a sudden change like the 
application of a fault. Use of this small¬ 
est of the synchronous machine react¬ 
ances in series with a voltage source in 
the system equivalent circuit gives a con¬ 
servative value for the initial contribution 
to a system short circuit. 

The single impedance representing each 
induction motor, or group of induction 
motors, in the system equivalent circuit 
is a simplification of the complete equiva¬ 
lent circuit for an induction motor shown 
in Fig. 2(A). The first step in the simpli¬ 
fication is the omission of the magnetizing 
and core loss branches yielding a simpli¬ 
fied equivalent circuit shown in Fig. 2(B). 
The power delivered to the right-hand 
circuit element in Fig. 2(A) equals the 
motor shaft power output plus losses asso¬ 
ciated with the shaft rotation. The 
shaft output is mechanical energy which 
keeps the motor’s rotating load in motion. 
In Fig. 2(B) the right-hand elements of 
Fig. 2(A) have been replaced by a “vir¬ 
tual” rotating machine absorbing a total 
power equal to the power transferred 
across the air gap of the motor and, of 
course, there must be a corresponding 
voltage across the virtual machine ter¬ 
minals. The virtual machine voltage 
may be regarded as a “back-electromotive 
force” which represents the voltage gen¬ 


erated by the rotor flux cutting the stator 
conductors. 

If a short circuit appears on the sys¬ 
tem connected to the motor terminals, as 
in Fig. 2(C), the system may no longer be 
able to deliver electric power to the motor. 
Yet the rotating mechanical load does 
not stop immediately; its inertia kept 
it turning and keeps the induction motor 
shaft turning also. The rotor speed does 
not change appreciably for a short period 
after the system short circuit occurs be¬ 
cause the system loses comparatively 
little energy. (Note that short-circuit 
currents are low power-factor currents.) 

The virtual machine back-electromotive 
force does not disappear either. Since 
it cannot change instantaneously, the flux 
linking the induction motor rotor conduc¬ 
tors takes time to diminish from its initial 
magnitude during the period after the 
occurrence of the short circuit. This 
trapped rotor flux turns with the shaft 
and produces a 3-phase voltage at the 
motor terminals which is represented by 
the back-electromotive force of the 
equivalent circuit. With this voltage 
present, a current contribution flows from 
the induction motor to the system short 
circuit. 

The short-circuit current contribution 
may be an offset alternating wave which 
has a direct, as well as an alternating, 
component. The direct component may 


be regarded as though it were being pro¬ 
duced by the decay of trapped flux which 
linked only the stator windings at the in¬ 
stant of the system short circuit. This 
explains the relationship shown by the 
equations in Appendix I that the induc¬ 
tion motor short-circuit current alternat¬ 
ing-component decay is governed by rotor 
resistance, while the direct-component de¬ 
cay is governed by stator resistance. 

The reactance used in the system 
equivalent circuit for the induction motor 
under short-circuit conditions is equal to 
the locked-rotor reactance determined 
during motor locked-rotor tests. In 
other words, the induction motor with a 
terminal short circuit is assumed to pro¬ 
duce an initial current equal to the full 
voltage starting current 

System short-circuit locations to be 
investigated are selected and marked on 
the 1-line diagram and the equivalent 
circuit. Fig. 3(A) shows a 1-line diagram 
of a simple hypothetical system with a 
short-circuit point located, and Fig. 3(B) 
shows an equivalent circuit for the sys¬ 
tem. 

Solution for Initial Contributions 

Once the equivalent circuit has been 
completely drawn, with each source of 
short-circuit current represented by a 
series impedance and a voltage source, 
and each line or transformer represented 


UTILITY 

rii- SYNCHRO- INDUC- 
NOUS TION 

MACHINES MACHINES 


(p (p 


COMMON IMPEDANCE 
(FEEDER OR TRANSFORMER) 


XSHORT CIRCUIT 
ASSUMED SIMPLE SYSTEM 



EQUIVALENT CIRCUIT 



4160-VOLT UTILITY TIE 
(80 MVA SHORT CIRCUIT 
AVAILABLE, X/R»I2.5) 


TWO 5000 KVA, 4160-V TURBINE-GENERATORS 
(X d a 0.10, Xd » 0.145, Xd « 1.40, rsO.0015 
PER UNIT, Td's 9.05, Tdo » 1700 RADIANS) 


4160-V 


SHORT 
Cl RCUIT 
POINT (o) 


’ Jm ^ S ? 



PLANT INDUCTION MOTORS -20,000 KVA AT 
4160-V (AVERAGE lOOHP, X^^O. 17, R|ss 
0.021 PER UNIT, Toe «>3.8, Tdc= 8.2 
RADIANS) 


OVERHEAD LINE 900 FT LONG -• 

(NO.3/0 COPPER. 48" EQU IV.DELTA 
SPACING) 


4I60-V SUB BUS 


I 


i. 


SHORT-CIRCUIT 
POINT (b) 


SIMPLE SYSTEM USED FOR HYPOTHETICAL EXAMPLE 


BASES USED 
FOR CALCULATION 


20,000 KVA 
4160 VOLTS 
2780 AMPERES 
0.865 OHMS 


1.0 PER UNIT 
VOLTAGE 



« i (o) MAIN BUS J Zo* 

TO SELECT / ENO-OF-t 0-0675 

SHORT CIRCUIT AT / (b) FEEDER JO. 135 


TH EVEN IN EQUIVALENT CIRCUIT 


INDIVIDUAL CIRCUITS 


F!g. 3. Method applied to simple system 


EQUIVALENT CIRCUIT 

Fig. 4. Example system and equivalent circuit 
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A INITIAL RMS ALTERNATING COMPONENTS OF SOURCE CURRENTS 
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(A) MAIN BUS SHORT CIRCUIT 


(b) ENO-OF-FEEDER SHORT CIRCUIT 


B. INDIVIDUAL SOURCE CIRCUITS TO SOLVE FOR TIME VARIATIONS 

Fis- 5. Example initial currents and individual circuits 



Fig. 6. Short-circuit current at main bus of example 


by a series impedance, then the Th^venin 
(or Helmholtz) theorem is used to facili¬ 
tate the solution for the short-circuit cur¬ 
rent contributions to the chosen short- 
circuit points. One reference® states 
Th^venin’s theorem as follows: 

“In the alternating-current steady state 
and for any given single frequency, any 
network containing only linear passive 
elements and constant vector-voltage or 
current sources is, when viewed from any 
given pair of terminals, indistinguishable 
from a simple vector-voltage soturce con¬ 
sisting of a constant vector electromotive 
force in series with a constant impedance. 
The vector electromotive force is equal to 
the open-circuit voltage across the given 
pair of terminals, and the series imped¬ 
ance is equal to the impedance is the given 
network as viewed from the same ter¬ 
minals with all sources (meaning “source 
voltages”) replaced by connections of 
zero impedance.” 

The solution of an equivalent circuit 
for initial currents may be carried out as 
a steady-state calculation when the im¬ 
pedances are chosen to match initial con¬ 
ditions^ as previously described. Tran¬ 
sient decays are considered later. The 
given pair of terminals will be. the point 
at which the short-circuit current is to be 
investigated, and the system neutral 
point. The open-circuit voltage is the 
voltage appearing between these two 
points before the short circuit is initiated 


and it is usually about equal to the system 
nominal voltage or 1.0 per unit. The 
impedance in series with this voltage in 
the Th^venin simplification is comprised 
of all the impedances of the system equiva¬ 
lent circuit, the voltage sources having 
been replaced with zero impedance con¬ 
nections. Fig. 3(C) shows the Th^venin 
equivalent for the simple illustrative 
system. 

The equivalent network is solved for 
current contributions through all source 
elements, using either an a-c network cal¬ 
culator or a slide rule. The source con¬ 
tributions must be obtained in complex 
form. 

The Th^venin theorem analysis gives 
the correct solution of the system equiva¬ 
lent circuit for the initial value of the total 
short-circuit current, but the current con¬ 
tributions found flowing in the various 
source circuits of the Th^venin equiva¬ 
lent circuit do not represent the total 
currents that may flow in the correspond¬ 
ing machine windings imder actual sys¬ 
tem short-circuit conditions. Th^venin 
circuit current through source impedances 
represent only the contributions that the 
source machines deliver to the total short- 
circuit current. Other components of 
current may also be flowing in the ma¬ 
chine windings associated, e.g. with power 
exchanges or static loads. Because these 
other components are usually relatively 
small and they are not in phase with the 


contributions from the machines to the 
total short-circuit current, for the purpose 
of calculating approximate time variations 
each machine contribution determined 
from the Th6venin circuit is treated as 
though it alone is flowing through the 
machine windings. 

An Individual Circuit for Each 

Source 

The complete Th4venin equivalent cir¬ 
cuit is now disassociated into a number of 
separate individual circuits with eadi 
carrying only the initial current contribu¬ 
tion of one of the original contributing 
sources. All these individual circuits are 
treated as though they delivered their 
contributions separately to the short- 
circuit point where the contributions add 
up to equal the total short-circuit current. 
For the simple hypothetical system, this 
synthesis is shown in Fig. 3(D). 

The whole impedance of each one of 
these individual circuits is equal to the 
Th^venin circuit voltage divided by the 
initial current contribution that the cir¬ 
cuit carries and, expressed as a complex 
number, has both resistance and react¬ 
ance terms. The impedance of the con¬ 
tributing source madiine is then sub¬ 
tracted from the whole impedance of the 
individual circuit to obtain an effective 
external resistance and reactance that 
acts in series with the machine imped¬ 
ance. 
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Table 1. Equations for Approximate Variations with Time of Components of Current Contri¬ 
butions to Short Circuits of Example 


Current Component 

Short Circuit at a 

Short Circuit at b 

Utility alternating rms symmetrical, tu == . 

Utility direct, iud— . 

Synchronous generator alternating rms symmetrical, ia= ... 

Syi1f'lirnr|rtii<3 gene^rator rfirect, s=. 

_3.99. 

_5.64 . 

.1.55 6-</9*05. 

-1-3.09 . 

-1-0.357. 

_ 7.07 6 . 

.1.252 

_ 1.77 

_0.179 e-</io.44 

....-1-1.077 
....+0.311 
_2.22 

Induction motor alternating rms symmetrical, = . 

Induction motor direct, imd = . 

_5.83 . 

_ 8.24 €-«/«•« . 

....1.830 €-«/« 

... .2.585 €-</2.« 


t is in radians, and i if is in cycles. 


Time Variation of Contributions 

From Each Individual Circuit 

The time variation of the current in 
each individual circuit is now calculated 
as though that circuit were isolated, using 
appropriate equations from those listed 
in Appendix I. The equations in Ap¬ 
pendix I are modified from equations for 
computing total machine currents during 
terminal short circuits. The modifica¬ 
tions are made only to take into account 
the external impedance added in the in¬ 
dividual circuits. The equations for d-c 
components of each contribution are 
written to give the maximtnn possible 
values, based on the assumption that 
each contribution is a fully offset alternat¬ 
ing wave at its initiation. 

Neither the alternating nor direct com¬ 
ponent of a source current will be main¬ 
tained at its initial value. Usually, both 
will decay from their initial values with 
decay patterns determined by the ma¬ 
chine time constants modified by the ef¬ 
fects of the external resistance and react¬ 
ance. The decays proceed toward final 
values based on what would be obtained 
if the madiines actually were acting alone 
in their individual circuits. 

Values for both alternating and direct 
components of each contribution are ob¬ 
tained at several instants in time from 0 
to 4 or 5 cycles. Note that both com¬ 


ponents of all contributions should be 
evaluated for the same chosen instants so 
that summations can be made for those 
instants. 

Determining the Total Short-Circuit 

Current Values 

At eadh chosen instant, the alternating 
and direct components of the total short- 
circuit current are found by adding up all 
the alternating and direct components of 
every contribution as they were computed 
for that instant. An rms value at each 
instant can then be computed from the 
total alternating and direct components 
by standard procedures.^ (This rms cur¬ 
rent evaluated at an instant is actually a 
very close approximation for the true 
rms value over 1 cycle of the current wave 
for which the instant is a mid-point. It 


is equal to the square root of the sum of 
the squares of the rms value of the sym¬ 
metrical alternating component and the 
magnitude of the direct component ob¬ 
tained at the same instant.) 

Example of the Calculation 

The method of calculation described 
is used to determine short-circuit current¬ 
time variations of a hypothetical simple 
circuit as an example. The circuit in¬ 
cludes utility tie, synchronous genera¬ 
tors and induction motors connected to a 
4,160-volt main bus with the arrange¬ 
ment and data given in Fig. 4(A). Two 
short-circuit points are investigated: one 
at the main bus, a, and one at the far 
end of a rather long feeder originating at 
the bus, b. The equivalent circuit of the 
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TIME IN CYCLES (OF A 60 CPS WAVE) AFTER START OF SHORT CIRCUIT 

Fig. 9. Short-circuit current at one of several medium-voltage busses 
in an extensive large industrial power system 


^^MOMENTARY CURRENT"| ACCORDING TO PRESENT 

^ I __L > SIMPLIFIED APPLICATION . 

^INTERRUPTING CURRENtJ CALCULATIONS 


NOTE* -ON BASES USED FOR EXAMPLE 
"short CIRCUIT CURRENT"* 13.0 PER UNITJ 
SEE REFERENCE I OF THE PAPER 
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TIME IN CYCLES (OF A 60 CPS WAVE) AFTER START OF SHORT CIRCUIT 

Fig. 10. Short-circuit current at main bus of example compared with 

eimnlifiA/l /•Ali-lliafl OM rfisults 


example, with all impedances expressed 
in per unit on a 20,000-kva 4160-volt 
base, is shown in Fig. 4(B). 

The circuit is solved for initial current 
contributions through the source branches 
with short circuits at a and b yielding re¬ 
sults noted in Fig. 5(A) at a and 5. In¬ 
dividual circuits are synthesized for each 
contributing source. Results are shown 
in Fig. 5(B) at a and h. In a each source 
suffers a terminal short circuit, so -the 
individual circuits contain source internal 
impedances only. In b total impedances 
for the individual circuits are determined 
from initial contribution currents, and 
each is separated into machine plus effec¬ 
tive external impedance. 

Equations for the time variations of the 
alternating and direct components of 
each contribution are taken from Ap¬ 
pendix I with proper numerical values in¬ 
serted, and are shown in Table I. For a 
short circuit at a, the sources suffer ter¬ 
minal short circuits and the external re¬ 
sistance and reactance terms in the equa¬ 
tions are equal to zero. For the short 
circuit at 5, the equations have included 
the influence of the external effective im¬ 
pedance in changing both magnitude and 
decay time constants. 

The total short-circuit current alternat¬ 
ing and direct components are obtained 
for several instants by summing all the 
calculated alternating and direct com¬ 


ponents of the contributions at the 
several instants. The rms value at each 
instant is then determined. 

The results of the calculations for the 
total current-time variations for short 
circuits at a and b are shown in Figs. 6 
and 7 respectively. In these figures, the 
currents have been normalized by divid¬ 
ing by the per-unit short-circuit current 
calculated at a and b respectively, using 
the recently proposed application pro¬ 
cedure.^ (Short-circuit current for a = 
13.0 per unit, and for 6=4.72 per unit.) 
The composition of the rms symmetrical 
alternating components of the total short- 
circuit current is shown by its division 
into portions associated with each of the 
three sources, so that the decay of the 
separate components may also be ob¬ 
served. 

Considerably more work is required to 
obtain the total short-circuit current¬ 
time variation of more complicated sys¬ 
tems. For a second illustration, con¬ 
sider the system of Fig. 8, with a short- 
circuit location as shown at one of several 
medium voltage busses in an extensive in¬ 
dustrial power system. Over 25 differ¬ 
ent individual source circuits were solved 
before a summation could be made. In 
Fig. 9 the results of an investigation of 
this circuit are plotted, and the composi¬ 
tion of the rms symmetrical component of 
the total current is again displayed by 


division into separate contributions from 
the different kinds of sources. 

Usefulness of the Approximate 
Calculation 

It is evident that a short-circuit current 
calculated according to the methods de¬ 
scribed will be an approximation only. If, 
however, the relationship between the ap¬ 
proximate current and the actual current 
that might flow at the desired point in the 
physical system is known, the approxi¬ 
mate value then becomes a useful tool. 
Since the original purpose of the calcula¬ 
tions was to investigate circuit-breaker 
applications, attempts were made to in¬ 
sure that the calculated results would be 
higher than actual. If a circuit breaker 
is adequate for application when the 
short-circuit current equals a calculated 
value known to be larger than actual, the 
circuit breaker should certainly be ade¬ 
quate for the actual short-circuit current. 

Basic assumptions definitely tending to 
make the calculations yield conserva¬ 
tive, above-actual results are repeated 
here. 

1. Minimum series impedances are used 
to represent source machinery in the 
equivalent circuit. 

2. D-c components are based on •^e 
complete offset of every initial alternating 
component, a condition actually improb- 
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Fig. 1*1. Short-circuit current at end-oMeeder of example compared Fig. 12. Short-circuit current at one of several medium-voltage busses 
with simplified calculation results in an extensive large industrial power system calculation results 


able for it depends on all initial current 
contributions being in phase. 

Other inaccuracies of the method do not 
so definitely tend to produce conservative 
results, yet apparently they do not de¬ 
stroy the conservatism. One such in¬ 
accuracy is introduced when the action 
of several machine contributions flowing 
through a common impedance is treated 
as though each of the several contributions 
acted separately, starting at an initial 
value to follow a simple exponential de¬ 
cay. This is correct only if the exponen¬ 
tial decays of the several contributions 
all have equal time constants. When all 
contributions do not have the same time 
constants, there are interactions that 
cause changed decay patterns among the 
several contributions. 

To illustrate the inaccuracy, refer to 
part b of the example, an application of 
the approximate method to a simple case 
when different contributions flow through 
a common impedance with approximate 
results plotted in Fig. 7. In the calcula¬ 
tion, the effect of the common impedance 
is approximated by inserting in series 
with each of the sources an effective ex¬ 
ternal impedance, chosen so that the 
parallel combination of the three external 
impedances equals the original single com¬ 
mon impedance, and so that the initial 
currents are correct. The decay patterns 
of the alternating components of the in¬ 
duction motor and S3mchronous generator 
short-circuit current contributions are 


modified to account for the effective ex¬ 
ternal impedances. The effective exter¬ 
nal impedance in the utility circuit does 
not make its alternating component vary 
with time in the approximate method, 
though a time variation would probably 
occur if the system were real. 

The approximate method illustrated 
ignores the fact that the voltages at the 
junction points between internal and ef¬ 
fective external impedances in the indi¬ 
vidual source circuits must all be equal at 
all times since they represent actual con¬ 
nections to a single common point, the 
main system bus. This condition, met 
only at zero time, is no longer met after a 
small increment of time passes, and the 
error introduced increases as time pro¬ 
gresses. To reduce the inaccuracy, the 
effective external impedances of the 
individual circuits should also vary with 
time. 

As soon as some small increment of 
time has passed, the induction motor al¬ 
ternating contribution drops from its 
initial value with an incremental change 
much greater than that of the alternating 
contribution from the utility which at 
first actually changes slowly, if at all. 
To keep the same bus voltage in the three 
individual circuits, the effective external 
impedance in the induction motor circuit 
must increase so that the smaller current 
will produce a voltage equal to that at the 
junction points in the other circuits. If 
the effective external impedance in the 


induction motor circuit increases, then 
the effective external impedances in the 
other circuits must also change in order 
to keep the parallel combination at a 
constant value equal to the common static 
impedance, and without question the ef¬ 
fective external impedance in the utility 
circuit will decrease. The decrease in 
utility circuit impedance indicates that 
the utility contribution, instead of re¬ 
maining a constant, should actually be 
increasing. Since the synchronous ma¬ 
chine circuit has an intermediate time 
constant value, its effective external im¬ 
pedance may remain constant or change 
either way, but probably with a smaller 
increment than the change in either of the 
other circuit impedances. 

The increase in effective external im¬ 
pedance of the induction motor individual 
circuit has two effects: the time constant 
of the alternating component tends to in¬ 
crease and the magnitude tends to de¬ 
crease. To some extent these two effects 
offset each other, and the induction 
motor contribution considering inter¬ 
action may be much the same as the ap¬ 
proximate value calculated ignoring inter¬ 
action. 

As time passes, magnitude and time 
constant changes, which should be but 
are not considered, cause larger and larger 
errors in the values computed by the ap¬ 
proximate method described. Sample 
solutions taking into account the inter¬ 
action were checked against corresponding 
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approximate solutions, and tlie checks 
indicate that the approximate method 
gives results accurate to about 6 per cent 
at 4 cycles after the short circuit starts. 
The method is thus considered reasonably 
accurate to 4 or 5 cycles. 

The accuracy of the approximate cal¬ 
culated decay of the d-c contributions 
from the sources is probably poorer than 
that of the alternating decay. The exact 
behavior of a d-c component in an a-c 
circuit is difficult to compute for a check. 
The values obtained for d-c contribu¬ 
tions by the approximate method will, 
however, probably give a d-c component 
of the whole short-circuit current that is 
conservative, because of the original as¬ 
sumption that every source current is 
initially offset to the maximum possible 
extent. 

The approximate method described 
may supplement, though it is not in¬ 
tended to replace, simplified application 
calculations. It has some drawbacks, 
including the following: considerable 
time is required to obtain an answer; re¬ 
sults cover reasonably well only a period 
of 4 or 5 cycles after the start of a short 
circuit; and very complete information 
about power system machinery imped¬ 
ances and time constants must be gath¬ 
ered. Present and proposed calculating 
procedures do not require information 
about resistances, synchronous machine 
synchronous reactances, or any time con¬ 
stants as this method does. It may be 
necessary to obtain this required inform¬ 
ation directly from the machinery manu¬ 
facturer, although some approximate in¬ 
formation has been given in Appendix 
II. 

Comparison With Standard 
Circuit-Breaker Application 
Calculations 

For general interest, the simplified ap¬ 
plication procedures now standard^ and 
recently proposed^ are applied to the cir¬ 
cuits used as examples. Figs. 10, 11, and 
12 show replots of the results of the illus¬ 
trative examples which have superim¬ 
posed the momentary and interrupting 
duties calculated according to present 
procedtures, and the breaker test charac¬ 
teristic required according to proposed 
procedures. The momentary duty, anal- 
agous to the rms value of the current 
over the first cycle, is shown at 1/2 cycle 
after the start of the short circuit. The 
interrupting duty, calculated for an 8- 
cyde breaker, is shown at 4 cydes based 
on the assumption that 8-cyde drcuit 
breakers may start to part contacts at 
that time. 


Induction Motor Behavior 

When the electric supply system is 
short-circuited close to the terminals of 
an induction motor, of course the current 
contributed by the induction motor to 
the system diort circuit is equal to the 
motor terminal short-circuit current. 
When the system short-circuit point is 
some distance away, the current contrib¬ 
uted by the induction motor differs 
from terminal short-drcuit current, for 
it is affected both by the impedance of the 
circuit from its terminals to the short- 
circuit point and by outside influences 
assodated with dissimilar machines whose 
contributions follow the same path to 
the short-circuit point. 

High-speed induction motors and ones 
with large horsepower ratings.have ter¬ 
minal short-circuit currents that take 
relatively long times to decay. This is 
shown by the rising curves in the graph 
of induction motor time constant trends, 
Fig. 13. If it is assumed that a 10-per- 
cent error in the total current at contact¬ 
parting times of 4 cydes, because of ig¬ 
nored induction motor current contribu¬ 
tions, is intolerable, and if it is calcu¬ 
lated that the initial induction motor con¬ 
tribution is 30 per cent of the total, the 
tolerable error is exceeded if about one- 
third of the induction motor contribution 
remains after 4 cydes. This corresponds 
to a time constant for the induction motor 
alternating component decay of about 4 
cydes or more. (In one time constant, 
the decaying quantity drops to about 37 
per cent of its initial value.) 

Motors having a time constant of 4 
cycles or more usually have rated volt¬ 


ages of 2,300 volts or higher. At corre¬ 
sponding system voltages, cable imped¬ 
ances are small enough to be considered 
insignificant, and motor contributions 
have the same decay patterns that ter¬ 
minal short-circuit currents have. To 
summarize, at system voltages of 2,400 
volts or higher if a short circuit occurs in 
a location where there are induction 
motors having large horsepower ratings 
connected at system voltage, and the 
motor contribution to the initial (momen¬ 
tary) short-circuit current is appredable, 
it is very likely that the still-present motor 
contribution to the duty during a circuit- 
breaker interruption cannot be con¬ 
sidered negligible. This may be impor¬ 
tant for 8-cyde circuit breakers tripped 
instantaneously and, of course, is even 
more important if the breaker is faster. 

External impedance associated with 
transformers or lengths of feeder, effec¬ 
tively in series between induction motors 
and a system short circuit, affects both 
magnitude of initial contribution and its 
rate of decay. The external impedance 
reduces the initial contribution from 
each motor to a value smaller than the 
terminal short-drcuit current. At the 
same time, the external impedance in¬ 
creases the time constant of the alternat¬ 
ing component decay so that the reduced 
contribution, although smaller initially, 
lasts longer. Depending on the nature 
of the external impedance, the time con¬ 
stant of the direct component decay may 
or may not be dianged. For example, 
where the reactance-resistance ratio of. 
the external impedance is lower than that 
of the motor, the reactance-resistance 
ratio of the whole circuit is reduced and 
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Tabic II. Per-Unit Impedances and Time Constants In Radians for Industrial Plant Synchronous 

Machinery 


Range Xd' Range Xd Range r Range Tdt^ Range Tdo' Range 


Turbine Generators, 20,000 Kva and Below 

0.08-0.13 . 0.10-0.20 . 1.00-1.50 .0.0015-0.003. 6-15 . 375-1,900 

5-14 Pole Synchronous Motors over 250 Horsepower, 2,300 Volts and Above 

0.10-0.25 . 0.15-0.40 . 1.00-1.75 .0.005-0.015 . 10-20 . 375-1,200 

Synchronous Motor Less Than 250 Horsepower, Low Voltage 
Assume 0.15.Assume 0.25.Assume 1.20.Assume 0.02.Assume 15.Assume 500 


SO is the direct component time constant. 
To summarize, at any voltage level if in¬ 
duction motors are separated by imped¬ 
ance from the point of fault, yet the ini¬ 
tial (momentary) contribution from the 
motors to a system short circuit is appre¬ 
ciable because there are many motors, it 
is very likely that the still-present contri¬ 
bution to the duty during a circuit-breaker 
interruption cannot be considered negli¬ 
gible. 

If the path associated with the external 
impedance is shared with synchronous 
machine and utility contributions, an in¬ 
teraction may occur which modifies the 
effects of simply having impedance in¬ 
serted in series with the induction motor. 
Possibly the interaction may cause the 
alternating component of the induction 
motor short-circuit current contribution 
to decay with a different pattern. 

The effect of external impedance in pro¬ 
longing induction motor contributions to 
system short-circuit currents is illustrated 
by the example used in describing the 
short-circuit calculations. In Fig. 6 con¬ 
ditions are shown during a bus short cir¬ 
cuit, which produces induction motor 
currents like those during a terminal 
short circuit. The alternating com¬ 
ponent of the induction motor contribu¬ 
tion at 4 cycles is reduced to 20.2 per cent 
of its 1/2-cycle value, and is only 7.15 per 
cent of the total symmetrical short-circuit 
current. In Fig. 7 conditions are shown 
during a short circuit at the end of a long 
feeder far away from the bus. The al¬ 
ternating component in the induction 
motor contribution at 4 cycles is 68.5 per 
cent of its 1/2-cycle value and is stiU 20 
per cent of the total symmetrical short- 
circuit current. This is a hypothetical 
case, but it can be seen that the result of a 
study on an actual system, as shown in 
Fig. 9, follows the same pattern. 

Summary 


tion during a few cycles of a short-circuit 
current is desired. The method is not 
suggested as a replacement for simplified 
application calculations for power circuit 
breakers, but it may supplement the sim¬ 
pler calculations in some circuit-breaker 
application problems. Though time-con¬ 
suming, the calculations can be carried 
out using a log-log duplex slide rule. 

Behavior of Induction Motor Short- 

Circuit Current Contributions 

In cases where induction motor contri¬ 
butions are a significant portion of a short- 
circuit current during the first cycle, they 
. may also be ‘ significant during a later 
circuit-breaker interruption. Formerly 
assumed to decay so rapidly that they soon 
disappeared, the induction motor con¬ 
tributions actually may diminish more 
slowly and remain appreciable for several 
cycles, particularly when there is some 
system impedance between the motor 
terminals and the short circuit. 


Appendix I. Calculation Detaila 


Equations 

For utility contribution components 

I jEo 

Rms alternating: %=/« = 


Direct: iud = 

For synchronous machine (motor and 
generator) contribution components 

Rms alternating: =Fo X 

/I 1 1 


1 1 




\Zg! ~\‘Z^Q Zd'^'Z^g 






Direct: 


So 


Zav^+Ze^'l 




Short-Circuit Calculating Procedure 

The calculating method described and 
illustrated in this paper should give re¬ 
sults that will prove satisfactory in many 
cases where the approximate time varia¬ 


For induction motor contribution com¬ 
ponents 

Rms alternating: 

JEo 








^-t/Tac 


Direct: 

Nomenclature 

jSo~ voltage at short-circuit point just 
before the start of short-circuit 
current flow 

voltage behind utility impedance 
= voltage behind synchronous machine 
(motor or generator) subtransient 
impedance 

Em = induction motor back-electromotive 
force 

J«=initial rms value of alternating com¬ 
ponent of utility contribution 
initial rms value of alternating com¬ 
ponent of synchronous motor con¬ 
tribution 

initial rms value of alternating com¬ 
ponent of induction motor contribu¬ 
tion 

%=time varying rms value of alternating 
component of utility contribution 
ig —time varying rms value of alternating 
component of synchronous machine 
contribution 

im —time varying rms value of alternating 
component of induction motor con¬ 
tribution 

iud~txme varying value of direct component 
of utility contribution 
igd —time varying value of direct component 
of synchronous machine contribution 
ifnd^ixme varying value of direct com¬ 
ponent of induction motor contribu¬ 
tion 

impedance of utility system 
Zg—Zd' = r-^-jXd^' = subtransient impedance 
of synchronous machine 
— locked rotor impedance of 

induction motor, generally taken 
equal to the reciprocal of the per- 
unit starting current 
= “transient impedance of syn¬ 

chronous machine 

Zd^T “{‘jXd =synchronous impedance of 
synchronous machine 

Zav — 7 -\-jXti.-y^ 

Zgy, ^Ebu"\“JX au “(-Eo/Im)“"Zw” extcmal ef¬ 
fective impedance of utility indi¬ 
vidual circuit 

Z^g^Reg~\~jXBgZg = external ef¬ 
fective impedance of synchronous 
machine individual 

Zem^^em'^’jXem ” ~ external 

effective impedance of induction 
motor individual circuit 
Xav^-(2Zd'' Z/')/(^d"+J^ff"), whereZ/* 
quadrature-axis subtransient react¬ 
ance 

r = stator resistance of synchronous machine 
= stator resistance of induction motor 
1 ^ 2 =rotor resistance of induction motor 
Tu^{Xu-{’Xm)/{Ru'\-Reu)—time constant 
of decay of direct component of 
utility contribution, radians 

„Xd\Xd’'+Xeg) .. . . 

of decay of subtransient alternating 
component of synchronous machine 
contribution, where sub¬ 

transient time constant for synchro¬ 
nous machine terminal short-circuit 
current 

= Tdotime constant of decay 

Xd’T'XBg 

of transient alternating component of 
synchronous machine contribution, 
where Tdo' — open-circuit. transient 
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time constant of synchronous ma¬ 
chine 

Ta-{X^v^‘^Xeo)/{r-\-Eeg) “time constant 
of decay of direct component of 
synchronous machine contribution, 
radians 

Tac* Tad+(Xem/*R 2 )=time constant of de¬ 
cay of alternating component of 
induction motor contribution in 
radians, where 7-^2 = time 

constant of alternating component of 
induction motor terminal short-circuit 
current 

~time con¬ 
stant of decay of direct component 
of induction motor contribution, 
radians 

Time constants given in radians are 27r times 

the corresponding time constants in cycles 


Appendix II. Machine Data 

For approximate information on certain 
synchronous machine impedances and time 
constants see Table II. Values of induc¬ 
tion motor locked rotor reactance Xm 
average about 0.16 per unit. In the 
absence of more definite information, this 
value is usually assumed for motors rated 
2,300 volts and above. For low-voltage 
motors, the connection wiring adds appre¬ 
ciable impedance that need not be com¬ 
puted accurately for every case. An average 
allowance is made for the effects of con¬ 
nection wiring by using an increased value 
for Xm of 0.25 per unit. For approximate 
values of induction motor stator resistances 
and short-circuit time constants see Fig. 13. 
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Discussion 

R. L. Webb (Consolidated Edison Company 
of New York, Inc., New York, N. Y.): 
This paper will be helpful to a special Work¬ 
ing Group which has been set up by the 
AIEE Committee on Switchgear. This 
group has been requested to take the recom¬ 
mendation given in reference 1 of the paper 
and determine whether the proposed short- 
circuit characteristic fits the needs of dif¬ 
ferent systems with reasonable conservatism. 

The Working Group must, of course, con¬ 
sider the effects of induction motors on the 
total short-circuit current which must be 
handled by the power circuit breakers, and 
we have found that the suggestions made by 
Mr. Huening are helpful in doing this where 
large industrial plants or generating station 
auxiliary systems are involved in the calcu¬ 
lations. 


C. A. Woodrow (General Electric Company, 
Schenectady, N. Y.): Publication of the 
material in this paper is both important and 
timely. Fortunately, the preliminary stud¬ 
ies by Mr. Huening were made available in 
1963 to the Working Group on Methods of 
Rating which prepared reference 1 of the 
paper. In consideration of this induction 
motor problem which Mr. Huening’s paper 
now so clearly evaluates for typical indus¬ 
trial installations, reference 1 states: “As 
circuit breaker and relay speeds become 
faster, the present practice of neglecting the 
induction motor contribution at time of con¬ 
tact parting is no longer conservative.'* 
For standard application, the proposed rat¬ 
ing basis (reference 1) attempts to solve this 
problem by conservatively discounting the 
induction motor contribution rather than 
by completely disregarding that contribu¬ 
tion at contact parting. That discounting 
is accomplished by using “effective” induc¬ 
tion motor reactances which are appropri¬ 
ately higher than the “motor locked rotor 
reactance Xm!' —specifically, 50 per cent 
higher for all except big, high-speed motors. 

Mr. Huening's Figs. 10 and 12 clearly 
illustrate conditions which are reasonably 
covered by the “Guide for the Simplified 
Calculation of Fault Currents” which is in¬ 
cluded in the proposed rating basis. This 
guide recognizes that occasionally condi¬ 
tions will arise where the use of a more 


rigorous—^but necessarily more compli¬ 
cated—^procedure (such as that now made 
available by Mr, Huening) may be justified 
“to take advantage of the minor margin 
that may exist between the rated breaker 
characteristic and the actual system char¬ 
acteristic.” For applications such as those 
of Fig. 10 or 12, I trust Mr. Huening wiU 
agree that this margin is so minor that it 
would seldom be worth while to tackle the 
more complicated, time-consuming method 
he has made available. In this connection, 
it is interesting to note that for modem 
power station auxiliary busses, analyses 
along lines similar to those of Mr. Huening 
indicate that this margin disappears and the 
“tested capability according to the pro¬ 
posed rating basis” matches the more rigor¬ 
ous calculation almost exactly in the entire 
region from 1/2 cycle to 4 cycles after the 
start of short circuit. 

Admittedly, the end-of-feeder example. 
Fig. 11, shows enough margin so that the 
more rigorous approach will sometimes be 
justified. However, it must be remembered 
that the duty at the end-of-feeder is con¬ 
siderably less than at the main bus. From 
the standpoint of future flexibility, it g^- 
erally makes sense to use the same size 
breakers at both locations. Probably Mr. 
Huening has all this in mind when he 
states that his method “may supplement, 
though it is not intended to replace, simpli¬ 
fied application calculations.” 

It is timely to call attention to the dangers 
of neglecting the induction motor contribu¬ 
tion at contact parting (the basis for present 
standard application procedure). Relay 

_ MOTOR 

1400 H.P EXCITER 


delay and breaker contact parting time are 
properly getting less and less attention. 
Whether or no the proposed rating basis is 
adopted, suitable corrective steps must be 
taken as soon as practical. 


R. A. Huse (Public Service Electric and 
Gas Company, Newark, N. J.): This 
paper is of considerable interest to us in the 
utility field because we are confronted with 
the problem of holding auxiliary bus short- 
circuit duties within reasonable limits and 
at the same time providing adequate bus 
voltage when starting large motors. Under 
these conditions, with large induction motor 
loads, the motor contribution may be an 
appreciable part of the circuit-breaker duty. 

In view of the increasing severity of this 
problem we have made several tests on aux¬ 
iliary motors and busses to determine the 
extent of the induction motor contribution. 
Single motors as well as ^oups of motors 
were run at no load, then disconnected from 
their source and transferred to a bolted 
3-phase short circuit in approximately 15 
cycles. Representative oscillograms are 
shown in Figs. 14, 15, and 16. Current 
contributions have been corrected for the 
slight decrease in bus voltage during the 
de-energized period. 

In using the equations given in Appendix 
I of the paper we suggest that the motor 
time constants be checked since we noted 
a large discrepancy between manufacturer’s 
calculated time constants and those ob¬ 
served from test. 

With 6-kv magnetic-type air circuit 
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Fig. 14. Motor 
contribution to short 
circuits, test no. 1 
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breakers such as we use, which part con¬ 
tacts in approximately 3 cycles, our tests 
indicate that the induction motor contrbu- 
tion is somewhat less than that suggested 
by the proposed new method of rating 
power circuit breakers. In view of this, 
if conditions are critical, it would be de¬ 
sirable to use Mr. Huening's methods which 
would give more accurate results. 


Lawrence E. Fisher (General Electric Com¬ 
pany, Plainville, Conn.): Mr. Huening’s 
paper is a valuable contribution to the litera¬ 
ture on this subject. It indicates that the 
feedback current from motors has a greater 
duration than was generally considered 
possible. To supplement the author’s con¬ 
clusions, I recall an experience in 1944 that 
tended to point toward the same conclusions. 

An arcing fault was accidentally estab¬ 
lished in a 140-foot run of busway from a 
transformer bank to the switchboard in an 
industrial plant in which there were a great 
number of small motors. The arcing 
started near the input end of the busway 
which consisted of bare bus bars in a steel 
enclosure. This busway had a clear space 
inside the enclosure running the full length 
of the busway. By this is meant that there 
were no solid insulators sferving as barriers 
to prevent the free movement of arcs. 
In such a busway any arc, even a single¬ 
phase arc, accidentally established within 
the enclosure will develop almost instantly 
into a 3-phase arc that will be driven by 
electromagnetic force almost like a shot¬ 
gun blast in a direction away from the source 
of power. 

Thus, previous experience had indicated 
that in this case the arc should have been 
driven to the switchboard end where it 
would have been confined by an ebonized 
asbestos barrier enclosing the end of the 
busway. Actually, however, and contrary 
to previous experience, the arc was driven 
at ultrahigh speed for 75 feet doing no 
damage traveling and then for no apparent 
reason, and wdth no physical barrier to even 
slow it down, the arc stopped and remained 
stationary long enough to completely bum 
off 1/4-inch by 6-inch copper bars. It was 
determined that the circuit breaker tripped 
it about 60 cycles. 

Seeking an explanation for what I had 
considered an impossible behavior the short- 
circuit current was calculated- It was sur¬ 
prising to learn that the calculated short- 


Fig. 16. Motor contribution to short circuits, test no. 6 


circuit current coming from the primary 
through the transformer bank was only 
about 20,000 amperes and the feedback 
current from the hundreds of motors in the 
plant was almost 16,000 amperes. This, 
of course, furnished a satisfactory explana¬ 
tion for the arc stopping where it did. The 
current from the transformer would force 
the arc toward the switchboard, but the 
feedback current would force the arc in the 
opposite direction. Therefore, the arc 
would move away from the source having 
the greater current value and in so doing 
would add busway impedance between it¬ 
self and the greater source, at the same time 
subtracting busway impedance from the 
smaller source until it reached a point of 
equalization where the two currents would 
be about equal. Then the arc would stop 
and continue to bum copper until the circuit 
breaker tripped (in 1 second) and until the 
motor contribution died down. A labora¬ 


tory test setup to simulate these conditions 
proved that the arc would always stop at 
the point of equalization of impedances 
between two equal sources. 

This was the explanation given in my 
report to the customer indicating why the 
arc stopped where it did, although other 
conclusions and recommendations were, of 
course, included relative to the protective 
device characteristics required to prevent 
this type of trouble in the future. 

This practical experience is given to sup¬ 
plement Mr. Huening’s mathematical cal¬ 
culations which prove that the feedback 
current duration can be longer than gen¬ 
erally thought possible. 


D. G. Lewis (General Electric Company, 
Schenectady, N. Y.): I believe it is of 
interest to compare the results for one of Mr. 


Fig. 17. Short-circuit 
currents and current 
magnitudes 

Dashed lines show re¬ 
sults of **exact’* calcula¬ 
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TIME IN CYCLES (OF A 60 CPS WAVE) 
AFTER START OF SHORT CIRCUIT 
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Huening’s cases with results calculated in 
s ich a way as to account correctly for the 
common impedance in the fault branch. 
Consider the circuit shown in Fig. 4(A) and 
replace the S3nichronous machines and the 
induction machines by their operational 
impedances as shown at a and &. 


(a): Xd{p)^xi,s+ 


1 






XaD , Rfi> , Rkd 
Xfd-\ -T" Xkd^ -7“ 

p p 


(b): Xm(p) — Xi,s+- 


Xm , 

xji+-- 

P 


These operational impedances give the 
correct short-circuit currents for the indivi¬ 
dual machines. The short-circuit currents 
for the circuit of Fig. 4(A) calculated using 
these operational impedances are shown as 
dashed lines in Fig. 17. As Mr. Huening 
points out, the utility contribution ac¬ 
tually increases as the induction motor 
contribution decays. 

There is an appreciable difference in the 
initial current magnitudes between these 
results and those obtained by the method of 
the paper (solid lines of Fig. 17). The rea¬ 
son for this is that the calculation that we 
have made based on operational imped¬ 
ances assumes that the initial S5rmmetrical 
current magnitudes are limited by reactance 
only. For machines alone this is a good 
assumption, but when a feeder is included 
with relatively high resistance, as in this 
case, the value of the resistance also affects 
the initial symmetrical current magnitudes. 
For this reason, Mr. Huening’s results are 
more nearly corr^t, in the first cycle, than 


ours. Either the results of the operational 
solution can be normalized to give the cor¬ 
rect initial value, in which case the result 
for total symmetrical fatdt current will 
agree very closely, or more detailed calcu¬ 
lations can be made to include the effect 
of stator-circuit resistances. 

The direct current can also be calculated 
operationally and combined with the S 3 rm- 
metrical component to give total rms cur¬ 
rent. The results for this current also 
agree very well if the currents derived from 
the operational solution are normalized 
to give the correct initial value. 


*W. C, Huening, Jr.: Mr. Webb indicates 
that the method of calculation described in 
the paper has already proved helpful to a 
special Working Group set up by the Com¬ 
mittee on Switchgear. It is indeed gratify¬ 
ing to learn that the method is being applied 
by others with useful results. 

Mr. Woodrow, as Chairman of the Work¬ 
ing Group on Methods of Rating, made the 
inquiry about motor contributions which led 
to an investigation and resulted in the prep¬ 
aration of this paper. The discounting of 
induction motor contributions mentioned 
by Mr. Woodrow is apparently a satisfac¬ 
tory method of including in a simplified 
calculation the effects of motor short- 
circuit current variations without placing 
undue emphasis on them. As Mr. Woodrow 
points out, only occasionally will there be 
reason to use a longer, more rigorous cal¬ 
culation, such as the one described in this 
paper. The simple calculation proposed by 
the Working Group in reference 1 will almost 
always select an adequate circuit breaker 
usually without excessive margin. How¬ 
ever, when it is felt that some margin exists 
that will never be needed, the method of 
calculation from the present paper may 


be useful in estimating the amount of this 
margin. 

Mr. Huse supplies some results of fidd 
tests on an installed induction machine 
and compares the test results with calcula¬ 
tions. The conclusions Mr. Huse draws 
from his comparison should prove valuable. 
His suggestion that time constant informa¬ 
tion be checked is particularly worth while 
for instances when contributions from large 
induction motors close by are important 
portions of a total short-circuit current, 
because accurate data aid in obtaining ac¬ 
curate results. Note that groups of smaUer 
motors, especially those contributing 
through circuit impedance, may be im¬ 
portant in other cases. The only feasible 
way of evaluating the contribution from 
these groups is with approximations, and 
the results obtained are usually satisfactory. 
It is also interesting to note that Mr. Huse 
finds the proposed new method of rating 
power circuit breakers conservatively eval¬ 
uates the short-circuit contributions from 
induction motors close by. 

Mr. Fisher provides an interesting de¬ 
scription and explanation of the behavior of 
an arcing short circuit in a busway system. 
His explanation tends to further support 
the conclusion that motor contributions 
persist for longer than is usually assumed. 

Mr. Lewis gives the results of even more 
accurate calculations for one of the ex¬ 
amples from the paper, and compares the 
two sets of results. The close agreement is 
support for the statement that the method 
proposed in this paper gives good results 
up to 4 or 5 cycles after the start of the short 
circuit. 

I wish to take this opportunity to express 
my thanks for the contribution made 
by all five discussers. Their comments 
and invaluable additional material are much 
appreciated. 


Underground Corrosion on Rural 
Electric Distribution Lines 

O. W. ZASTROW 
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S OME studies of imderground corro¬ 
sion associated with the grounding 
of multigrounded wye-connected distri¬ 
bution lines are described in this paper. 
Underground corrosion damage, mainly 
of anchor rods, has been experienced in 
enough locations to deserve special atten¬ 
tion, but there seems to be very little 
dectric utility experience to draw on in 
deciding what to do about it. The lack 
of information on this subject in the 
literature may be explained by reasons 
such as the following: 

1. The widespread adoption of multi¬ 
grounded wye-connected distribution lines 
is fairly recent, having occurred mostly 


in the last 15 to 20 years. Compared with 
delta-connected lines, multigrounded lines 
have a greater multiplicity of ground con¬ 
nections and therefore offer more possi¬ 
bilities for undesirable corrosion reactions. 

2. Some of the most severe conditions 
causing imderground corrosion are in areas 
where relatively little mileage of distribu¬ 
tion line existed prior to 1935 or 1940. 
As a result, comparatively little experience 
in dealing with these conditions has been 
accumulated. 

3. Judging from literature on this subject 
(or the lack of it), the electric utility 
industry has not given much attention to 
the effects of electrical grounding on 
underground corrosion. 

This summary of experience to date is 


offered for the benefit of those who may 
encounter similar problems. It is hoped 
that others who can contribute to a better 
imderstanding of the factors involved will 
add their comments and suggestions. 

How Corrosion Occurs 

Electrochemical Nature of 
Corrosion 

Corrosion is generally regarded as an 
electrochemical process in which the 
rhfiTnical reactions axe associated with 
electrical effects. This concept is most 
helpful for considering corrosion in rela¬ 
tion to grounding and therefore will be 
discussed in some detail.^ 

The electrochemical concept of corro- 

Paper 55-113, recommended by the AIB£ Chemi¬ 
cal, Electrochemical and Electrothermal Applica¬ 
tions Committee and approved by the AIEE Com¬ 
mittee on Technical Operations for presentation 
at the AIEE Winter General Meeting, New York, 

N. Y., January 31-February 4, 1965. Manuscript 
submitted October 18, 1954; made available for 
printing December 6, 1954. 
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Fis. 1. Galvanic cell. Arrows show direc¬ 
tion of current flow 


sion should seem entirely natural to any 
electrical engineer if some elementary 
rules of chemistry and physics are kept in 
mind. For example, a metal usually dis¬ 
solves in its environment (corrodes) by 
forming positively charged ions that leave 
the metal surface. In other words, cor- 
cosion is associated with a flow of direct 
current from the metal to the surrounding 
medium. Also, a metal that is relatively 
active chemically loses more positive ions 
and therefore assumes a more negative 
d-c potential than a metal that is less 
active. This is illustrated by Table I, 
which shows probable equilibrium poten¬ 
tials of several metals in earth, using 
copper as a reference. The open-circuit 
d-c potential of a metal is generally more 
negative in a corrosive soil than in a rela¬ 
tively noncorrosive soil, since the metal 
tends to discharge ions more vigorously 
in the more corrosive soil. 

An electrochemical process is illus¬ 
trated by the galvanic cell of Fig. 1. If 
copper and zinc electrodes in conducting 
soil are connected together, a potential of 
1.1 volts tends to cause a current flow as 
shown. Anodic reactions at the zinc 
electrode cause the zinc to corrode, while 
the cathodic reactions at the copper elec¬ 
trode protect it against corrosion. The 
amount of current flowing is limited by 
the resistance of the electrolyte, by the 
resistance of the external circuit and by 
various polarization effects at or near the 
electrode surfaces. 


Table I. Open-Circuit Potential in Earth 
Volts (to a Copper Electrode) 


Metals 


Eamlibrium 

Potentials 


Magnesium.—2.7 

Aluminum.—2.0 

Zinc.—1.1 

Iron.—0.7 

Lead.—0.4 

Copper. 0 


Ground Connections on 

Multigrounded Lines 

Rural Electrification Administration 
type distribution lines have a primary 
neutral conductor that is common, with 
the secondary neutral at transformers and 
other locations where secondary or service 
conductors exist. The neutral is grounded 
in accordance with the requirements of 
Paragraph 97C1 of the National Elec¬ 
trical Safety Code^ and Article 250 of the 
National Electrical Code.^ Additional 
grounds are usually provided by anchor 
rods and anchors because, in most cases, 
the guys are connected to the neutral and 
are not insulated. This is permitted 
under the conditions set forth in Para¬ 
graph 283B4 of the National Electrical 
Safety Code.^ Pole protection grounds, 
where used, are also connected to the sys¬ 
tem neutral. The driven primary grounds 
and pole protection grounds are generally 
copper-covered or solid copper. The 
nominal operating voltage on primary 
distribution lines is 7.2/12.47 kv in most 
areas and 14.4/24.9 kv in some areas of 
lower consumer density. 

With the connections just described, 
the neutral conductor provides a con¬ 
tinuous metallic circuit between the fol¬ 
lowing buried structures: 

1. Driven ground electrodes, usually 
copper-covered 5/8-inch by 8-foot rods, 
used at all transformers, at intervals of 
not more than 1,500 feet along primary 
lines, and at services. Driven pipe elec¬ 
trodes of galvanized steel are used at 
services in some cases, 

2. Pole protection ground electrodes, 
*‘butt” type, terminated at a copper plate 
or coiled copper wire, no. 6 American Wire 
Gauge, at the base of the pole. These are 
used where lightning conditions are severe, 
and are frequently omitted where lightning 
is less severe. 

3. Galvanized steel anchor rods, usually 
5/8 inch in diameter by 7 or 8 feet long, and 
steel anchors. 

4. Grounds on consumers' premises, in¬ 
cluding buried metal pipes and well casings 
as well as the frames of machines associated 
with electric equipment. These may be 
copper, bare or galvanized steel, or combi¬ 
nations of these metals. 

5. Buried metal conduit occasionally used 
at services, on consumers' premises, and at 
station metering installations. 

6. Substation or generating station struc¬ 
tures and grounds, including grounding 
mats and ground connections to static 
wires where present and interconnected. 

The multigrounded’wye-connected dis¬ 
tribution line has proved to be highly 
satisfactory from the standpoint of elec¬ 
trical performance, including safety, and 
from the standpoint of over-all economy. 
It also provides conditions that can be 



Ff$. 2. D-c flow due to galvanic action 
between copper grounds and a steel anchor 
rod 


favorable to underground corrosion, as 
will be described in more detail. 

Galvanic Corrosion 

Referring to Table I, a steel electrode in 
earth tends to assume a potential ap¬ 
proximately 0.7 volt negative with respect 
to a copper electrode similarly buried. If 
the steel is galvanized, the potential dif¬ 
ference is approximately 1.1 volts. .If 
copper-covered ground rods and steel 
anchor rods are connected to a common 
neutral conductor, the copper versus steel 
potential tends to cause a flow of current 
as shown in Fig. 2. This current is asso¬ 
ciated with galvanic corrosion at the steel 
(anodic) surfaces. Effects at the copper 
surface tend to protect it against corro¬ 
sion and may precipitate soil salts, such 
as calcium carbonate, as a result of alka¬ 
line conditions caused by the cathodic 
reaction. 

Galvanic corrosion does not require the 
presence of dissimilar metals. Anodic 
and cathodic areas may form on a metal 
surface because of variations in the struc¬ 
ture of the metal or its environment. For 
example, an anchor rod and anchor buried 
in earth may be exposed to varying con¬ 
centrations of oxygen as shown in Fig. 3. 
Other conditions being equal, the iron 
surface tends to become anodic where 
oxygen is excluded and cathodic where 
oxygen is present, with the result that 
galvanic corrosion removes iron from the 
most deeply buried surfaces.^ 



Fig. 3. Galvanic corrosion of an electrically 
isolated steel anchor rod and anchor 

A—Cathodic area where oxygen is present 
B—^Anodic area subject to corrosion where 
oxygen is excluded 


102 


Zastrow—Underground Corrosion on Rural Electric Lines 


May 1955 










Fig. 4. Locations of electric distribution systems experiencing anchor rod 
failures or excessive corrosion 15 years or less after original construction 


Stray Current Corrosion 

Direct currents from external sources 
sometimes flow in grounded metal struc¬ 
tures and cause corrosion where the cur¬ 
rent flows .from the metal into the soil. 
Cathodic protection systems for under¬ 
ground pipe lines may cause such corro¬ 
sion of ground electrodes, anchor rods, 
or consumer plumbing on rural distribu¬ 
tion lines tmder some conditions. 

Scope of Problem 

No Difficulties Are Reported in 
Many Areas 

The foregoing discussion and Fig. 2 
suggest that excessive corrosion is likely 
to occur wherever steel anchor rods (or 
other buried steel structures) are con¬ 
nected to the neutral of a copper grounded 
distribution line. Fortunately, that is 
not the case. Experience in many areas 
of the United States has revealed no diffi¬ 
culties from this source during the 17 



Fig. 5. Distribution of galvanic currants 
measured in guys. Positive values indicate 
current flowing toward anchor rods. Total 
number of observations, 108 


years or more that Rural Electrification 
Administration-financed lines have been 
in operation. Apparently, polarization 
and soil resistance reduce the galvanic 
currents to such an extent that the corro¬ 
sion damage is not serious in a majority 
of soils. 

Corrosion, Where Experienced, 

Is Variable 

CoiTosion damage to anchor rods has 
been reported by approximately 60 rural 
electric distribution systems located as 
shown in Fig. 4. (The total number of 
rural distribution borrowers is 938 as of 
December 1953.) The damage is noticed 
when lines are relocated or where one or 
more anchor rods part completely, allow¬ 
ing guys to “go slack. “ Failures of 
anchor rods occur within approximately 4 
to 10 or 12 years in the worst locations, 
but the rate of corrosion is widely variable 
throughout each of the areas where condi¬ 
tions have been examined in detail. This 
is helpful from the standpoint that 
damage is generally noticed before any 
substantial percentage of the anchor rods 
is seriously weakened. However, deter¬ 
minations of the extent of damage in any 
particular case are made more difficult 
because of the variations in rates of 
corrosion. 

The galvanic currents flowing in guys 
and other ground connections provide a 
helpful indication of the rate of corro¬ 
sion, since the current is directly propor¬ 
tional to the amount of metal being re¬ 
moved at anodic surfaces. This is in ac¬ 
cordance with theoretical considerations 
and has been verified experimentally.^ 
Corrosion from local action (as shown in 
Fig. 3) is not revealed by measurements 
in an external connection such as a guy 
or grotmd wire. However, our experience 


indicates that corrosion of anchor rod- 
is generally associated with galvanic cm:- 
rents flowing in guys. 

The variability of currents measured in 
guys is illustrated by Fig. 6, which is 
based on 108 observations at locations 
that were chosen without regard to the 
factors affecting, corrosion rates. Fig. 6 
shows similar data on the currents meas¬ 
ured in the grotmd wires connecting 
copper-covered ground rods to the neu¬ 
tral. 

Which Soils Are Most Corrosive? 

The soils most likely to be corrosive 
can usually be identified from terrain fea¬ 
tures, characteristics of the soil, or both. 
Tests described by Denison and Roman¬ 
off^*® indicate that undergrotmd corrosion 
is most severe in poorly aerated, reducing 
soils that are highly acid or contain high 
concentrations of soluble salts. Such 
conditions occur in low or level locations 
that are poorly drained and result in low 
soil resistivity. Light-colored mottling 
or streaks in tight day subsoils indicate 
a redudng, highly corrosive soil. 

The corrosive soils observed during 
these tests are in areas of relatively low 
rainfall, as may be noted in Fig. 4, and 
are in poorly drained locations where soil 
resistivity is low. In North and South 
Dakota, grey to white mottling is dearly 
evident in corrosive, subsoils and in some 
cases white alkali is visible on the surface. 
Earth resistivities to an average depth of 
10 feet were generally less than 20 meter 
ohms (2,000 ohm-centimeters) in corro¬ 
sive locations. 

Components Affected by Corrosion 

Where corrosion is excessive the 
damage is generally noticed on anchor 
rods first. This is true in cases of stray 
current corrosion as well as for galvanic 
corrosion damage. However, other buried 
steel connected to the neutral conductor 
may be similarly affected. Electrical 
measurements have indicated galvanic 
currents up to 200 milliamperes (ma) or 
more discharged by buried pipes, well 



NUMBER OF OBSERVATIONS 


Fig. 6. Distribution galvanic currents 
measured in connections to copper-covered 
ground rods. Positive values indicate current 
flowing from ground rods toward neutral. 

Total number of. observations, 117 
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Fig. 7. Diagram of pipf-iine protection 
system served from a multigrounded dis¬ 
tribution line. Arrows indicate direct cur¬ 
rents 

A—^Anodes 

B—Rectifier 

C—Protected pipe 

casings, underground steel conduit, and, 
in one case, a cotton gin. These cases 
have been infrequent, but the damage 
that may result is enough to justify special 
precautions against any such occurrences. 

Stray Current Corrosion 

A few cases have been found where 
pipe-line protection systems caused cor¬ 
rosion of distribution line grounds and, 
in one case, of consiuner plumbing. In 
each case, the rectifier received energy 
from the distribution Hne affected and 
electrical ground coimections were located 
near to anodes of the cathodic protection 
system. The components involved and 
the flow of direct currents that may result 
axe shown in Fig. 7. It may be noted 
that most of the damage occurs at some 
distance from the rectifier, where the 
currents eventually must return to earth. 

A serious situation may result if a con¬ 
sumer is served from a multigrounded 
electric distribution hne and also from a 
cathodically protected gas distribution 
line. In such cases, the multigrounded 
primary neutral conductor is connected 
to the secondary neutral and thence to 
any water pipes and wells on the con¬ 
sumer’s premises. If a connection to the 
protected gas pipe is made, either de- 
Hberatdy or inadvertently, cathodic pro¬ 
tection to the pipe hne may be adversely 
affected. If no connection to the pro¬ 
tected gas pipe hne is made, stray cmrents 
may cause rapid corrosion of the consumer 
plumbing. The only safe procedure is to 
examine each installation carefully and 





Fig. 8. Measurement of galvanic current in a 
guy using a d-c milliameter 


apply the necessary measures (i.e., physi¬ 
cal co-ordination supplemented by resist¬ 
ance bonding connections), preferably at 
the time the electric service or gas hne is 
installed. The likelihood of serious 
damage is greatly reduced if the gas serv¬ 
ice pipe is insulated from the main, as 
is the general practice in many areas. 

Analysis and Survey Methods 

The approach to underground corro¬ 
sion on rural distribution lines is influ¬ 
enced by two considerations that may 
seem unusual, in degree at least, to most 
corrosion engineers: 

1. Individuals with no previous specialized 
experience in corrosion mitigation will 
generally make the determinations as to 
whether excessive corrosion is occurring and, 
if so, what should be done about it. This 
seems applicable to system engineers 
(whether retained or employed full time) 
as well as to other employees, since engi¬ 
neering services have been concerned 
mainly with, electrical and mechanical 
design. 

2. The average investment and the 
annual operating expense is relatively low 
in terms of dollars per mile of line, total 
costs notwithstanding; so measures taken 
against underground corrosion need to fit 
into the same pattern. This requires a 
minimum of special designs for individual 
locations and a minimum of follow-up 
checking and maintenance to assure reason¬ 
able freedom from excessive underground 
corrosion in the future. 

Determining Locations and 
Corrosion Rates 

To the distribution system operator 
concerned about underground corrosion, 
the most difficult problem is to obtain a 
reliable estimate of the rate of damage at 
various locations. The importance of 
such information can hardly be over¬ 
emphasized, since the choice of mitiga- 
tive measures is generally based on as¬ 
sumptions, right or wrong, as to corro¬ 
sion rates and the locations affected. 
EfiScient application of measures chosen 
requires the best possible understanding 
of the existing conditions, from the stand¬ 
point of effectiveness and economy and 
also in the interest of applying the meas¬ 
ures first where they are most needed. 
Experience has shown that the first evi¬ 
dence of excessive underground corrosion 
is noticed on anchor rods, if the steel 
anchor rods are connected to the common 
neutral along with copper-covered ground 
electrodes. 

Visual Evidence 

Underground corrodon usually is not 
visible, yet visual checks can provide the 



Fig. 9. Determination of gaivanic current 
from voltage drop along a guy 


alert operator with much valuable infor¬ 
mation. For example, anchor assemblies 
must frequently be removed because of 
road widening operations or for other 
reasons. The condition of anchor rods 
removed from service gives valuable evi¬ 
dence as to whether or not underground 
corrosion is occurring at an excessive rate. 
If corrosion is evident, the condition of the 
anchor rod and its age give an indication 
of how long it might have lasted before 
becoming seriously weakened. 

The number of changes the distribu¬ 
tion system operator is plagued with will 
usually provide numerous opportunities 
for visual examinations of anchor rods 
that have been in service for varying 
lengths of time. By observing the con¬ 
dition, age, and location of each anchor 
rod, he should be able to determine 
whether or not a corrosion problem exists 
and, if so, some of the troublesome loca¬ 
tions (and trouble-free locations). The 
rate of damage at the worst locations will 
help to establish the probable length of 
time before failtures may occur. 

Data on anchor rods that have been re¬ 
moved from service or replaced because 
of failure due to corrosion provide the 
only direct information on rates of cor¬ 
rosion. Such information should be care¬ 
fully noted at every opportunity if cor¬ 
rosion problems are suspected. Visual 
checking of anchor rods in place requires 
practically complete removal of each rod, 
which is costly and time-consuming. 

Anchor Rod Corrosion and Galvanic 
Currents in Guys 

Underground corrosion, when serious 
enough to deserve special attention, is 
generally associated with galvanic cur¬ 
rents that can be measured above ground. 
Some exceptions to this may occur (see 
Fig. 3, e.g.), but such have not yet been 
encountered in our experience. 

Galvanic current measurements in guys 
have proved to be the only practical 
means for estimating the rates of damage 
to individual anchor rods if extensive sur¬ 
veys are desired. The indications are 
only approximate, but this does not pre¬ 
vent them from being useful if the limi¬ 
tations are recognized. The two most 
important limitations are: 
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(I00)(200)(300) MICROVOLTS DC IN 6 FT 
LENGTH 

Fis. 10. Sample calibrations for voltage 
drop determination of galvanic current, for 
common sizes of Diemens-Martin guy strand 
and ground wire 

A—^1/4-inch guy strand 
B—^3/8-inch guy strand 
C—^7/16-Inch guy strand 
D—No. 6 American Wire Gauge soft drawn 
copper 

1. The galvanic reaction and the current 
are subject to variations due to changes in 
soil moisture and temperature. As a result, 
absolute values of current at a particular 
time mean little in terms of metal removed 
until correlated with visual observations. 

2. The amount of metal that can be lost 
before an anchor rod is seriously weakened 
varies, depending on whether the damage 
is concentrated or spread along most of the 
buried portion. 

A correlation between galvanic cur¬ 
rents in guys and rates of damage to an¬ 
chor rods can be established by measuring 
currents and then removing the anchor 
rods for visual examination. This is 
time-consuming and relatively expensive 
unless it can be done when the removal of 
anchors is necessary for other reasons. 

If anchor rod failures or specified 
amounts of damage have resulted after 
known lengths of time, measurements of 


galvanic currents in guys may help to 
show the scope of the damage even if the 
exact locations of the rods ajffected are 
not known. For example, Fig. 5 shows 
the distribution of currents in guys ob¬ 
served in July 1954 on the lines of the 
Douglas Electric Co-operative, Inc., 
Armour, S. Dak. The first failure of an 
anchor rod on this sytsem occurred after 
5 years of operation. Other anchor rods 
removed because of road widening were 
corroded to various degrees at the 
threaded (bottom) ends, so that the ones 
most affected might have failed in another 
year or two. These visual observations, 
together with the currents measured, may 
suggest steps such as the following: 

1. Where the product of d-c ma toward 
ground by years in service is 100 or more 
(20 ma or more in a 5-year-old guy), replace 
all critical anchor rods and examine the 
rods removed for additional data, which 
will provide guidance as to whether the 
others in this group should be replaced. 

2. For current time products of 50 to 
100 ma years UO to 20 ma for a 5-year-old 
rod), replace a few of the most important 
anchor rods to obtain additional visud 
information. Many anchor rods in this 
group may still be serviceable. 

3. Wherever the current is approximately 
4 ma or more, use appropriate measures 
to prevent further flow of direct current or 
to reduce it to less than 4 ma. 

These ma figures are given to illustrate 
a method of approach and are subject to 
variations depending on soil moisture, 
season, and terrain. Observations made 
near Corpus Christi, Tex., in August 1951 
indicated anchor rod failures after only 50 
ma years of current flow. At the other 
extreme, an anchor rod near Devils LaJke, 
N. Dak., was discharging a current of ap¬ 
proximately 46 ma in June 1953 and was 
still holding after nearly 5 years in service. 
The rod was removed and it was found 
that the damage was very evenly distrib¬ 
uted, with the cross section reduced to 



Fig. 11 (left). 
Millivoltmeter used 
for voltage drop 
determinations of 
galvanic current 

Fig. 12 (right). 
Millivoltmeter shunt 
for estimating direct 
current to or from 
a service neutral. 
For no. 12 American 
Wire Gauge solid 
copper wire, the 
voltage drop is 
approximately 10 
microvolts per ma 
for length L=6.5 
feet 


approximately one-fourth the original 
area at the weakest point, a few inches 
above the anchor. 

The galvanic current in a guy can be 
measured with a d-c milliameter as shown 
in Fig. 8, and some general-purpose me¬ 
ters of types used for radio testing can 
be used. The measurement becomes 
relatively inaccurate if resistance of the 
meter is greater than the resistance to 
ground of the anchor rod, and a correction 
for meter resistance is needed unless 
resistance of the meter is approximately 1 
ohm or less. 

The method illustrated in Fig. 8 has 
been found to be too time-consuming 
where many observations are needed, 
since it is necessary to climb a pole and 
disconnect the guy from the neutral each 
time a measurement is made. As a re¬ 
sult, most of the current determinations 
during this study have been made from 
measurements of direct voltage drop 
along guys and ground wires; see Fig. 9. 
The voltages to be measured are very 
small for currents of only a few ma, as 
may be seen from Fig. 10, so that a very 
sensitive instrument is needed and care is 
necessary to avoid errors resulting from 
contact potentials. The instrument used 
for the current determinations referred 
to is a Weston model 622 voltmeter with a 
0 to l-miUivolt range and 100 scale di¬ 
visions. Special vise-type pliers were 
found useful as test clamps to provide 
adequate contact pressure. The instru¬ 
ment and test leads used are shown in 
Fig. 11. 

Direct Currents in Neutral 

Conductors 

Measurements of direct current along 
the neutral conductor have been used to 
determine whether power line grounds 
may be damaging a consumer’s plmnbing 
or vice versa. Most of these were made 
by a zero resistance ammeter method or 
by use of the improvised millivoltmeter 
shunt shown in Fig. 12. 

Potential Measurements 

Measurements of the d-c neutral poten¬ 
tial were made frequently during this 
study. It was hoped that some correla¬ 
tion might be found between d-c potential 
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and corrosion conditions, since the poten¬ 
tial could be readily measured without 
climbing poles. 

The d-c potential measurements have 
been found too difficult to interpret in 
terms of probable corrosion damage to 
take the place of current measurements 
for survey purposes, since a given poten¬ 
tial may result from several different com¬ 
binations of conditions. Potentials ob¬ 
served have generally varied from —0.35 
to —0.75 volt, except for a few cases 
where more extreme potentials were 
caused by pipe-line protection systems. 
All potentials were measured from a 
copper-copper sulfate reference electrode. 

Mitigative Measures 

Requirements to Be Considered 

Corrosion can be prevented in practi¬ 
cally any situation if cost may be dis¬ 
regarded, The problem of the distribu¬ 
tion system operator is to decide what 
measures will assure adequate perform¬ 
ance of distribution line components at 
the least cost consistent with safety and 
consumer satisfaction. The measures 
selected should: 

1. Reduce rates of corrosion so that the 
life of underground components of the line 
will be extended to at least 25 to 35 years, 
the figure depending on circumstances. 

2. Minimize the possibility of any adverse 
effects to consumer plumbing or other 
buried metal connected to the system 
neutral but not part of the distribution 
line, due to interconnection with the dis¬ 
tribution line neutral. This may not be 
done at the expense of the consumer ground¬ 
ing specified in Paragraphs 2581 and 2582 
of the National Electrical Code.® 

3. Provide, as far as possible, for imiform 
construction specifications throughout the 
distribution system. 

4. Keep to a minimum the number of 
locations where special measures are needed, 
particularly if special follow-up or main¬ 
tenance measures are indicated. 

5. Comply with requirements of the Na¬ 
tional Electrical Code, the National 
Electrical Safety Code,® and additional 
state and local regulations where applicable. 

In addition to these requirements, con¬ 
sideration is necessarily given to economy 
and to any possible adverse effects on 
operating characteristics of the distri¬ 
bution system. 

The Measures that Seem Most UsBFxm 

Three general types of mitigative meas¬ 
ures appear to be useful and practical for 
relieving corrosion damage to anchor rods 
or other buried steel affected by galvanic 
corrosion. They are: 

1. Insulate buried steel from the copper- 


grounded neutral or replace the steel 
components with other materials that will 
not corrode excessively when connected 
to the copper grounded neutral. 

2. Replace copper ground electrodes with 
galvanized steel ground rods. 

3. Install sacrificial anodes to provide 
drainage and to prevent damage to the 
anchor rods or other buried structures. 

Each of these measures has advantages 
and limitations that change in relative 
importance with local conditions. 

The Copper Grounded Neutral Approach 

Strain insulators in guys and corrosion- 
resistant anchor rods (bronze, copper- 
covered, or stainless steel) will be con¬ 
sidered together, because either results in 
an approach to an all-copper grounded 
neutral, in so far as galvanic effects are 
concerned. Guy strain insulators ordi¬ 
narily will be less costly and therefore are 
a more likely choice unless it is believed 
that a galvanized steel anchor rod will 
corrode at an excessive rate even if insu¬ 
lated from the neutral. Corrosion-resist¬ 
ant anchor rods probably should be used 
only with nonferrous (concrete or creo- 
soted log) anchors; otherwise excessive 
galvanic corrosion of the anchors may 
result. 

A strain insulator or corrosion-resistant 
anchor rod and anchor offers the simplest 
remedy where a particular anchor rod is 
subject to excessive corrosion, and it may 
be the least costly. The most important 
disadvantage is that the damage may be 
shifted to near-by anchor rods or to other 
buried steel still connected to the neutral, 
unless additional steps are taken to pre¬ 
vent it. Therefore the following limita¬ 
tions should be considered: 

1. Under some soil conditions, strain 
insulators or special anchor rods and 
anchors, if used, may have to be applied 
to all anchor assemblies to prevent accel¬ 
erated damage to steel anchor rods still 
connected to the neutral. 

2. Special measures are needed wherever 
buried plumbing, conduit, or other struc¬ 
tures of steel are connected to the neutral. 
If any of these are overlooked, relatively 
rapid corrosion may result. 

Corrosion resistance of the copper- 
covered ground rods and anchor rods now 
available may not be adequate in some 
corrosive soils on an all-copper grounded 
system, judging from test results reported 
by Denison and Romanoff.^ The test 
data show that after 14.3 years the pene¬ 
tration of tough pitch copper exceeded 
0.010 inch at 7 of the 14 test sites and 
0.020 inch at two test sites. The mini¬ 
mum copper thicknesses on 5/8 inch 
copper-covered ground rods available in 
the United States is generally between 


0.010 and 0.020 inch. Experience with 
the copper-covered groimd rods appar¬ 
ently is satisfactory, but the experience 
may not be applicable to all soils now be¬ 
ing encountered. Also, copper ground 
electrodes and other structures receive ca¬ 
thodic protection at the expense of buried 
st^el and other metals in many cases, and 
this tends to prolong the life of the copper 
underground. 

Steel Grounding 

Galvanized steel ground rods, used in¬ 
stead of copper or copper-covered ground¬ 
ing electrodes, reduce galvanic corrosion 
of other buried steel connected to the sys¬ 
tem neutral. The galvanic current flow¬ 
ing toward the neutral is reduced as the 
amount of buried copper is reduced and, 
in addition, the steel ground electrodes 
discharge part of the current that would 
otherwise return to earth through guys 
and anchors. 

The steel grounding approach is par¬ 
ticularly useful in areas where corrosion is 
relatively slow and general over a con¬ 
siderable area, since a general reduction 
in corrosion rates can be achieved by re¬ 
placing some ground electrodes on an 
existing line without the necessity for 
changing all grounds. 

The most important limitations where 
galvanized steel ground rods are used are: 

1. There does not appear to be a steel 
equivalent at present to the copper *'butt 
wrap** type of pole protection ground, 
particularly for use on lines that have some 
copper grounding electrodes, so that at 
present only driven steel electrodes can 
be used. 

2. A copper to steel connection under¬ 
ground is necessary, since copper ground 
wires are used. The copper wires are 
considered necessary for adequate con¬ 
ductivity at most locations and appear to 
be desirable at other locations (as at pole 
protection grounds) for corrosion resistance 
at the ground line. 

If steel ground rods are used, damage to 
grounds and anchor rods may still occur at 
locations where consumers have copper 
underground plumbing or where the dis¬ 
tribution neutral is interconnected with 
copper grounds at the power source. 
Special measures will sometimes be 
needed at such locations. 

Galvanized steel ground rods con¬ 
sidered for use at present are 3/4 inch in 
diameter and hot-dip galvanized in ac¬ 
cordance with Specification A153-49 of 
the American Society for Testing Ma¬ 
terials,® to an average coating thickness 
of 2 ouncespersquarefoot. The3/4-inch 
diameter may seem inconsistent with the 
requirement for anchor rods, which are 
5/8 inch in diameter and similarly galva- 
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Fis- 13. Method of installing a galvanic 
anode 

A—Anode with backfill material and con¬ 
necting lead 

B— Connection to ground wire for previously 
disconnected pole protection ground 


nized. However, the larger diameter 
ground rod is regarded as necessary at 
present for compliance with Paragraph 
95D of the National Electrical Safety 
Code.2 

The galvanized steel ground rods are 
regarded as entirely adequate in resist¬ 
ance to corrosion. This conclusion is 
based on more than 15 years’ experience 
with anchor rods installed under the ad¬ 
verse conditions that have been discussed 
and on test results reported by Denison 
and Romanoff.® 

Cathodic Protection by Sacrificial Anodes 

Anodes of magnesium, zinc, or alumi¬ 
num protect underground metal against 
corrosion by providing drainage points 
where direct current is discharged into the 
earth. This causes the d-c potential of 
the protected structure to become more 
negative and, if carried far enough, causes 
all buried parts of the structure to become 
cathodic (with current flowing toward 
metal from the soil at all surfaces) so that 
complete protection is achieved.^ 

Sacrificial anodes can be readily in¬ 
stalled on a multigrounded distribution 
line as shown in Fig. 13. Anodes with 
backfill material included and the con¬ 
necting leads attached (such as the 
‘‘Galvo-pak” magnesium anodes) are 
desirable when installations are to be 
made by inexperienced personnel. The 
anodes should be installed at the lowest 
locations available, at depths at least as 
great as the metals being protected. The 
choice of anode material is influenced by 
earth resistivity, current requirements, 
the length of life desired before replace¬ 
ment becomes necessary, and cost. Mag¬ 
nesium produces the highest current out¬ 
put for a given anode size and soil resis¬ 
tivity, since it has the highest driving 
voltage. Zinc has the. advantage of 
higher efficiency at relatively low out¬ 


puts. Relatively little data on aluminum 
anodes are available at present, but the 
solution potentials measured suggest that 
the driving voltage is approximately the 
same as for zinc.^ 

Sacrificial anodes are the most useful 
at special locations where strain insulators 
or steel grounding alone will not prevent 
excessive corrosion. For example, on a 
copper grounded line the anodes may be 
used at locations where buried steel can¬ 
not be disconnected from the system 
neutral. On steel grounded lines, sacri¬ 
ficial anodes are useful at substations 
where the system neutral is connected to 
copper station or transmission-line 
grounds, or at locations where under¬ 
ground copper plumbing or other struc¬ 
tures are connected to the neutral. 

Sacrificial anodes gradually expend 
themselves so that replacement becomes 
necessary. For example, a 17-pound 
magnesium anode lasts approximately 10 
years at a current output of 100 ma or 
proportionately less at higher currents. 
Weight losses at various current outputs 
have been determined in tests, and they 
can be calculated from the handbook 
values of electrochemical equivalents, 
for any assumed efficiency and valence of 
the anodic reaction.^*® 

Some field trials of sacrificial anodes 
connected to a distribution line neutral 
have been undertaken for the purpose of 
determining what current output may re¬ 
sult and the range of protection that may 
be achieved. Unfortunatdy, results of 
the trials are not available at the time of 
this writing. The types of anodes in¬ 
cluded are: 

1. Type-i7D(17-pound)“Galvo-pak” mag¬ 
nesium anodes, which include backfill mate¬ 
rial. , 

2. American Zinc Institute tY^^-AZI-2~30 
(30-pound) zinc anodes with backfill of gyp¬ 
sum plaster and native earth. 

3. Aluminum Company of America style- 
D 109 (3-inch diameter by 30-inches long) 
aluminum alloy anodes in backfill as supplied 
by the manufacturer. 

All anodes are installed at depths of 8 to 
10 feet at locations where the average 
earth resistivities to a 10-foot depth are 
between 4 and 10 meter ohms (400 to 
1,000 ohm-centimeters) as measured in 
July 1954. Resistance to ground of the 
system neutral at points where the anodes 
are connected is 0.7 to 1.3 ohms. 

Stray Current Corrosion 

Damage due to pipe-line protection 
rectifiers as illustrated in Fig. 7 can be 
prevented by the measures shown in Fig. 
14, as follows: 

1. Remove the pole protection grounds A 


that are less than 200 feet from buried 
anodes, to prevent direct current from 
flowing onto the system neutral. If 3>uy 
anchors are installed here, install strain 
insulators in the guys. 

2. Request a resistance bond (installed by 
the pipe-line agency) at B to drain from 
the neutral at least as much current as 
flows toward the neutral at any ground 
connections that must be retained for 
safety (as at C and D) near the buried 
anodes. The resistance bond is normally 
inside the rectifier cabinet, and some 
pipe-line agencies apparently make a prac¬ 
tice of including such bonds in all rectifier 
installations. 

3. Remove any nonessential ground (such 
as jE) located so near the pipe line that 
damage cannot be prevented. If an anchor 
is present at such a location, install a strain 
insulator in the guy. 

From a practical standpoint, the simplest 
method of avoiding damage in most cases 
is to make certain that the corrosion spe¬ 
cialist responsible for the rectifier in¬ 
stallation is advised of the power ground¬ 
ing arrangement used. 

Some stray current problems may re¬ 
quire special analysis and special mitiga- 
tive measures. An example is the situa¬ 
tion where a consumer with underground 
plumbing is served from a cathodically 
protected gas distribution line and also 
from a multigrounded electric distribu¬ 
tion line. Such a situation requires co¬ 
operation between the pipe-line and elec¬ 
trification engineers concerned. Proce¬ 
dures for handling of joint cathodic pro¬ 
tection problems are outlined in a report 
on cathodic protection.® 

Conclusions 

Additional study and experience are 
desirable on a number of aspects of the 
subject discussed. This is particularly 
tnie in regard to survey methods for 
determining the extent of corrosion on 
any particular distribution line and the 
choice and application of effective mitiga- 
tive measures at minimum cost. 

The studies and experience that have 
been discussed point to the following 
conclusions: 

1. Excessive underground corrosion on 
multigrounded distribution lines is generally 
a result of galvanic action between buried 
copper and steel connected to the system 
neutral. 
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Fig. 14. D-c flow near a cathodic protection 
rectifier with power grounds completely 

protected 
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2. Stray current corrosion due to cathodic 
protection rectifiers may cause relatively 
rapid underground corrosion but should 
not present any serious problem if reason¬ 
able precautions are taken. 

S. Galvanic corrosion of anchor rods on 
existing lines can be relieved by the use 
of strain insulators in guys or corrosion- 
resistant anchor rods, by substitution of 
galvanized steel ground rods for copper 
electrodes, or by the use of galvanic anodes. 
Each of these measures has advantages 
and limitations that change with local 
conditions. Steel grounding seems pref¬ 
erable in most cases from the standpoint 
of economy and minimum danger of corro¬ 
sion damage to other buried structures. 

4. Galvanized steel ground rods should 
generally be used for replacement and new 
construction on all lines constructed with 
steel anchor rods bonded to the neutral, 
to minimize the possibility of excessive 
undergrotmd corrosion. This appears ap¬ 
plicable to multigrounded common neutral 
systems generally except where strain 


Discussion 

F. E. Kulman (Consolidated Edison Com¬ 
pany of New York, Inc., New York, N. Y.): 
Mr. Zastrow shows that the corrosion of 
steel anchor rods and anchors may be accel¬ 
erated if they are connected electrically to 
other buried objects. Under certain cir¬ 
cumstances, the corrosion of the steel an¬ 
chors may be severe if the other buried 
objects are copper or copper-covered ground 
rods. 

In Fig. 5, showing measurements of cur¬ 
rent in the guy wires at 108 locations, it is 
seen that the current flowed toward the an¬ 
chor in 90 per cent of the observations, i.e., 
in the direction to cause corrosion of the 
anchor. Conversely, in Fig. 6, showing 
measurements of current flowing in connec¬ 
tions between copper-covered ground rods 
and the neutral conductor, the current 
flowed from the ground rods to the neutral 
in all cases. It is thus evident that the use 
of copper-covered ground rods causes a 
galvanic current to circulate, resulting in the 
corrosion of the steel anchors. The actual 
rate of corrosion is influenced by the soil 
resistivity and the relative areas of buried 
copper and steel; and installations of more 
than the minimum number of copper ground 
rods may be made only at the risk of cor¬ 
roding other buried structures. 

Mr. Zastrow’s conclusion that galvanized 
steel grotmd rods should be used for replace¬ 
ments seems to be a sound solution. Not 
only does this type of rod meet the require¬ 
ment of not causing corrosion on other struc¬ 
tures but by virtue of the zinc coating the 
rod is self-protecting so long as the galvaniz¬ 
ing lasts. 

The author describes the difficulties of 
making measurements of currents in guy 
wires and reports no success in obtaining a 
correlation between anchor corrosion and 
the potential between neutral and the earth. 
In the case of underground pipe lines, the 
measurement problem is also difficult. The 
severity of corrosion has been found not to 
correlate well with potential difference be¬ 
tween pipe and earth, nor with soil resis- 


insulators or corrosion-resistant materials 
are being applied for corrosion prevention. 

6. Anchor rod corrosion is the first indica¬ 
tion of galvanic corrosion on multigrounded 
lines with anchor rods connected to the 
neutral, but this should be recognized as a 
symptom and not necessarily the entire 
problem. All underground structures con¬ 
nected to the common neutral conductor 
should be considered when planning or 
applying mitigative measures. 

6. The attitude that if some grounding is 
good more is better needs to be reconsidered 
from the standpoint of underground corro¬ 
sion. Grounding in excess of the require¬ 
ments for safety and lightning protection 
may be a major factor contributing to 
excessive underground corrosion. 
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tivity. There is a growing interest in the 
measurement of the reduction-oxidation 
(redox) potential of the soil as an indicator 
of soil corrosivity. Research^ resulted in 
the preliminary design of a soil probe for 
measuring the redox potential, and appar¬ 
ently good correlation was found between 
the soil redox potential and the severity of 
pipe pitting. I would like to ask Mr. 
Zastrow if any attempt has been made to 
measure the redox potential of the soils in 
which the steel anchors have corroded and, 
if so, has any correlation been found between 
the redox measurement and the corrosion. 
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conclusion that buried copper is partly re¬ 
sponsible for the corrosion of underground 
zinc-coated structures seems far from estab¬ 
lished. For example, there is no question 
that a potential difference exists between a 
copper electrode and a zinc electrode im¬ 
mersed in a suitable electrolyte. However, 
when the electrodes are electrically con¬ 
nected and a current flows, polarization 
occurs very rapidly and current diminishes 
to a negligible value, usually within minutes 
or seconds after the connection is made. 

This can be demonstrated in one’s own 
backyard. If the soil is moist, a current of 
perhaps 20 or 30 ma may flow at the moment 
of connection between two dissimilar rods, 
but the current will fall off to nothing within 
a very short time. In dry or poor con¬ 
ducting soils the current flow is rarely ap¬ 
preciable, even at the moment of connec¬ 
tion, so that in either case the continuing 
current is of no practical significance in a 
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From the simple type of test just de¬ 
scribed, one reaches the conclusion that the 
role of buried coppa: in causing zinc cor- 


Maintenance of Electric Supply and Com¬ 
munication Lines. National Bureau of Standards 
Handbook H32, Washington, D. C., Sept. 23,1941. 

3. National Electrical Code—Volume V. 
National Fire Protection Association, Boston, 
Mass., 1953. 

4. Soil-Corrosion Studies, 1946 and 1948: 
Copper Alloys, Lead, and Zinc, Irving A, 
Denison, Melvin Romanoff. Research Paper 
RP20TT, Journal of Research, National Bureau 
of Standards, Washington, D. C., vol. 44, Mar. 
1950. 

5. Corrosion of Galvanized Steel in Soils, 
Irving A. Denison, Melvin Romanoff. Research 
Paper 2366, Ibid., vol. 49, no. 5, Nov. 1952. 

6. Specification A153-49, American Society for 
Testing Materials, Philaddphia, Pa., 1949. 

7. First Interim Report on Galvanic Anode 
Test of Technical Practices Committee No. 2, 
Galvanic Anode Committee. Publication No, 50-2, 
National Association of Corrosion Engineers, 
Houston, Tex., Apr. 1, 1950. 

8. Standard Handbook for Electrical Engi¬ 
neers (book). Archer E. Enowlton, editor. Mc¬ 
Graw-Hill Book Company, New York, N. Y., 8th 
ed., 1949. 

9. Report of Correlating Committee on 
Cathodic Protection. National Association of 
Corrosion Engineers, Houston, Tex., July, 1951. 


rosion is negligible. This seems to be fur¬ 
ther substantiated by the author’s data in 
which the greatest number of currents meas¬ 
ured were very low, in the range of 0 to 2 
ma. It is also significant that Mr. Zastrow 
recorded a number of negative readings 
which no amount of theorizing could asso¬ 
ciate with buried copper. 

Actually, copper, zinc, and earth make a 
very poor battery. To maintain the poten¬ 
tial difference between two metals, as in a 
dry cell, very careful attention must be paid 
to the dectrolyte so as to minimize polariza¬ 
tion. Even so, the life of an ordinary dry 
battery on short circuit is extremely limited. 
The tendency to associate zinc corrosion 
with buried copper seems further questioned 
in the fact that the trouble is geographically 
localized while the concentration of copper- 
type ground electrodes is in no sense geo¬ 
graphical. In fact, there are many more 
copper-type grounding electrodes in the 
eastern states where no difficulty was 
reported. 

Zinc-coated underground structures are 
more subject to corrosion than copper, as 
zinc is not as protective. Grounding elec¬ 
trodes are placed for protection and safety 
and must not be uncertain or unreliable. 
It therefore seems that any change away 
from copper-type grounding would be a step 
backward, defeating the safe grounding 
practices which have developed over the 
years, and introducing g. new problem of 
corrosion in rustable grounding electrodes. 

Further study is indicated, aimed at prop¬ 
erly locating the source of the troublesome 
stray currents. Possibilities are pipe-line 
cathodic protection systems, surface con¬ 
ditions of electrodes, soil conditions in the 
area, irregular a-c wave shapes, unestab¬ 
lished rectifier actions, electric railways, 
static currents, etc. The least desirable 
course of action would be to experiment with 
grounding electrodes which are likely to 
corrode undergrotmd. 


O. W. Zastrow: The contributions of Mr. 
Kulman and Mr. Leib are sincerely appre¬ 
ciated. I have not attempted any raeasure- 
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ments of the redox potentials referred to by- 
Mr. Kulman. Any field measurement that 
correlates well with corrosion experience 
would surely be of value, and the redox 
potential measurement may well deserve 
further trial. I agree that the severity of 
corrosion fails to correlate well with soil 
resistivity or with structure potential. 

The questions raised by Mr. Leib indi¬ 
cate that some additional details should be 
presented as the basis for my statement that 
buried copper is the most usual cause of 
damage to buried galvanized steel struc¬ 
tures connected to the system neutral. 
Buried copper was found to be responsible 
for galvanic corrosion damage in detailed 
studies made on several electric distribution 
systems in each of three states: North 
Dakota, South Dakota, and Texas. At the 
time earlier studies were undertaken in 
Texas in 1951 it was believed (and hoped) 
that pipe-line protection systems or other 
external d-c sources might be the impor¬ 
tant source of troublesome currents. Such 
sources would have been much easier to deal 
with than a distributed source such as cop¬ 
per grounds. In these studies, measure¬ 
ments were made of direct currents in 
ground connections, in service neutrals (in¬ 
cluding those to rectifiers) and along the 
power line neutrals at various locations, and 
also of d-c potentials to a copper-copper 
sulfate reference electrode. ^ These measure¬ 
ments indicated that: 

1. Relatively few rectifier installations 


cause appreciable flow of direct current into 
or along the power line neutral. 

2. Where rectifiers change the d-c neutral 
potential, the efliects usually cannot be de¬ 
tected as far as 1 /2 mile from a rectifier in the 
low ground resistance areas where corrosion 
has been a problem. 

3. So far as could be determined, most of 
the currents causing damage entered the 
system neutral at copper grounds. 

Measurements made in July 1954 in¬ 
cluded a complete survey of an 8-mile sec¬ 
tion of single-phase line in Armour County, 
S. Dak., in an effort to account for all direct 
current flowing to and from the system neu¬ 
tral. It was found that approximately 155 
ma d-c flowed toward the system neutral 
from 46 copper-covered ground rods. An 
additional 105 ma were contributed by simi¬ 
lar grounds at nine services that did not pro¬ 
vide any other probable d-c sources. The 
current was discharged into the ground at 
22 anchor rods (215 ma) and at a buried 
galvanized pipe from an electric pump to a 
stock tank on one consumer’s premises (45 
ma). 

The small magnitudes of direct currents 
collected by individual copper ground rods 
as compared with the damage resulting can 
be misleading. This is illustrated by the 
example just given, where the average cur¬ 
rent per ground rod is 3.4 ma under con¬ 
ditions of relatively severe corrosion. It is 
believed that copper grounds may cause a 
substantial increase in the rate of corrosion 


of buried steel even in locations where gal¬ 
vanic corrosion is not thought a problem. 

With reference to negative current read¬ 
ings in guys, it should be noted that gal¬ 
vanic effects between buried structures are 
not necessarily stopped when all structure 
are of the same kind of metal. This is 
pointed out in the paper. However, it is 
believed that the use of all galvanized steel 
(or all copper) underground will reduce cor¬ 
rosion rates so that serious problems should 
not arise on multigrounded electric systems. 

Referring to the corrosiveness of zinc- 
coated steel as compared with copper- 
covered steel, tests by Denison and Ro¬ 
manoff (refs. 4 and 5 of the paper) indicate 
that heavily galvanized (3 ounces per square 
foot) steel may have better corrosion resist¬ 
ance than copper-covered rods with the 
coating thicknesses now commercially avail¬ 
able if the copper is buried without benefit 
of cathodic protection from steel. The 
perience of Rural Electrification Adminis¬ 
tration borrowers over a period of more than 
15 years indicates generally satisfactory per¬ 
formance of 5/8-inch galvanized steel anchor 
rods with a 2 ounce coating thickness, ex¬ 
cept where dissimilar metals or stray cur¬ 
rents caused abnormally rapid corrosion. 
These anchor rods are installed in a ground¬ 
ing arrangement (described in the paper) 
that would tend to cause more rapid cor¬ 
rosion than that on an all-steel-grounded 
system. On the basis of experience, it ap¬ 
pears that the presently used 2-ounce coat¬ 
ing is adequate. 


Frequency Response from Experimental 
Nonoscillatory Transient-Response Data 


H. THAL-LARSEN 

ASSOCIATE MEMBER AIEE 


Sjmopsis: Curves are derived and pre¬ 
sented which provide a ready means for 
approximating transfer functions with time 
constants up to three in number, and also 
dead time, from the experimental non¬ 
oscillatory transient response produced 
by a step change. The transfer function 
containing the time constants and dead 
time may be used to obtain the corre¬ 
sponding frequency response. These curves 
are a graphical aid for converting 
transient response into frequency response. 


F requency response from experi¬ 
mental transient-response data is 
a most sought-after transformation. 
Basically, the transient response of a 
h‘r»pflr system is governed by the roots 
of its characteristic equation. This 
suggests that the transient response 
may be used to find these roots when the 
equation for the system is not known. 
If the roots so found are real, routine 


graphical procedures yield the corre¬ 
sponding frequency response. Complex 
roots are not considered here. This 
procedure is, of course, more often used 
in the reverse direction, i.e., transient 
response from frequency response, for 
two fundamental reasons: 1. the fre¬ 
quency response is of considerable useful¬ 
ness for synthesis, and 2. methods avail¬ 
able for resolving the transient response 
on paper are not always sufficiently 
accurate or practical. Nevertheless, from 
an experimental point of view, the 
transient-response method for finding 
the parameters of a linear system has 
appeal because of the relative ease with 
which the transient may be obtained. 
In addition, the transient is a convenient 
due to the band of frequendes which 
must be investigated in a frequency- 
response analysis of the system. 

Three relatively simple methods are 


available for analyzing, on paper, an 
experimental nonoscillatory transient re¬ 
sponse. The oldest and most well- 
known method consists of plotting the 
logari thm of the error (1-transient re¬ 
sponse) against time on semilog paper. 
If the largest time constant is clearly 
dominant, the resultant curve will even¬ 
tually approach a straight line with 
negative slope coaresponding to the 
magnitude of the dominant time con¬ 
stant. Whether dead time is present or 
not, the straight line may be extrapolated 
backwards until it intersects the zero 
time axis at a point which may be labeled 
100 per cent. A downward shift of 63 
per cent, on the logarithmic scale, 
coupled with a horizontal shift to the 
sloping straight line, will also yield the 
time constant sought. The secondary 
time constant may be found by replotting 
the log difference, which exists at low 
values of time, between the sloping 
straight line and the transient. A 
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Table I. Time Ratios 


Case 

No. 

T2 


Ta 

ri 

U 

T1 

n 

n 

n 

t»-ti 

tj-ti 

ta-t 

ta-to 

1 

0 .. 


.. 0_ 

..0.106.. 

..0.510.., 

..1.610.. 

.. 0 404 

1 .504 

3 72.5 

2 O.*? 


/O.l.. 


.. 0_ 

. .0.193.. 

..0.615... 

..1.715.. 

...0.422.., 

. 1 522 

3 61 

2 48 


0.2.. 


.. 0_ 

. .0.252.. 

..0.723... 

..1.832.. 

...0.471... 

1 .580 

.3 3.5.5 

2 10 


0.3.. 


.. 0_ 

..0.301.. 

..0.823... 

..1.964.. 

...0 522 . 

1 663 

.3 18.5 

2 02 

2 

0.4.. 


.. 0_ 

. .0.343.. 

..0.915... 

..2.103,. 

,..0.572... 

1 760 

.3 08 

1 92 


0.5.. 


.. 0_ 

. .0.380.. 

..1.000... 

..2.248.. 

.. 0 620 

1 668 

.3 01 

1 87 


0.6.. 


.. 0 .... 

. .0.415.. 

..1.083... 

..2.396.. 

...0.668... 

..1.981.!. 

..2.9Q5.. 

!!i!83 

3 

1.0.. 


.. 0 .... 

. .0.530.. 

..1.375... 

..2.994.. 

..0.845... 

,.2.464... 

..2.92.,. 

..1.795 


(0.1.. 


..0.1.... 

. .0.280.. 

..0.720... 

..1.820.. 

..0.440... 

,.1.540... 

..3.50 .. 

..2.14 


0.2.. 


..0.2.... 

. .0.410.. 

..0.930... 

..2.055.. 

..0.520... 

..1.645... 

..3.16 .. 

..1.77 

4 

0.3.. 


..0.3_ 

..0.518.. 

..1.125... 

..2.313.. 

..0.607... 

..1.795... 

..2.96 .. 

..1.595 


0.4.. 


..0.4_ 

..0.613.. 

..1.310... 

..2.585.. 

..0.697... 

..1.972... 

..2.83 .. 

..1.51 


0.5.. 


..0.5_ 

..0.704.. 

..1.484... 

..2.863.. 

..0.780... 

..2.159... 

..2.77 .. 

..1.455 


l0.6.. 


...0.6.... 

..0.795.. 

..1.653... 

..3.143.. 

..0.858... 

..2.348... 

..2.74 .. 

..1.42 

. 5 

1.0.. 


..1.0.... 

..1.100.. 

..2.286... 

..4.275.. 

...1.186... 

..3.175... 

..2.68 .. 

..1.39 

1 

1 .. 


..0.1_ 

. .0.625.. 

..1.476... 

..3.098.. 

..0.851... 

..2.473... 

..2.905.. 

..1.675 

1 

1 .. 


..0.2_ 

..0.706.. 

..1.580... 

..3.210.. 

..0.874... 

..2.504... 

..2.87 .. 

..1.585 

6 

1 .. 


..0.3_ 

..0.772.. 

..1.683... 

..3.326.. 

..0.910... 

..2.554... 

..2.81 .. 

..1.52 


1 .. 


..0.4_ 

. .0.831.. 

..1.777... 

..3.450.. 

..0.946... 

..2.619... 

..2.77 .. 

..1.475 

1 

1 .. 


..0.5_ 

..0.887.. 

..1.870... 

..3.583.. 

..0.983... 

..2.696... 

..2.74 .. 

..1.44 

1 

1 .. 


..0.6_ 

. .0.936.. 

..1.963... 

..3.719.. 

..1.027... 

..2.783. 

..2.72 

..1.42 


r 0 . 6 ., 


..0.1_ 

..0.498.. 

..1.186... 

..2.500.. 

..0.688... 

..2.002... 

..2.93 .. 

..1.69 


0.6.. 


..0.2.... 

..0.571.. 

..1.282... 

..2.614.. 

..0.711... 

..2.043... 

..2.88 .. 

..1.595 


0.6.. 


..0.3.... 

. .0.631.. 

..1.379... 

..2.736.. 

..0.748... 

..2.105... 

..2.82 .. 

..1.525 


0.6.. 


..0.4_ 

. .0.690.. 

..1.470... 

..2.865.. 

..0.780... 

..2.175... 

..2.79 ... 

..1.48 


0.6.. 


..0.5_ 

. .0.745.. 

..1.562... 

..3.000.. 

.,0.817... 

..2.255. 

..2.76 

..1.445 


0.5.. 


..0.1_ 

. .0.467.. 

..1.105... 

..2.360.. 

..0.638... 

..i!893.!! 

!!2!97 !! 

!!l!715 


0.5.. 


..0.2_ 

. .0.543.. 

..1.204... 

..2.472.. 

..0.661... 

..1.929... 

..2.92 .. 

..1.60 

7 

0.5.. 


..0.3_ 

. .0.607.. 

..1.302... 

..2.593.. 

..0.695... 

..1.986... 

..2.86 .. 

..1.53 


0.5.. 


..O.4.... 

. .0.662.. 

..1.395... 

..2.724.. 

..0.733... 

..2.062... 

..2.81 .. 

..1.48 


0.4.. 


..0.1_ 

..0.430.. 

..1.018... 

..2.208.. 

.,0.588... 

. .1.778... 

..3.02 .. 

..1.75 


0.4.. 


..0.2_ 

. .0.505.. 

..1.120... 

..2.324.. 

..0.615... 

..1.819... 

..2.96 .. 

..1.625 


0.4.. 


..0.3_ 

, .0.566.. 

..1.218... 

. .2.449.. 

..0.652... 

..1.883... 

..2.89 .. 

..1.55 


0.3.. 


..0.1_ 

.0.390.. 

..0.927... 

..2.068.. 

..0.537... 

..1.678... 

..3.12 .. 

..1.81 


0.3.. 


..0.2..,. 

. .0.462.. 

..1.027... 

..2.185.. 

..0.565... 

..1.723... 

..3.05 .. 

..1.68 


0.2.. 


..0.1.... 

..0.341.. 

..0.832... 

,..1.938... 

...0.491... 

..1.597... 

...3.25 ... 

..1.92 


repetition of these procedures will then 
yield the secondary time constant. 

Oldenbourg and Sartorius^ use the 
maximum slope and the location of the 
inflection point of the experimental 
transient-response curve to establish a 
time ratio which, by means of a simple 
curve, will yield the time constants of 
the equivalent second-order system. St. 
Clair^ has suggested a method which 
consists of plotting the experimental 
transient response, with the exception of 
the first 1 per cent, on log-log paper. 
The shape of the resultant curve is then 
matched against the shape of calculated 
curves on a template. Corresponding to 


be written, assuming a final steady-state 
response equal to unity 

G(S)^ - - - (1) 

^ (riS+lKnS+lXrzS+l) 

where n, t 2 , and ts are time constants 
arranged in decreasing order of magni¬ 
tude. Dividing the time constants by 
ri, the largest time constant, will normal¬ 
ize equation 1. Assuming again a final 
steady-state response equal to unity, 
the normalized transfer function may 
be written 

°'(5+l)(2'j5+l)(r35+l) 



Fig. 1. Normalized curves yielding time 
for 10-per-cent transient response corre¬ 
sponding to combinations of various time 
constants 



Fig. 2. Normalized curves yielding time 
for 40-per-cent transient response corre¬ 
sponding to combinations of various time 
constants 


C2(0) =1 — 


i-r2 




(4) 


these calculated transient-response curves 
on log-log paper are the calculated 
frequency-response curves, also plotted 
on templates. Thus, with a sufiiciently 
wide selection of templates, the con¬ 
version from transient to frequency 
response is readily effected. 

This paper adds one more method to 
those already available for resolving an 
experimental nonoscillatory transient re¬ 
sponse produced by a step change. In 
application it is quick and convenient. 

Derivation of Curves 


where 7^2 = rz/n and Tz=rs/Ti represent 
relative or dimensionless time constants. 

Seven cases may be considered for 
the transient response of the normalized 
system resulting from the application of 
a unit step change: 


i-rj 


(5) 


(i-rj)* 


( 6 ) 


1. 

Ti=T,=0 

cj(e)=i- 

2. 

o<rz<i. r,=o 

3. 

Ts-I. r,-o 


4. 

0<rs<l 

Ci(0)=l — 

5. 

r2=rs=i 

6. 

rj=i, o<r3<i 


7. 

o<r2<i, o<r8<i, r4>r, 


The corresponding transient responses 

C7(e)=i-j 


_ (l-2ra)e-* 
1-Tz (l-ra)s 


(i-r2)(i-r,) 


a-Td^ 

( 8 ) 


The transfer function for a non- are given by 
interacting 3-tinie-constant system may 


(3) 


(i-TsXrs-r,) 


(9) 
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Fis. 3. Normalixcd curves yieldins time 
for 80-per-cent transient response corre¬ 
sponding to combinations of various time 
constants 



Fig. 4. Normalized curves yielding time- 
interval ratios of the transient response corre¬ 
sponding to combinations of various time 
constants 


where 0 = dimensionless time and is 
equal to actual time t divided by n. 

The problem consists of setting each 
of equations 3 through 9 in turn equal to 
0.1, 0.4, and 0.8 respectively, repre¬ 
senting 10-, 40-, and 80-per-cent response, 
and solving by trial and error for the 
corresponding values of 6, labeled ii/n, 
^a/ri, and Iz/ti respectively, for various 
values of 72 and Tz» The solution is 
tedious and time-consuming. Final re¬ 
sults for ti/rij h/rif and tz/ri are listed 
in Table I and have been plotted in 
Figs. 1, 2,‘ and 3. The subsequently 
computed quantities (,tz—k)/rh (4"“^i)/ 
(k-h), and (tz-ti)/(h-k) are also listed 
in Table I and have been plotted in 
Figs. 4 and 5. The quantity to is used 
to represent dead time for the experi¬ 
mental transient response. Since this 
term is zero for the foregoing computed 
transient responses, it follows that (tz 
k)/ik-to)^ih-k)/k for these computed 
quantities. 

Method of Using Curves 

In appl 3 dng the curves, the method 
consists of taking measurements on three 
primary points of the experimental non- 
oscillatory transient produced by a step 
change. These have been arbitrarily 
located at the 10-, 40-, and 80-per-cent 
response levels. The time corresponding 
to these points is noted and designated 
/i, k, and tz respectively. The dhnen- 
sionless ratio (tz'^k)/ik~‘k) and the time 
(tz--h)f used in conjunction with Figs. 4 
and 5, are sufficient to select roots which 
will reproduce a transient through the 
primary points just given. It should 
be noted that dead time does not affect 
the results. If dead time is present and 
estimated to be equal to time ^O) th® 
dimensionless ratio (fz-^t^/ik'-'k) enables 
the selection of those particular roots 
which will also reproduce the first 10 
per cent or toe of the transient. For 
convenience, the curves in this paper 
have been plotted in terms of time 
constants, i.e., the reciprocals of the roots, 
with the sign positive. 


Example 

An example is given to illustrate the. 
use of the curves. Assume an actual 
transient response with ^i=0.97 minutes 
(min.), /2=2.14 min., 4=4.47 min., as 
shown in Fig. 6, and with, perhaps, a 
certain amount of dead time 4- Such a 
transient might be encountered in the 
chemical industry. Then 


4—4 3.50 
4-4"” 1.17 



Fig. 5. Normalized curves yielding the 
time interval between 10- and 80-per-ccnt 
response on the transient corresponding to 
combinations of various time constants 


Step L Enter Fig. 4 at 3.00 and note 
that this line crosses several curves, 
allowing the choice of various combina¬ 
tions of the dimensionless or relative 
time constant T. Choosing three of 
these combinations: 

From curve l-T-T.' 1, 0.275, 0.275. 

From curve 1-0.4-T: 1, 0.4, 0.135. 

From curve 1-T: 1, 0.520. 

Step 2. Enter Fig. 5 with the dimen¬ 
sionless time constants of step 1 and 
determine the associated dimensionless 
time (4—4)/n: 

From curve l-T-T for T—0.276: 1.755. 
From curve 1-0.4-J* for 7*=0.135: 1.790. 
From curve l-T for 7'~0.520: 1.890. 

Step 3. The time (4-4) from the 
actual transient divided by the dimension¬ 
less time (4-4)/ri of step 2 yields the 
conversion factor by which the relative 
time constants, found in step 2, must be 
multiplied to obtain the actual time 
constants designated by r. For the 
assumed actual transient (4—4) = 3.50 
min. Then: 

(3.50/1.755)[1, 0.275, 0.276]: 

ri = 1.995 min. 
r 2 = r 3 =0.649 min, 

(3.50/1.790)[l, 0.4, 0.135]: 

ri« 1.965 min. 

T 2 ~0.782 min. 

0.264 min. 

(3.50/1.890)11, 0.520]: 

ri== 1.850 min. 
r 2 = 0.963 min. 
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Step 4. Also enter Fig. 2 witli the 
dimensionless time constants from step 2 
and determine the associated dimension¬ 
less time Vt*!: 

From curve l-F-F for r=0.275: 1.075. 
From curve 1-0.4-rfor r=0.135: 1.066. 
From curve l-T for r=0.520: 1.018. 

Step 5. Application of the conversion 
factor from step 3 to the quantities found 
in step 4 yields the actual time h if no 
dead time to is present. Thus: 

(3.50/1.765X1,075) =2.142 min. 
(3.50/1.790)(1.055)=2.060 min. 
(3.60/1.890X1.018) = 1.885 min. 

Step 6. Dead time to can now be 
found by subtracting the time given in 
step 5 from the actual value for t^ which, 
in this case, is 2.14 min. Therefore: 

^0=2.14-2.142=0 
^ 0 =2,14—2.060=0.080 min. 

/o«2.14-1.885=0.256 min. 

Step 7. The following three transfer 
ftmctions will therefore reproduce the 
actual transient, at least over the interval 
from 10- to 80-per-cent response: 


G(S)^ 


G(S)^ 


0(S) = 


(1.9955+1)(0.5495+1)2 ^ 

g- 0 . 080 S 

(1.9555+1) (0.7825'4-1) (0.264S+1) 

(B) 

J-0.S5SS 

(1.8505+1)(0.9635+1) 


The transients corresponding to these 
transfer functions are shown in Fig. 6, 
and the corresponding frequency response 
in Fig. 7. (It is noted as a matter of 
interest that the summations of the time 


LlI 

<n - too 

X 

CL 

UJ -150 

UJ 
CC • 

o 

UJ 

^ -200 


-250L— 

0.01 



CYCLES PER MINUTE 

Fig. 6 (left). Transient-response curves corresponding to frequency-response curves 

of Fig. 7 

Fig. 7 (above). Frequency-response curves corresponding to transient-response 

curves of Fig. 6 


constants, plus dead time, if present, 
are substantially equal for these transfer 
functions.) 

Step 8. Suppose that an examination 
of the start of the transient suggests an 
estimated value of dead time /o=0.08 
min. Then 

/a-4 2.06 

Step P. Enter Fig. 4 at 1.70 and note 
that curve 1-0.4-F is the only one which 
satisfies simultaneously this value and 
the previously determined value, (4— 
4)/(4—4) = 3.00, for the same T. The 
second transfer function of step 7 will 
therefore reproduce the actual transient 
the best. 

Note that a time ratio (4—4)/(4—4) 
smaller than 2.92 indicates that the 
transient response cannot be reproduced 
by a 2-time-constant system; nor by a 
3-time-constant system if the ratio is 
less than 2.68. Note also that only a 
limited range of choices exists for the 
ratio (4~"4)/(4-"4) once the ratio 
(4—4)/(4—4) has been established. 
Thus the range for dead time is also 
limited. 

If the actual transient has such a 
shape that the ratio (4—4)/(4—4) falls 
outside the region covered by Fig. 4, 
it can be concluded that the system 
cannot be represented by a 3-time- 
constant system. However, since two 
or three time constants may provide a 
sufficiently accurate approximation under 
certain circumstances, it is suggested 
that an exponential curve be “faired'" 
through three primary check points 


which will produce a satisfactory time 
ratio. It may also be necessary to fair 
the substitute curve into an assumed 
100-per-cent response level if the actual 
transient is unsatisfactory in that respect. 

Transients of systems having more 
than three time constants can still be 
approximated by a transfer function 
having only three time constants, pro¬ 
vided that the time constants of the 
higher order system are not all nearly 
of the same magnitude. A rough guide, 
which has not been tested, is probably 
the rule that the summation of the time 
constants of the higher order system 
should be less than three times the largest 
time constant. 

Accuracy 

An examination of Fig. 7, which is the 
desired end product, namely the fre¬ 
quency response, shows that the ampli¬ 
tude responses for all three transfer 
functions are so close to each other as 
to be practically indistinguishable until 
the amplitude ratio has dropped to 10 
per cent at —20 decibels. At 0.82 cycles 
per min. the amplitude ratio for curve A 
has dropped to 1 per cent and for curve 
C, representing the greatest deviation, 
to 2 per cent, a difference which is hardly 
significant. Also it will be noted that 
the phase-angle characteristics lie along 
each other except at the extreme high- 
frequency ends of the curves. Thus one 
need not be greatly concerned if the 
transfer functions deviate from each 
other slightly. 

The large number of apparently sig¬ 
nificant figures in the section entitled 
“Example" have been used for computa¬ 
tional purposes. They should not be 
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construed as an index to the accuracy 
of this method. If curves are replotted 
on milli meter paper from the figures in 
Table I, more acctrrate results can be 
obtained than are possible with the 
curves published in this paper. 

Accuracy is, of course, dependent upon 
the quality of both the step change and 
the transient obtained. In other words, 
if the step is not sharp and of infinite 
slope, or if the recording system is in¬ 
accurate, or if the transient is very much 
affected by nonlinearities in the system 
or by extraneous disturbances, poor results 
ensue. The accuracy of the results is 
also affected by the relative magnitude of 
the roots because of the decreasing slope 
of the curves in Fig. 4 as the time con¬ 
stants approach unity. 

Conclusions 

1. The method presented here affords a 
means of approximating the transfer func- 


Discussion 

Yasundo Tahahashi (Massachusetts Insti¬ 
tute of Technology, Cambridge, Mass.): 
The author is to be congratulated in complet¬ 
ing such a laborious work. In addition to 
the error in the high-frequency range, men-, 
tioned by the author in the section on 
**Accuracy,” there may be a possible error in 
the medium-frequency band if there are any 
derivative time constants in the system. 
Consider, e.g., the system whose transfer 
function is 

' '' (1+5)(1+tsS)(1+«5) 

and whose time constants fall within the 
range of Fig. 4. If this derivative function 
is replaced by a system given by equation 1 
of the paper, it is conceivable that the error 
might be considerable. However, the error 
was extremely small in my trials; thus one 
may conclude that the author’s choice of the 



Fig. 8 Systems showing simple integration 
plus a dead time and two integrations 


tions of a physical system (either linear or 
nonlinear), from simple measurements on 
its nonoscillatory transient response, by a 
3-time-constant-plus-dead-time t3iq)e of 
transfer function. The latter may then 
be used to obtain the frequency response of 
the system. 

2. Estimates of dead time, if present in 
the experimental transient response, are 
limited in range by virtue of the curves of 
Fig. 4. An inaccurate estimate of dead 
time within this limited range does not 
materially affect the conversion from 
transient response to equivalent frequency 
response. 

3. By their conformity the curves of 
Figs. 6 and 7 suggest that the first 10 
per cent or toe of the transient-response 
curve may not be as important^ as pre¬ 
viously thought for many applications. 

4. Slope and spacing of the curves of 
Figs. 1, 2, and 3 show that the second and 
third largest time constants influence the 
course of the transient approximately in 
direct proportion to the percentage level of 
the response. Thus measurements made 
upon the experimental transient between 
the 10- and 80-per-cent response levels are 

---—^--— 

80-per-cent response is most proper. 

The author’s third conclusion might be 
in error for systems where there is a single 
integration plus a dead time (case 1, Fig. 8) 
or systems with two integrations (case 2, 
Fig. 8). However, this is a hypothetical 
situation and outside the scope of the 
paper. 


Thomas J. Higgins (University of Wiscon¬ 
sin, Madison, Wis.): This paper is well 
written. The purpose is stated clearly; 
some account is given of the simpler methods 
already in use, so that the interested reader 
can ascertain in what manner the author’s 
approach differs from these; the develop¬ 
ment of the basic theory of his method is 
clearly delineated; explanation of use of the 
curves stemming from this development is 
well stated; the numerical problem excel¬ 
lently illustrates the typical course of solu¬ 
tion; the discussion of accuracy is helpful; 
and the essential values of the paper are well 
summarized in the conclusions. 


R. M. Saunders (University of California, 
Berkeley, Calif.): While in many cases fre¬ 
quency response is the most sought-after 
result, another aspect of the author’s paper 
should not be overlooked: that of ascertain¬ 
ing a transfer function of a block by experi¬ 
mental means. The author shows that 
from the transient response of any non- 
oscillatory system a new system can be syn¬ 
thesized in transfer function form. This is 
most significant in terms of the working out 
by analytical means of compensating 
schemes, establishing conditions for sta¬ 
bility, setting gains, ascertaining sensitivi¬ 
ties, etc., for such systems. 

H. Thal-Larsen: I appreciate the comments 
and the further elucidation of my paper by 
the discussers. 

Professor Takahashi suggests that an 


more conducive to an accurate determina¬ 
tion of an equivalent transfer function 
than measurement made upon the first 
10 per cent or toe of the transient. 

6. It may be possible to extend the type 
of analysis developed in this paper to 
systems of higher order. Complex roots, 
and hence oscillatory transients, may yield 
to a similar treatment. 

6. This method may be useful for very 
slow processes, which make a frequency- 
response analysis extremely time-consum¬ 
ing, or for ultrafast components, such as 
certain pressure gauges, which make a 
frequency-response analysis impractical be¬ 
cause of the speed and pressure limitations 
introduced by a pneumatic sine-wave 
generator. 
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unsuspected derivative time constant, ^^y, 
r 4 , may introduce an error into the medium- 
frequency band. The effect of t 4 is to raise 
the transient-response curve,^ the maximum 
vertical shift occurring at the inflection point 
of the transient obtained with t 4 =' 0 . If 
T 4 is sufficiently large compared to n the 
resultant transient will rise momentarily 
above the 100-per-cent response level. This 
distortion should serve to warn of the exist¬ 
ence of a derivative time constant. Resolu¬ 
tion of the transient is then outside the 
scope of this paper. If t 4 is sufficiently 
jgTnflll compared to ts, only the high-fre¬ 
quency band is affected. This region is of 
relatively little importance. 

Our concern over the effect of t 4 is then 
reduced to the medium-frequency band, i.e., 
we must examine the effect of values of ri 
in the region covered by n, t 2 , and r», as 
pointed out by Professor Takahashi. 
Values of t 4 close to either n, t 2 , or rz will re¬ 
sult in a transient which may be approxi¬ 
mated by a 2-tune-constant delay and 
which therefore can be resolved as shown in 
the paper. The error in the medium-fre¬ 
quency band is then negligible. 

Values of r 4 within the region of concern 
but not close to either n, r 2 , or rz will result 
in a transient whidh may or may not be 
suiOGlciently distorted to prevent resolution. 
Suppose that the actual but unknown sys¬ 
tem transfer function 

(nS+lXnS+lXnS+l) 

can be resolved, by means of the transient, 
into the transfer function 


(r6S-fl)(r65+l)(r75-j-l) 

The transient is not altered by modifying 
the transfer function to 

_ (t«5+1)6-*o^^ _ 

(r45+lXTj5+lXr65+lXT»5+l) 
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Then n must be of such a magnitude that 
it can be used as one of the time constants 
of a 4-time-constant delay approximately 
equivalent to the actual 3-time-constant 
delay. In this case also the error produced 
by t 4 in the medium-frequency band will be 


negligible. Extension of the scope of this 
paper to 4-time-constant systems would 
allow the foregoing analysis to be tested on a 
quantitative basis. 

The presence of integration terms in the 
actual system transfer function would, of 


course, remove the transient from the scope 
of this paper. The unstabilizing influence 
of these terms should, however, be suffi¬ 
ciently apparent in the transient with the 
result that their presence should not remain 
unnoticed. 


A Method for Evaluating Nonlinear 
Servomechanisms 
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Synopsis: A method is presented for 
determining a valid mathematical descrip¬ 
tion of a class of nonlinear servomechanisms 
from measurements of the servo response 
to a set of input signals. In the sense 
used here, a valid mathematical description 
means a description that predicts the 
response of the servomechanism to a given 
class of inputs with a desired degree of 
accuracy. The set of input signals may 
consist of either sinusoids or Gaussian 
random signals. The response of the 
servomechanism is measured as a function 
of the amplitude and frequency composition 
of the input. The types of servomecha¬ 
nisms treated are conventional, single-loop 
feedback systems having a zero energy- 
storage nonlinear element, which may be 
located anywhere in the forward part of 
the loop. The evaluation procedure de¬ 
termines the transfer functions of the linear 
elements on both sides of the nonlinear 
element and the response function of the 
nonlinear element. The characteristics of 
the nonlinear and linear element must be 
such that only a small amount of nonlinear 
distortion exists at the input to the non¬ 
linear element, 

T he servo-evaluation problem con¬ 
sidered in this paper is the problem 
of determining the characteristics of a 
servo by measuring its response to a test 
input signal. For example, sinusoidal, 
transient, or random-signal input-re¬ 
sponse data may be used to find the 
transfer function of a Hnear system. 

Evaluation is one of the basic problems 
in the servo field, and the need for better 
procedures, particularly for nonlinear 
servos, has long been recognized.^ Eval¬ 
uation methods that are based on purely 
linear theory, such as the measurement 
of transient or sinusoidal performance, 
have significant limitations. These limi¬ 
tations arise from nonlinear effects, 
which are inherent in all practical servos. 
In the most ideal cases, careful control 
of the amplitude of the test signals is 
necessary to ensure linear operation of 
the servo under test. In many practical 


cases, the servo exhibits no linear operat¬ 
ing region owing to the overlapping 
effects of low-level nonlinearities, such 
as dead space, and high-level nonlineari¬ 
ties, such as Saturation. Interpretation 
of data by a linear-evaluation method to 
obtain a description of the linear parts of 
servo is almost impossible in this instance. 

Two methods are presented which 
avoid the main limitations of the linear 
evaluation techniques by taking into 
account the inherent nonlinear perfonn- 
ance of the servo. The first method 
involves the use of sinusoidal data for 
evaluation; the second method is similar 
but uses random-signal data. 

Evaluation with Sinusoidal Data 

The sinusoidal procedure is developed 
from the methods for calculating ana¬ 
lytically the response of certain types of 
nonlinear servos presented by Kochen- 
burger^ and Johnson® in which the non- 
Hnear servo is approximated by a quasi- 
linear system. The term quasi-linear as 
used in this paper refers to a linear 
element or system, the parameters of 
which are functions of the input signal 
to the element or system. 

The servo to be evaluated must be 
representable by the form of the system 
shown in Fig. 1(A) which is that of a con¬ 
ventional single-loop servo. The for¬ 
ward part of the loop is made up of two 
linear elements with transfer fimctions 
A(s) and B(s) and a nonlinear element 
with an instantaneous response function 
f(ei'). The output of the nonlinear 
element eg' is given by the function 

^2'=/(ei') (1) 

where e/ is the input to the nonlinear 
element. 

The first step in the evaluation pro¬ 
cedure is to determine the best quasi- 
linear approximation. Fig. 1(B), to the 


nonlinear servo by replacing the non¬ 
linear element in the servo by its quasi- 
linear approximation. The quasi-linear 
representation of the /(e/) nonlinear 
element is a simple gain function^’® 
F(Ei) which is determined from f(e/) by 
the equation 

2 

F{Ei)=— I /(£i sin fl) sin e (2) 

XjEic/ —Tr/2 

Thus, in the quasi-linear system 

-=F(E,) ( 3 ) 

where ei and ^2 are the input and output 
of the quasi-linear representation, and 
ei is a sinusoid with peak amplitude Ei. 

The assumption is made that the quasi- 
linear system is a suflSlciently good ap¬ 
proximation to the nonlinear servo so 
that data from the nonlinear servo may 
be used to evaluate the elements in the 
quasi-linear system. The transfer func¬ 
tions A(s) and B(s) and the quasi-linear 
function F(£i) are evaluated from input- 
response data taken experimentally from 
the servo. The evaluation of the servo 
is completed by noting that A(s) and 
B(s) are also the transfer functions of 
the linear servo elements and by deter¬ 
mining the instantaneous response func¬ 
tion f(e/) from the quasi-linear function 
F(£i). This latter determination is 
obtained by the solution of equation 2, 
an integral equation, the solution of 
which is discussed in Appendix I. 

The principal limitation to the evalua¬ 
tion procedture is the required assumption 
that a good quasi-linear approximation 
to the nonlinear servo may be found. 
Thus, only systems which can be effec¬ 
tively analyzed by the Kochenburger- 
Johnson techniques can be effectively 
evaluated. These systems must generate 
only a small amount of nonlinear distor¬ 
tion. However, the point should be 
made that these systems can have 
elements that introduce extremely non- 
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Fig. 1. Form of 
servo to be 
evaluated. The 
notation p de¬ 
notes the differ¬ 
ential operator 

A—Nonlinear 
servo 

B—Quasi - linear 
equivalent 

linear functions, e.g., sharp saturation. 

The experimental data are obtained by 
exciting the servo with a sinusoid and 
measuring the response as a function of 
the peak amplitude and frequency of 
the input. The instantaneous time fimc- 
tion for a sinusoidal input applied to 
the servo shown in Fig. 1(A) may be 
written 

i^I cos ((at) (4) 

where 7 is the peak amplitude of the 
input and ca is the angular frequency. 
With this input the signals in the servo 
may be expressed as 


A 

frequency of the input oj. A set of data 
from a typical servo which will be used 
as an example is shown in Fig. 2. These 
data were obtained from a simulation of 
the servo on an electronic differential 
analyzer. The forward loop of the 
simulated servo consists of a compensa¬ 
tion network with transfer function .4(5), 
a saturation element with response 
function f(ei) which represents torque 
saturation in the prime mover, and a 
linear element with transfer function 
5 ( 5 ) which represents the linear charac¬ 
teristics of the prime mover. 

With some servos, a direct measure¬ 
ment of R/E and E is feasible. With 
other servos, a measurement of either 


F(E,) 


B 

the response or the error in the servo as 
a function of the amplitude and fre¬ 
quency of the input is convenient; the 
ratio R/E can be determined from the 
measured data by any of a number of 
well-known mapping functions, such as 
the log-modulus plot.-*’^ 

The performance of the servo as a 
function of E and w may be described 
by two equations 

E^=\A(Jo>)\E (7) 

|=MC;«)B(7«)l2f[|.4C7«)|£] (8) 

hi 

Equation 7 gives the input to the quasi- 
linear element Ex as a function of 
\A{j(S)\ and £. Equation 8 gives the 


e'=jS cos (<at+^ -[-nonlinear distortion in e' 
e/-Ei cos (<o^-h€i) +nonlinear distortion in 
e/ 

62 —E2 cos (w/+€ 2) -hnonlinear distortion in 
62' 

cos ((at+p) -f-nonlinear distortion in r' 

(5) 

in which the lower-case letters represent 
instantaneous time functions, the capital 
letters represent the peak amplitudes of 
the fimdamental components of these 
time functions, and the Greek letters 
represent the phase angles of the funda¬ 
mental components. All the other 
signal components produced by the non¬ 
linear element are lumped together as 
nonlinear-distortion terms.. 

If the input is applied to the quasi- 
linear approximation and the basic 
assumption is made that the fundamental 
components of the signals in the quasi- 
linear approximation are equal to the 
fundamental components of the signals 
in the servo, the signals in the quasi- 
linear approximation may be written 

e-E cos («/+€) 
ei-Ei cos (a>/-i-€i) 

62—E2 cos ((at+€2) 
r^R cos («/-l-p) 

The quantities in equation 6 are defined 
in the same maimer as the corresponding 
quantities in equation 5. 

The data for the servo evaluation 
consist of the ratio of the peak amplitude 
of the response to the peak amplitude of 
the error R/E, measured as a function 
of the amplitude of the error E and the 



Fig. 2. Sinusoidal data 
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Table I. Evaluation of F(Ei) 


E/l Volt, 
Db 

I®L 

Db 

F(Ei), 

Db 

El/I Volt, 
Db 

10 . 

.. 14.7.... 

.... 0 .. 

.12 

15. 

.. 14.7.... 

0 .. 

.17 

18. 

.. 14.7.... 

.... 0 .. 

.20 

20 . 

.. 13.5.... 

....- 1.2.. 

.22 

25. 

.. 9.6.... 

....- 5.1.. 

.27 

35. 

.. 0.1.... 

....-14.6.. 

.37 

45. 

..-10.0.... 

..,.-24.7.. 

.47 


ratio of response to error R/E as a 
function of \A{j(S)B(j(j^)\ and 

One of the R/E curves shown in Fig. 2 
may be used with equations 7 and 8 to 
evaluate the quasi-linear gain function 
F(Ei). The frequency oj is constant 
along the curve, and the value of R/E 
may be denoted thus 




Substitution of this value into equation 
8 and a solution for F{E/) yield the 
relation 




I A (j(ai) B(jcai) I 


(9) 


The value of Ei is given by the relation 

( 10 ) 

Thus, the function F(£i) is evaluated 
by equations 9 and 10. The two arbi¬ 
trary constants |-4(/a)i)| and \B(jo)i)\ 
which appear in equations 9 and 10 have 
no effect on the input-response perform¬ 
ance of the servo and only serve to 
determine the scale factors of internal 
signals in the forward loop. Conse¬ 
quently, they cannot be evaluated from 
input-response data, but must either be 
specified arbitrarily or determined from 
additional measurements made on the 
internal servo signals. 

The numerical detennination of F(Ei) 
is readily carried out in the tabular form 
shown in Table I. Values of E and 
R/E{E)\oi from Fig. 2 are tabulated 


-10 


-20 


-301 


in the first two columns. Values of 
F(£i) and Ei computed with equations 
9 and 10 are tabulated in the last two 
columns. The arbitrary constants are 
chosen to make F(Ei)=*0 dedbds (db) 
for small values of Ex and to make. F{E/) 
begin to decrease at jBi= 20 db. The 
required values are: \A(jo)i) \ =2 db., 

I B(jcai) I = 12.7 db. The good agreement 
between the plot of F(.Ei) shown in 
Fig. 3 and the plot of the quasi-Hnear 
gain function of the simulated nonlinear 
element establishes the accuracy of the 
evaluation procedure. The gain func¬ 
tion F(Ei) corresponds to the sharply 
saturating nonlinear response function 
shown in Fig. 4. The determination of 
/(^lO from F(Ei) is discussed in Ap¬ 
pendix I. 

The linear transfer functions A(Jo3) 
and BQca) may be evaluated from one 
R/E curve along which Ei is constant. 
This curve cannot be determined directly 
from experimental data but must be 
located from the curves of constant co. 
The method for its location will be de¬ 
scribed subsequently. For the present, 
the assumption is made that one sudi 
curve has been located, as shown by the 
dashed line in Fig. 2. The co-ordinates 
of this curve may be expressed para¬ 
metrically as functions of co: Thus, the 
value of R/E on this curve may be 
defined by the relation 


R R 


Ifii 


( 11 ) 


The value of Ex may be written 


(13) 


By combining equations 13 and 14 to 
etoinate Ex, the relation 


and the value of E on this curve may be 
defined by the relation 

£-£(«) I (12) 

Substitution of the expression for E 
from equation 12 into equation 7 and 
solution for [.4(j«)| yield 




E(«i) 


JE(o)) 

Ml 


(15) 


is obtained to complete the evaluation 
of \A(j(a)\. 

^bstituting the data from equation 
11 into equation 8, \A(j(a)B(j(a)\ may 
be written 


R 


(cS) 


Ml 


|^(7w)B(7w)| = 

and F(Ei) may be written 




& 


(16) 


(17) 


By combining equations 16 and 17 to 
eliminate F{Ex), the relation 


I A(j(a)B(Jca) I * I A(jo3i)B{j<a^ | 


S(-) 




|w 


(18) 


la 


IS 


is obtained for the evaluation of | . 4 ( 7 * 0 )) 
5(7*0)) I. The magnitude |5(7*o))| 
obtained from the identity 

<■« 

and the values of |4(7*o))| and \A{j<a)B 
( 7 * 0 )) I from equations 15 and 18. 

The computation of |4L(7*o))| and 
1^0)1 is easily carried out in the 
tabular form illustrated in Table II. 
The R/E and E data from Fig. 2 are 
tabulated as a function of o) in the fct 
three columns. The values of |4(7*o))|, 

I A {j(S)B{j(S) I, and 15(j*o)) | computed 
from equations 16, 18, and 19 are tabu¬ 
lated in the last three columns. The 
evaluated magnitudes |4L(7*o))| and 
15(70.) I are plotted in Fig. 5. These 
magnitudes agree closely with magni- 



F*(E,/ 

0) 

Vi 



F*(E|> 

N 

F(E,) 

X PVAI 

OBTAIN E 

jation of 

V 

D FROM 
SERVO- 

_F(E|) 0 

/ 

'stained 


DIRECT ANALYSIS OF 

THE SIMULATED NONLINEiD 
ELEMENT 

_^_L_J 

I > 



Fig. 3 (left). 
Quasi-linear gain 
function 


10 


20 


30 40 

E|/l VOLT IN DB 


50 


60 


Fig. 4 (right). 
Nonlinear re¬ 
sponse function 


(14) 

10 

5 

1 1 ’ 

f(e,') IN VOLTS 


-15 HO -5 / 

5 10 15 ej IN 

-5 

- 
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Table II. Evaluation of |A(j«)| and |B0«)1 


w, Radians 
per Second 

Db 

Volt, 

Db 

Db 

Db 

Db 

0.6. 

. 66.3. 

.-0.3. 

...20.3. 

. 65.3. 

..... 45.0 

1 . 

. 67.0. 

. 2.0. 

...18.0. 

. 57.0. 

. 39.0 

2 . 

. 49.2.;_ 

. 5.3. 

...14.7. 

. 49.2. 

. 34.6 

5 . 

. 32.8. 

. 12.2. 

... 7.8. 

. 32.8. 


10 .. 

. 22.9. 

. 16.5. 

... 3.5. 

. 22.9. 


20 . 

. 14.9. 

. 17.9. 

... 2.1. 

. 14.9. 



6 a 

18.9. 

... 1.1. 

. 5.3. 


ou . 

ion 

— 3 1 

19.0. 

... 1.0. 

.- 3.1. 

.- 4.1 

xuu . 

200 . 

.-12.6. 

. 19.2. 

... 0.8. 

.-12.6. 

.-13.4 


tudes of the simulated transfer functions 
also shown in Fig. 5, thus illustrating 
the accuracy of the evaluation procedure. 

Equations 15 and 19 constitute a 
method of evaluating 1.40’^)! 

I J5(jw) 1. In order to obtain the transfer 
functions 41(5) and B(s) from the magni¬ 
tude functions, some procedure such as 
Bode’s® may be used to associate phase 
angles with the magnitude functions. 
In associating these phase angles, as¬ 
sumptions with regard to the phase 
characteristics of 41(5) and B(^) must 
be made. These assumptions can be 
checked, since the total phase shiit in 
the forward loop of the servo can be 
determined from the experimental data. 

The location of a curve of constant Ei 
is accomplished by plotting In J^/£ as a 
function of In E for several values of w. 
Such a logarithmic plot is used in Fig. 2. 
If logarithms of both sides of equation 8 
are taken and the substitution 


E = €ln £ 

is made, the following relation is ob¬ 
tained 

In |=ln |4C7«)By«) 1 +lnF(e» ^ +to|Ay»)l) 
E 

( 21 ) 

Because of the functional form of equa¬ 
tion 21, the curves of In R/E versus In E 
for various values of o) must have the 
same shape, and any curve may be 
brought into coincidence with any other 
curve by shifting it horizontally and 
vertically. This similarity is illustrated 
in Fig. 2. 

If similar points on the curves of con¬ 
stant 6) are connected, the resulting curve 
is one of constant Ei. In other words, 
a line along which one of the curves of 
constant co must be shifted in order to 
bring it successively into coincidence 
with all the other curves of constant co 


is one of constant Ei, The line Ei—Ei 
is illustrated in Fig. 2. 

The formation of a family of similar 
curves is a test of adequacy of the 
evaluation procedure. If the servo data 
form such a family of curves, the non¬ 
linear servo can be represented by the 
type of nonlinear system shown in Fig. 
1(A), and the servo may be approxi¬ 
mated by the quasi-linear system of 
Fig. 1(B). Thus, by an examination of 
the servo data, the validity of the funda¬ 
mental assumptions in the evaluation 
procedure can be checked. 

Evaluation with Random-Signal 
Data 

The evaluation technique using random 
input-response data is similar to the 
sinusoidal technique. Instead of excit¬ 
ing the servo under test with a sinusoid 
and measuring the fundamental response 
component, a Gaussian random input 
is used, and the mean-square response is 
determined as a function of the frequency 
composition and mean-square amplitude 
of the input. The use of the random- 
signal procedure is indicated whenever 
random test signals are more easily 
obtained or whenever the operating 
input of the servo is similar to a Gaussian 
random signal. 

The random-signal procedure is de¬ 
veloped from a method for calculating 
the mean-square response of certain 


Fig. 5. Transfer functions of 
linear elements 
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Fig. 6. Random-signal data 


types of nonlinear servos presented by 
BootonJ In Booton’s method,, the non¬ 
linear element is approximated by a 
quasi-li’near element, the parameters of 
which are functions of the mean-square 
input of the element. The output of 
the nonlinear element ^ 2 ' is *again given 
by the function 

( 22 ) 

where ei is the input to the nonlinear 
element. 

The quasi-linear representation of the 
/(^lO nonlinear element is a simple gain 
function^ ^(^ 1 ) which is determined 
from /(eiO by the equation 



where Ei is the rms input to the quasi- 
linear element. Thus, in the quasi- 
linear system 


With a random input, the mean-square 
values of the various signals in the servo 
may be defined by the relations 

— (25) 

in which the lower-case letters represent 
instantaneous time functions and the 
capital letters represent rms values. 

If the random input is applied to the 
quasi-linear system and the basic as¬ 
sumption is made that the quasi-linear 
system is a sufficiently good approxima¬ 
tion to the servo, the corresponding 
mean-square signals in the two systems 
may be equated according to the relations 


= 


(26) 


(24) 

where ei and ez are the input and output 
of the quasi-linear element. 


The data for the servo evaluation 
consist of the ratio of mean-square error 
to mean-square input .E^/P measured 
as a function of P and o?/. The fre¬ 


quency CO/ is referred to as the cutoff 
frequency of the input and is defined 
precisely by the spectrum of the input 




<0/^ 

CO^-j-CO/^ 


(27) 


in which $0 is the zero-frequency spectral 
density with dimensions of volts squared 
per radian per second, and the spectral 
energy is equally divided between nega¬ 
tive and positive values of the frequency 
CO. The spectrum given by equation 27 
was chosen because it leads to a simple 
evaluation procedure. Also, a discus¬ 
sion of one spectrum is sufficient to 
illustrate the procedure. 

A set of data from a typical servo 
which win be used as an example is 
shown in Fig. 6. (The same servo was 
studied sinusoidally in the previous 
section.) The data shown in Fig. 6 were 
obtained from a simulation of the servo 
on an electronic differential analyzer. 

Two basic- statistical relations are 
required in the evaluation procedure 

(28) 

$oo(c*>) = I ^(ja)) I ^#ii(a)) (29) 


The first relates the mean-square value 
P of a random signal to the spectrum 
of the random signal. The second 
gives the spectrum #oo(w) of the output 
of a linear system in terms of the transfer 
function HijcS) of the system and the 
spectrum $«(c«j) of the input. 

The mean-square performance of the 
quasi-linear system may be calculated 
by the use of equations 28 and 29. The 
mean-square input may be written as 
follows 

^+00 ^ 

I ^ da (30) 

•/ — 00 C0^-|-£0/^ 


The integral in equation 30 can be evalu¬ 
ated conveniently by the integral tables 
published in Appendix C of reference 8 
to give the relation 




TTW/ 


(31) 


The mean-square error and the mean- 
square input to the nonlinear element 
£ 1 * may be expressed as 


£‘-=00 


/: 


CO/* 


CO co^~hco/^ 


X 


ll-hA(jco)E(Jco)R(Ei) 


2 

li<i« 


(32). 




CO/* 


CO W^-j-CO/^ 


A(jC0) 2 ^ 
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By combining equations 31 and 32 and 
31 and 33, the following relations are 
obtained for E^/P and Ei^/P 


TTOOl 

V 2 I 




(oy 




X 


TTCO/ E] 


\x-\-A(Ja)B(Ja) F(E{) 
?-/: ■ 


dco (34) 


-4 C/co) 


\l+A(jo>)B(Jo^)F(Ei) 


do3 (35) 


An experimental curve of E^P along 
which £1 is constant may be used with 
equations 34 and 35 to evaluate the 
linear transfer functions A C/co) and 
A curve of constant £ 1 , (£ 1 = 
£ 1 ), shown by the dashed line in Fig. 
6, may be located by methods that will 
be described later. Along this curve 
E^/P may be denoted by the relation 


£* £2 ^ 
J2 ~ J! 


Ifil 


(36) 


and 1/P may be denoted by the relation 

(37) 




\ni 


both quantities being functions of co/. 
Substitution of equation 36 into 34 yields 
the integral equation 

irco/ /£2 


yj: 


C 07 * 


00 CO^+CO/^ 


X 


ll+40*co)£(ico)£(£i) 


dco (38) 


whidi may be solved to determine 
A(jc>})B(jca)F(Ei). The final form of 
solution as developed in Appendix II 
may be written 

1 


l+A(jco)B(jco)F(Bi) 

Jir 


+ 


* 0)1 y 




Iml 


(39) 


The solution expressed by equation 39 
is written in terms of the function 


£* 
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determined which satisfies the relation 


11 +.4 C/co) B(j(o) F(£i) 


= lfli(i«)l (40) 


The function IIi(J<a) can be obtained by 
using the Bode® procedure to associate a 
phase with the known magnitude fiinc- 
tion, or by some other standard method. 
After Hi(J<a) has been determined, equa¬ 
tion 40 can be solved for A{jco)B(j(S) to 
give the relation 


... s . l-ITiC/co) 
A(j<a)BQco) 


(41) 


in which the argument co/ is complex. 
Since the experimental data can be 
obtained for real values of coj only, 
analytic continuation must be used to 
extend the data into the complex plane. 
The details of this continuation are 
discussed also in Appen^x II. 

To find A (jo})B(jo3) F{Ei) from equation 
39, a transfer function iliO’w) must be 


equation 37 into equation 35 results in 
the integral equation 


TTCOj/l 


k)-r: 

AUoi) 


0)/^ 


C«)*+C«)/^ 


\l-hA(jco)B{jo>)F(Ei) 




(44) 


which may be solved in exactly the same 
manner as equation 39 to give the 
relations 


Ei^ 


A(» 


The constant £(£i) is one of the arbitrary 
scale factors that appear in the evaluation 
procedure. 

A solution to obtain \Hi(jca)\ from 
the data of Fig. 6 is carried out as an 
example in Appendix II. The resulting 
|J3i(jw)| shown on Fig. 7 agrees closely 
with the simulated | Hi(J(S) |. A graphical 
solution of equation 41 to determine 
A(joi))B(j<a) with the assumption that 
£(£i) = l yields the expression 

(0. 077/cu+l) 

A(J<^)B(Jo>) -995 (0 87>+1)(0.003>+1) 

(42) 

The simulated transfer function is 

( 0 . 1 >+ 1 ) 

(43) 

A comparison of equations 42 and 43 
shows that all the time constants have 
been determined to a reasonable degree 
of accuracy, with the exception of the 
O.Ol-second time constant. However, 
since 50 radians per second is the highest 
frequency for which experimental data 
were taken, the error is not surprising. 

Equation 41 determines the product 
A(j^)B(jo3). These two transfer functions 
may be separated by using the data given 
in equation 37. The substitution of 


+ 


1 1 -{-4 (Jci) B(jea) F(Ei) I 

=If20«)1‘ 


(45) 

(46) 


The combination of equations 40 and 
46 yidds the rdations 


A(j<a) 


fli(J«) 


(47) 


(48) 


T,f 4 l-Hi(jo)) 

for A(ju) and thus completing 

the evaluation of the linear parts of the 
quasi-linear ^stem. The quantity £i 
in these two relations is the second scale- 
factor constant. 

A solution of equations 45, 46, and 47 
to obtain | A (jco) ] from the data of Fig. 
6 results in the function shown in Fig. 8. 
The evaluated ^C/co)! differs consider¬ 
ably from the simulated |j4(j&)) 1, but 
the evaluated transfer function shows 
definitely which terms in equation 42 
should be associated with ^O’u). There¬ 
fore, A(jo>) and B(j<S} can be separated 
and written 


A(jo,) =9.95 


0.077>-H 

0.87>-H 


May 1955 


Mathews—A Method for Evaluating Nonlinear Servos 


(49) 


119 





w IN RAD/SEC 


Fis. 8 (krt). EvaU 
uation of | A(ja>)| 


Fig. 9 (right). 
Quasi-linear gain 
function from ran¬ 
dom-signal data 



El/(IVOLT) IN DB 




100 

j(a{ 0.003jw+1) 


(50) 


where the second scale-factor constant 
-Si is chosen to give B{joi) a low-frequency 
gain of 100 / 5 . 

To evaluate the gain function of the 
quasi-linear element, data from one of 
the curves of constant w are used. The 
curve in Fig. 6 along which 


0:7 = Wi 


(51) 


is used, and the value of E^/P along this 
curve is denoted 


P 



0)1 


(52) 


The substitution of coi and the values of 
A{jo)) and F(jo)), obtained from equa¬ 
tions 47 and 48, into equation 34 and 
the evaluation of the integral yield 
E^/P as a function of -F(£i). The inverse 
function F(Fi) as a function of E^/P is 
denoted SiiE^P) 


F{Ei)^Si{EyP) 


(53) 


Equations 52 and 53 may be formally 
solved to yield the relation 


Si)=5i^' 




for F(Ei) in terms of the experimental 
data given by equation 52. The actual 
solution is conveniently carried out in 
the tabular form illustrated in Table III, 
The values of F(Ei) and E^/P obtained 
from equation 53 are listed in the first 
two columns. The experimental data 
(equation 52) are used to determine the 


Table III. Evaluation of F(Ei) from Random 
Data 


F(Ei), EVI*, IV(1 Volt)*, EiVI*, Ei/1 Volt, 


Db 

Db 

Db 

Db 

Db 

0 . 

. .-9.8.... 

.17.2. 

....-10.2. 

.. 7.1 

- 0.9. 

. .-9.1.... 

.18.8. 

....- 9.5. 

.. 9.2 

- 1.9. 

..-8.3.... 

.19.8. 

....- 8.7. 

..11.1 

- 6.0. 

..-5.4.... 

.22.5. 

....- 5.6. 

..16.9 

— 14.0. 

..-1.2.... 

.27.3. 

....- 0.8. 

..26.6 

-20.0. 

.. 0.5,... 

.31.8. 

.... 1.8. 

..33.6 


values of P in the third column that 
correspond to the values of E^/P in the 
second column. The evaluation is com¬ 
pleted by substituting Aijca), Bijul), and 
0)1 into equation 35 to determine Ei^/P 
as a function of F(Ei) which is tabulated 
in the fourth column. The input Ei 
then can be calculated as the square root 
of the product of the third and fourth 
columns; the results of this computation 
are tabulated in the last column. Good 
agreement is obtained between F(Ei) 
and the simulated quasi-linear gain 
function, both of which are shown in 
Fig. 9. The nonlinear response function 
obtained from F(Ei) by the methods of 
Appendix I is shown in Fig. 10 together 
with the simulated response function. 
These functions also agree closely. 

The determination of F(Ei) completes 
the evaluation of the quasi-linear system, 
except for the location of a line of constant 
El. This location is not as simple as in 
the sinusoidal case because the random- 
data curves are not similar to one an¬ 
other. However, several ways of locat¬ 
ing a line of constant Ei will be men¬ 
tioned. 

In some cases the effect of a distinctive 
characteristic of the nonlinear element 
can be noticed on each curve of E^/P 
versus P. These effects serve as a 
simple means of locating the line of 
constant Ei. In the example of Fig. 6, 
the sharp knee in the nonlinear response 
curve produces a prominent change in 
the curvature of each E^/P curve, and 
the Ei=Ei line is drawn through the 
points at which the curvature changes. 

Some servos exhibit a noticeable region 
of linear operation which may be used 
to locate a curve of constant Ei. In a 
region of linear operation, F(Ei) is 
constant, and an area of horizontal 
E^/P curves exists, as illustrated in 
Fig. 6, because 


dF{Ei) 

dEi 


(55) 


In this linear region, E^/P can be 


evaluated as a fimction of to 7 and these 
data used to solve equation 38 to de¬ 
termine A(J(ji)B{j(S). A solution of 
equation 38 to obtain A{joi)B(j(a) is 
possible because F(Ei) is constant in the 
linear region.- However, Ei is not con¬ 
stant in this region, and thus a solution 
of equation 44 to separate -4(jco) and 
B(J(S) cannot be performed directly. 
Instead, the value of A{j(a)B(j(S) is 
substituted into equation 34 along with 
some constant value of F(Ei) to yield 
E^/P as a function of w/. The constant 
value of F(Ei) must be chosen in a non¬ 
linear region. The function E^/P may 
be combined with the experimental data 
to locate a line along whidb Ei is constant. 

If no region of linear operation and 
no distinctive characteristics of the non¬ 
linear element exist, an iteration process 
is necessary to locate a line of constant 
El. The iteration is begun by guessing 
the location of a line. Data taken from 
this line are used to evaluate A{j(a)B{j(a) 
and thus to locate a second line of 
constant Ei. Data from the second line 
are used to re-evaluate A{j(a)B{j(a) and 
thus to obtain a new estimate for the 
location of the original line. The process 
of locating altematdy the two lines of 
constant Ei is repeated uhtil the locations 
become fixed. 



e, IN VOLTS 


Fig. 10. Response function from random- 
signal data 
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Conclusions 

The sinusoidal and random-signal 
evaluation methods constitute an ex¬ 
ample of the application of quasi-linear 
methods for the evaluation of nonlihear 
systems. These methods are used in 
combination with a particular assumption 
concerning the form of the system to 
yield a specific procedure for evaluating 
a limited, but important, class of non¬ 
linear servos. By this means, the sound¬ 
ness and usefulness of the quasi-linear 
approadi to evaluation problems are 
demonstrated. This demonstration is 
the most significant point established by 
the researdb. The success of quasi- 
linear methods for the evaluation of one 
particular form of servo indicates that 
future work could be directed profitably 
toward extending the procedure to other 
forms of servosystems. 

The sinusoidal procedure is a direct 
extension of existing techniques and, as 
such, is readily comprehended. Com¬ 
mercial equipment for measuring phase 
and magnitude may be used to take the 
required data. Thus, the procedure is 
applicable to problems of immediate 
and practical interest. 

The practical importance of the ran¬ 
dom-signal procedure is not as great as 
that of the sinusoidal procedure because 
the random-signal techniques are more 
complex, both computationally and ex¬ 
perimentally. However, the random- 
signal studies are of theoretical interest 
and may develop into an important 
evaluation technique. 


Appendix I. Evaluation of the 
Nonlinear Response Function 

Methods for evaluating the quasi-linear 
system that approximates a nonlinear servo 
have been presented. To complete the 
evaluation of the servomechanism, the 
response function of the nonlinear element 
must be determined from the gain function 
of the quasi-linear element. In the sinu¬ 
soidal case, the quasi-linear gain function 
and the response function are related by 
equation 2, which is repeated here 

2 /•+’r/2 

F(Ei) =- I /(El sin d) sin 6 dS (56) 

If the quasi-linear gain function E(Ei) is 
given and the response function f{ei) is 
unknown, equation 56 is an integral equa¬ 
tion for which an approximate solution can 
be obtained in a number of ways. A 
graphical procedure, which is both simple 
and satisfactory, approximates F(Ei) with 
the stun 

N 

n«i 


The approximation is carried out by 
choosing appropriate coefficients and 
FniEi) functions. The F„(Ei) functions 
are obtained by substituting known ap¬ 
proximating functions fnW) into equation 
56 and evaluating the resulting integral 

2 

•Fn(Ei) =-=: I fn(Ei sin e) sine de (S8) 

-x/J 

The response function f(ei) then is given 
by the relation 

/(«iO=22 MnM (5« 

«*1 


The semi-infinite slope function shown 
in Fig. 11 is a convenient approximating 
function fnW)» If this fimction is sub¬ 
stituted in equation 58, the resulting 
integral may be written 



and, as is apparent from equation 60, all 
the En(Ei) functions may be written as a 
single function F*(Ei/an) of the argument 
Ei/a„. Thus E(Ei) may be rewritten as 
the summation 


(•») 

and the solution of the integral equation 
may be carried out by choosing values of 
an and jSn to approximate F(Ei). 

The an and i3» coefficients may be chosen 
by plotting In F{Ei) versus In Ei and In 
F*{Ei/an) versus In Ei/««. These two 
plots may be superimposed over a light 
box and shifted up and down and right and 
left to determine the best fit and thus to 
determine ai and iSi. The function 


then can be plotted and the fitting process 
repeated to determine a% and ^ 2 . The 
fitting process may be repeated as many 
times as is necessary to obtain a good fit 
to E(Ei). Since the process yields a line- 
segment approximation to /(«i')» any /(^lO 
function can be fitted by using a sufficient 
number of line segments. 

The quasi-linear gain function deter¬ 
mined in the example and shown in Fig. 3 
may be approximated by two terms in the 
sum given by equation 61. This sum 
may be written 


The functions E*(Ei/0) and F*(Ei/10) are 
also shown in Fig. 3. The difference of 
these functions is F(£i), although this differ¬ 
ence is not directly apparent in the figure 
owing to the logarithmic co-ordinates. 

The nonlinear response function /(«i') 
obtained by substituting the values of an 
and Pn implied by equation 62 into equation 
59 is plotted in Fig. 4. Within the ac¬ 
curacy of the plot, this response function 
is identical to the simulated response 
function. 


Appendix II. Solution of Transfer- 
Function Integral Equations 


In the random-signal evaluation, solu¬ 
tions of integral equations 38 and 44 are 
required. These equations are of the form 

(«) 

in which the unknown function is 

a transfer fimction of the servo and E(«/) 
is an experimentally determined ratio of 
mean-square voltages. 

The form of the kernel of equation 63 
makes possible the following solution by 
Laplace transform methods. Owing to the 
evenness of the integrand, equation 63 may 
be rewritten in the form 




After changing the variables, «n — * ^ 
and c«) = 6~‘^, equation 64 becomes 


2V2 





1 

14.g4(r-.*r) 


1 I 

(65) 


The kernel of equation 65 is a function of 
the difference r-cr of the two v^iables. 
Consequently, this integral equation can 
be solved with a 2-sided Laplace transform 
by means of the convolution theorem.® 

By use of this theorem, the solution to 
equation 65 may be written 

in which C{,s) is the transform of the left- 
hand side of equation 65 

and V{s) is the transform of the kernel of 
equation 65 


If the transforms C{s) and D{s) have a 
common strip of convergence, equation 66 
is a straightforward method for obtaining 
a solution to the integral equation 63 since 
the integrals in Eqs. 66, 67, and 68 can be 
calculated numerically. However,. because 
the numerical procedure is tedious, a simpler 
process involving the analytic continuation 
of E(wj) to complex values of o)/ b de¬ 
veloped here. 

The integral in equation 68 can be 
evaluated by contour integration to give 
the rdation 


m -- 

4 sm 7 ^ 
4 


(« 9 ) 


The quantity C(s)/I>(s) may then be 
eicpressed 
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Substitution of equation 70 into 66 yields 
an integral which may be evaluated in 
terms of R(o)i) to yield the relation 





JZ 

U 4X 




(71) 


After the change of variable w — e"®’, 
equation 71 may be reduced to the form 




(72) 


Equation 72 expressed \H{jo3)\^ as a 
function of the real and imaginary parts of 
R(o)^'^/^). Experimental data taken from 
the servo yield values of R(cai) for only 
real values of wj. Consequently, a process 
of analytic continuation must be used to 
extend the experimental data to complex 
values of wj. This analytic continuation 
can be carried out conveniently by ap¬ 
proximating R(cox) by an analytic function. 
A definite form for this function is indicated 
because H(jta) is a rational function of 
and therefore i?(6)/) is a rational function 
of w/ for positive values of «/, as shown by 
the integral tables in Appendix C of re¬ 
ference 8. Consequently, the form 


^ ^0+ilW7+^2W/2-f-. . . 

K{(t3l) = ———- 

no+n/63/+a26j/24-.., ^ 0 ^ 00 /^ 


(73) 


is appropriate. The a and b coefficients 
are chosen to make RCaj) fit the experi¬ 
mental data. Equation 73 can be ex¬ 
panded into a set of linear algebraic equa¬ 
tions which may be solved to obtain a point 
fit. As an example, a solution to equation 
38 using the data from Fig. 6 will be carried 
out. The ratio E^/P for constant Ei is 
plotted as a function of w/ in Fig. 12. The 
process of fitting i?(c«?/) to this function is 
begun by rewriting equation 73 in the form 


co/jRCco/) ai 4-«/2JR(co/) 02 '\-(aj^R{<ai) Gz -|- 
(oj^R{ eaj) -\-03 ^R(cjOj) as— caj^bz — 

W/ 4 J 4 —«7®J6 = C 07®[1 —i?(co/)] + 

10*-W--R(«7) (74) 

Incorporated in equation 74 is the assumed 
information that the forward-loop transfer 
function of the servo approaches zero at 
high frequencies and approaches 1000 
low frequencies. Thus, from equation 34 

£2 

—(w7)-^l, as oji-^oo 


P 10« ’ 


as wr—0 


The values of «/ and R((ai) from the circled 
data points in Fig. 12 are substituted into 
equation 74 to obtain eight relations which 
may be written as the matrix equation 



Several multiplying factors have been 
introduced into the rows and columns of 
equation 75 to reduce the range of the 
matrix coefficients. A solution, obtained 
by using the Crout^<> method and a desk 
calculator, is 




3.27X10-2' 

G2 


3.56X10-4 

az 


-49.6 X10--6 

cla 

= 

28.0 X10“8 

az 


-24.1 XlO -10 

63 


15.8 XlO-6 

64 


-28.2 XlO-8 

A. 

1 

_-24.3 XlO-w 


Substitution of the analytic function in 
equation 73 with the coefficients from 
equation 76 into equation 72 yields the 
value of (JEfi(7^»>)| plotted in Fig. 7, thus 
completing the solution of equation 38. 
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Discussion 

George C. Newton, Jr, (Massachusetts 
Institute of Technology, Cambridge, Mass.): 
The author is to be congratulated for his 
study of ways of measuring nonlinearities 
in control systems by means of input, out¬ 
put, and error measurements only. The 
revelation in the section entitled “Evalua¬ 
tion with Random-Signal Data*’ that a non¬ 
linearity can be assessed by means of a 
random signal is especially interesting from 
a theoretical point of view. One who is not 
familiar with these procedures might fear 
that the validity of a quasi-linear model 
would have more of a tendency to break 
down in the random-signal case than in the 
sinusoidal-signal case because of distortion 
in the probability density functions follow¬ 
ing the clipping action of the nonlinear 
element. More discussion of this point 
would be appreciated. At the same time 
the author may wish to comment on the 
allowable limits for the departure of the 
test signal from the normal distribution, 
which can be allowed and still have a work¬ 
able procedure. 

As Mr. Mathews remarks, the sinusoidal 
test procedure described in the section 
entitled “Evaluation with Sinusoidal Data” 
is probably the more useful technique for 
assessing nonlinearities. The procedure 
should be particularly useful for interpreting 
the frequency-response data obtained from 
control systems which, although designed 


on a linear basis, do exhibit appreciable 
nonlinearity. Since saturation is one of 
the most frequently encountered forms of 
nonlinearity in systems designed on a 
linear basis, the author’s procediure ought to 
be particularly pertinent. 

It should be noted that his procedure is 
based on a single-valued nonlinear function. 
Thus saturation accompanied by appre¬ 
ciable hysteresis may not be able to be 
treated by the author’s method. In any 
event, we should have a simple test to de¬ 
termine if the nonlinearity of the system 
under test may be approximated as being 
single valued. One simple check is to com¬ 
pare the phase of the output relative to the 
error under linear operating conditions 
with the phase under nonlinear conditions. 
If the nonlinearity is single valued the 
phase should not be affected by changing 
from linear to nonlinear operation. 

Assuming a single-valued nonlinearity, 
so that the author’s procedures can apply, 
the experimenter may be faced with a 
system which exhibits a jump resonance.^ 
Under conditions of jump resonance it may 
be impossible to obtain input over-error 
versus error magnitude data in the vicinity 
of the resonant frequency. This may not 
be a serious matter if good data can be ob¬ 
tained at frequencies well below or well 
above resonance. However, there are many 
situations where it is difficult to make ac¬ 
curate error measurements (when the system 
is operating closed loop) at frequencies 
very far below resonance and also in which 
it is difficult to make output measurements 
at frequencies appreciably above resonance. 
In these situations does the author have a 
technique for circumventing the difficulty 
caused by jump resonance? 
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Fig. 13. Jump-resonance phenomenon 


M. V. Mathews: Professor Newton’s 
comments are an important addition to the 
paper, particularly those concerning the ap¬ 
plication of the evaluation procedure to es¬ 
sentially linear systems with nonlinear aber¬ 
rations. The evaluation technique was de¬ 
veloped mainly to treat such systems. The 
test suggested by Professor Newton for 
single-valued nonlinear functions is very 
useful. 

Present experimental data indicate that 
random-signal testing procedures can be 
applied to essentially the same class of sys¬ 
tems that may be tested with sinusoidal 
methods. Further information about the 
accuracy of random-signal techniques has 
been published in references 7 and 8 of the 
paper. 

As Professor Newton points out, if a 
jump-resonance phenomenon is present, 
the response data cannot be obtained over 
the entire range of servomechanism opera¬ 
tion. An example of jump resonance is 
shown in Fig. 13. Experimental data can 
be obtained only for the stable parts of the 
input-response curve shown as solid lines. 
The dashed curve cannot be obtained. How¬ 
ever, in many cases the solid curves can be 
extrapolated to determine the dashed curve 
to within the desired accuracy. 


Design and Application of a Peak 
Voltage Detector to Industrial 
Control Systems 


LLOYD W. ALLEN 

ASSOCIATE MEMBER AIEE 


M any industrial control, or servo, 
systems are characterized by their 
high power level, low cost, and moderate 
performance when compared with the 
high-performance servo systems that are 
used extensively in military applications. 
This paper describes the control portion 
of such an industrial type of servo system 
in some detail. Application of the con¬ 
trol portion, or peak voltage detector, to a 
complete servo system is described briefly. 

May 1955 


Three important characteristics of the 
peak voltage detector are: the nature of 
the input signals; the nature of the out¬ 
put signals; and the cost of component 
parts. One input signal is an alternating 

voltage and one is a direct voltage; either 

or both inputs may be variable. The de¬ 
tector is capable of indicating a small 
difference between large magnitudes of the 
input signals. Output signals may be 
either of the continuous type or of the 


discontinuous off-on type; however, the 
detector is peculiarly adaptable to a dis¬ 
continuous relay output. For a moderate 
cost of component parts, the detector with 
relay output can furnish a stable, reliable 
output with good sensitivity and large 
power amplification. 

The relay type of peak voltage de¬ 
tector, as defined here, consists of a com¬ 
parator which compares the peak magni- 
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tudes of the two input signals, an a-c am¬ 
plifier which amplifies the resultant sig¬ 
nal; a rectifier circuit which converts the 
amplified signal to direct current; and a 
sensitive relay which gives an output 
signal by contact closure. Most applica¬ 
tions require two or more such units, 
operating from different levels of the in¬ 
put signals, to effect the desired output 
signals. Such units are called ‘'channds” 
here; a channel is defined as an output 
relay with its associated circuit. 

Fig. 1 shows a single-channel detector 
in a simplified form. When the peak mag¬ 
nitude of «ac exceeds the magnitude of 
edoj XI allows current to pass through R3, 
resulting in a voltage Cgi in the form of a 
series of pulses shaped like the peak of 


Cm* After Bgx is amplified, X2 and its as¬ 
sociated filter rectify the amplifier output 
and the resulting d-c signal effi operates 
the output relay. 

It will be seen that eg% is a stable am¬ 
plified signal that is a function of the dif¬ 
ference between the two input signals in 
the limited range where the peak magni¬ 
tude of ^ao is greater than the magnitude 
of ^do but not sufficiently greater to result 
in overloading of the amplifier. This re¬ 
lation indicates the possibility of using 
the continuous variation of eg^ as a d-c 
output voltage signal in place of the dis¬ 
continuous relay output shown in Fig. 1. 
A factor that argues in favor of the con¬ 
tinuous output is the stability and re¬ 
liability of eg 2 when compared with con¬ 


ventional d-c difference amplifier circuits 
that could replace the peak voltage de¬ 
tector. The increased stability and re¬ 
liability of Cffi is adiieved because the a-c 
nature of egi allows the use of an inherently 
stable a-c amplifier without the need for 
electromechanical chopper stabilization 
that is commonly used with d-c amplifiers. 
Factors that argue against the use of eg^ 
as a continuously variable output include 
the presence of ripple in egt because of 
rectification, and the effect of the wave 
form of on the linearity of the response 
of eg 2 . For example, if ^ao is a square 
wave, then Cg^ may easily be made to 
vary linearly with the variation of the 
difference (eao-^do); however, in the more 
usual case where is a sine wave, Cgi will 
not easily be made to vary linearly with a 
variation of (eao-^dc). Further, the power 
level of Bgz is considerably below the power 
level of a relay-type output for equal com¬ 
ponent costs. For special applications, 
then, it appears that the use of Bg^ as a 
continuously var3rmg output may be 
justifiable; but for lowest cost per unit of 
controlled power the relay-type output 
appears preferable. 

A simpler version of the peak voltage 
detector can be made by replacing the 
resistor B3 with a sensitive relay, thus 
eliminating the amplifier and rectifier 
circuits of Fig. 1. A comparison of this 
simpler circuit with the circuit of Fig. 1 
reveals three important advantages of the 
amplifier circuit: 

1. It presents a higher impedance to the 
input signals than does the simpler circuit. 

2. It may be designed to handle larger 
overloads. 

3. Most important of all, it can be made to 
reduce effectively the inactive zone of the 
relay (defined as the difference between the 
amount of signal voltage Cgi required to pick 
up the relay and the amount of Bgi required 
to drop out the relay) to an arbitrarily small 
value by the insertion of a sufficiently large 
amount of voltage gain between Bgi and the 
voltage across the coil of the relay. 

The single-channel detector of Fig. 1 is 
limited to use in control systems where a 
single off-on response is sufficient to actu¬ 
ate the controlled quantity. This limita¬ 
tion can be removed by the use of a 2- 
channel detector such as that shown in 
Fig. 2. In the 2-channel detector, chan¬ 
nel 2 operates on a higher signal level than 
does channel 1. The difference in operat¬ 
ing levels is determined by the magnitude 
of Bzy a small direct voltage that is in¬ 
serted between X12 and R6, The output 
contact of diannel 1 is normally closed 
(relay de-energized) while the output 
contact of channel 2 is normally open 
(relay de-energized). When used in a 
control system, channel 1 operates on the 



Fig. 1 (left). 
Single - channel 
detector 


Fig. 2 (below). 
Two-channel de¬ 
tector 
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Fig. 3 (left). Four- avoid spurious signals resulting from stray 

channel detector capacitance to groimd. Resistors R1 , 
K2, R4, and R5 may in some cases be 



selected to minimize some of tbis trouble. 
XI is not critical; it is only necessary 
to select a rectifier with sufficiently high 
inverse voltage rating. In the 2-channel 
detector of Fig. 2, the dead-zone bias 
supply Bzi which must be isolated, will give 
considerable trouble as a source of un¬ 
wanted signal. Fig. 4 shows a method of 
introducing a manually controlled ref¬ 
erence point into the detector and an¬ 
other resistor arrangement for obtaining 

Amplifier 

Three factors are worthy of considera¬ 
tion: insensitivity to overloads, gain, and 


controlled quantity to raise the variable 
^ao (or lower eao) as long as its contact re¬ 
mains (dosed; when the peak value of 
exceeds eac, the channel-1 contacts 
open and the controlled quantity as¬ 
sumes its steady-state condition after an 
overshoot whose magnitude it determined 
by the system gain and time constants. 
If an external disturbance then causes 
to exceed (eac+^e), the channel-2 con¬ 
tacts dose and lower ^ac until the peak of 
5ac is again within the dead zone. The 
dead zone is defined as the region of 
steady-state operation of the controlled 
quantity, and is equal in magnitude to 
tz. Cz is also the maximum steady-state 
error signal. 

The sensitivity of the detector is a fac¬ 
tor in the system gain. The usual defi¬ 
nition of sensitivity in a continuous type 
of controller as output/input must be 
modified in a discontinuous type of control 


performance is attained by means of a 4- 
channel detector, sucdi as that shown in 
Fig. 3. The design of the detector shown 
in Fig. 3, when compared with the design 
of Fig. 2, offers several advantages and 
one important disadvantage. The ad¬ 
vantages of the circmit of Fig. 3 are: 
that less components are required; that 
more uniform performance with respect 
to the aging of components can be at¬ 
tained; and that troublesome design prob¬ 
lems with the source of can be avoided. 
The disadvantage of the circuit of Fig. 
3 is that the inactive zone of the relays 
has a large and detrimental effect on the 
boundaries of the dead zone, whereas the 
inactive zone of the relays in Fig. 2 has a 
negligible effect on the dead-zone bound¬ 
aries. For this reason, the design shown 
in Fig. 2 is generally preferable to that 
shown in Fig. 3. 

Design Considerations 


bandwidth. Figs. 5 and 6 are intended to 
serve as an aid to amplifier design. Fig. 
5 shows the minimum required gain of the 
amplifier as a function of F/E, where V 
is an arbitrarily fixed value of eao and E is 
the peak value of ^ac. Since this curve is 
derived from a Fourier analysis of Cgi, 
shown in the Appendix, it is the theoret¬ 
ical minimum required gain. To this 
(nuve must be added extra gain to com¬ 
pensate for losses and limited bandwidth, 
and for a safety factor. Fig. 6 indicates 
the minimum required bandwidth of the 
amplifier, and is a straightforward har¬ 
monic analysis of Cgi for several values of 
VIE. 

Rectifier 

Transient response of the detector may 
be dependent on the rectifier-filter circuit 
unless care is taken to insure a reasonably 
fast transient characteristic for the filter. 

Output Circuit 


such as this. Since it is seen that the 
smaller ez is in relation to «do the more 
sensitive is the corrective action of the 
peak voltage detector in response to 
changes in (eao-edo)> sensitivity’s here de¬ 
fined as 6doAz. For given system time 
constants, system stability can readily be 
controlled by adjustment of the value of 
Cz; however, if stability is increased by an 
increase of Cz^ the system error is also in¬ 
creased proportionately. Conventional 
feedbacdc stabilization methods^*^ may be 


Comparator 

In many industrial cases, it is desirable 
to keep both the a-c input signal and the 
d-c input signal ungrounded. While it is 
easy to isolate the a-c signal by means of a 
transformer, it is not always possible to 
isolate the d-c input signal. 

If the detector must be operated un¬ 
grounded, or grounded at some unfavor¬ 
able point, the type of mounting and 
wdring must be given careful thought to 


The relay circuit should be designed for 
fast transient response. The preferred 
type of relay is the type that operates a 
microswitch. The inexpensive sensitive 
relays will also work. In the event that 
the sensitive relay operates a larger con¬ 
tactor, this contactor may have to be of 
rugged design to withstand the severe 
operating conditions that may be imposed 
by the frequent corrective action of the 
detector. 
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Application 

Fig. 7 shows the basic diagram of an 
existing application of the peak voltage 
detector to a variable-frequency alter¬ 
nator system. The detector automati¬ 
cally regulates the ratio of voltage to fre¬ 
quency to a constant preset value. The 



0 1 10 


Fig. 5. Required amplifier gain 

alternator has a power output rating of 
300 kw, a frequency range of from 10 to 
400 cycles per second, and a voltage range 
of from 0 to 600 volts rms. 

Rectifiers XI1 and X12 are type-6 X 5 
tubes; this tube type was picked be¬ 
cause its inverse voltage rating is suf¬ 
ficiently high for the application. The 
dead-zone bias supply Cg gave some de¬ 
sign trouble because of imdesired pickup 
and ripple; the entire system is un¬ 
grounded. Electrostatically shielded 
power transformers were found to be 
necessary to eliminate spurious signals. 



02 



HARMONIC 


Fig. 6. Harmonic analysis of a rectified portion of a cosine wave 


The amplifiers consist of a half-section of 
6SN7 operated at 105 volts plate voltage 
to prevent damage due to overloading. 
Each amplifier is transformer coupled to 
a resistance-capacitance rectifying net¬ 
work through a half-section of a 6H6. 
The rectified signals are applied to half¬ 
sections of a 6SN7, which operate the 
plate circuit relays CHI and CH2. 

System regulation of the voltage to 
frequency (E/F) ratio can be described 
in terms of ez and «dc. Fig. 7 shows that 
the regulating system controls the output 
voltage (proportional to ^ao) but not the 
output frequency (proportional to edc). 
Output frequency is controlled by other 
means, external to the E/F control. 
Thus, if frequency is changed, either 
directly by the operator or indirectly as a 
result of increased output loading, the 
E/F control will change the value of out¬ 
put voltage to maintain the preset ratio 
of E/F within the voltage regulation 
limits, which are the limits imposed on 
eao. As shown in Fig. 2, the excursions of 
Cz, are limited to a maximum value equal 
to (edo+ez) and to a minimum value equal 
to edo, regardless of loading. System reg- 
tdation can therefore be expressed as 
equal to or less than eg/(edo+ez). In the 
system of Fig. 7, ez is preset to a constant 
value, while edo, is controllable over a 
range of 40 to 1 for any given setting of the 
E/F ratio, and over a total range of 80 to 
1 for all possible settings of the E/F ratio. 
This results in poor regulation at low 
frequencies, excellent regulation at high 
frequencies, and somewhat better regula¬ 
tion obtainable with high ratios of E/F 
than with low ratios. This type of reg¬ 
ulation is well suited to the type of load¬ 
ing encountered in this application. For 
further information on variable-frequency 
alternator problems, see reference 3. 
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Fis. 7 (left). 
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Other Applications 

The 4'Channel peak voltage detector 
should be adaptable to the controller por¬ 
tion of a positional-type servo system that 
employs a 3-phase squirrel-cage induction 
motor as the power source of the con¬ 
trolled system. The slow speed zones of 
the detector in this system could be used 
to initiate plugging or braking of the 
motor shaft. The lower cost and greater 
reliability of the a-c squirrel-cage motor, 
when compared with the d-c motor that is 
more often employed in servos, makes this 
system particularly interesting. Methods 
for the design of such a system are given 


in references 4 and 6. The peak voltage 
detector is also applicable to heat controls 
when used in conjunction with resistance- 
type temperature detectors and to com¬ 
puter systems, since the multichannel de¬ 
tector may be considered to be an ana- 
logue-to-digital converter. 

Appendix. Fourier Analysis of 
a Portion of a Cosine Wave 

Fig. 6 shows that the function /(w/) to be 
analyzed may be expressed as 

fiat) =E cos a-V (1) 


in the range —cos *( F/£) <<<>/<+cos ^ 
(F/JS), and as 

ficot)=0 (1) 

elsewhere in the cycle. 

The Fourier analysis states that 


f(<at) sin cat+A 2 sin 2wi-h. • • + 

Bi cos 03t+B2 cos 2(at +.. - (2) 

where the amplitudes of the various har¬ 
monic components are 


r^/(co«)d(«o 


(3) 


1 

f{(at) sm (atd(<at) (4) 


1 . +7r 

An—-\ f{<at) sia. n(atd{<at) 

-TT 

1 

Fi=— I f{oit) COS catd{o3t) 

1 

Bn — ~\ /(«^) COS ncatd{(at) 

-IT 


(5) 

( 6 ) 

(7) 


From consideration of symmetry, the 
right-hand members of equations 4 and 5 
equal zero. Since f{(at) =0 except between 
-cos“K V/E) <(at< -f cos“i( V/E), the lower 
limit of the integrals of equations 3, 6, and 7 
becomes — cos“^(F/JS); the upper limit 
becomes -hcos"K V/^) • Substituting these 
limits and integrating yields the equations 
for the harmonic amplitudes as 


4,=-sm(^cos-‘-j--cos (8) 

ir V E ,v\ 

B, = -[£cos--4-jsm(^2cos--j- 
2F sin ^cos”^ 

sfl) 

2 - sin^w 



Table I. Magnitudes of Harmonics 


V/E *0.0 


V/E *0.5 

n 

Bn/(E-V) 

n 

B„/(E-V) 

0... 

..-HO.3183099 .... 

. . 0.. 

..+0.2179955 . 

1... 

..-HO.5000000 ... 

. . 1.. 

..+0.391002 . 

2... 

..+0.2122066 ... 

.. 2.. 

..+0.2757244 . 

3... 

.. 0 

.. 3.. 

..+0.1378322 .... 

4... 

..-0.0424413 ... 

..4.. 

..+0.0275665 . 

5... 

.. 0 

.. 5.. 

.. 0.0275665. 

6.. 

. .+0.01818914... 

6.. 

.. 0.0315045 . 

7... 

.. 0 

.. 7.. 

. . -0.00984516_ 

8... 

.. -0.01010508... 

..8.. 

. .+0.00984516- 

9... 

... 0 

.. 9.. 

. .+0.01378322- 

10.. 

. ..+0.00643050... 

...10.. 

. .+0.00501208- 



11.. 

. .-0.00501208- 



12.. 

..-0.00771089.... 


V/E* 0.866 


Bn/(E-V) 


. 0.. 

. 1.. 

. 2 .. 

. 3.. 

. 4.. 
, 5.. 
. 6 .. 
. 7.. 
. 8 .. 
. 9.. 
.10.. 
. 11 .. 
. 12 .. 

13.. 

14.. 
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16.. 
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.+0 

.+ 0 . 
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. 0 
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.+0 
.-0 
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,~0 
.-0 
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+0 
+0 
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.001225 , 
005532 . 
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.16. 
.17. 
.18. 


,.+ 0 . 
..+ 0 . 
..+ 0 . 
.. 0 . 
.. 0 . 
.. 0 . 
.. 0 . 
.. 0 . 
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.. 0. 
.. 0 . 
.. 0 , 
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..-0 
..-0 
..-0 
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...19.-0 
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122762 . 
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V/E = 0.99 
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n 
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n 
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.. 0.01861 
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.. 0.037000 ... 

... 20... 

.. 0.01751 
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... 30... 

.. 0.01578 

_25.. 

.. 0.0117123... 

... 40... 

.. 0.01356 

_30.. 

..+0.000240 ... 

... 50... 

.. 0.01104 

_35.. 

..-0.003182 ... 

... 60... 

.. 0.008395 

_40.. 

. .-0.0051389... 

... 70... 

.. 0.005830 



... 80... 

. .+0.003506 



... 90... 

..+0.001555 



...100.., 

. .+0.000058 



...110.. 

.. -0.000952 



...120.. 

..-0.001496 



,...130.. 

...-0.001634 
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Fig. 4, the required amplifier gain, is 
made by evaluating .4o in equation 8 and 
then inverting Aq. Fig. 6 is obtained by 
evaluating equations 9 and 10 for the 
various harmonic amplitudes. Magnitudes 
of harmonics are shown in Table I, 
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Discussion 

C. C Thomas (General Electric Company, 
Schenectady, N. Y.): Mr. Allen has pre¬ 
sented a good clear picture of one method 
of designing a simple inexpensive comparison 
circuit which can be used as a component in 
certain industrial servo systems. His cir¬ 
cuit is unique in that most industrial servo 
systems compare like quantities such as 
direct voltage against direct voltage or 
alternating voltage versus alternating volt¬ 
age. It is rare that alternating voltage is 
compared to direct voltage especially in 
the more exacting servo systems. 

Although not exact in detail, a common 


application using a similar comparison has 
been used in the design of our tracer con¬ 
trol. Here it is desired to indicate when 
the deflection of the tracer exceeds a certain 
value. The deflection is indicated by a dis¬ 
placement in the position of two selsyns. 
This displacement produces an a-c error volt¬ 
age. This alternating voltage is compared to 
(added to or subtracted from, depending 
upon the design) a fixed d-c bias voltage. 
The difference voltage operates on the grid 
of a vacuum tube to pick up a relay to shut 
down the machine. Here a variable alter¬ 
nating voltage was compared to a fixed 
direct voltage. 

^ Another common application of this prin¬ 
ciple is in the rheostatic position follow-up. 
In this application one rheostat position 
represents the reference and the second rheo¬ 
stat the feedback of a servo system. A 
direct voltage is across each rheostat so 
that the error in position is represented by 
a direct voltage with the polarity indicating 
the direction of the error. This d-c error 
voltage is compared to an a-c bias voltage 
on each of two vacuum tubes and above a 
certain value turns on one tube for an error 
in one direction and the other tube for the 
opposite direction. Here a direct voltage 
in essence is compared to an a-c bias voltage. 

Neither of these cases illustrate the exact 
method shown by Mr. Allen, who measures 
only the difference voltage on the positive 
half-cyde, and applies this difference to a 
tube grid. It is not clear why this is done. 
In many cases in industrial servos we use 
magnetic amplifiers instead of vacuum 
tubes, and would have extreme difficulty 
with such a comparison circuit in obtaining 
proper operation. 

While many circuits of the same approxi¬ 
mate cost and complexity as Mr. Alienas 
are used in industrial applications, it should 
by no means be inferred that all industrial 
servo systems are so simple. As a matter 
of fact, most industrial servo systems must 


be considerably more expensive and com¬ 
plex to obtain the performance now de¬ 
manded by industry on a majority of ap¬ 
plications. 


Lloyd W. Allen: I am grateful to Mr. 
Thomas for his contribution to the subject, 
both by virtue of his comments on the peak 
voltage control and the description of a 
similar control made by his company. I 
am familiar with a version of the control 
described by Mr. Thomas, and have found 
it reliable and equal in simplicity to the 
peak voltage control. Either type of 
control can be used with equal results in 
some applications; each has peculiar ad¬ 
vantages in other applications. 

Thus, Mr. Thomas notes that the type of 
control he describes is better adapted to 
magnetic-amplifier circuits than is the peak 
voltage control; on the other hand, the 
peak voltage control may be better adapted 
to situations where advantage may be taken 
of two distinguishing features of the peak 
voltage control, namely the freedom of the 
input grid of the amplifier from high level 
signals eac and Cdo, and the freedom of the 
input grid from the d-c input voltage «dc» 
which allows exploitation of the inherent 
stability of an a-c amplifier. Again, the 
control Mr. Thomas describes should be 
better adapted to situations requiring equal 
times for operation of the “raise*’ and 
“lower” relays, since it picks up either relay 
in the same manner to operate, whereas 
the peak voltage control picks up the “lo¬ 
wer” relay but drops out the “raise” relay 
under similar operating conditions. 

"^ile the peak voltage control as de¬ 
scribed operates only on the positive half¬ 
cycle, in half-wave fashion, it is also pos¬ 
sible, and may be preferable, to operate in 
full-wave fashion by using a bridge or other 
ftdl-wave rectifier as a source of the a-c 
input. 
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A Method for the Preliminary Synthesis 
of a Complex Multiloop Control System 


D. J. POVEJSIL 

ASSOCIATE MEMBER AIEE 

C OMPLEX mtaltiloop control sys¬ 
tems may be synthesized by several 
different methods. The choice of syn¬ 
thesis procedure depends upon the config¬ 
uration of the multiloop system. Fig. 1 
shows a complex multiloop control system 
which has been reduced to several closed- 
loop within closed-loop systems. The 
synthesis of such a system can be per¬ 
formed by a straightforward application 
of the frequency response method. 

Assume, e.g., that the over-all perform¬ 
ance is specified and the characteristics 
of one block of the innermost loop are 
set. The innermost loop, loop 3, can 
now be designed to give an output-input 
response which would provide loop 2 with 
an equivalent fixed box, see Fig. 2, com¬ 
patible with making the output-input of 
loop 2 more desirable as seen by loop 1. 
This process is continued until the last 
and outer loop meets the specified over-all 
performance. 

Fig. 3 is a complex multiloop control 
system which has crosstalk terms. It is 
also characterized by having several in¬ 
puts. It is desired to optimize the re¬ 
sponse to all of the input signals. This 
system can be reduced to the form shown 
in Fig. 2 for the relationship between any 
one input and one output. The entire 
system can be characterized, therefore, 
by a group of systems equivalent to Fig. 2. 
In general, there will not be a logical step- 
by-step synthesis process that can be 
developed from this presentation of the 
control problem. The complexity of the 
blocks of the “reduced” system often will 
mask the effect of a particular gain set¬ 
ting on the over-all performance. Nor 
does this procedure reveal the necessary 
added feedback terms which will bring 
about the specified performance most 
expeditiously. In fact, there is a tend¬ 
ency to select feedback quantities that 
simplify the analysis, i.e., that reduce 
the complexity of the block diagrams 
rather than to investigate other poten¬ 
tially more rewarding possibilities. 

It is the purpose of this paper to pre¬ 
sent a method of performing the initial 
synthesis of a system which can be 
characterized by the block diagram of 
Fig. 3. By initial synthesis is meant: 

1. Start with the differential equations 


A. M. FUCHS 

ASSOCIATE MEMBER AIEE 


that represent the imcontrolled systems, 

1. e., system to be controlled, and a set of 
oVer-all performance specifications. 

2. Postulate the necessary feedback quan¬ 
tities which will bring about the desired 
over-all performance. 

3. Establish gain settings for the feedback 
quantities. 

4. Postulate the necessary compensating 
networks and set their time constants. 

Inferred in steps 2,3, and 4 is a continuous 
monitoring of the stability of the system. 

Statement of the Problem 

In the general case, the synthesis prob¬ 
lem is presented in the following form. 

1. The system to be controlled is 
characterized by n integro-differential 
equations relating each of the controlled 
variables (output quantities) to the input 
forcing functions, external disturbances, 
and initial conditions. The equations 
take this form 

AiiCi-\-Ai2C2"\r •.. 4*^Cyj-f Filial-f- 
F 12 F 2 - 4 -... 4-FinFtt-|“S(/.C.)i4- 

A2iCi'^A22C2-{- ... -\-A2nCn’¥P2\Ri'¥ 

^22^2-1-. . . H-FznFn4"2(LC.)24* 

2C/2==0 (1) 

An\C\’\-AraC2'\-. . .-\-AnnCn-\‘RnlRl'\' 

4“... 4- RnnRn + 2J(/. C.) n 4" 

where 

Aijf Fiji analytic functions of the complex 
variable ^ 

Laplace transform of the controlled 
variable (output), neglecting the 
initial conditions 

Laplace transform of the input forcing 
function, neglecting initial condi¬ 
tions. Rj is limited to inputs which 
can be modified by feedback, as 
shown in Fig. 4, to form an actuating 
signal 

2 C/)=summating of external disturbances 
in the jth equations. The quantities 
cannot be modified directly by feed¬ 
back to form an error signal 
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2(J.C.)y« summation of initial conditions in 
jth equation 

These equations indicate that the num¬ 
ber of independent controlled variables 
(Cl... Cn) must be equal to or greater than 
the number of independent command sig¬ 
nals (Fi. . .Rn). 

2. A set of performance specifications 
exist giving the desired relationship be¬ 
tween the controlled variables and the 
command signals. There may also be 
performance specifications giving the de¬ 
sired controUed-variable response to the 
disturbing functions. In most instances 
a key part of this specification is that the 
characteristic equation (i.e., expansion of 
the system determinant) of the controlled 
system shall have a certain form; i.e. 

,BiS+ 

Fo=0 (2) 


Where the characteristic equation is not 
explicitly defined in the performance 
specification, it can be deduced from other 
parts of the specification. 

Note that the formulation of the de¬ 
sired characteristic equation includes the 
stability (damping) and bandwidth of the 
final system. 

3. The relationship between a par¬ 
ticular controlled variable and one of the 
command signals may be completely 
specified as 


— =a — 

Ffc'” A 


(3) 



Fis. 1. Multiloop control system 



Fig. 2. First step in synthesis of the multiloop 
control system of Fig. 1 
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Tiiis adds the problem of obtaining a par¬ 
ticular Gflcis) to the synthesis problem. 
When the problem and the desired solu¬ 
tion are expressed in this fashion, the 
S 3 mthesis of an adequate control system 
becomes possible in a logical, methodical 
manner as presented now. 


tion of feedback terms. For example, if 

Aij-s^-{‘as (7) 

the addition of the proper feedback terms 
might modify this parameter to the form 


Synthesis Procedure 


The determinant of the uncontrolled 
system of equation 1 is 




All Ai2.,,Ain 

A21 .422-..-4 2n 


An2> • •Afj 


(4) 


where Aa=determinant of uncontrolled 
system. Expanding equation 4 into the 
characteristic equation of the uncontrolled 
system gives an equation of the form of 
equation 2. The coefficients of the un¬ 
controlled characteristic equation will 
not match the specified coefficients. It 
is the purpose of the feedback and cross¬ 
feed terms to bring the controlled sys¬ 
tem's characteristic equation into agree¬ 
ment with the specified characteristic 
equation. 

Referring to equation 1, it is seen that 
closing control loops around the uncon¬ 
trolled system will have the effect of 
changing the form of the input forcing 
functions (Ri. . to command inputs 
(Ri'. . The command input is 

related to the input forcing function by 

-Ri—Ri'+iTuCi+JTwCi... 

R 2 =i?2^+^r2iCi +^r22C2... ~{-H2nCn 

; w; 

Rn^Rn*"hHniCi-\-H^i2C2^ . . -\-HnnCn 

where 


Note that the feedbacks have augmented 
an existing characteristic of the uncon¬ 
trolled system by adding ai. In addition, 
two new coupling terms, &i and & 2 A, have 
been created by the feedback. 

Since it is possible to modify and change 
the self- and mutual couplings of the un¬ 
controlled system in any desired manner, 
it is likewise possible to make the expan¬ 
sion of the characteristic determinant 
formed by these parameters fit the desired 
form of the specified characteristic equa¬ 
tion given in equation 2. 

In a similar manner, this synthesis pro- 
cediure can be extended to the problem 
of meeting a particular output-input speci¬ 
fication that might take the form of equa¬ 
tion 3. In general, this will require con¬ 
trols in addition to those used to meet the 
basic specification on system response and 
damping. An example of such a control 
would be filtering of the reference input 
variable R/. 

It is possible to build up a solution to the 
S 3 mthesis problem which evaluates each 
feedback terra and it associated feedback 
transfer function in turn. After the 
gain and form of one feedback term has 
been established another one can be 
added and the procedure continued unt il 
the characteristic equation specification 
is met. The step-by-step synthesis pro¬ 
cedure can be outlined as follows: 


input to the controlled system before 
the summing point, as shown in Fig. 4 
transfer function between measured 
controlled variable and the summing 
point; see Fig. 4 

Now if the equations of 5 are substi¬ 
tuted into equation 1, it is seen that the 
coefficients of the variables Cj assume the 
following form 

Au^An'^FiiHii'^Fi2H2i- .. -^FmHni 

Ai2'«Ai2+Fufii2+Fi2£r22... -\‘FinHn2 (<5) 

* 

Ann ^Ann"^FniHm + FniH2n . • • + FniJFnn 


1. Compare the coefficients Bm- 1 , B«_ 2 ,... 
Fo of the specified characteristic equation 
with the coefficients Bm- 1 , B^- 2 ,... Fo of the 
uncontrolled system. 

2. Where the coefficients of the uncon¬ 
trolled system are inadequate or nonexistent 
when compared to the desired control, ex¬ 
amine the original system equations for the 
form of FijHji which will establish the 
desired value of the coefficient. Careful 
tabulating procedures (of the factors of 
Bm-A, Bm-St.-.Bo) will permit a rapid 
selection of the Afj term whose modification 
will produce the desired change in the 
determinant. 


3. As each feedback term and its associated 
feedback transfer function are selected, it is 
necessary to re-evaluate the characteristic 
equation of the partially controlled system. 
This will reveal when the feedback quantity 
selected to improve one coefficient of the 
characteristic equation seriously interacts 
upon other coefficients. If the feedback 
quantity improves more than one coefficient 
of the partially controlled characteristic 
equation, it obviously represents a fortunate 
choice of feedback parameter; whereas, if 
the feedback term’s beneficial effect is 
negated by its action upon another co¬ 
efficient, it is rejected and other feedback 
terms are examined. 

4. This process is continued until the co¬ 
efficients of the controlled system’s charac¬ 
teristic equation are equal to the coefficients 
of the specified characteristic equation 
within the allowable tolerances. 

6. Where Gjk is also specified, as in equa¬ 
tion 3, the process is repeated for the Gjk 
determinant in the same manner as for the 
characteristic determinant. 

Several merits of the foregoing syn¬ 
thesis procedure are immediately evident: 

1. The mutual coupling terms do not com¬ 
plicate the design procedure just described 
because these terms are manipulated in the 
same manner as the self-coupling (or main 
diagonal) terms. Thus, the designer is 
encouraged to examine the possibility of 
employing useful cross-coupling terms to 
achieve the desired control. This will 
enhance the possibility of achieving a 
minimum complexity control system, par¬ 
ticularly when the designer possesses a good 
basic understanding of the uncontrolled 
system. 

2. The stability of the over-all system is 
constantly being monitored as the control is 
being synthesized. 

3. It is possible with this procedure to 
maintain a close relationship between the 
insertion of the feedback signals and their 
physical equivalent in the system being 
controlled. This results from the simplifi¬ 
cations of the factors of the determinant and 
the method of relating them to the terms in 
the differential equation of the imcontroUed 
system. 

4. This synthesis procedure accomplishes 
such a large part of the total synthesis that 
it greatly reduces the time that must be 
spent on an analogue computer to complete 
the synthesis. It rapidly reveals the un¬ 
satisfactory feedback terms which are not 
worth further investigation. It sets the 
gain and the form of the desired feedback 
terms. It leaves the analogue computer to 
study the effects of the nonlinearities and 


Thus, the new determinant of the con¬ 
trolled system can be set up, and it can 
be expanded into the characteristic equa¬ 
tion of the controlled system. The de¬ 
terminant of the controlled system will 
have the same general form as the deter¬ 
minant of the uncontrolled system. 
However, each of the self-coupling terms 
Ajjy and each of the mutual coupling 
terms Aij has been altered by the addi- 


R;_ INPUT , 

J FOTOIN6 FUNCTION 


r 


EXTERNAL DISTURBANCE 


UNCONTROLLED ICONTRO LLED VARIABLE 
SYSTEM 


A- BEFORE FEEDBACK LOOP IS CLOSED 


Kl+ 

oi^^MaNd 

SIGNAL 


Fig. 4. Explanation of ter¬ 
minology 
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the effects of the second-order delays in the 
feedback sensor and in the actuating error 
amplifier. 

The entire synthesis procedure is fre¬ 
quently simplified by neglecting the de¬ 
lays present in the generation of the feed¬ 
back quantities and in their amplification 
and application to the input forcing func¬ 
tion. In systems where the actuator and 
sensor bandwidth are substantially faster 
than the system to be controlled (as a 
rate gyro and hydraulic actuator in an 
autopilot), this approximation does not 
cause any serious deterioration in the 
closeness of the results to the predicted 
values. 

Addition of Shaping Networks 

Frequently, it is not practical to achieve 
all of the desired performance without 
the use of shaping networks in the feed¬ 
back transfer function. The addition of 
lead or integral networks raises the order 
of the characteristic equation. Where 
the specified characteristic equation is of 
higher order than the uncontrolled 
characteristic equation, this falls within 
the ordinary S 3 nithesis process as pre¬ 
viously presented. The time constants 
of the shaping network can be selected as 
a separate step in arriving at the desira¬ 
ble coefficient of the characteristic equa¬ 
tion. 

When the addition of a compensating 
network is a compromise with generating 
a perfect derivative or integral function, 
the order of the controlled characteristic 
equation may exceed the order of the 
specified characteristic equation. This 
can be allowed for by adding an addi¬ 
tional response term to the specified 
characteristic equation. An element of 
judgment concerning terms which can be 
neglected enters here. 

Formulation OF a Minimum Complexity 

System 

One of the primary virtues of the syn¬ 
thesis procedure proposed in this paper is 
that it leads to the formulation of a set 
of analytical rules that define the general 
nature of a control system of minimum 
complexity in relation to its performance 
specifications. This can be shown in the 
following manner. 

After the basic equations of the un¬ 
controlled system are written the next 
step in the synthesis procedure is to es¬ 
tablish analytical forms that satisfy the 
performance specification as shown by 
equations 2 and 3. Now, each specifica¬ 
tion can be considered separately. Ob¬ 
serve that a specification of a characteris¬ 
tic equation of the form of equation 2 can 


always be satisfied if the following require¬ 
ments are met: 

1. Since the desired characteristic equation 

has m variables, Bm-i, - - Fi, Fo, there 

must be at least m independent gains and 
time constants in the control systems. 

2. The gains and time constants must be 
chosen such that each of the coefficients Bj 
can be expressed as a function of at least one 
of the independent gains or time constants 
of the control system. 

3. Any combination of kBj's must contain 
at least k number of the independent control 
system gains and time constants in such a 
form that k independent equations can be 
written. 

Now, in some cases, it is possible that 
the constant of the uncontrolled system 
are such that less than m independent 
gains and time constants are required to 
meet the desired characteristic equation 
specification. Since the method of syn¬ 
thesis expresses the controlled system in 
the same terms as the uncontrolled, it is 
usually possible to recognize such a con¬ 
dition and to take advantage of it by the 
proper choice of controls. 

Similar rules apply to specifications of 
the type given in equation 3. Here, a 
desired form is specified for the numera¬ 
tor of an output-input function in addi¬ 
tion to the denominator requirement. 
Since the numerator can always be 
reduced to the form 

where m'<w, then by the same reasoning 
as before such a specification can always 
be met by adding m'+l additional in¬ 
dependent gains and time constants to 
the system. These quantities must meet 
the same three requirements with respect 
to the Aj coefficients as outlined for the 
Bj coefficients of the denominator. 

Thus, the required complexity of the 
control system is directly related to the 
complexity of the original specification. 
When the controls are chosen in accord¬ 
ance with the foregoing rules, precisely 
the right number of gains and time con¬ 
stants can be postulated at the beginning 
of the synthesis, and redundant controls 
are eliminated. 

Example: Lateral Aircraft Control 

System 

To demonstrate this synthesis prp- 
cedure, the design of an autopilot to con¬ 
trol the lateral response of an aircraft is 
presented now. This S 3 mthesis problem 
is selected as an example because it does 
have large cross-coupling terms and it is 
frequently specified by the equivalent of 
a desirable characteristic equation. The 
lateral motion of the aircraft may be de¬ 


scribed by three simultaneous linear equa¬ 
tions, as follows (in the form of equation 
1). See Fig. 5 for the physical inter¬ 
pretation of the variables in these equa¬ 
tions. 

Roll Moments 

(52 —sHxz ^^+( — 

( “"^^a)5a+( --/5r)5r “0 (9) 

Yaw Moments 

(,—sHxzsnp)4>-\-{s^snr)rl/-\-i-’n^^-\r 

(-;?3a)5a+(-«5r)5r=0 (10) 


Side Forces 



(^+(1—yr) +( 5 —y/s)/?+ 


( — yda) 5a +( ~ ySr) 5r = 0 


( 11 ) 


where 

<^=roll angle, radians 
;^ = yaw angle, radians 
sideslip angle, radians 
5a—aileron displacement, radians 
5r=rudder, radians 

V =aircraft forward velocity, feet per second 
/, n, and y quantities are the aerodynamic 
co^cients 

ixz and izx terms are the product of inertia 
quantities 

Expanding the determinant of the 


lateral motion gives a 5th order charac¬ 
teristic equation of the form 

B^ -f ^45^ 4-J5353 ^BiS^ i-Bis = 0 

(12) 

where 


Bn = l—ixzizx 

(13) 

B^^ — Ip — nr~~y^"^nptxz ItIxz"^" 

izxlzzyp 

(14) 

Bi^(l-yr)n^ -\-lpnr +//3y/3 + Wry^ - 
nplr +(1 —yT)l^zx+npixzyfi+ 
kizxy^ 

(15) 

Fa* -(l-yr)w/3Zp-l-(l-yr)Z^p- 
ZpWry+Wp/ry/S - {g/ y)h~- 

{g/y)n^z 

(16) 

Bi * {glTjl^nr - (g/ F)Vr 

(1?) 


The parameters used in this design are 
not equivalent to any particular airplane 
nor do they necessarily represent a realiz¬ 
able aircr^t design. They have been 
selected to illustrate this synthesis pro¬ 
cedure in a realistic fashion without in¬ 
troducing security restrictions upon the 
publication of the paper. 


Zp^-l.OO 

Zr=0.60 

zaa^-io.o 

Z5r=0.10 
Z/j=-10.0 
izx^O.Ol 
ixz —0.05 

Wp—0.10 

0.25 


»/j=6.41 
flda “ ■”0.4 
»r““*4.0 
g/F=0.04 
y5a=0 
y3r=0.03 
— 0.10 
yr=0.003 


This gives an uncontrolled characteristic 
equation of 
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POSITIVE DIRECTIONS ARE SHOWN BY ARROWS 


AXIS 

FORCE 

MOMENT ABOUT AXIS 

ANGLE 
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DESIGNATION 
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DESIGNATION 
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DIRECTION 

DESIGNATION 

DEFINITION 
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AXIS 

ANGULAR 

ABOUT 
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X 

L ROLLING 

Y— 
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Jpdt 

U 

P 
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Y 

M PITCHING 

2-*- X 

9 PITCH 

Tqdt 

V 


Z NORMAL 

2 

X YAWING 

X—^ Y 

if YAW 

Srdi 

W 

Y 



FiS. 6. Lateral control system block diasram. Roll rate feedback 
to aileron; yaw rate feedback to rudder; yaw rate crossfeed to 

aileron 


Fis. 5. System of axes and symbols 

X axis, in plane of symmetry and perpendicular to Z axis 
y axis, perpendicular to the plane of symmetry 
Z axis, in plane of symmetry and perpendicular to the relative wind 


s«+1.35s^+6.6l5«+7.8^2-0.028s«0 (18) 

The desired characteristic equation of 
the lateral mode of the aircraft is specified 
as 

s(s^ d-2^i<«>ni-y 4-«ni^) (-5® 4-2f2«n25 (19) 

where 

=* 0.6 o)ni ='2.5 radians per second 

f 2 = 1 *0 <*>n 2 =1.0 radians per second 

It is not suggested that this is a de¬ 
finitive statement of a desirable lateral 
autopilot response. It is offered as repre¬ 
sentative of a desirable response and as 
convenient to illustrate the design pro¬ 
cedure. Substituting into equation 19, 
the values of the parameters just given 
results in desired characteristic equation 
of 

^+4,5sH 12 . 2653 + 14 . 75 ^ 2 + 6 . 25^=0 ( 20 ) 

Now, it will be noticed that the de¬ 
sired characteristic equation 20 has the 
same order as the characteristic equation 
18 of the uncontrolled system. This fact 
suggests that all of the required control 
may be obtained by modification of exist¬ 
ing characteristics of the uncontrolled 
system. Furthermore, since the desired 
characteristic equation possesses four in¬ 
dependent coefficients, four independent 
parameters are required in the control. 
An inspection of equations 13 through 17 
shows that one combination of four pa¬ 
rameters that will 3 rield the lequired con¬ 
trol is firt Ip, n 0 , and 4* Thus, the pro¬ 
posed control equations are 

8a ~ IIiiS<l>'\'HnSrp ( 21 ) 


8 t = Il 22 S'*p (22) 


When these equations are substituted 
into the original airplane equations, the 
modified aircraft parameters become 


1,=-d+ioiiu) 

(23) 

lr=-(-0.5+10ffii-O.lOffid 

(24) 

/(j= -(lO-O.lOflis) 

(25) 

«,-(o.io-o.40iriO 

(26) 

nr — — (0.25+4i322+0.4i?i2) 

(27) 

6.41—47^23 

(28) 

yr =0.003—O.O 3 H 22 

(29) 

-(O.IO-O.O 3 H 23 ) 

(30) 

An exact solution for the values of iZij, 


Hi 2 , H 22 , and can be obtained by sub¬ 
stituting equations 23 through 30 into 
equations 13 through 17 with B\ through 
jBs defined by equation 20. For very 
complex problems, a digital computer is 
usually applied. However, in many 
practical cases, a systematic manual 
calculation procedure is possible by dos¬ 
ing the loops in sequence and employing 
an iteration process suited to the particu¬ 
lar system under consideration. For 
example, the following process can be 
used in this case: 

1. For the first iteration assume that only 
Ip, h, nr, and are modified by the feedback 
terms. Using equations 13 through 17, the 
proper values of Ip, Ir, nr, and needed to 
fit Bi through Bz to the coefiidents of equa¬ 
tion 20 can be calculated by closing the H 12 , 
H 22 , II 2 Z, and Hi 2 loops in sequence. 

2. Then, using these values of Ip, Ir, nr, and 
n^, the required control parameters Hij can 


be calculated from equations 23, 24, 27, and 
28. 

3. New values of the parameters assumed 
to be constant in the first iteration, Up, 
yr and y^, can then be calculated from 
equations 26, 26, 29, and 30. 

4. Using the parameters obtained in step 3 
as constants in equations 13 through 17, 
new values of Ip, Ir, nr, and can be found 
as the first step in the second iteration. 

5. Repeat steps 2, 3, and 4 for as many 
iterations as are required to achieve the 
desired accuracy. 

When this process was carried out for 
the example, the results of two iterations 


are as follows 

2Jii=0.125 (31) 

H, 2 =2.21 (32) 

H22=0.2015 (33) 

i323=0 (34) 


giving a controlled determinant of 
5«+4.5054+12.1653+14.7352+6.3l5=0 (35) 

Note that, for the particular case 
chosen, one of the control parameters is 
zero. This implies that one of the exist¬ 
ing parameters of the uncontrolled system 
needed no modification to achieve the de¬ 
sired control. Also observe that one of 
the key control terms was the crossfeed 
term H^. 

Fig. 6 is a block diagram of the resulting 
system. It reveals the startling com¬ 
plexity of this control as seen by the fre¬ 
quency response method. 

Summary and Conclusions 

A method has been presented for per¬ 
forming the initial synthesis of a multi- 
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loop, mtiltiinput, and multioutput con¬ 
trol system. The synthesis procedure 
starts by comparing the characteristic 
equation of the uncontrolled system with 
the specified characteristic equation. The 
minimum number of feedback terms and 
compensating networks necessary to 
match the two characteristic equations are 
found. An examination of the expanded 
form of the uncontrolled determinant 
reveals the fruitful feedback and com¬ 
pensating network terms. These are 
added to the system in such a way as to 
match the controlled system characteris¬ 
tic equation to the specified characteristic 
equation in a logical fashion. 

This method appears particularly ap¬ 
plicable to autopilot, process control sys¬ 
tems, engine controls, and fire control 
systems while it is less applicable to in¬ 
strument servomechanisms and other 
single loop systems. However, several 
important steps must be taken to extend 
the utility of this method : 

1. A more detailed study of the relation¬ 
ship between the form of the characteristic 
determinant and desirable transient system 
responses is required. There have been 
several papers analyzing this problem.^ 
Generally the emphasis has been upon 
arriving at a damping value to minimize 
None of these methods re¬ 
veal the relationship between the natural 
frequencies of the characteristic determinant 
and the error transients. It is the basic 
problem of adequate system bandwidth 


Discussion 

Dtinstan Graham and Richard C. Lathrop 
(Wright Air Development Center, Wright- 
Patterson Air Force Base, Ohio); A ma¬ 
jority of the literature on the analysis and 
synthesis of linear control systems deals ex¬ 
tensively with the problem of obtaining the 
closed-loop response from a given open-loop 
response. Particularly the graphical meth¬ 
ods associated with the names of Nyquist, 
Nichols, and Evans are employed every day 
by engineers for this purpose. The authors, 
however, have quite correctly pointed out 
the difficulties of attempting to synthesize 
multiloop, multichannel, coupled systems by 
methods which depend on successively clos¬ 
ing loops with equivalent unit feedbacks. 
They deserve considerable credit for de¬ 
veloping the mathematical relationship be¬ 
tween the open- and closed-loop deter¬ 
minants of coefficients so as to show sys¬ 
tematically the effects on the characteristic 
equation of the various possible feedbacks 
and cross-couplings for the more complex 
systems. 

The claim, however, that “as far as the 
authors can find. . .this is the first time the 
emphasis has been placed upon a logical pro¬ 
cedure which matches the characteristic 
equation term by term. . .etc.” is likely to 
be misconstrued. In 1940 Imlay^ examined 
the problem of lateral control of an aircraft 


which plagues most system designers. Un¬ 
til this problem has more adequate treat¬ 
ment, the specification of the desired de¬ 
terminant will at best be a matter of good 
judgment rather than an exact procedure. 

Note, however, that the need for a de¬ 
tailed understanding of the desirable form 
of the system determinant is inherent in 
every type of control system s 3 mthesis pro¬ 
cedure. A frequency response specification, 
e.g., is a modified form of a characteristic 
equation specification. It is the determi¬ 
nant which bridges the gap between the 
transient behavior of a system and its fre¬ 
quency response. One of the strong points 
of this synthesis procedure is that it main¬ 
tains a close relationship to the fundamental 
design objective, namely, that of a desirable 
transient behavior. 

2. A careful study should be made to show 
how accurately a specified characteristic 
equation should be matched by the con¬ 
trolled system. This would assist in evalu¬ 
ating where the point of diminishing returns 
had been reached in adding additional feed¬ 
back terms. 

3. It may be possible to extend the de¬ 
scribing function method of handling non- 
linearities to this procedure. In either case, 
an analytic solution which includes the 
effect of nonlinearities would greatly assist 
in improving the validity of this design 
procedure. 

It is interesting to note where the syn¬ 
thesis method presented in this paper 
differs from the classical transient design 
method.2 In the classical approach the 
emphasis was upon maintaining a stable 
system as terms were added to the control 
system. In the method presented here, the 
stability is assumed once the desired charac- 

- ♦- 


teristic equation has been matched. The 
emphasis is now placed upon selecting a 
desirable response and upon s 3 mthesizing 
the minimum complexity control system 
rather than upon the stability of the sys¬ 
tem. 

It is clearly understood by the authors 
that what has been presented here is not 
entirely new. These are overtones of Mr. 
Evans* root locus method and several 
other investigators have suggested a 
similar approach.®’^ As far as the 
authors can find, however, this is the first 
time the emphasis has been placed upon 
a logical procedure which matches the 
characteristic equation term by term as 
related to the original set of differential- 
integral equations describing the un¬ 
controlled system. It is also the first 
time this procedure has been suggested as 
end in itself worth pursuing and develop¬ 
ing into a unique and powerful synthesis 
tool. 
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characteristic function term by term. In 
their 1944 monograph (published in English 
in 1948) Oldenbourg and Sartorius^ suggest 
this method and illustrate its application to 
a third-order process control. In 1946 
Whiteley® presented the method of “stand¬ 
ard forms” (desirable characteristic func¬ 
tions) and illustrated its application to the 
synthesis of several different feedback con¬ 
trols. Whiteley's procedure has already 
been “suggested as an end in itself worth 
pursuing and developing” by, among others. 
Porter^ and Jones and Briggs.® 

With regard to the steps noted by the 
authors as required to extend the utility of 
the method: 

1. The use of integral criteria has not by 
any means been restricted to the determina¬ 
tion of damping factors. In reference 1 of 
the paper the characteristic functions were 
normalized for convenience, but, given suffi¬ 
cient adjustable feedbacks (assumed by the 
authors), a system of any desired bandwidth 
could be synthesized to conform to the 
characteristic function selected by some 
integral criterion. In the case where an 
insufficient number of parameters are ad¬ 
justable, integral criteria may still be used 
to select optimum responses including sys¬ 
tem frequencies.® Oldenbourg and Sar- 


torius^ have suggested a new method for the 
determination of desirable transfer function 
coefficients including the frequency-deter¬ 
mining ones. The coefficients are developed 
from the “first principle” of flat frequency 
response and are similar in many cases to 
the ones selected by integral criteria. 

2. Reference 1 of the paper has presented 
a study of how accurately a specified charac¬ 
teristic equation should be matched by the 
control system. In general, the coefficients 
of the low powers of the complex variable 
must be matched as closely as the vagaries 
of physical equipment (including high- 
quality analogue computers) permit; while 
lie system dynamic characteristics are 
somewhat indifferent to changes in the coeffi¬ 
cients of the high powers of the complex 
variable. These statements are especially 
true of higher-order systems. 

3. It would be a major advance in con¬ 
trol system synthesis if the method described 
by the authors could be extended to cover 
nonlinearities. Have they had any success 
with this since the paper was written? 

In our opinion the method which the 
authors have contributed is a powerful one, 
and it will see increasing application to the 
design of complex systems, such as aircraft 
automatic controls. It is now feasible to 
synthesize coupled loops simultaneously. 
This cannot be done with frequency-re¬ 
sponse or root-locus techniques. 
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D. J. Povejsil and A. M. Fuchs: Mr. 
Graham and Mr. Lathrop have brought up 
a number of important points. They are 
quite correct in stating that our statements 
concerning the originality of our approach 
are misleading. The references cited as pre¬ 
viously employing the essential elements of 
this design procedure add to our own knowl¬ 
edge of the history of this approach. 

With regard to the problem of band¬ 
width it is true that any desired bandwidth 
may be synthesized if a sufficient number of 
parameters are adjustable. However, the 
problem is to determine what bandwidth is 
desired in a given application—a problem 
that will generally require considerable en¬ 
gineering judgment. 


The discussers* point concerning the in¬ 
sensitivity of the system dynamic charac¬ 
teristics to changes in the coefficients of the 
high powers of the complex variable is well 
taken. This fact makes it possible to sim¬ 
plify the preliminary synthesis procedure 
by neglecting high-frequency terms, a pro¬ 
cedure that was actually used in the example 
in the paper. However, such a simplifica¬ 
tion is not required by the method. One 
advantage of the method is that the desired 
characteristics of the high-frequency modes 
may be S5mthesized in the same manner 
used for the low-frequency modes. This 
fact is particularly useful for the synthesis of 
automatic flight control systems. The in¬ 
creasing natural frequencies of fighter air¬ 
craft have made it difficult to justify the 
convenient fiction that control surface servo 
drive systems are appreciably more rapid 
^ than the aircraft they are controlling. 

We have attempted to extend the method 
to nonlinear systems. At the present time 
no promising approach has been found. 


A General Theory for Determination of 
the Stability of Linear Lumped-Parameter 
Multiple-Loop Servomechanisms (and 
Other Feedback Systems) 


THOMAS S. AMLIE 
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T he main purpose of this paper is to 
set out the details of a general theory 
enabling direct determination of the 
stability of linear lumped-parameter mul¬ 
tiple-loop servomechanisms (and other 
feedback systems) which is broader in 
scope, more direct in application, more 
powerful in use, and yields greater insight 
to the physical functioning of both the 
system as an entity and its subloops than 
does presently available theory. 

The practical importance of the con¬ 
tent of this paper is evidenced in Both- 
weirs^ recent statement to the effect that 
satisfactory determination of the sta¬ 
bility aspects of a servo system comprises 
the prime problem of design. Obviously, 
if the system is to perform effectively in 
practice, it is essential that the system be 
stable as an entity. In multiple-loop 
servo systems, this over-all requirement 
necessitates, in turn, implicit or explicit 
knowledge of the effects on over-all sta¬ 
bility which result from a change of struc¬ 
ture of the linear loops. Additively, and 
often, explicit knowledge of the nature 


THOMAS J. HIGGINS 

MEMBER AIEE 


of the stability of one or more inner loops 
is needed, e.g., through the requirement 
that loops which incorporate devices 
which might be damaged by loop over¬ 
loading due to loop instability resulting 
from failure (in whole or in part) of com¬ 
ponents within the loop must be safe¬ 
guarded against such possibility. In 
consequence, for these and other reasons, 
a body of theory ought to be available 
which enables ready, inclusive analysis of 
the. stability of multiple-loop servo sys¬ 
tems on either an over-all or a per-loop 
basis. Although a certain amount of 
general theory which can be utilized for 
such purpose is scattered through the 
literature of classical dynamics and feed¬ 
back amplifier theory, no critically con¬ 
sidered, integrated account of application 
of it to the analysis of multiple-loop servo 
systems is to be found. Moreover, the 
various theories available in other sources 
prove, when gathered into an integrated 
whole, insufficient to enable analysis of 
limitedly stable systems. Yet inasmuch 
as the consideration of limited stability 


(defined in Section 1) is a necessity in cer¬ 
tain types of guided missile controls, 
autopilots, and other aero-device control 
systems, it is obviously desirable that 
this gap be filled by an extension of exist¬ 
ing theory. The practical importance of 
this paper thus stems from the fact that 
its contents comprise both an integrated 
account of conventional multiple-loop 
servo system theory and the desired ex¬ 
tension of it which enables analysis of 
limitedly stable systems. 

The subject falls naturally into three 
rather distinct parts: 

1. A statement of the general definition of 
stability, with definitions of the three major 
subclasses of stable, unstable, and limitedly 
stable systems. 

2. An integrated account of general sta¬ 
bility analysis of single-loop servo systems. 

3. An extension of this general single-loop 
theory to the analysis of multiple-loop servo 
systems on an over-all basis. 

The theory of the first portion of the 
paper is directly applicable to determina- 
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AIEE Committee on Technical Operations for 
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tion of the stability of single-loop systems; 
and as extended to multiple-loop systems 
yields knowledge of the stability on an 
over-all basis between specified input and 
output points. A theory which enables 
direct investigation of a multiple-loop 
system on a per-loop basis can be founded 
on a generalization of Bode’s^ method of 
return differences as used in feedback 
amplifier theory. Accordingly, in the 
second part of the paper Bode’s method of 
return differences is described with a 
generalization of it which enables com¬ 
plete determination of the stability of 
multiple-loop systems. 

Bode’s method of return differences, 
and its generalization, are based on mesh 
(or nodal) analysis as effected by the use 
of complex impedances (or admittances). 
This approach is convenient for feedback 
amplifier design, for which purpose Bode 
originated his procedure, since the de¬ 
scriptive equations of such systems are 
usually couched in terms of complex im¬ 
pedances (or admittances). Currently, 
however, servomechanism theory is 
largely given in terms of Laplace-trans- 
form transfer functions. Obviously, 
therefore, it is most desirable to have a 
generalized theory akin to that developed 
in the second portion of the paper, but 
in terms of transfer functions. Therefore, 
the third part of the paper comprises an 
original development of this theory. An 
application of this theory is illustrated 
by solution of a 3-loop servomechanism 
system. 

Discussion is restricted to lumped- 
parameter systems because of space limi¬ 
tations. However, the application of 
the theory so advanced to systems en¬ 
compassing distributed parameters is 
immediately possible by well-known 
theory. 

1. Fundamental Concepts 
Underlying Stability Theory 

Basic Definitions 

An important part of servomechanism 
theory is the determination of the sta¬ 
bility of a specified servo system. Con¬ 
sider a linear system which is either in a 
quiescent state or, because of the action 
of certain impressed forces, in a constant 
(unvarying), a periodic, or a transient 
state. Let this system be subjected to 
additional disturbing forces which come 
on at a certain time t— —4(/x>0); act for 
a finite length of time; and then vanish 
at, say, ^=0. The question is now posed: 
Will the system ultimately (i.e., as 
achieve the state it would have achieved 
as /-»"Ooif the disturbing forces had not 
acted? If so, then it can be said that 


“the system eventually returns to its 
original ultimate state.” 

To determine the answer to this ques¬ 
tion, the nature of the stability of the 
system must be ascertained. A system 
is characterized as: 

1. Stable if it returns to its original ulti¬ 
mate state. 

2. Unstable if the ultimate value of one or 
more of the dependent variables (responses) 
c{t) differs from the corresponding original 
ultimate value by either an arbitrarily large 
value or by an oscillatory function of arbi¬ 
trarily large maximum amplitude. 

3. Limitedly stable if the ultimate value of 
one or more of the dependent variables 
(responses) c(J) differs from the correspond¬ 
ing original ultimate value by a constant 
value, or a periodic function of finite maxi¬ 
mum amplitude, or a superposition of the 
two. 

Thus, consider a disturbed system of 
one dependent variable, where c{t) de¬ 
notes the disturbed response of this 
variable and co(^) denotes the corre¬ 
sponding original (undisturbed) response. 
Then the system is: 

1. Stable if lim [r(/)—ro(^)] = 0. 

f > CP 

2. Unstable if lim [c(/)~co(0] = « or 

t— 

an oscillatory function of arbitrarily large 
maximum amplitude. 

3. Limitedly stable: 

a. With constant displacement if lim 

[<^)-co(0]=iS:o. 

b. With sustained oscillation if lim 

wo-^o(0]=m 

c. With both if lim [c(0~'^o(i{)] 

Here Kq designates a constant value and 
P{t) a periodic function of finite maximum 
amplitude. The formulation of a similai- 
classification for a system of two or more 
dependent variables is possible. 

Further subdividing the concept of sta¬ 
bility, a linear system is characterized as: 

4. Absolutely stable with respect to a 
parameter of the system if it is stable for all 
values of this parameter (commonly, this 
characterization is made with respect to 
only positive values of the parameters). 

5. Conditionally stable with respect to a 
parameter if the system is stable for only 
certain bounded ranges of values of this 
parameter (commonly, this characterization 
also is made with respect to only positive 
values of the parameter). 

Finer distinctions of stability of a linear 
system are to be foxmd in the literature. 
However, the five definitions given here 
are sufficiently discriminating to cover 
most of the differences. 

In reading textbooks or periodicals 
the following points must be kept in 
mind with respect to these definitions. 


First, most technical writers characterize 
a system as only stable or unstable, the 
concept of limited stability not being dis¬ 
tinguished. Thus, a writer essentially 
interested in a system which is con¬ 
sidered satisfactory in performance only 
if it “returns to its original state” will 
consider a limitedly stable system as un¬ 
stable. On the other hand, if the system 
is considered satisfactory in performance 
provided disturbance does not cause it to 
“run away” (i.e., causes the value of one 
or more of the dependent variables to 
differ, within prescribed allowable limits, 
from the corresponding original ultimate 
value by a constant value or an oscilla¬ 
tory value of limited maximum ampli¬ 
tude as /-►oo), the writer will characterize 
a limitedly stable system as stable. 

• (Some writers say such a system “op¬ 
erates at the limit of stability,”) The 
reader should bear in mind the first three 
of the five categories of stability dis¬ 
cussed here, and interpret limited sta¬ 
bility in accordance with the writer’s use 
of stable or unstable. 

Second, although most writers use the 
term “conditionally stable” in the sense 
defined in item 5, some use it to denote 
what is defined in item 3 as a limitedly 
stable system. In view of the varied 
usage of this term, the reader must as¬ 
certain from the context the writer’s 
meaning of conditionally stable. 

Basic Procedures for Determining 

Stability 

The analytical determination of the 
stability of a linear system can be sim¬ 
plified as follows. Consider, first a sys¬ 
tem characterized by one response, thus 
by one dependent variable c(t). If the 
system is originally quiescent at t=—h 
the disturbing forces coming on at 
t=—ti act alone. If on the other hand, 
at the system is originally in a 

constant, a periodic, or a transient state, 
the disturbing forces act in conjunction 
with the original forces producing this 
state. In that the system is linear, 
superposition of disturbing and original 
forces and corresponding responses can be 
utilized to calculate the resulting dis¬ 
turbed response c(t). 

Thus, the resulting response c{t) can 
be calculated as the sum of the undis¬ 
turbed (original) response Coit) due to the 
original forces acting alone and the dis¬ 
turbing response cait) produced by the 
disturbing forces, considered as acting 
alone on the system taken as quiescent 
at the time the disturbing forces are im¬ 
pressed on the system. Hence, c(/) = 
Co{t)+Cd(t), The original response Co(t) 
is known (in that, if desired, it can be 
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calculated by well-known theory for any 
specified system and original forces). 
Accordingly, determination of the dis¬ 
turbed response c(t) of the system reduces, 
in essence, to determination of the dis¬ 
turbing response ca{t)^ 

Now the disturbing forces come on at 
/j(^i> 0 ) and vanish at, say, ^= 0 . 
At this instant /==:0, both Ca(i) = Cd(P+) 
and the values of its derivatives are known 
(in that they can be calculated by well- 
known theory for any specified system 
and disturbing forces). Accordingly, if 
these known values are considered as 
initial values of ca(t) at ^== 0 , the disturb¬ 
ing response ca(t) subsequent to /=0 is 
precisely that which results from finding 
the response Cff(t) of the system considered 
as force-free but subject to the just- 
stated initial values of Cd(t) at /= 0 . 

Hence, subsequent to removal of the 
disturbing forces at /= 0 , the disturbed 
response of the system after /=0 can be 
considered as the sum of the known 
original response coit) and the force-free 
responce Thus, c(t) — Co(t)+Cff(t), 

for />0. But by virtue of the analytic 
characterization of stability under items 
1 , 2 , and 3 of Section 1 , the nature of the 
stability is given by determination of the 
nature of lc(f)—Co(t)]—Cff(t) as 

Thus, the system is stable if lim Cff(t) =0, 

/—*-00 

etc., as specified in items 1, 2 and 3. Ac¬ 
cordingly it follows that determina¬ 
tion of the stability of a linear system 
reduces to determination of the ultimate 
nature of the force-free response Cff(t); 

i.e., to determination of the ultimate 
response of the force-free system subject 
to a certain specified set of initial values 
q( 0+), C(i'(0+),. . . at ^=0. This calcu¬ 
lation is a well-known problem in the field 
of transient analysis of linear systems, 
easily effected by use of the Laplace trans¬ 
form or other operational analysis. 

A somewhat less general formtilation, 
but a more convenient one in that it 
enables simpler calculation when ap¬ 
plicable, is as follows: Let the system be 
of such nature that the ultimate value of 
the force-free state is independent of 

the initial conditions at /= 0 , and thus of 
the nature of the disturbing forces.* 
Consider the disturbing force fd(t) as 
impressed at /=—/i(^i> 0 ), vanishing at 
^= 0 , and specified over the range — 

/<0 by a function of such nature that 

lim r fd(t)dt^l 

If now 4-^0, the disturbing force ap¬ 
proximates in the limit to a unit impulse 
S(i), acting at i{=0 (its Laplace transform 
is L[5(^)] = l). But in such a case cal¬ 


culation of the disturbing response Cd(t) 
not only reduces to determination of the 
response of the quiescent system acted 
on by the impressed force 5(/) at / = 0 but 
Cd{t)^Cff{t). Correspondingly, deter¬ 
mination of stability of the system re¬ 
duces to determination of the ultimate 
nature of the response of the quiescent 
system to unit impulse h{t). This calcu¬ 
lation is also a well-known problem in 
the field of transient analysis of linear 
systems (specifically, the desired response 
is the so-called Green’s function of the 
system). 

This second statement of the stability 
problem is somewhat simpler than the 
first, for determination of initial condi¬ 
tions at /=0 prior to calculation of %(/) 
is obviated. However, it is correct only 
if the ultimate value of caif) is independ¬ 
ent of the nature of the disturbing 
forces.*t This second formulation is the 
one advanced in most servomechanism 
literature, although the writers usually 
fail both to state the restriction just 
mentioned or even to delineate clearly 
what they mean by stability of a system. 
For example, various textbooks on servo¬ 
mechanism theory wrongly advance, as 
illustrative of their previous discussion 
of stability, a consideration of the re¬ 
sponse of a simple system to a step func¬ 
tion. But such an example is illustrative 
of the ultimate response of a forced sys¬ 
tem (discussed in Section 4); whereas 
actually the concern of the authors at 
this point and throughout the textbook 
is with the stability of a disturbed system, 
per the second formulation advanced in 
the foregoing. As certain systems may 
be stable as far as disturbed response is 
concerned, but unstable in so far as forced 
ultimate response is concerned, it is ob¬ 
vious that entirely different considera¬ 
tions are concerned in the two cases, and 
each must be analyzed accordingly. 

2 . Aaal3rtic Determination of 
Stability of Lumped-Parameter 
Single-Loop Linear Systems 

Determination of Disturbing 

Response Cd(t) 

Consider, then, determination of the 
actual disturbing response Cd{t) subse¬ 
quent to ^=0 as calculation of the re¬ 
sponse c{t)=Cd{t) of a lumped-parameter 
linear system of one dependent variable 


♦Such independence is commonly, but not always, 
true of linear systems; in partictilar, it is true for 
all dissipative systems, but not for all nondissipative 
systems. 

tHowever, as the former, rather than the latter 
type of system is commonly encountered in prac¬ 
tice, this slightly less general formulation suffices 
for most stability analyses. 


Table I. Contribution to Cu(t) of Six Varieties 
of Roots 


Contribution 
to Ultimate 

Nature of a,b Kind of Root _ State _ 

a< 0 , 6 = 0 ..positive real root,..<» or — » 
m 

a> 0 , 6 * 0 . .negative real root,. .0 
m ^1 

o * 0 , 6 = 0 . .zero real root,.. 2 Co 
m = 1 

a =0, 6 = 0. .zero real root,.. ~ ^ or— — i 

m ^2 

a = 0 , 67 *^ 0 . .conjugate imagi-. .iiCo sin 6 / 
nary roots, m = 1 

0=0, 67 »fi 0 . .conjugate imagi-. .oscillatory func- 
nary roots, m "^2 tion of infinite 
maximum am¬ 
plitude 

o>0, 6^0. .conjugatecomplex, .oscillatory func- 
roots, real part tion of infinite 

positive, m maximum am¬ 

plitude 

o<0, bp^O ..conjugate complex..0 
roots, real part 
negative, 


c(t), free of external forces, but at / = 0 
energized by a certain set of initial condi¬ 
tions; or, alternatively, consider deter¬ 
mination of the response of this system 
which, originally quiescent, is energized 
at /=0 by a unit impulse 5(/). The La¬ 
place transform C{s) of c{t) can in either 
case be expressed as a rational fraction 
in s: thus, as C{s)=A{s)/B{s), where 
A(^) and B{s) are polynomials in 5 and 
have no factor, and thus no zeros, in 
common. 

On expressing C{s)—A{s)/B{s) as a 
sum of partial fractions and inverting to 
obtain c{t) through use of well-known 
theory, it is found that: 

1. Each distinct real root s—a of the 
characteristic equation 5 ( 5)=0 contributes 
a term, 

2. Each real root 5 =a of multiplicity m 

m—l 

contributes S 

3. Each distinct pair of conjugate imagi¬ 
nary roots s — dbjb contributes Ao sin bt. 

4. Each pair of conjugate imaginary roots 
5 = =bj& of multiplicity m contributes 

2 Kif^ sin bt, 

5. Each distinct pair of complex roots 
s—a^jb contributes Koe^^ sin (bt+Bo). 

6 . Each pair of complex roots s—a:i=jb of 

OT—1 

multiplicity m contributes 2 sin 

i = 0 

It follows from items 1 to 6 that in 
general cit) will comprise a sum of terms, 
each containing where a is negative, 
the limit of which sum approaches zero 
as t-^ 00 ,the sum of the remaining terms. 
The first sum is called the transient-state 
component Ct{t) and the second sum the 
ultimate-state component Cu{t). Hence, 
in general The contri¬ 

bution to Cu{t) of each of the six varieties 
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of roots listed (as found by letting t-^co) 
is given in Table I. 

By compounding the contributions of 
each of these roots of B{s)=^0 as indicated 
in Table I, the nature of the ultimate 
state of the force-free system with pre¬ 
scribed initial values or of the quiescent 
system subjected to unit impulse 6(/) at 
/=0 is determined, and therefrom the 
stability of the system. Thus, e.g., if 
all the roots of jB(^) =0 are real and nega¬ 
tive, the disturbing ultimate response is 
zero; hence the ultimate state of the dis¬ 
turbed actual system (which is a super¬ 
position of the original state plus the dis¬ 
turbing state) approaches the original 
ultimate state of the system at : 
i.e., after the disturbing forces disappear, 
the system ultimately returns to its orig¬ 
inal state, hence is stable. 

General Stability Criteria 

By analyzing the various possibilities 
and by agreeing to term any root as 
complex, but distinguishing among com¬ 
plex roots as to whether they have a posi¬ 
tive real part, a negative real part, or a 
zero real part, the following root criteria 
are obtained: The system is stable if all 
roots of the characteristic equation B{s) — 

0 have negative real parts; is unstable if 
any root has a positive real part, or if any 
root has a zero real part and is of multi¬ 
plicity greater than one; and is limitedly 
stable if one or more roots has a zero real 
part and is of multiplicity one, the re¬ 
maining roots having negative real parts. 

Interpreted in terms of the location of 
the roots in the complex plane, the fol¬ 
lowing location criteria are: The system 
is stable if all roots of B(^) = 0 lie to the 
left of the imaginary axis; is unstable if 
any lie to the right of the imaginary axis 
or if any of multiplicity greater than one 
lie on the imaginary axis; and is limitedly 
stable if any of multiplicity one lie on the 
imaginary axis and the remaining roots 
lie to the left of this axis. 

In the limitedly stable case, a root at 
the origin results in superposition of a 
constant value on the original ultimate 
state, whereas a pair of conjugate roots 
on the imaginary axis results in superposi¬ 
tion of a periodic oscillation of finite 
maximum amplitude on the original 
ultimate state. 

Methods for Determining Nature of 

Roots of Characteristic Equation 

In examining a specified system one 
often is interested only in ascertaining 
whether or not the system is stable. To 
this end it is desirable to have a means of 
determining whether or not all of the 
roots of the characteristic equation B{s) = 


0 are pseudonegative (i.e., have negative 
real parts) without the necessity of de¬ 
termining the actual numerical values of 
these roots, which procedure may require 
considerable numerical labor if the equa¬ 
tion is of higher order than a quadratic. 
There are numerous methods for deter¬ 
mining whether or not all of the roots of 
a polynomial equation are pseudonega¬ 
tive, which can be characterized, roughly, 
as either algebraic or nonalgebraic, de¬ 
pending on whether algebraic computa¬ 
tion alone or a conjunction of algebraic 
computation and other calculation such as 
graphical delineation or some phase of 
complex variable theory is used in apply¬ 
ing them. 

The methods most commonly cited in 
textbooks on servomechanism theory are 
those of Hurwitz, Routh, and Nyquist. 
The closely related methods of Hurwitz 
and Routh are algebraic in nature, in¬ 
volving only routine numerical computa¬ 
tion. Nyquist’s is a nonalgebraic pro¬ 
cedure, somewhat more complex to use. 

3. Anal3d;ic Determination of 

Stability of Multiple-Loop Systems 

To determine the stability of multiple- 
loop lumped-parameter systems only a 
slight extension of the foregoing remarks 
on single-loop systems is necessary. In¬ 
stead of one, we have a system of differen¬ 
tial equations characterizing the system. 
In general, if no constraints are imposed 
on the system the number of equations, 
and thus the number of independent loop 
variables or responses equals the 

number of loops. Let us consider such 
here. 

On transforming the set of differential 
equations stemming from either the first 
or second formulation of the stability 
problem and solving the resulting set of 
algebraic equations for a particular loop 
variable C,(.v), C^is) is obtained, expressed 
as Cj{s) = D (s)/A(s ). Here A{s) is the de¬ 
terminant of the coefficients of the equa¬ 
tions in terms of the Cj{s)y and D{s) desig¬ 
nates the determinant formed by replac¬ 
ing the column of coefficients of Cj{s) by 
the column stemming from the initial 
conditions (first formulation) or the dis¬ 
turbing unit impulse (second formula¬ 
tion) . After eliminating factors common 
to D(s) and A{s) an expression of the 
form A(s)/B{s) results and analysis pro¬ 
ceeds as before where now, of course, each 
of the Q{s) must be considered before 
statement of stability can be formulated. 

A rather recondite point of multiple- 
loop stability theory should be mentioned 
here. It would be natural to surmise that 
the nature of the stability depends on the 


roots of A( 5 ) =0; in fact, however, it de¬ 
pends on the roots of B( 5 ) = 0. Thus, it 
is not difficult to construct systems where 
A(6) = 0 has one or more repeated roots; 
yet because of the fact that D(s) has fac¬ 
tors in common with A ( 5 ), in a certain 
manner, B{s) has no repeated root; 
whence qit) contains no power of t, and 
thus does not contribute to absolute in¬ 
stability. It is easily established (as wa& 
first explicitly done by Routh®* ^) that if 
A(^) = 0 has a root s=aof multiplicity 
then a necessary and sufficient condition 
that no power of t is to be contributed by 
this root is that all the first, second, etc.,, 
minors of A(s) up to and including the: 
(w—l)th minor shall vanish for 
Accordingly, when investigating stability 
in a multiple-loop system it is necessary 
to make certain whether or not D{s) and 
A(^) have factors in common, and if so, 
to proceed accordingly. 


4. Ultimate State of Forced Systems 


Although the concept of stability as 
given here is usually considered as a 
property of the system with respect to 
disturbance (i.e., one is to investigate 
whether or not the disturbing values pro¬ 
duced by r(/) = 5(0 ultimately vanish and 
the system returns to its original ultimate 
state) much of the associated theory can 
be applied to determine the ultimate 
nature of a response to a forcing func¬ 
tion; i.e., whether the ultimate response 
is infinite, zero, of finite constant value, 
an oscillatory function of finite or infinite 
amplitude, etc. Thus, in the specific 
case of a single-loop servo system of 
closed-loop transfer function l/Z(s), the 
operational response to a reference input 
r it) is 


C(5) = 


Rjs) 

Zisy^is) 


where (l>{s) stems from the initial condi¬ 
tions. On eliminating (or combining) 
factors common to R{s) and Z{s) and to 
(l>(s) and Z{s), the operational response 
takes the form 


C(5) = 


A(s) A'(s) 

B{syB'(s) 


and the analysis outlined in Section 2 can 
be applied as pertinent to determine the. 
ultimate nature of c(/). 


S. General Stability Analysis of a. 
Linear Lumped-Parameter 
Multiple-Loop Active Network. 

General Network Equations 

The procedure outlined in Section 3 re¬ 
sults in specification of stability on an\ 
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Fig. 1. Schematic of a friode 


over-all basis. Again, it is easiest ap¬ 
plied if the complete system is known ana- 
l 3 ^cally. However, this is not always 
feasible in practice; e.g., the transfer 
functions of certain components may not 
be known analytically. Accordingly, it 
is advantageous both for this and other 
reasons (such as stated in the second 
paragraph of the paper) to have available 
a theory for determining the stability of 
multiple-loop systems which is applicable 
to both 1, when complete analytic de¬ 
scription is available, or when a system is 
known, in whole or in part, through 
physical realization rather than through 
analytic description; and 2. when knowl¬ 
edge of the stability of certain specified 
inner loops as well as over-all stability is 
desired. This theory will now be de¬ 
scribed. 

It is easiest developed and grasped 
through analogy with the somewhat simi¬ 
lar theory based on return-voltage dif¬ 
ferences which Bode developed for 
analysis of the conventional stability of 
multiple-loop feedback amplifiers. The 
only readily available, comprehensive ac¬ 
count of this theory appears to be that 
advanced in Bode’s book, and this ac¬ 
count is rather loosely phrased and some¬ 
what di ffi cult to follow (at least, so it ap¬ 
pears to the authors). Therefore a con¬ 
cise, but clear-cut, delineation of Bode’s 
method of return differences is now given 
for determining the conventional sta¬ 
bility of linear lumped-parameter multi¬ 
ple-loop (electric) systems as a necessary 
preliminary to a generalization of this 
theory to encompass analysis of limitedly 
stable systems and subsequent develop¬ 
ment of a similar theory for multiple-loop 
servomechanisms. 


A quiescent w-loop electric network 
comprised of active and passive elements 
can be characterized either by a set of 
mesh or nodal operational equations. 
Obviously, that set might well be chosen 
which provides the simpler system of op¬ 
erational equations. Assume for the 
moment that the system is such that it is 
best characterized by its set of opera¬ 
tional mesh equations; thus, by 

<^2lil4“-^22/2 + . . . 

: ( 1 ) 

where Jy, and Zij denote Laplace 
transforms, thus functions of the complex 
variable 5. 

In equation 1 assume that the rep¬ 
resent bilateral passive impedances; 
for such the reciprocity condition holds: 
i.e., Zfy=Zyi. Next, in equation 1 let all 
of the driving voltages Ei except Ei be 
either zero or voltages produced in uni¬ 
lateral coupling impedances. Thus, typi¬ 
cally, Eic{k^l) might represent the volt¬ 
age produced in the kih mesh by a cur¬ 
rent in the jth mesh; as, e.g., in the 
case of a single vacuum tube with the 
grid circuit in the jth mesh and the plate 
circuit in the ^th mesh, as shown in Fig. 1. 
Fig. 2 shows the equivalent circuit of the 
tube; the input impedance Zg of the tube 
is in thejth mesh and the plate impedance 
and a generator of value —ixe are in the 
Mh mesh, e designates the grid voltage 
on the tube. 

In this particular instance theyth mesh 
equation is 

Z’/xii-hZ^aZz-f-.. . ‘f(2’yib-{-0)ifc-4-. .. -h 

(2 A) 

where the ^th mesh equation is 

• . 4’Zjbni’n = ^ixZglj 

Thus, equivalently 

. . . +(Z’Ay-l-jLiZ^)Jy-f-. . . -f- 

^knln—^ (2B) 

The unilateral property of the tube is 
evidenced by the fact that in equations 
2(A) and (B) 

Zkj' =(Z^y -\-iiZg) does not equal 

Zik^^iZ^k+O) (2’C) 


Thus, the reciprocal property does not ac¬ 
crue to the primed impedances Z^y' and 

If now in an arbitrarily specified system 
a similar transformation is effected for 
each of the unilateral elements in turn, 
the resulting set of equations will be of 
the form 

<2'uJi4-Zi2J2+. • . -{-Zinln^^i 
-^2lil+Z22i2+. . . 4-Z2n/n=®0 

: (3) 

-^«Ji4-Z;^/2-f... +Z«„J„=0 

where now the Z^y in equation 3 may rep¬ 
resent impedances such as those of Zk/ 
and Zy&' in equation 2, the primes being 
dropped for convenience. Inasmuch as 
Zij 9 ^Zji in general, the determinant com¬ 
prised of the coefficients of equation 3 is, 
in general, not symmetrical about the 
main diagonal. 

By well-known algebraic theory, solu¬ 
tion of equation 3 for the mesh current 
li in response to the driving voltage Ei is 

i-ffi (4) 

where A designates the determinant of the 
coefficients of equation 3 and An desig¬ 
nates the first cofactor obtained by omit¬ 
ting the first row and column of A. 
Similarly 



Retxjrn-Voltage Difference and 

Return Ratio 

In the preceding subsection the imped¬ 
ances (or admittances when nodal equa¬ 
tions are used) of an active element or pas¬ 
sive unilateral coupling device were en¬ 
compassed in the terms of the basic deter¬ 
minant A. A method of measuring feed¬ 
back is now given. Consider the circuit 
shown in Fig. 3. This figure represents 
a single tube in a multiple-loop system. 
The block N represents the complete cir¬ 
cuit except for the tube in question; Pi 


Fig. 2 (below). Equivalent circuit for a triode 
Fig. 3 (right). System when measuring voltage return difference 
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and P 2 ar® points that are connected to¬ 
gether in normal operation. Consider the 
indicated generator of driving voltage 
(at; transformation yields 
E^( 5 )=co/( 52 +co 2 ). Note, that Cl and a, 
representing capacitances equal to the 
plate-to-grid and grid-to-cathode capaci¬ 
tance, are shown connected to P 2 ; hence 
the circuit structure is not distturbed 
when the connection between Pi and P 2 
is opened, as indicated by the dotted 
line. 

The return-voltage difference F is de¬ 
fined as the phasor representation of the 
steady-state alternating-voltage differ¬ 
ence existing between Pi and P 2 when the 
sinusoidal voltage characterized by eg= 
sin (at is applied between Pi and C. Thus, 
F(j(a)^[l-E{j(a)l per Fig* 3. The re- 
ttim ratio T is defined as the return-volt¬ 
age difference minus 1; thus, r= P— 1 = 
return ratio; hence T(j(a) = F(j(a) — 1. 

Expression of F and T in terms of com¬ 
plex circuit impedances and a method of 
calculation of T can now be obtained. 
Let the grid terminal and plate terminal 
of the tube under consideration be re¬ 
spectively in, typically, meshes 3 and 4; 
and take, as occasion demands, the op¬ 
erational transconductance or mutual ad¬ 
mittance of the tube as W(5). W is thus 
a constituent of Z 43 or 743 in the general 
system of mesh or nodal equations re¬ 
spectively. 

A current u in the direction of the 
arrow at the point 4 will result in a voltage 
rise 


E{5)^ 


A\s) 


Us) 


«5) 


at point P 2 , where represents the deter- 
minantal value with the tube dead (W= 0). 
The operational voltage = «/ ( 5 ^+w®) 

applied between 0 and Pi will produce a 
current 74 = — T 7 co/( 5 ^+aj®) in the direc¬ 
tion of the arrow. The return-voltage 
difference [Eg(j(a) Eij(a)] is calculable 
as the phasor value of the steady-state 
component stemming from the trans¬ 
form of the voltage difference [^(,( 5 ) — 
5 ( 5 )] between Pi and P 2 . Thus 


P= 




ss (in phasor form) 


(7A) 




(7B) 


Performing the inversion, selecting the 
steady-state sinusoidal terms, and ex¬ 
pressing these as phasors yields 


P-l+TTC/o)) 


A48(jw) 

aW 




Aaijo)) 

AW 


(7C) 

(7D) 


where it is noted that the determinants 
are now fimctions of j(a. 

It follows from the properties of de¬ 
terminants that if A®( 7 o)) represents the 
value of the determinant A when T7=0 
and W(j<^) enters into the determinant 
only in Z 4 &{j(a)y then L^(j(a)+W 
represents the value of the determinant 
A(jw) when W has its normal value. 
Hence 


aC;co) 

A®(j«) 


( 8 ) 


The question of the stability of the 
general multiple-loop structure can now 
be treated. 


Deteiumination of Stability 

According to equation 5 and the theory 
developed in Section 1 and subsequent 
sections, the response %(/) of the general 
structure is stable if, when ei{t)—b{t) and 
thus = the roots of the deter- 
minantal equation A( 5 ) =0 have negative 
real parts. Limited stability occurs if 
some roots have negative real parts and 
the remaining roots are zero or imaginary, 
and the zero root is single and the imag¬ 
inary roots are either simple, or, if they 
are not simple, an appropriate number of 
minors have this same zero. Detailed 
consideration of limited stability is 
treated in a subsequent section; now only 
determination of the zeros of A(5) other 
than on the imaginary axis need be con¬ 
sidered. 

If the number of zeros of A(5) is ob¬ 
tained through a plot of the Nyquist dia¬ 
gram of the return difference given in 
equation 8 for values of s=j(a as w runs 
from* CO = to CO = and 5 then runs 
along the right-hand infinite semicircle 
from 5 = J c» to —i CO, the information ob¬ 
tained may be ambiguous; for according 
to Cauchy’s principle of argument the 
algebraically counted number of times 
the plot in the F{s) plane encircles the 
origin in a counterclockwise direction 
gives the difference between the number 
of zeros of A® and of A in the right half¬ 
plane of But tins information is not 
particularly useful, inasmuch as A® may 
have zeros in the right half-plane. The 
single-loop case gives no such difficulty, 
because A® then represents the circuit 
determinant of a passive system (the one 
and only active element is dead) whence 
A®=1. The A® of a multiple-loop sys¬ 
tem may, however, have zeros in the 
right half-plane because of the presence of 
the active elements, except the last one, 
being in their normal conditions. 

In such case the procedture to be used 
is to assume all the active elements ini¬ 
tially dead and plot the return differences 


as the active elements are restored one at 
a time to their normal condition. For it 
follows from equation 8 that the Nyquist 
diagram when all the tubes up to and in¬ 
cluding the jth tube are operative will 
encircle the origin (Fj—Zj) times in a 
counterclockwise direction, where Pj and 
Z^ respectively represent the number of 
poles and zeros of Ff = A^/ A^® in the right 
half-plane. The total number of en¬ 
circlements is thus (Pi—Zi)+(P 2 ““^ 2 )+ 

*. .+(P«~-2:„). The denominator of the 
jth. return difference is the numerator of 
the (j—l)th return difference. There¬ 
fore Pj-^Z^i. Thus the total number of 
encirclements equals (Pi—Z»). Now Pi= 

0 , because when the system comprises 
only bilateral passive elements, all the ac¬ 
tive elements being inoperative, Ai®, the 
resulting system determinant, has only 
zeros with negative real parts. Hence 
the total number of encirclements is Z#. 
Thus, if the total number of algebraically 
counted counterclockwise encirclements 
of the series of Nyquist diagrams obtained 
by beginning with all the active elements 
dead and energizing them one by one 
is equal to zero, the final system obtained 
is stable; if not, the system is unstable. 

It should be noted that the order in 
which the elements are re-energized does 
not affect the end result; however, it 
may well be that one order of restoration 
yields simpler intermediate computation 
than another. If so, and if the simplest 
order of restoration is discernible, it is ob¬ 
viously advantageous to so proceed. 

Generalization to Encompass 

Limitedly Stable Networks 

The method just described for ascer¬ 
taining stability is based on the assump¬ 
tion that none of the determinants A^ 
or Ai® occurring in the return difference 
Fi lie on the imaginary axis of a plane. 
This restriction will now be removed, and 
a theory formulated enabling the calcu¬ 
lation of limitedly stable systems. 

The occurrence on this axis of 5 of a 
zero of a determinant causes, first, a zero 
of the return difference having this de¬ 
terminant in the numerator, and second, 
a pole in the succeeding return difference, 
where this determinant occurs in the de¬ 
nominator. The plots of these return 
differences then go respectively through 
zero and to infinity. At these points and 
in so far as the one determinant is con¬ 
cerned, abrupt changes in the arguments 
of the corresponding return differences 
occur. The values of the changes are 
given by the use of a generalization of 
Nyquist’s method effected by applica¬ 
tion of the generalized principle of argu¬ 
ment stated in Appendix I. Thus a sim- 
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Fig. 4 (left). 
Schematic of a 
unilateral com¬ 
parator 




pie zero results in a change of t, minus 
or plus according as the zero of the deter¬ 
minant is a zero or a pole of the return 
difference; a double zero results in a 
change of 2t; a triple zero in a change of 
Sir, etc. 

Two major cases must be treated: one 
of the intermediate determinants 
[ip^n) may have zeros on the imaginary 
axis of s; or the characteristic deter¬ 
minant A representing the complete 
structure may have such zeros. 

Case Where Imaginary Zeros Occur in an 

Intermediate Determinant 

The condition where an intermediate 
determinant has zeros on the imaginary 
axis of ^ need be treated only to the end 
that the number of encirclements of the 
corresponding return dijfference be known 
without ambiguity. An intermediate de¬ 
terminant occurs once as a denominator 
and once as a numerator in the total se¬ 
quence of return differences. Accordingly 
the discontinuity of argument is of oppo¬ 
site sign in the two associated plots of the 
F. Thus, on summing the total changes 
in argument of all the plots, the net 
change of argument due to these particu¬ 
lar zeros will be zero. In such case the 
net encirclements for all the plots will be 
as though these particular zeros had not 
occurred. 

Case Where Imaginary Zeros Occur in the 

Last Determinant 

Next the behavior of the structure is 
considered if active elements fail so that 
the intermediate determinant which has 
zeros on the imaginary axis of 5 is the 
characteristic determinant of the system. 
In such case it follows from Section 1 and 
subsequent sections that in order to insure 
limited stability the zeros occurring on 
the imaginary axis must be simple or 
else an appropriate number of the minors 
must vanish for these same zeros. 
Analysis of this case evidently parallels 
that for the case when the determinant 
representing the complete structure has 
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Fig. 5 (risht). e|( 

—Schematic of an 
active element 

zeros on the imaginary axis. It therefore 
suffices to treat this final case. 

Assume then that the Nyquist plot of 
the last return difference F goes through 
F{s) = 0. Since the plot is for values of ^ 
on the imaginary axis of the .j-plane, this 
indicates that F{s) has zeros thereon. 
This function F is the quotient of two 
determinants whose expansions are poly¬ 
nomials in s. The numerator A is the 
characteristic polynomial representing the 
system. If F{s) vanishes, so also must 
A(^); hence it has zeros on the imaginary 
axis of s. However, this fact necessitates 
no essential change in the procedure out¬ 
lined. The only difference will be that 
in ascertaining from the plot of 

Fn, the calculation must be according to 
the generalized Nyquist method given in 
the second part of the Appendix rather 
than the usual simpler Nyquist criterion 
of the first part of the Appendix. 

. The analysis for zeros of one or more 
of the A^ occurring on the imaginary 
axis is now completed, which, in turn, 
marks the end of a total analysis ena¬ 
bling complete ascertainment of the sta¬ 
bility of a general linear lumped-parameter 
multiple-loop network encompassing both 
active and passive elements. 

d. General Stability Analysis of a 
Linear Lumped-Parameter 
Multiple-Loop Servomechanism 

The complete stability analysis of linear 
lumped-parameter multiple-loop active 
networks detailed in Section 5, applicable 
on either the mesh or nodal approach, is 
based on the use of operational imped¬ 
ances or admittances. Use of the latter 
is suited to feedback amplifier analysis 
because the equations are most easily 
expressed in terms of impedances or ad¬ 
mittances. Currently, however, servo¬ 
mechanism theor}’’ is largely based on the 
use of transfer functions. Accordingly, 
it is desirable to develop a general theory 
akin to that of Section 5. but couched in 
terms of transfer functions rather than 
impedances or admittances. 

Equations Characterizing Comparison 
Device and Active and Passive Ele¬ 
ments ■ 

A comparison element (which may be a 
pair of synchros, a differential trans¬ 


former, an adding amplifier, or any such 
device) of a servo system is shown sche¬ 
matically in Fig. 4; this element is com¬ 
monly termed a unilateral comparator. 
Working now in terms of the Laplace 
transforms of the system quantities, let 
the signals e^ and be assumed as output 
and input signals of the active elements; 
the input E* of Fig. 4 represent some ex¬ 
ternally introduced signal. The action of 
the comparator is such that the quantity 
eje is equal to e^y the signal that would 
exist if no input were introduced, plus 
the input E*; i.e., ej,=^ei,'+Ejc. The un¬ 
identified arrows leading into the lower 
part of the comparator represent inputs 
due to signals in other parts of the struc¬ 
ture, which come through passive net¬ 
works to this comparator, in accordance 
with a convention that if inputs come 
from an active element they will be des¬ 
ignated by subscripts, as are Cj and ej^. 

The equation describing the function 
of the comparator can be written as 

«iEai+«2E&2+. .. '^ejPjcj-{-ejcPich-¥ ... + 

^nFkn ~ DicPjeje ( 9) 

Pjik will in general be equal to 1. This 
equation could be solved for e*, which 
might nominally be taken as the output of 
the comparator. This done, {—eiPjci/Phk) 
can be interpreted as the component of ej^ 
due to ei, {—e 2 Pk 2 /PkT^ as the component 
due to ^ 2 , etc. Correspondingly, (—Pa:i/ 
Pnic) can be interpreted as the transfer 
function from ex to e*, etc. 

An active element, e.g., an amplifier 
(electronic, hydrauHc, pneumatic, etc.) 
is shown schematically in Fig. 5. Here 
Em, represents the externally introduced 
signal. The output signal is given by 

Om.^Gkis)e]c-\-Ern,^era ~\‘Ein ( 10 ) 

A passive element wiU have associated 
with it an equation similar to equation 10, 
except that in general it will contain no 
externally introduced signal. 

General System Equations 

If for a quiescent system an equation 
such as 9 is used for each comparator, 
and equations similar to equation 10 for 
each active element and each passive 
element, and all the e^ are eliminated ex¬ 
cept those which are input or output sig¬ 
nals of the active elements, a set of 
equations is obtained, typified by 
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eiPii-Ve^Pn-^ • • • +^n-Pin —-Ei-Pu 
^l-P21 + ^2^*22+ . • * +^n-P2W =-^2-^22 

I (11) 

^’i-Ptti+^2'Pn2+• • • +^»-Pnn ”wn 

In equation 11 all symbols designate the 
Laplace transforms of the corresponding 
system quantities, hence are functions of s. 

Return-Signal Differences in Terms 
OF Transfer Functions 

The procedure for ascertaining stability 
given in Section 5 requires plotting the 
return-voltage differences. Essentially, 
this approach enables the testing of sta¬ 
bility because the sequence of return- 
voltage differences terminates in a final 
return-voltage difference whose numera¬ 
tor is the characteristic determinant of 
the system. A similar procedure is used 
here. 

Consider an active element, say the 
second. It is desired to find the return- 
signal difference. The system of equa¬ 
tion 11 defines the system when the 
points Pi and Pa in Fig. 6 are connected 
together and the test generator shown by 
eg{s) is removed. For this condition, 
find the voltage due to the singly acting 
external voltage £ 3 ; nil the other Ej are 
assumed to be zero. 

By the way in which the equations are 
formed, G^is) appears only once in the 
system of equation 11; namely in 

— ^2Gi{s) “ 1-63 — £3 (^^) 

Under these conditions equation 11 be¬ 
comes 

«lPu+^2Pl24-«3Pl34*. •. +«nPi«=0 
6iP 21+^2P224-^3P234‘ • • • +^nP2n =0 
0 — 62 G 2 (^) +«3 -f . . . +0 = £3 (1^) 

«iPwl4-62Pn2+«3P«3+‘ • • +^nP?m = 0 

Solution of this set for 62 yields 

(14) 

A 

When the system is as in Fig. 6, the ac¬ 
tive element is inoperative in the systan 
except that its output G 2 {s)eg acts to pro¬ 
vide an external signal source equivalent 
to the Es utilized in the foregoing. With 
Giis) = 0 and a signal Ez applied, equation 
15 is obtained from equation 14 




(15) 


where A" indicates the value of A with 
G:j(s)= 0, and Ass remains unchanged 
inasmuch as Gi{s) does not occur therein 
(see the remark preceding equation 12). 
If G 2 {s)e, is treated as the signal source 
equivalent to Es, then 


e2=e»Gs(s) 


— 

AO 


(16) 


The return-signal difference is given by 
eg’-e 2 y whence by equation 16 

F=e, - j^e(,Gs(s) 

=e,[l-Gs(s)^] (17) 

Fa®— G 2 CS) A32"1 

—J 

But A® is evaluated with (^ 2 ( 5 ) =0, and 
G 2 (s) occurs only as — P 32 . As indicated 
in equation 13 the third row of A contains 
only two elements, P 32 and 1. Hence A 
can be written as the sum of the two 
determinants 

A0-6:2(^)A32 = A (18) 

Substituting 5 delds 


oratory determination of the return- 
signal differences. These F(jo)) are pre¬ 
cisely those yielded by equation 20 as 5 
runs over the imaginary axis. 

As equation 21 is of the same functional 
form as equation 8, it follows that deter¬ 
mination of the stability of the system 
characterized by the set of equations 11 
can be carried out in precisely the same 
manner as outlined in the third part of 
Section 5. In the course of this analysis 
it is necessary to calculate the signal- 
return differences Fj =A^/ Af = Aj/ Ay_i 
for j = l, . . ., w (where m designates the 
number of active elements). Here Fj 
designates the return difference obtained 
with =sin cat applied at the input of 
Gj(s)y with the active elements Gj+u. . 

inoperative: i.e., Gj^i{s)^. . ^=Gmis) 
= 0. Accordingly, the set of signal-re¬ 
turn differences is needed 


Taking eg(s) = ly which corresponds to a 
unit impulse test signal eg(t) =5(0 


F(s) 


A(s) 

“ao(5) 


( 20 ) 


If, alternately, eg(t) = sin cat, then Cg^s) = 
ca/(s^+ca^) and F(s) = [ca/(s^+ca^)] [A(^)/ 
A0(^)]. Inversion of F{$), and selection 
of the sinusoidal steady-state component 
of the resulting time function and expres¬ 
sion in phasor form as in the second part 
of Section 5, yields 


P0«) = 


A(J(a) 

A0(;«) 


( 21 ) 


Obviously, this complex number form of 
the return-signal difference enables lab¬ 


Fj(Jca) * 


Ajijca) 

Aj^iU<») 


(21A) 


where Aj(jca) [A(s) evaluated for Gj^i 

( 5 ) = . . . = GTO(s)=0]fi»yft,. 

With this knowledge it is possible to as¬ 
certain stability through the use of 
Nyquist’s stability method, which is illus¬ 
trated now for a specific system. 


Illustrative Example 

This example is sufficiently broad in 
scope to illustrate use of the whole of the 
theory just developed. Fig. 7 shows a 
multiple-loop system. The system of 
equations paralleling equation 11 can be 
written by inspection. Thus 



Fis- 6. System when calculatins return difference 



Fig. 7, Illustrative multiple-loop system 
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Fig. 8. Contour bounding the right half-plane of s; no poles on 
the imaginary axis 


_ 

El '~l+Hi(s)Gi(s) 


First comparator: 

Cl 4 *i 3 i( 5 ) 62 +0 +^33(5) 64 « jEi 
First amplifier: 

—(?i(5)ai+e2+0H-0= —0 (22) 
Second comparator: 

0 — ^2 -hea +^ 2 ( 5 ) 64—0 

Second amplifier: 

0+0 — 02(3) 6 z -\-64 = 0 

Equations 22 can be reduced by inspection 



to 

[ - Gi(s) ] ai + [1 +G2(s)H2(s) ]ez^0 
Solution of equation 23 for es yields 

_ Gi(s)Ei _ 

1 +^i(5)C7i(r) +J32(^)G2(^) ■i-Hi{s)H2(s) 
Gi(s)G2(s) +Gi(s)G2(s)H2(s) 

(24) 

From 


64^G2(s)63 (25) 

equation 26 is obtained 

^ __ <?i(^)6^2(^)Ei _ 

' l-\-Hiis)Gi(s)+H2(s)G2(s) + 

£I^i(s)H2(s)Gi(s)G2(s) +Gi(s)G2(s)ff2(s) 

(26) 

Imposing the condition G2=0 yields e 4 = 0 ; 
hence ^2 = ^3 for this case. The over-all 
transfer function of the first loop with 
the second amplifier inoperative is ob¬ 
viously 


The determinant of the coefficients of 
the set of equations 23 is 


A = 


[l+Gi(s)Hi(s)] IG 2 (s)Hz(s)] 
[-Gi{s)] 11+G2 (:s)H2{s)] 


(28) 


Calculating Ao, Ai, and A 2 [the values of A 
found by taking, in turn, Gi(s) and G 2 {s) 
equal zero, hence both amplifiers in Fig. 



Fig. 11. Plot of Fi for the second case 
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5 


F (s)- plane 



Fi$. 12. Solid line is plot 
of Fa for the second case; 
dashed line is a detailed 
plot in vicinity of the 
orisin to an enlarsed scale 



7 inoperative; G 2 (s) = 0, hence, the second 
amplifier in Fig. 7 inoperative; and both 
amplifiers operative] from equation 28 
yields 

Ao = l 

Ai^t+Giis)H2(s) (29) 

Aa = 1 ■hGi(s)Hi(s) +G 2 (s)H 2 (s) + 

Gi(s)G2is)Hi{s)H2(s) ^Gi(s)G2(s)Hz(s) 


The denominator of Fi has no zeros in the 
right half-plane, hence Pi = 0. Fig. 9, 
the Nyquist plot of Pi, where the portions 
of the plot for positive and negative values 
of y are coincident, indicates two clock¬ 
wise encirclements. From equation 31 

5*+6^^+105^+36^+16 

(^ 2+25 + 1 )( 52-5 + 1 ) 


where, from use of equation 21(A) 


Pi- 


P2- 


l-\-Gx(s)m(s) 

1 

l+<7i(5)i7i(^) +G2(s)H2(s) +Gi($) X 

G2is)Hi(s)H2(s) -^Gi(s)G2(s)Hz(s) 

l+Gi(s)ms) 

( 31 ) 


These functions, when plotted as runs 
over the contour of Fig. 8, enable the de¬ 
termination of stability as detailed pre¬ 
viously. As a particular case, consider a 
system with transfer functions 







ms)=i 

( 32 ) 


While the values of the gain constants and 
time constants thus chosen are not par¬ 
ticularly representative of those occurring 
4n practice, a choice of integral values 
tavoids obscuring the run of the develop¬ 
ment by numerical data not easily 
'handled. 

Stability is now investigated for three 
.different values of K (A!—3.0, 2.0, and 
.3.309), so chosen as to illustrate all 
•points involved in stability calculation by 
•the theory .derived in the foregoing. 


jnner Lpop Ui^stciblej Complete Structure 
Stable: K = 3.0 
From equation 30 

„ l+Gi(4:ffiC^) 52-5+1 
- T~^-^,^+2s+rAo ^ ^ 


Fig. 10, the Nyquist plot of this function, 
indicates two counterclockwise encircle¬ 
ments. 

Accordingly, the net sum of the en¬ 
circlements of Pi and P 2 is zero; whence 
from 0—0—Z 2 , we have Z 2=0 
and thus the system of equation 26 is 
stable. Suppose, however, the amplifier 
having the transfer function G^is) became 
inoperative in practice. Then the net 
encirclements are given by the plot of 
Pi alone. As then, from — 2 —0—Zi, we 
have Zi—2, the partially functioning sys¬ 
tem of equation 27 would be unstable. 

Inner Loop Limitedly Stable, Outer Loop 
Stable: K—2 

From equation 30 
„ 52+1 

P as . 

' 52+25 + 1 

The denominator of Pi has no zeros in the 
right half-plane, hence Pi —0. Fig. 11 
shows the Nyquist plot of Pi. Here, as 
in Fig. 10, the portions for y and —y 
coincide. The plot goes through zero 
twice. This indicates a pair of conjugate 
imaginary zeros. By the generalized 
principle of argument, the net change in 
phase of Fi{jy) as y runs over the suc¬ 
cessive segments of the imaginary axis is 
— 2tc, equivalent to one clockwise encircle¬ 
ment. From equation 31 

5^+753+1252+275+11 

(5+l)V+l) 

The Nyquist diagram of P 2 is plotted in 


Fig. 12. The plot goes to infinity twice, 
indicating a pair of imaginary poles. By 
the generalized argument principle, the 
net change in the phase of P 2 as y runs 
over the successive segments of the imag¬ 
inary axis is 2tc, equivalent to one 
counterclockwise encirclement. 

Accordingly, the net sum of the en¬ 
circlements of Pi and P 2 is zero encircle¬ 
ments, whence from 0—Pi~'Z 2 = 0 —Z 2 , 
we have Z 2=0 and the system is stable. 

In this instance, if the amplifier of transfer 
function G 2 becomes inoperative the net 
encirclements are given by Pi alone. 
Hence —l=Pi—Zi—O^Zi, or Zi—1. 
This corresponds to either one zero of Pi 
in the right half-plane or two on the imag¬ 
inary axis. Inspection of Fig. 11 shows 
that the latter is the case. Thus the par¬ 
tially functioning system is limitedly 
stable. 

Inner Loop Unstable, Outer Loop Limitedly 
Stable: K^3309 
From equation 30 
52 - 1 . 3095+1 

.s*+2i+l 

Fig. 13 shows the Nyquist plot of F\. 
As before, the curve representing +y and 
that representing — y coincide. The total 
change of argument for Fi is —4x, corre¬ 
sponding to two clockwise endrdanents. 
Thus Pi-Zi=-2, but since Pi=0 we 
have Zi=2. From equation 31 

5«-f5.69U»-b9.3825»-b38.8r-H7.55 

(ji+2i-fl)(r*-1.309r-i-l) 

Fig. 14 displays the Nyquist plot of Pa- 
Application of the argument principle 
indicates a change of phase of 2x, corre¬ 
sponding to one counterclockwise encircle¬ 
ment. Thus Pi—2^=0—Zi=l, indicat¬ 
ing either a zero in the right half-plane or 
two conjugate imaginary zeros. Inspec¬ 
tion of Fig. 14 shows the latter to be the 

case. Accordingly, the system is limitedly 

stable. 

An Alternative Approach 

Rather than ascertain the difference 
between poles and zeros of the F j by use 
of the generalized principle of argument, 
a conformal mapping procedure could 
be u sed . For details and illustration 
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s-plane 


s-plane 



Fig. 13 (left). Plot of 
Ft for the third case 


Fig. 15 (right) (A). 
The function f($) is 
analytic on C and is 
assumed to possess no 
zeros on C. (B). The 
contour C is indented 
to the inside of the 
enclosed area to by¬ 
pass a zero of f(s) at the 
origin and poles of f($) 
at s = dhja 



C 



B 


through solution of the illustrative prob¬ 
lem of Fig. 7, see reference 3. 

Appendix I. .Methods of 
Nyquist and Cauchy 

Nyquist’s Method and Cauchy’s 

Principle of Argument 

Nyquist’s* original derivation was limited 
to considering the characteristic equation 
of a system whose output for sinusoidal in¬ 
put vanished as the frequency approached 
infinity; he obtained his final expression 
by a rather intricate analysis. However, 
both the restriction and the intricacy of 
analysis can be obviated by a derivation 
based on Cauchy’s principle of argument, 
easily established by simple complex vari¬ 
able theory. 

Theorem I: ^ Let/(i') be single-valued and 
analytic both inside and on the simple closed 
contour C bounding the domain JD, except 
for a possible number p of discrete poles of 



multiplicity mt at Si. Let/(5) 9^0 anywhere 
on C. Then 

1 ^f(s) 1 

where F designates the number of poles 

p 

P = S frn; Z designates the number of zeros 

i=i 

z 

of/W inside C; and A [phase/(^)] 

indicates the algebraic increase of phase 
(argument) of f(s) as the contour C is 
traversed once in the evidenced clockwise* 
direction, phase being valued positive or 
negative in the usual trigonometric sense. 
Proofs of this theorem are advanced in 
numerous textbooks on complex variable 
theory; also, specifically, in references 3 
and 6. In this light Nyquist’s criterion as 
utilized in servomechanism theory is merely 
an adoption of Cauchy’s principle of argu¬ 
ment to the contour of Fig. 8, where/(s) is 


♦According to established convention in servo¬ 
mechanism analysis, integration along the contour 
of Fig. 8 is in the opposite direction to the conven¬ 
tional mathematically positive sense used in the 
theorem; thus the direction of integration has been 
chosen in accordance with this servomechanism 
convention. 



Fig. 14. Solid line is plot of F^ for the 
third case; dashed line is a detailed plot 
in vicinity of the origin to an enlarged 
scale 


to be interpreted as the appropriate charac¬ 
teristic polynomial or transfer function of a 
servo system. 


Generalization of Nyquist’s Method 
and Cauchy’s Principle of Argument 


In multiple-loop servomechanisms it 
occasionally happens that zeros of the vari¬ 
ous characteristic functions occur in general 
on the imaginary axis; and in both multi¬ 
ple-loop and single-loop analysis, a zero 
often occurs at the origin. Obviously, 
therefore, it is desirable to so generalize 
Nyquist’s criterion that calculation can be 
effected for such cases. This generalization 
is obtained through use of a generalization 
of Cauchy’s principle of argument as fol¬ 
lows: 

Theorem II: Let the conditions on f{s) 
be as stated in theorem I, except that f{s) 
may have possible discrete poles and zeros 
on C. Let be the contour obtained by 
indenting C with semicircles of indefinitely 
small radius as in Fig. 15, so as to by-pass 
the poles and zeros of f{s) on C, Then 


f(s) 


ds’-P- 


-2=—X 

27r 


Ajphase of/(^)] 

2i 2i 


where F and Z are as in theorem I; P' 
designates the number of “indented” poles 

p* 

F^-Zmi'; Z' designates the number of 

i = l 

“indented” zeros Z' = S and As [phase of 

f(s)] indicates the algebraic increase of phase 
(argument) of f(s) on the separate segments 
of Ca which link tihe indenting semicircles. 

Proofs of theorem II are advanced in 
references 3, 6, and 7. In this paper the 
generalization of Nyquist’s criterion com¬ 
prises adoption of theorem II in the same 
fashion as outlined for theorem I. The 
plot of the Nyquist diagram yields evalua¬ 
tion of As [phase of f(s)], and P' and Z' are 
shown per se; thus knowledge of (F’-Z) is 
obtained as desired. 
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Discussion 

L. F. Kazda (University of Michigan, Ann 
Arbor, Mich.): I would like to compliment 
Dr. Amlie and Dr. Higgins on their clear 
and concise delineation of Bode’s discussion 
of return ratio and return-voltage difference. 
This section of Bode*s book has been a 
topic for discussion among those interested 
in closed loops for some time. The authors 
have made a useful contribution in applying 
these feedback amplifier concepts to multi¬ 
ple-loop servomechanisms. 


Herbert K. Weiss (Northrop Aircraft, Inc., 
Hawthorne, Calif.): The authors are to be 
commended for their comprehensive de¬ 
lineation of procedures for ascertaining the 
stability of linear lumped-parameter multi¬ 
ple-loop feedback systems. Of especial 
interest is their careful establishment of the 
definitions of stability, and the interpreta¬ 
tion of these definitions in terms of the 
dynamic performance of the system. How¬ 
ever, it is to be regretted that the authors 
chose to omit from the pa,per those system 
types which are less commonly treated in 
the literature yet whose stability can be ex¬ 
amined by extensions of the methods pre¬ 
sented. These include systems with dis¬ 
tributed parameters and systems which can 
be described by linear differential equations 
with time varying coefficients. 

Designers of ultrahigh performance con¬ 
trol systems such as those employed in 
missiles have pointed out to me that stabil¬ 
ity determination of a system often occurs 
at a late stage in system synthesis, and that 
the major initial effort is concerned with 
exploration of the bounds beyond which 
system elements become nonlinear. Lifting 
surfaces stall, moveable elements encounter 
stops, amplifiers saturate, and power sup¬ 
plies are limited. Within these bounds the 
system must perform stably, as one element 
after another exceeds its bound of linearity 
and returns. In addition the transfer 
functions of the constituent elements change 
in time intervals which are sometimes com¬ 
parable to the response times of the elements 
and the complete system. 

This is not a criticism of the content of the 
paper under discussion, which is confined to 
the domain defined by its title. It is hoped, 
however, that future papers will extend the 
examination to less familiar varieties of 


l iTK^ ar controls and ultimately to systems of These equations are identical with equa- 
bounded linearity. tions 30 and 31. 


George J. Thaler (United States Naval 
Postgraduate School, Monterey, Calif.): 
Mr. Amlie and Professor Higgins are to be 
congratulated on a thorough and interesting 
analysis of a difficult and important subject. 
Their concise and complete general defi¬ 
nition of stability is worth noting; the word 
'^stability” has been used much too loosely 
in feedback control literature. The authors' 
application of the method of return-voltage 
differences is the first such application in the 
servo literature (as far as I know), and it is 
quite obvious that they have developed a 
convenient and satisfactory means for 
analyzing stability in multiple-loop systems. 
One is inclined to suspect that the method 
of return-voltage differences may have other 
applications in the field of servomechanisms 
and feedback control systems. 

For those of us who prefer to derive our 
equations from the specific circuit diagrams, 
the return-voltage differences equations 
may be obtained readily without considering 
the general matrix equation. In Fig. 7 
two return-voltage differences are required, 
Fx and Fi, as specified by equations 30 and 
31. The equation for Fi may be derived as 
follows: 

Fx obtains when amplifier 2 is inoperative. 
The return voltage desired is that voltage Vi 
appearing between comparator 1 and the 
input to amplifier 1 when the connection 
between these components is broken and a 
voltage eg{s)=^l is applied at the input of 
amplifier 1 with all other voltages zero. 
Then the return voltage difference is 


^ .. e,(j)-F.(^) 

F,-e,(s)-V,(s)- 


II 

(35) 

Fi(^) = -e,(s)Gi(s)Hi(s) 

(36) 

and thus 


^•i = l+Gi(i)Hi(j) 

(37) 


In like manner F^ is obtained at the input 
of amplifier 2 


e,{s) 

where F 2 (j) is the voltage appearing across a 
broken connection between comparator 2 
and amplifier 2. 

^ 2 ( 5 ) = —eg{s)G2{s)H2{,s) H- 

..wa(W)i-ii ,4ga(,) 

G,{s)H,(s) +Gi(^) G^s)H,(,s) X 

_ H^s) +Gi{s)G,{s)H,{s) 

~ l+GiWHiW 

(39) 


from which 


Richard W. Jones (Northwestern Univer¬ 
sity, Evanston, Ill.): The very thorough 
discussion of stability, both from the stand¬ 
point of definition and evaluation, contained 
in this paper should be a valuable aid in the 
analysis of complex systems. In particular, 
the notion that one is principally concerned 
with the behavior of a system following a 
disturbance is well emphasized. The au¬ 
thors have wisely referred to the work of 
Bode and to the immense store of infor¬ 
mation contained within that volume that 
bears directly upon feedback control prob¬ 
lems. 

The analytical basis for stability as stated 
in this paper makes use of the transformed 
variable s. This variable is usually related 
to the Laplace transform method of solution, 
and although the formulation of stability 
criteria in these terms is admittedly correct, 
it does tend to obscure the fact that stability 
is entirely a property of the differential 
equation and not of any method of solution. 
Thus Laplace transforms can be left com¬ 
pletely out of this discussion, and the entire 
stability problem stated as an algebraic one 
related to the roots (or coefficients) of a 
polynomial. This modification in view¬ 
point is one that I believe has significant 
educational advantages. 

In proposing the use of Bode's method of 
return differences for the assessment of 
multiple-loop systems it should not be 
inferred that the more conventional Nyquist 
plots of certain open-loop functions are in¬ 
applicable. In appl 3 dng Cauchy's principle 
of argument the results can hardly be said 
to be ambiguous but rather that this test is 
not sufficient and that more information is 
required. That is, the mapping test itself 
yields only the value of the difference be¬ 
tween the number of zeros and the number 
of poles within the contour, and since it is 
usually the number of zeros that is sought, 
the number of poles must be ascertained by 
other means. In the single-loop case this is 
readily done because the poles of the test 
function (the closed-loop equation) are also 
the poles of the open-loop transfer function 
and thus normally obtainable by inspection. 
On the other hand, with multiple loops the 
location of the open-loop poles is not evident 
and must be found by additional calcula¬ 
tion. This is carried out by applying the 
same mapping criteria to each minor loop. 
In the case presented in the paper this 
would involve maps of 


Gx' 


Gx 

l+GxHx 


6 ^ 2 ' = 




(41) 


These are of course most easily made by 
mapping the open-loop functions GxHx and 
gJIi and testing with respect to — 1. 
Plots of the inverse transfer function will 
frequently expedite this process. The 
complete system is represented by 


G2{s)H2(s) +Gx(s)G2(s)Hx(s)H2(s) -f 
_ Gx(s)G2is)H2(s) 

(40) 

l+Gi(.s)Hiis) +G,is)H,(s) + 
Gi(s)G,is)Hi(s)H,(s)+Gi(s)G,(s)H,(s) 
l+Gi(s)Hi(.s) 


Fx 1 -\-Gi^G2'JSz 

so that it may be mapped by plotting the 
function Gx*G 2 *Hz and again referring this to 
- 1 . 

It will be noted that in terms of the 
foregoing notation 
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Et 


Gi'G/ 


\ l+Giff. / 


(43) 

so that Fi and axe simply factors of the 
dosed-loop equation for the entire system. 
However, each of these two factors involves 
sums as well as products, and it is doubtful 
If any significant saving in computational 
time IS achieved by using them. The 
situation, stated roughly, appears to be that 
of plottmg fewer, but relatively more com¬ 
plex, closed-loop functions as described in 
the paper, versus that of plotting more open- 
loop functions each of which is somewhat 
c^culated. The formulation 
of the transfer function e^/Ei (equation 43) 
enables one to see that the sum of the 
quantities P-Z for aU return differences is 
exactly that for the complete differential 
equation. 

• ^ comment regarding the direction 
m which the contours on the complex plane 
are traced is believed to be in order. It is 
u^ortunate that so much of the control 
literature has developed using the clockwise 
or negative sense in tracing the contour 
around the right-hand half-plane. Texts in 
mathematics ^most exclusively present 
Cauchy’s relations with the path traced in 
the counterclockwise direction, and there is 
no difficulty involved in adhering to this 
convention in any discussion of control 
theory. I would make a modest plea for a 
reconsideration of this matter to avoid the 
confusion that follows when students 
attempt to correlate control and complex 
function theory. 


B. E. Zilmer (U. S. Naval Ordnance Test 
Station. China Lake, Calif.): This paper 
presents a noteworthy method for the sta¬ 
bility analysis of linear lumped-parameter 
multiple-loop servomechanisms and other 
feedback systems. The method, which is 
based on Bode’s method of return dffier- 
ences (ref. 2 of the paper), introduces a set 
of return differences, associated with a 
sequence of loops of the servomechanism, 
which are analogues of the return differences 
used by Bode in feedback amplifier theory. 
The stability of the sequence of inner loops 
and of the entire system then can be ex¬ 
amined in a systematic manner by applying 
any one of the pertinent standard techniques 
(e.g., Nyquist’s) to the set of return differ¬ 
ences. 

The first part of the paper is an excellent 
analysis of the stability of linear systems 
and is a valuable contribution to the litera¬ 
ture of the theory. Included are a classifi¬ 
cation of the behavior of the system from 
the standpoint of stability and the impor¬ 
tant points of stability criteria and analyses. 
The presentation assembles logically related 
matter usually scattered throughout the 
literature. 


J. J. Skiles (University of Wisconsin, Madi¬ 
son, Wis.): Although the Routh and 
Hurwite stability methods do yield in- 
fojrmation of the yes or no variety relating 
to the question of stability, the superiority 
of the Nyquist stability method is well 
established because the Nyquist diagram 
gives additional information that is useful 


in system design. Most books on servo¬ 
mechanism theory devote considerable 
attention to the use of the information 
obtainable from the Nyquist diagram of a 
single-loop system in the design of ampli¬ 
tude- and phase-compensating networks to 
improve system stability and/or frequency 
response. With but few exceptions, no¬ 
tably the book by MacColl,* only super¬ 
ficial treatment is given in textbooks to the 
Nyquist approach to the problem of the 
stability and compensation of multiple-loop 
systems. Thus, while the analysis and de¬ 
sign of multiple-loop systems is admittedly 
more difficult than the design of single-loop 
systems, the limited use of the Nyquist 
approach to multiple-loop system design no 
doubt stems, at least in part, from the cur¬ 
sory treatment afforded this topic in text¬ 
books. 

The precise definitions of stability given 
in this paper and the lucid exposition of the 
Nyquist method for multiple-loop systems 
phrased in terms of return differences, return 
ratios, and transfer functions are welcome 
supplements to the less detailed and more 
restricted accounts set forth by Bode and 
MacColl. 
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Thomas S. Amlie and Thomas J. Higgins: 
We appreciate Mr. Kazda’s complimentary 
remark on the clarity of our exposition of 
Bode’s method of return-voltage differences 
and our extension of it to include the hither¬ 
to untreated domain of limited stability. 

We ^so appreciate Mr. Weiss’s com¬ 
mendation. Contrary to a remark in his 
discussion, systems with distributed param¬ 
eters are encompassed in this paper, as is 
specifically indicated in the beginning of 
the paper, where we state that although 
direct discussion is restricted to lumped- 
parameter systems, the analysis set out in 
this paper is “immediately possible by well- 
known theory.’’ The only difference in the 
two types of systems is that whereas the 
transfer function of a lumped-parameter 
component is algebraic in nature, hence has 
a finite number of poles and of zeros, the 
transfer function of a distributed parameter 
network is transcendental in nature, hence 
may have an infinite number of poles, or of 
zeros, or of both. However, this is merely 
a matter of degree in the possible number of 
poles or zeros; the application of the theory 
in this paper to establish the nature of the 
stability of a distributed-parameter system 
proceeds in general in exactly the same 
manner as for lumped-p^ameter systems. 
Indeed, such fact is evidenced, e.g., in 
another manner in Dzung’s paper, ^ where 
this author ascertains the stability of both 
lumped-parameter and distributed-param¬ 
eter single-loop systems by his conformal 
mapping criterion (essentially, a reinter¬ 
pretation of the significance of the Nyquist 
diagram plot) by the same mode of analysis. 

However, systems with time-varying 
coefficients cannot (easily at least) be in¬ 
vestigated by conjunction of transfer func¬ 
tions and Nyquist diagrams. Rather, in¬ 
vestigation of stability must be effected by 
determination of the asymptotic nature of 
the solutions through the use of classical 


differential equation theory, in the manner 
evidenced in Kirby’s papers®?^ or Bellman’s 
recent excellent book,^ to which attention is 
directed for an account of the corresponding 
mode of.analysis. It is for such reason, 
therefore, that time-varying coefficient 
systems do not fall within the province of 
the present paper which deals with stability 
analysis pertinent to constant parameter 
systems. 

We believe with Mr. Thaler that the 
present paper is the first in which return 
differences have been used for servo¬ 
mechanism and feedback control analysis. 
However, we would emphasize that whereas 
return-voltage difference theory in terms of 
complex-number impedances and admit¬ 
tances was developed by Dr. Bode for in¬ 
vestigating nonlimited stability in feedback 
amplifiers and is extended in the present 
paper to encompass investigation of limited 
stability of feedback amplifiers as well, for 
the investigation of servomechanism and 
feedback control systems, the theory of re¬ 
turn-signal differences in terms of Laplace- 
transform transfer functions, as developed 
in Section 6, is used. The two approaches 
are obviously somewhat analogous in the 
general course of procedure, but a significant 
difference exists between return-voltage 
difference analysis and return-signal differ¬ 
ence analysis. Thus, to'cite one essential 
difference other than as already noted re¬ 
garding the respective use of complex- 
number admittances and Laplace-transform 
transfer functions: a return-voltage differ¬ 
ence is a voltage quantity, but a return- 
signal difference may be an angle, veloc¬ 
ity, current, or other quantity (though in a 
particular problem it may be a voltage 
quantity also). 

Mr.^ Thaler’s interesting, alternative 
deviation of Fi(s) and F 2 (s) directly from 
the block circuit diagram of Fig. 7, rather 
than from the general determinantal (not 
“matrix,’’ as he remarks) equation 28, ought 
prove of interest to numerous readers. 

^ We appreciate Mr. Jones’ opinion that 
significant educational advantages may 
stem from stability analysis conducted 
directly from the differential equations 
characterizing the system. However, use of 
this approach for analysis in general is 
directly contrary to current usage since most 
textbook and periodical literature® (at other 
than an elementary level) in all languages 
are written in terms of the Laplace-trans¬ 
form transfer-function approach because 
of the very considerable advantages that 
attend use of this approach. Moreover, 
the polynomial whose roots must be deter¬ 
mined is essentially the same whether 
obtained from the Laplace-transform ap¬ 
proach or the direct-differential-equation 
approach urged by Mr. Jones. The prime 
advantage attending Mr. Jones’ suggestion 
is, of course, that the student using this 
approach need not learn transform theory. 
However, as for work or study at a conse¬ 
quential level in mbdem servomechanism or 
feedback control theory, the student must 
eventually gain a knowledge of basic trans¬ 
form theory, so he might as well master this 
at the outset of his study. 

We agree with Mr. Jones that it is un¬ 
fortunate that in the development of the use 
of the Nyquist diagram in control theory it 
early became customary to traverse the con¬ 
tour of the 5-plane in the clockwise direc¬ 
tion; whereas in complex variable theory 
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traverse in the counterclockwise direction is 
taken as traverse in the positive sense. 
However, this difference in direction of 
traverse is now so firmly established in the 
control literature that we believe that it can 
hardly be reversed. Our own approach in 
teaching is to point out the difference in the 
two areas, and then to proceed with the now 
well-established servomechanism conven¬ 
tion of clockwise traverse. 

We are grateful for Mr. Zilmer’s excellent 
symraary of the essentials of our paper. 
We agree with Mr. Skiles’ and Mr. Thaler’s 
statements that the definitions of stability 


advanced in most servomechanism books are 
rather loosely phrased. We concur with 
Mr. Skiles’ statement that hitherto little 
has been published on the treatment of 
multiple-loop servomechanisms by the use 
of Nyquist diagrams on a per-loop basis. 
In conclusion, we extend sincere thanks to 
the discussers for their many interesting 
comments, illuminative remarks, and com¬ 
plimentary statements. 
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Ignitron Multiple-Unit Cars for the 
New Haven Railroad 


E. W. AMES 

ASSOCIATE MEMBER AIEE 

O N APRIL 1,1954, a 10-car train was 
placed in commuter service on the 
electrified lines of the New York, New 
Haven and Hartford Railroad, the first 
of 100 new multiple-unit cars. Modem 
in every respect, the outstanding feature 
is the use of ignitron rectifiers to convert 
alternating current collected from the 
trolley to direct current for operation of 
d-c traction motors. This is the first ap¬ 
plication in the world of this type of 
equipment in quantity. Its use follows 
naturally from the excellent results ob¬ 
tained with the ignitron rectifier type of 
motive power on a trial multiple-unit car 
in service on the Pennsylvania Railroad 
since 1949, followed by two locomotives 
which have been in operation on the same ^ 
railroad since early 1952. These locomo¬ 
tives were nominally rated at 6,000 horse¬ 
power (hp), but have been operating at 
8,400 hp each. 

Service Operations 

The new cars, built by the Pullman- 
Standard Car Manufacturing Company, 
weigh 78 tons without load and seat 120 
passengers. Air conditioning and auto¬ 
matic heat control are incorporated to 
assure passenger comfort in every season. 
In contrast to existing motor cars, which 
employ hand acceleration and operate 
with trailers, the new cars are all equipped 
with four 100-hp motors and accelerate 
automatically at a fixed rate of 1.0 miles 
per hour per second, based on an average 
load of 60 passengers. All motor-car 
operation involves a minimum of ter¬ 
minal switching, assures uniform acceler¬ 
ation rates, and provides the greatest 


V. F. DOWDEN 

ASSOCIATE MEMBER AIEE 

protection of equipment and schedules in 
case of a power failure of one car in a 
train. The equipment is capable of oper¬ 
ating in either local commuter service or 
in express service. 

During the first 6 months the rectifier 
cars have operated a total of approxi¬ 
mately 1,000,000 car miles. Countingdays 
out of service for repairs and inspection, 
the availability factor has been 95 per 
cent. At present 50 trains are operated 
with the new cars on week days, 43 on 
Saturdays. On Sundays 33 trains are 
operated with the new cars, and in addi¬ 
tion trains are at times operated from New 
Haven to New York on relief schedules. 
Two cars are assigned to trains operated 
on the New Canaan Branch and operate 
about 288 miles per day. 

Seven of the new cars are combination 
cars, each having a passenger capacity of 
92 and a baggage capacity of 10,000 
pounds. Four of the cars are fitted for 
and used in club car service. One of these 
cars is equipped with a small buffet. 

Performance 

Fig. 1 illustrates the performance of a 
typical 6-car train operating from the 
11,000-volt a-c trolley. Fig. 2 shows the 
performance from the 650-volt d-c third 
• rail. 

System of Control 

Fig. 3 is a schematic diagram of the 
main circuit. It can be seen that the 
major portion of the main and auxiliary 
circuits are the same whether the car is 
operating in the a-c or the d-c zone. Only 


the power supply differs. In the d-c zone 
the changeover switch connects the trac¬ 
tion motor circuits and the d-c auxiliary 
circuits between the third rail shoes and 
ground. In the a-c zone the changeover 
switch connects these same traction motor 
and auxiliary circuits between the igni¬ 
tron tube cathodes and the transformer 
mid-point through the main d-c reactor. 

On the first notch of the master con¬ 
trollers, all motors and accelerating re¬ 
sistance are connected in series with the 
first step of field shunting to provide 
smooth starting. In both the a-c and d-c 
zones, resistor acceleration with a bridg¬ 
ing transition is used with two steps of 
field shunting in the parallel combination 
for high-speed running. The accelera¬ 
tion is automatic at a fixed current rate 
under the control of the limit relay. 

Rectifier D-C Supply 

The d-c power in the a-c zone is sup¬ 
plied from a 25-cycle single-phase full- 
wave rectifier; refer to Fig. 3. The anode 
balance coils assure equal load division 
to the two rectifier tubes connected in 
parallel. The d-c chokes are used to limit 
the a-c component of the rectified direct 
current to values which the motors will 
commutate satisfactorily. The air brake 
compressor motor and car heaters do not 
require a d-c choke to operate from the 
rectified direct current; therefore they 
are connected from the cathode to the 
transformer mid-point. 

Traction Motors 

The traction motors are seH-ventilated 
with single reduction gearing and flexible 
couplings. They are 325-volt d-c series- 

paper 55-202A, recommended by the AIEE Land 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 
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CAR TRACTIVE EFFORT THOUSANDS OF POUNDS 

Fig. 1 (left). Performance of typical 6-car train for transmission systems 
and generator drops 

Four WL.653-B ignitrons with Four type-1451-A motors; 36-inch 
wheels, 122/23 gear ratio 
Main line impedance “0.705-hj 1.69 
Internal generated voltage = 11,750 

Average car heater+auxiliary motor load out of rectifier=50 amperes 

d-c 


wound commutating pole motors, and in¬ 
sulated for operation two in series on a 
maximum of 750 volts. The motors are 
designed for suspension from the truck 
transom, and are similar to those operat¬ 
ing in rapid transit service in New York 
City. 

Main Circuit Apparatus 

The main transformer is an Inerteen- 
filled 380-kva transformer with an air- 
blast radiator, Inerteen to air, heat ex¬ 
changer. One thousand cubic feet per 
minute of air is used for cooling. The 
transformer, designed for mounting under 
a standard American Association of Rail¬ 
roads center sill, is inches wide, 

29V 4 inches high, 94®/$ inches long, and 
weighs 7,840 pounds. The primary wind¬ 
ing is 11,000 volts, 25 cycles. The second¬ 
ary voltage from the mid-point to either 
end is 780 volts with one tap at 226 volts 
from the transformer secondary mid¬ 
point for a-c auxiliary circuits. The a-c 
filter consists of two capacitors and re¬ 
sistors across the entire . transformer 
secondary to suppress the induced cur¬ 
rents in telephone lines adjacent to the 


electrified lines in the a-c zone of opera¬ 
tion. 

The four WLr653B ignitron rectifier 
tubes are attached to a frame, insulated 
and shock mounted from the main box 
construction; see Fig. 4. Insulation to 
ground is provided by using 13 feet of 
rubber hose connected to the inlet and 
discharge headers of the tubes for the 
closed circuit cooling system. The water 
temperature is regulated by a tempera¬ 
ture-sensing device and a 3-way valve to 
maintain the water temperature between 
42and45 degrees centigrade (C) bypassing 
water through the radiator for cooling or 
by-passing the radiator to retain heat in 
the water. Water heaters are turned on 
automatically whenever the water tem¬ 
perature is below 25 C [77 degrees Fahr¬ 
enheit (F)]. The water system is pro¬ 
tected from freezing by antifreeze. The 
radiator for the cooling system is located 
in the air intake to the blower. The air 
temperature is raised approximately 5 C 
and then utilized for cooling the main 
transformer and main d-c choke. There 
are two excitation circuits of the non¬ 
linear reactor type located at one end of 
the rectifier cubicle for excitation of the 


One can a-c filter 

Distortion factors based on laboratory tests 

Fig. 2 (above). Notching curve, third-rail 
zone 650 volts d-c 

Four type-1451-A traction motors,- 36-inch 
# wheels; 122/23 gear ratio 

rectifier tubes. Misfire lights, one of each 
tube, have been provided to enable main¬ 
tenance personnel to check the rectifier 
operation. The rectifier cubicle has been 
constructed in the form of a letter T. It is 
29 inches high, 65 inches long, and 49 
inches at its widest part. Three felt- 
sealed, lift-off covers are provided for ac¬ 
cess to maintain the apparatus. The 
rectifier cubicle, located under the car, 
weighs about 1,880 pounds. 

The major portion of the control ap¬ 
paratus is located in the main and auxili¬ 
ary control box. The box contains the 
electropneumatic switches which serve as 
the a-c and d-c line switches, field shunt¬ 
ing switches, the switches which short- 
circuit accelerating resistance steps, and 
those that set up the series and parallel 
motor combinations. Also placed in the 
box are the reverser, a-c/d-c changeover 
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Fig. 3. Schematic diagram 
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switch, Operating and protective relays, 
auxiliary circuit breakers, electromagnetic 
contactors for car heaters, indicating 
lights, and a-c and d-c watt-hour meters. 
Fig. 6 shows the relative location of some 
of the apparatus in the main and auxiliary 
control box. The reverser and a-c/d-c 
changeover switch have handles extending 
through the bottom of the box so that 
they may be operated by hand if required. 

The equipment boxes of previous mul¬ 
tiple-unit cars operating on 650-volt third- 
rail systems have been mounted on in¬ 
sulators. The ignitron assembly, the 
main and auxiliary control box, and the 
regulator and control box for these new 
cars are bolted directly to the under 
frame of the cars without the use of in¬ 
sulators, to comply with Interstate Com¬ 
merce Commission EX Parte 179. The 
additional insulation required in order 
to use a grounded box structure is pro¬ 
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vided inside the boxes. Having these box 
structures grounded provides an added 
degree of safety for the personnel servicing 
the cars. Screens protect personnel from 
the ungrounded parts of the accelerating 
resistors, field shunts, auxiliary reactor, 
and a-c filter resistors. Fig. 6 shows a 
side view of the completed car. Figs. 7 
and 8 show views of the car interior and 
operating position respectively. 

Protective Apparatus 

The main transformer is protected from 
primary overloads by the pantograph 
lowering relay. If the primary current 
exceeds 460 amperes, it is tripped mag¬ 
netically, or if current in excess of the 
transformer rating continues over a pre¬ 
determined time, it trips thermally. 
When the pantograph lowering relay trips 
it operates the pneumatic ground switch 


which grounds the line, causing the sub¬ 
station circuit breaker to trip. After the 
substation breaker trips, the pantograph 
is automatically lowered and locked down 
on the defective car. If the Inerteen of 
the main transformer exceeds 85 C, the 
traction motors are disconnected from the 
rectifier by opening LS3 and LS4; this 
lights an indicator. 

If an arc back occurs, the LSI and LS2 
switches are opened by the a-c overload 
relay. The a-c overload can be reset from 
the master controller or by a push button 
which extends through the box cover. 
The d-c overload is a combination of two 
relays, an overload relay and a line 
switch relay. An overload in either trac¬ 
tion motor circuit trips the d-c overload 
relay, which opens LS3 and LS4. Like 
the a-c overload relay, it may be reset 
from the master controller or manually 
by the pushbutton extending through the 
box cover. 

The ground detector relay trips if a 
ground occurs on the secondary of the 
transformer, or any circuit connected to 
it, and lights an indicating light. The 
ground relay operates only in the a-c 
zone. 

The rectifier is automatically shut 
down by thermostats if the tube jacket 
temperature exceeds 55 C (131F) or if the 
water temperature falls below 5 C (41 
F). If the water pressure, which is nor¬ 
mally about 30 pounds, falls below 15 
pounds an under-pressure switch shuts 
the rectifier down. Whenever any of 
these conditions are corrected, LSI and 
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Fig. 4. Ignitron equipment box, rectifier tube compartment 


Fig. 5. Main and auxiliary control box, front view 


LS2 are closed and the rectifier again sup¬ 
plies d-c power to the car. 

A “power-on’* relay is used to open the 
LtS3 and LS4 switches of the main-motor 
circuits whenever there is a loss of d-c 
power due to third-rail gaps or bouncing 
pantograph. When LS3 and LS4 open, 
all main motor switches open. On re¬ 
closing LS3 and LS4^ the control starts 
from the switching position and notches 
up automatically under the control of the 
limit relay. 

Auxiliary Circuits 

D-c motors fed from either rectified 
power or the third rail are used for all 
auxiliaries which are required in both the 
a-c and d-c zones. The motor-generator 
(m-g) set, air compressor, air-conditioning 
compressor, and condenser motors are 
650-volt d-c motors. The car heaters are 
supplied from the rectified power or the 
third rail. 

The transformer and reactor blower 
and the transformer Inerteen pump are 
required only for a-c operation. The 
motors are capacitor-start, capacitor-run 
induction motors which are fed from a 
226-volt tap on the transformer secondary. 
The ignitron water heaters and anode 
heaters are fed from the third rail in the 
d-c zone and from the 226-volt tap 
through a 226 to 650-volt transformer in 
the a-c zone. 

Sixty-four volts d-c for control, low- 
voltage auxiliaries, and battery charging 
is supplied from the generator of the m-g 
set. The motor of the m-g set is a 650- 
volt d-c compound motor which operates 
from either rectified or third rail direct 
current. The control for the m-g set is 
located in the regulator and control box. 

The 64-volt control battery is made up 
of 32 lead-acid cells with a rating of 144 
ampere-hours at the 2-hour rate. The en¬ 
tire battery is housed in a single box hav¬ 
ing a metal grating at the bottom and 
rear for drainage and ventilation. The 
battery floats on the generator with the 
charging voltage of 73 volts. No flushing 


has been necessary between inspection 
periods. The battery provides a 1-hour 
emergency stand-by supply in case of 
power failure. 

The car body and saloon are illumi¬ 
nated by fluorescent lamps operated from 
a 2.0-kw “Safety**-type motor-alternator. 
The lighting provides approximately 20 
foot-candles at reading level. Twelve 
60-volt 15-watt emergency lights are pro¬ 
vided and are automatically controlled. 
Two 25-watt 60-volt incandescent flood 
lamps are provided in each vestibule. 
The marker lights are built in with 30- 
volt 30-watt lamps with series resistors. 
The headlight at each end is the conven¬ 
tional 60-volt 250-watt prefocused type 
with dimmer circuit. 

The air-conditioning apparatus is rated 
at 8 tons dry. It is operated by a 2-speed 
motor direct-connected to the compres¬ 
sor. The evaporator is blown by a 60- 
volt 2.0-hp blower which distributes 
either heated or cooled air at a normal 
rate of 2,400 cubic feet per minute. When 
power fails the blower is automatically 
speeded up to deliver approximately 
3,000 cubic feet per minute. This feature 
is necessary to provide increased ventila¬ 
tion, since during power failure the air 
conditioning cannot operate. The 650- 
volt d-c air-conditioning compressor and 
condenser motors operate in parallel on a 
single set of controls. The compressor 
motor is rated 11.5 hp and the condenser 
fan motor at 2.0 hp. 

A total of 38.88 kw is provided for car 


body heating. There are two vestibule 
blower heaters, each rated 1.5 kw, and 
one overhead heater unit rated at 21 kw 
arranged for three steps of control: 7 
kw, 14 kw, and 21 kw. In addition, two 
circuits of wall heat, each 7.44 kw, and 
four body end blower heaters, each rated 
750 watts, are provided. All heaters are 
thermostatically controlled except the 
two vestibule blower heaters which are 
manually controlled by the engineman. 
The wall heaters provide 60 F layover 
heat under the control of a separate ther¬ 
mostat. 

Carbon Brush Life 

One of the major limitations on the 
older classes of multiple-unit cars has al¬ 
ways been the short life of carbon brushes, 
particularly those used in the traction 
motors. Experience to date indicates that 
brush life on the new cars may be an¬ 
ticipated as follows: 

Traction motors, 86,000 to 90,000 miles 
Ignitron pump motor, 3 years 
M-g set motor, 9 months 
M-g set generator, 4 V 2 months 
Motor-alternator motor, 12 months 
Motor-alternator generator, 3 years 
Air-conditioning compressor motor, 2 years 
Air-conditioning condenser motor, 3 years 
Air brake compressor motor, 2 years 

This anticipated brush life is based 
upon observations of performance during 
the first 6 months of operation. It is the 
opinion of the authors that the brush 
life can be extended in some cases either 



Fig. 6. Side view of completed car 
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FIs. 7 (left). 
Interior view of 
car 


Fig. 8 (risht). 
Car operating 
position 


by change of brush grade or by adjust¬ 
ment of pressure. 

Inspection Periods 

The first inspection period on these 
cars was made after 4,000 miles of opera¬ 
tion. Experience gained from this in¬ 
spection led to making the second inspec¬ 
tion after an additional 16,000 miles of 
operation. Certain other inspection re¬ 
strictions may be imposed; however, ex¬ 
perience so far indicates that the new 
equipment should require a minimum of 
maintenance. 

Power Consumption 

Preliminary tests on power consump¬ 
tion in local service show approximately 
6.0 kw-hours per car mile, in express serv¬ 


sible to reduce the size of the control bat¬ 
tery and the m-g set. It is estimated that 
the weight of the car would have been in¬ 
creased approximately 3,000 pounds if 
64-volt air-conditioning motors and a 
larger battery had been used. 

The rectifier-type motive power with 
its high power factor and efficiency, with 
the use of standard 650-volt d-c motors, 
is well suited to a-c electrification. The 
New Haven Railroad has an additional 
advantage by the use of rectifier motive 
power, since the cars are required to oper¬ 
ate over 11 miles of the New York Cen¬ 
tral Railroad’s 650-volt d-c third-rail 
system into Grand Central Terminal. 


ice approximately 3.4 kw-hours pei 
mile. These figures include heating c 
conditioning and auxiliaries, but dc 
include stand-by losses. A-c stan 
losses are estimated at about 19 kw-hours 
per car per hour, but operating conditions 
and practices have kept these losses to a 
minimum. 


Conclusion 


The use of the rectifier system is ad¬ 
vantageous in that it combines the de¬ 
sirable characteristics of high-voltage a-c 
transmission with straight d-c traction 
motors and control equipment. Further¬ 
more, auxiliary motors, such as the air 
compressor, the air-conditioning compres¬ 
sor, and condenser motors, are 650-volt 
d-c motors. The selection of 650-volt d-c 
motors for these auxiliaries made it pos¬ 




Discussion 

H. F. Brown (Consulting Engineer, Westing- 
house Electric International Corporation, 
New Haven, Conn.): The large number of 
cars of the rectifier type described in this 
paper and now in service changes the status 
of this type of equipment from an interest¬ 
ing experiment into a commercial reality. 
Certainly the mileage already run off of 
over 1,720,000 performed by 50 trains 
daily during the past 6 months is an indica¬ 
tion of successful performance. 

The authors did not specifically mention 
it, but those who have examined the 
commutators of the traction motors on 
these cars have noted their excellent ap¬ 
pearance and condition even after mileages 
exceeding 75,000. Compared with the 
a-c/d-c series motors used on the motor 
cars which have been in service on this 
road for many years, there is every reason 
to believe that these new motors will have 
much lower maintenance expense. 

Mention is made under “Power Con¬ 
sumption” of stand-by losses. Could the 


authors amplify this term and state what 
these losses consist of? How do these 
losses compare with the older-type cars? 
Also, how does the power consumption in 
service compare with the older-type cars? 


L. J. Hibbard (Westinghouse Electric 
Corporation, East Pittsburgh, Pa.): The 
New York, New Haven and Hartford 
Railroad Company, the Pennsylvania Rail¬ 
road, and Westinghouse Electric Corpora¬ 
tion pioneered the use of the high-voltage 
single-phase electrification system in this 
country. It is therefore fitting that the 
New Haven Railroad should be the one to 
make the first large-scale application of 
rectifier motive power in the world and that 
the Pennsylvania Railroad and Westing¬ 
house should be the first to demonstrate 
the practicability of rectifier motive power. 

An act by the New York State Legisla¬ 
ture dated May 7, 1903, authorized the 
New York Central and the New York, 
New Haven and Hartford Railroads to run 
their trains through the Park Avenue 
Tunnel by electricity or by compressed air 


Table I. Stand-by Kva at 11-Kv Trolley for 
Auxiliaries of Rectifier Car 


Kva 


Transformer and rectifier blower = 19.6X 
226 = ^ 
Transformer Inerteen pump motor —4.OX 

226= 0-90 

Rectifier firing circuits and anode heaters = 

10X226= 2.26 

Main transformer (380 kva) excitation 

kva = 0.0332X380= 12.60 

Air-brake compressor motor (1/3 time) = 

(7X780)/3= 1.82 

Air-conditioning* compressor motor = 19 X 

780= 14.83 

Air-conditioning* condensor fan motor = 

2.35X780= 1.82 

Car heaters* at maximum heat =(38.88 X 
780)/600= 50.60 

M-gt set = 26X780= 20.50 


* Either car heating or air conditioning is used 
depending on the weather. 

t The m-g set supplies the following at 73 volts: 
Battery charging (144 AH at 2-hour rate). Igni- 
tron water circulating pump 1 hp. Car body air- 
circulating fan 2 hp. Headlight 250 watts. Four 
vestibule lights, total 100 watts. Motor alterna¬ 
tor 2-kw output supplies fluorescent lighting and 
water cooler. 
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or by any motive power other than steam 
which did not involve combustion in the 
motive units themselves. This act re¬ 
quired that the change of motive power 
be made on or before July 1, 1908, and 
provided that a penalty of $600 per day 
be exacted on and after that date for 
failure to comply with its terms. 

Prior to this, the Westinghouse Electric 
and Manufacturing Company had de¬ 
veloped the high-tension single-phase sys¬ 
tem. The New York Central plans called 
for a relatively short electrified zone and 
they decided to adopt the 660-volt d-c 
third-rail system. The New Haven Rail¬ 
road planned on an initial electrification to 
Stamford and New Haven with possible 
future extensions eastward and decided 
to adopt the high-voltage single-phase 
system. These three companies were also 
partners in a pioneering rectifier motive 
power application in 1913,1914, and 1916. 

A Pennsylvania Railroad combination 
baggage and passenger car (car no. 4692) 
was equipped with four type-308 225-hp 
600-volt traction motors and d-c control 
equipment borrowed from the Long Island 
Railroad and with transformers, multi¬ 
anode rectifiers, and accessory a-c control 
equipment supplied by Westinghouse. This 
car was tested on the Westinghouse test 
track at East Pittsburgh and then placed 


in revenue service on the New York, New 
Haven and Hartford Railroad. It hauled 
two trail cars and performed 8,767 miles 
in revenue service on the Harlem River 
branch and 13,588 miles on the New 
Canaan branch for a total revenue service 
of 22,345 miles. 

The Pennsylvania Railroad and Westing¬ 
house again pioneered rectifier car no. 4561 
in 1949. Here again, the Pennsylvania 
Railroad supplied a combination passenger 
and baggage car with Long Island Railroad 
d-c motor and control equipment (two 569 
DR3 motors and associated control) while 
Westinghouse supplied the transformer and 
rectifier equipment. This car started opera¬ 
tion July 14, 1949, and has been in con¬ 
tinuous service since then. 

The Pennsylvania then purchased two 
2 -cab rectifier locomotives which have 
been in revenue service for approximately 
3 years. The New Haven Railroad then 
purchased 100 new rectifier multiple-unit 
cars and ten rectifier locomotives. 


E. W. Ames and V. F. Dowden: Table I 
gives the kilovolt-amperes (kva) required 
for all auxiliaries of the rectifier car from 
test readings of amperes for each circuit. 
Table II is tabulated on the same basis as 
Table I for the stand-by kva at 11-kv 


Table il. Stand-by Kva at 11-Kv Trolley for 
409 Motor Car and Two Trail Cars 

Kva 


Transformer and traction motor blower 
37X420= 15.6 

Main transformer (805 kva) excitation kva 
3.4X1,100= 37.4 

Air-brake compressor motor (1/3 time) 

(36X347)/3= 4.2 

Car heaters* including two trail cars = 150,0 

M-g set 1-kw output 


* Car heating is maximum available. 


trolley for the 409 motor car and two trail 
cars. The rectifier cars accelerate at a 
1 -mile-per-hour-per-second rate while the 
older cars accelerate between the 0.5- and 
0.75-mile-per-hour-per-second rate. 

The new cars, with a higher acceleration 
rate, have enabled the railroad to reduce 
the scheduled time for a run. The new 
cars offer many passenger comforts, such 
as automatically controlled heating or air 
conditioning, fluorescent lighting, forced- 
air circulation, and many other comforts 
not available on the older-type equipment. 
Power consumption for the 409 motor car 
with two trailers is not available on the 
same basis as that stated in the paper. 


Conditional Feedback Systems—A 
New Approach to Feedback Control 

G. LANG J. M. HAM 

NONMEMBER AIEE MEMBER AIEE 


Synopsis: In the classical single-loop 
feedback system, feedback acts not only to 
modify the influence of disturbances but 
also to determine the basic character of the 
input-output response. The inherently 
close association of these two effects has 
been a constant trial for designers and 
students since the inception of classical 
feedback, and has usually required that 
design requirements be compromised. 
Basically new configurations for feedback 
systems are introduced in which these 
effects of feedback are separated. In 
the new systems, feedback acts solely to 
reduce the influence of disturbances and 
thus to determine the response of the system 
to external loads and internal parameter 
variations. The character of the input- 
output response is independent of trans¬ 
mission around the feedback loop. The 
term “conditional feedback’* has been 
introduced to distinguish the limited role 
that feedback plays in these new systems 
as compared with the classical system. 
Conditional feedback systems permit re¬ 
quirements on input-output response and 
on disturbance-output response to be met 
independently and offer a broad new range 
of performance characteristics for both 
linear and nonlinear systems in which there 
is substantial energy storage. 


T he classes of closed-loop systems in¬ 
troduced in this paper were evolved 
after an unsophisticated review of the 
problems encountered and the solutions 
accepted in present-day engineering prac¬ 
tice in control and regulation. In the 
design of these new systems, the need for 
compromise in performance specifications 
as a result of conflicts between input- 
output response and disturbance-output 
response has largely been eliminated. 
Such conflicts are inherent to the conven¬ 
tional feedback control system because of 
the intimate relationship existing between 
the input-output transmission charac¬ 
teristic and the loop transmission charac¬ 
teristic. Since the latter is dictated by 
requirements for loop stability and for the 
suppression of disturbances, little varia¬ 
tion is allowed the former, and at that not 
without considerable compromise. A 
useful analogy for the foregoing condition 
is found in the intimate connection that 
exists between the frequency response 
and the phase characteristic of minimum 


phase networks. These restrictions can. 
be overcome by the use of networks hav¬ 
ing nonminimum phase characteristics. 
In a like manner, a basic change in topol¬ 
ogy can be used to extend the pres¬ 
ent boundaries of feedback control sys¬ 
tems. 

Classification of Control Problems 

The classification of control problems 
adhered to in this paper distinguishes two 
basic categories defined as follows: 

1. The servo class: A servo problem 
requires the generation of an output signal 
that bears a prescribed functional relation¬ 
ship to an input signal. This problem is 
commonly met in all types of signal trans¬ 
mission. A servo system is applied to the 
solution of a servo problem. 

2. The regulator class: A regulator prob¬ 
lem requires the elimination or reduction 
of the effects on a controlled quantity of 
extraneous and generally poorly defined 
disturbances. A regulator system is ap¬ 
plied to the solution of a regulator problem. 
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Feedback control systems are applied to 
•both the aforementioned problems be- 


Fig. 1 (left). A representa* 
tive feedback system 


Fig. 2 (right). Configuration 
of a conditional feedback 
system 



cause they can act simultaneously as a 
servo and as a regulator. This property 
has been found to be of the utmost value 
in the solution of the many problems in 
which both servo and regulator require- 


concentrating gain in and Gu whereas 
disturbances at the input to H (con¬ 
sidered as an output-sensing device) are 
of a particularly troublesome nature and 
cannot be reduced without lowering the 


performance will usually be obtained 
when all variations susceptible to open- 
loop compensation are so treated. Closed- 
loop regulation is required in nearly all 
machine- and process-control problems. 


ments exist. Purely servo problems do 
not necessarily require feedback for their 
solution, nor do purely regulator prob¬ 
lems, e.g., the glow-disdiarge tube is used 
to provide voltage regulation without 


gain or bandwidth of H. This latter 
view points out the necessity for care in 
tbe choice of components for output 
sensing. 

For a linear system, a disturbance at 


Another important role for closed-loop 
control is to modify or synthesize trans¬ 
fer functions which, in many cases, would 
be most intractable to synthesis in a 
simple manner by open-loop techniques.® 


feedback. 


node 2 can be considered as a disturb- 


Conventional Feedback Control 
Systems 

The dual role played by the conven¬ 
tional feedback control system is easily 


ance of different amplitude and fre¬ 
quency distribution entering at node 3. 
Herein all external disturbances will be 
represented in terms of an equivalent load 
disturbance u. 


Configuration and Basic Properties 
of Conditional Feedback Systems 

Two distinct control problems have 
been identified: the servo or signal trans¬ 
mission problem and the regulator or dis- 


exposed by considering the Laplace 
transform C of the output signal c that re¬ 
sults when an additive signal Un having 
the transform Un is applied successively to 
the nodes w = 1,2,3,4, and 5, in the repre¬ 
sentative feedback system of Fig. 1. For 
an input signal r with the transform R 
and successive additive signals Un^ the 
successive outputs Cn have the transforms 


G 1 G 2 Ui G 1 G 2 R 
1 -j- HG 1 G 2 1 "h HG 1 G 2 


--FiUi^FR 


‘ l+HGiGt'^l+HGiGi ‘ 

—GiGjUi GiGjR 
‘ X+HGiG^l+HGiGt " 

The response terms on the right of equa¬ 
tion 1 express the principle of superposi¬ 
tion for the signals Un and r. It follows 
from equation 1 that 


Fi^-HF 

From equation 2 it is clear that disturb¬ 
ances at nodes 2 and 3 are quelled by 


Disturbances 

The importance of knowing the disturb¬ 
ance problems associated with a par¬ 
ticular system design cannot be too 
heavily stressed. If there are no external 
disturbances and available system com¬ 
ponents are linear and not subject to 
parameter variations, an open-loop sys¬ 
tem is ideally suited to most servo prob¬ 
lems provided a suitable open-loop trans¬ 
fer function can be obtained. 

Open-loop systems have the particular 
advantage that real time delays are often 
unimportant. It is the character of the 
delayed response that is usually of major 
interest. Further, in such systems, ade¬ 
quate control of the influence of certain 
nonlinearities and load disturbances can 
be gained by providing stable compen¬ 
sating nonlinear elements and an output 
with a suitably low driving-point imped¬ 
ance. The influence of disturbances 
entering the system between input and 
output can often be reduced by isolating 
the system from known sources of dis¬ 
turbance, e.g., transmission lines may 
be transposed to reduce the effect of in¬ 
duced signals. 

There will remain, however, many 
classes of parameter variation, non¬ 
linearity, and internal disturbance that 
are not amenable to treatment by such 
techniques. For these a closed-loop reg¬ 
ulating system is required. A closed 
loop will modify the influence of those 
system va,riations for which a closed loop 
is not necessary, but improved system 


turbance suppression problem. The per¬ 
formance requirements for signal trans¬ 
mission and disturbance suppression in 
practical applications are usually distinct, 
but the signal and disturbance behavior 
characteristics of classical feedback sys¬ 
tems have been shown to be inherently 
interdependent. Hence, the design re¬ 
quirements for input-output response and 
disturbance-output response have often 
had to be compromised. Since feedback 
in many control problems is essential 
solely to effect a suitable reduction in the 
influence of disturbances, the question 
arises whether there are systems in which 
the use of feedback can be so restricted. 
Systems possessing this property are 
called conditional feedback systems. A 
basic configuration for a linear condi¬ 
tional feedback system is shown in Fig. 2. 
In Fig. 2, Gi is the Laplace transfer func¬ 
tion describing the main transducer, r 
is the input signal, is a disturbance, 
and c is the output. For the system 
shown, the transform C of the output c is 

1 ag.(i+2G^ 

^ 1-\-GiG2H 1-{’GiG2H 

In equation 3, let B be defined by the 
equality 

Gi-=GiHGi 

A 

or 

B<=AGiH (4) 

Then equation 3 becomes 
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Fig. 3 (left). The condi¬ 
tional configuration 
equivalent to the. clas¬ 
sical system 

Fig. 4 (right). Equiva¬ 
lence of conditional sys¬ 
tem to a classical system 
with a prefilter 



C= 


1 

1 -f- G1G2H 


U+AGiR 


from which 



(5) 


( 6 ) 


and 

(I 

Equation 6 shows that when B is de¬ 
fined by equation 4 the input-output re¬ 
sponse of the system is unaffected by the 
feedback loop and can be of a basically 
different character from the disturbance- 
output response in equation 7, the form 
of which is completely determined by the 
feedback loop. The significance of these 
equations is immense for they show that 
a conditional feedback configuration per¬ 
mits design requirements on input-out¬ 
put response and on disturbance-output 
response to be considered independently. 
This fact implies that a broad new range 
of performance characteristics is available 
from conditional feedback systems. 

Before giving a design procedure and 
illustrative design for the conditional 
system of Fig. 2, some discussion of its 
internal behavior is in order. If the 
transfer function B satisfies equation 4, 
the feedback signal b in the absence of 
disturbances is exactly equal to the signal 
V produced at the output of B by the 
input signal r. Hence the signal e at the 
output of the lower comparator is identi¬ 
cally zero and there is no feedback. The 
transfer ratio C/R for the signal trans¬ 
mission is then simply the product of the 
transfer functions in the direct path from 
input to output; see upper branch of the 
block diagram in Fig. 2. 

These facts point to a special signifi¬ 
cance for the system component described 
by the transfer function B. The function 
of B is most readily suggested by con¬ 
sidering the system when H=l. In this 
case, the feedback signal b=c. Hence 
when B is defined by equation 4, the out¬ 
put signal from B, namely v, is equal to 
the output signal c. Clearly then B 
represents the desired input-output trans¬ 
fer function and the signal v represents 
the desired output response. For this 
reason, the system component described 


/r=*o 




(7) 


by the transfer function B in Fig. 2 will 
be called a “reference model.’* The refer¬ 
ence model is an undisturbed representa¬ 
tion of the transfer characteristics of the 
main transducer as defined in equation 4, 
and will usually be realized with simple R, 
X, and C elements. When H is other than 
unity, V is the desired output signal as 
modified by H. H commonly describes 
the output-sensing device. 

An interesting comparison between the 
classical feedback system of Fig. 1 and the 
conditional system of Fig. 2 is obtained 
by developing a conditional configuration 
that is equivient to the classical system. 
This system is shown in Fig. 3. From 
equation 3 it follows that, if .4 = J5 == 1/2, 
the system in Fig. 3 behaves as the classi¬ 
cal system of Fig. 1. Clearly the classical 
system calls for an ideal reference model. 
Since ideal behavior is not to be expected 
from practical equipment, it is not sur¬ 
prising that the use of an ideal reference 
model entails special system performance 
limitations. 

W. K. Linvill pointed out to the authors 
that the conditional feedback system of 
Fig. 2 is equivalent to a classical system 
with a prefilter, as shown in Fig. 4. In 
Fig. 4, the response Cto R and U is that 
given by equation 3. When the transfer 
function B in Fig. 4 is defined by equation 
4, the prefilter has the particular transfer 
fimction A {\-\-GiGJH)y the response 
ratio C/R=AGi, and there is no signal 
in the feedback path; hence, the com¬ 
bination of this particular prefilter and 
the classical system has the properties of 
a conditional system. It should be ob¬ 
served that both of the foregoing equiva¬ 
lences are valid only when the system 
components are Hnear. 

Since feedback in a conditional feed¬ 
back system is used solely to reduce the 
influence of disturbances, it is important 
to examine carefully the action of distur¬ 
bances on this new configuration. In a 
conditional feedback system such as that 
of Fig. 2, there is no loop feedback if there 
are no disturbances. The error signal e 
obtained by comparing the desired signal 

V with the fed back signal b serves as a 
measure for the effect of disturbances. 
In developing conditional systems, it has 
been observed that in the comparison of 

V with b either a subtraction or a ratio 


operation may be used. If a subtractive 
comparison is used, an additive correc¬ 
tion is made at the input to (zi, as in 
Fig. 2. If a ratio comparison is used, 
the signal input to Gi is corrected by 
multiplying the signal output from A, 
namely m, by some function of the signal 
€ from the ratio comparator. 

The action of two types of disturbances 
will be examined. First consider the 
steady-state response of the system in 
Fig. 2 to a constant additive disturbance 
u. The output signal c will be in error 
by a constant and the error signal € will 
be constant whether or not there is an 
input signal v. Next consider the system 
of Fig. 2 with the subtractive comparator 
replaced by a ratio comparator and the 
additive corrector replaced by a multi¬ 
plicative corrector. Let there be a con¬ 
stant multiplicative disturbance such as 
may be caused by a decrease in the static 
gain factor of Gi. The output signal c 
will be in error by a constant factor and 
the error signal € will be constant. How¬ 
ever, if additive and multiplicative dis¬ 
turbances occur together the error signal 
€ at the output of both a subtractive and 
a ratio comparator will contain frequency 
components of the input signal. These 
observations suggest that the nature of 
disturbances has an important bearing on 
the design of conditional feedback sys¬ 
tems; this fact is discussed later in the 
paper. 

The response of the linear conditional 
feedback system in Fig. 2 to an additive 
disturbance of general form is described 
by equation 7. The fonn of this response 
is controlled by an appropriate choice for 
the transfer function G%. All of conven¬ 
tional feedback theory and design tech¬ 
nique is relevant to making this selection. 

It is important to observe that disturb¬ 
ances influencing the system component, 
described by A in Fig. 1, without affecting 
the reference model B, are compensated 
by feedback through ft to the output of 
A. Parameter variations in the com¬ 
ponents of a conditional feedback system 
such as that shown in Fig. 2 have essen¬ 
tially the same influence on the output as 
the corresponding variations in the classi¬ 
cal feedback system of Fig. 1. Hence 
most of the literature on parameter sensi¬ 
tives is relevant. To illustrate this fact 
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consider a variation dGi in the transfer 
function of the main transducer. The 
corresponding variation in the transfer 
function of the output signal is dC. For 
the classical system of Fig. 1 


dC 


\-\‘GiG 2E[ Gi 


^dGi 


( 8 ) 


For the conditional system, the variation 
dC has exactly the same form. 

The foregoing discussion of a linear 
conditional feedback system has shown 
that this new configuration permits the 
independent control of the input-output 
response and of the disturbance-output 
response. The disturbance-output re¬ 
sponse can always be made as good as 
that of the corresponding classical system 
while the input-output response can have 
forms hitherto unrealizable. A design 
procedure for conditional feedback sys¬ 
tems based on the foregoing development 
is described in the following. 


Design Procedure and Illustrative 
Example 

The special properties of conditional 
feedback systems as developed in the fore¬ 
going lead to a design procedure that is 
unusually direct and simple, A sug¬ 
gested procedure is outlined in the fol¬ 
lowing. The particular significance of 
the steps will be illustrated in a sample 
design. 

1. From a careful study of the system 
problem determine the required input- 
output response characteristics and the 
required disturbance-output response char¬ 
acteristics; special care should be given in 
determining the basic nature of dis¬ 
turbances. 

2. Select a main transducer and associate 
with it compensating elements to realize 
the desired input-output response. This 
step involves the choice of the transfer 
functions Gi and A in Fig. 2. 

3. Select a suitable output-sensing device 
and determine its transfer function H. 

4. Design an undisturbed reference model 
described by the transfer function B = 
AGiH. 

5. Design a loop-compensating network 
described by the transfer function G 2 to 
realize the desired disturbance-output re¬ 
sponse to the extent that the fundamental 
requirement of loop stability allows. 

These steps in design form a direct se¬ 
quence in which there is no need for com¬ 
promise among the steps. To illustrate 
the design procedure for conditional feed¬ 
back systems a sample design will be 
given for a conditional system and a 
corresponding classical system that em¬ 
ploys the same main transducer. The 
feedback loop transmission function is to 


be the same in both systems so that a 
direct comparison of performance charac¬ 
teristics is justified. 


Example 

It is desired to construct a positional 
servomechanism using a main transducer 
described by the transfer function 

; Ki^ 10, Ti-0.2 second (9) 
s 

Gi corresponds to a time-delayed inte¬ 
gration. Pure time delays in the loop of 
a classical feedback system impose a defi¬ 
nite limit on the bandwidth that can be 
realized in input-output response. Such 
is not the case when a conditional feed¬ 
back system is employed. The config¬ 
uration of the conditional system is 
shown in Fig. 2, The corresponding clas¬ 
sical system is shown in Fig. 1. The steps 
in designing the conditional system are 
now given. 

From equation 6 it follows that the 
transfer function A must be synthesized 
to make the product AGi represent the 
desired form of the input-output response. 
Suppose that the desired response to a 
unit step has the form 

c = T j; r,=0.2. 

r—0.01 second (10) 


From equation 10 the input-output 
response transform is 


C_£^ 

R~l+Ts 


( 11 ) 


From equation 11 it follows that a 
suitable form for A is 


KoToS 


( 12 ) 


From equations 9 and 11, the values of 
Ko and Tq are given as 


ro=r=o.oi, 



(13) 


The transfer function A is readily 
realized with gain and a simple resistance- 
capacitance network. 

It is important to note that it is not 
necessary to effect the complete compen¬ 
sation of the main transducer with ele¬ 
ments placed in the box marked A . The 
synthesis of the desired input-output re¬ 
sponse transform may include tandem 
compensation of Gi placed in the upper 
branch of the feedback loop, classical 
feedback around Gi, and the like. How¬ 
ever, if the feedback loop is required to 
have nonzero transmission at zero fre¬ 
quency to fulfill its regulating function, 


compensating elements which do not 
transmit at zero frequency must be 
placed in A. 

Now an output-sensing device may be 
selected and its transfer function if deter¬ 
mined. To simplify the details of this 
design example, H is considered to be 
unity. Design of the undisturbed refer¬ 
ence model is now carried out. From 
equation 4 and the condition H= 1, it fol¬ 
lows that the transfer function B for this 
model is 



i+r/ 


ri-0.2. 


r— 0.01 second 


(14) 


If the time delay Ti of the main trans¬ 
ducer is subject to parameter variation, 
the value used in equation 14 for designing 
the reference model is some mean value. 
In practice B will be realized with minia¬ 
ture elements having tolerances on their 
characteristics established by the allowa¬ 
ble tolerances in the response ratio C/R. 

To complete the design of the condi¬ 
tional feedback system, a loop-compensat¬ 
ing transfer function G 2 has to be designed 
to realize the desired disturbance-output 
response, as defined by equation 7. Since 
it is desired to compare the performance 
of the conditional system with that of 
the corresponding classical system, the 
selection of G 2 will be based on the follow¬ 
ing considerations. The dassical system 
in Fig. 1 corresponds to the conditional 
system in Fig. 2 when the fimction Gi, 
G 2 , and H are the same. The disturb¬ 
ance-output response of these systems is 
identical and is described by equation 7. 
Since the input-output response of the 
conditional system is independent of G 2 , 
the classical system will compare most 
favorably with the conditional system if 
the form of G 2 is selected to obtain the 
best input-output response from the clas¬ 
sical system. 

The response ratio C/R for the classical 
system in Fig. 1 is 


G 1 G 2 

R 1-{-‘HGiG2 


(15) 


In equation 15, G 2 is to be designed to 
obtain the best response ratio. The clas¬ 
sical cut-and-try procedure is followed. 
The basic form for G 2 is taken to be 




-r^s+i 

dd 

'rwT 


- TiS+l 
di 


(16) 


G 2 can be realized with gain, a lead net¬ 
work, and a lag network. The param¬ 
eters ddi Tdy 
selected. 

Suppose that a static gain factor 
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Fig. 5. Step responses of the conditional and classical design 


(17) 

s—>0 

is required in the feedback loop. From 
equations 9 and 17 it follows that 

K^KiKz 

or 

(18) 

In equation 16, the gain factor aa of the 
lead network is arbitrarily assigned the 
value 0.1. From a polar plot of Gi^ the 
value J'ij=0,025 is selected for the time 
constant of the lead network. On the 
assumption that the lag network acts as a 
gain factor ai at frequencies in the neigh¬ 
borhood of the critical point in the G 1 G 2 
plane, ai is assigned a value a<=l/40, 
which results in a response peak of about 
1.3 in ratio C/R. The time constant Ti 
of the lag network is assigned a value 
Ti — 2,b seconds, which results in a phase 
shift through the lag network of less 
than 2 degrees at frequencies in the 
neighborhood of the critical point in the 


G 1 G 2 , plane. The open-loop response of 
the classical system is thus defined as 

( 19 ) 

j 0.025S+1 lOOi+1 

The input-output response of the condi¬ 
tional system as defined by equation 11 is 
now to be compared with the input- 
output response of the corresponding clas¬ 
sical system as defined by equations 9, 
19, and 15. In Fig. 5, the responses of 
the two systems to a umt step are com¬ 
pared and in Fig. 6 the magnitude and 
phase characteristics of the response 
ratios C/R are compared. 

In evaluating the response comparisons 
in Figs, 5 and 6, it is important to re¬ 
member that the disturbance-output re¬ 
sponses of the two systems are identical. 
The conditional system clearly has much 
superior input-output response charac¬ 
teristics. It is important again to em¬ 
phasize that there is freedom of choice 
for the character of the input-output re¬ 
sponse in a conditional feedback system. 



In a classical system, the effort to realize 
maximum bandwidth in the input-output 
response almost always leads to under¬ 
damped oscillatory characteristics. This 
fact is particularly true when pure time 
delays are present in the feedback loop. 

The foregoing example is suggestive of 
the extended range of performance charac¬ 
teristic available to feedback system de¬ 
signers* when conditional configurations 
are used. It is also important to note 
that the input-output bandwidth may be 
reduced while the disturbance output 
bandwidth is maintained. 

Apart from having basic significance in 
the domain of linear systems, conditional 
feedback configurations have certain 
special nierits for systems containing 
nonlinearities and, indeed, a new class of 
nonlinear servomechanism has been 
evolved. The extension of the concept 
of conditional feedback to nonlinear sys¬ 
tems is discussed in the following. 

Extension of the Principle to 
Nonlinear Systems 

Disturbances 

The casual observation that an error 
could be properly measured as a ratio 
rather than as a difference has led to a 
rather novel embodiment of the condi¬ 
tional topology and to some interesting 
conclusions concerning the nature of dis¬ 
turbances. It has been remarked pre¬ 
viously that a steady-state multiplicative 
disturbance results in a constant error 
signal when the error signal is measured 
as the ratio of the undisturbed signal to 
the disturbed signal in a conditional sys¬ 
tem. In a like manner, a steady-state 
additive disturbance will result in a con¬ 
stant error signal when the error is meas¬ 
ured as a difference. Hence, it is useful 
to classify arbitrary disturbances as being 
dominantly multiplicative or dominantly 
additive in character accordingly as the 


Fig. 6. Frequency responses of the conditional and classical designs 


♦The systems described here are the subject of 
patent action by Ferranti Electric Limited. 
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Fig. 8 (left). A 
multiplicative 
conditional servo 


ratio measured error or the difference 
measured error has the lower bandwidth. 
A significant difference in bandwidth in 
these measurements, when interpreted in 
terms of basic bandwidth restrictions on 
the feedback loop, will suggest the adop¬ 
tion of a particular type of conditional 
system for dealing with a disturbance. 

In view of these observations, condi¬ 
tional feedback systems have been classi¬ 
fied as being either multiplicative or addi¬ 
tive in character. Multiplicative condi¬ 
tional feedback systems are believed to 
represent an entirely new class of systems. 

A Heuristic Description of the 

Multiplicative System 

A simplified multiplicative conditional 
system is shown in Fig. 7. Three com¬ 
puting devices have been introduced in 
this configuration: a divider, a power- 
raising device, and a multiplier. Con¬ 
sider the system as a regulator when r is 
a positive constant and the low frequency 
gain of G is unity. In the absence of a 
disturbance, the following signal relations 
exist 


( 20 ) 


Fig. 9 (right). 
The incremental 
response of a 
simple multipli¬ 
cative servo 


System. Further, let the low frequency 
gain of B and of G be unity. In the ab¬ 
sence of a disturbance, the following rela¬ 
tions hold provided r and c are positive 

a a” 

- = l,r — =r, C^GR^oxid (22) 

c c” 

Since the over-all system is linear in the 
absence of disturbances, the Laplace 
transform may be used to describe the 
input-ouput relationship. 

Assume now that a disturbance occurs 
changing the low frequency gain of G to 
jfe. In the ensuing steady state, v/c will 
have a constant value because signal 
variations in v are duplicated by signal 
variations in c. Since v/c is a constant, 
the system again has a linear input-output 
response relationship, and 


(23) 



- = 1, 
c c 

If the low-frequency gain of G changes 
from unity to k, where k represents a new 
steady-state gain such as would result 
from a change in load, a new system 
steady state will arise in which the new 
signal relations are 

and (21) 

Hence, multiplicative feedback has ef- 
fectively altered the gain to a value 
**+^V^* behavior is analogous to 

the reduction of an additive disturbance 
in the conventional feedback loop by a 
factor l/(l+ife), where k is the low-fre¬ 
quency loop gain. 

When the system is used as a servo, it 
is necessary to introduce a reference 
model jB. Such a system is shown in 
Fig. 8, where B(s) *= G{s) as in the additive 


10 12 14 16 IS 20 22 24 26 28 SO 

t (sec.) 


Let r and c initially have the steady 
value r=c = 1. The incremental response 
in c to an additive step in r is shown 
in Fig. 9 for various values of the ex¬ 
ponent For comparison, the step 

response of G is shown. From the system 
of Fig. 7 it is readily shown that the dif¬ 
ferential equation defining the response c 
is 

JLi(f«-i-i)+cn+‘=;.»+'forc>0 (25) 

An equation of the same form governs 
the response of the system to a multi¬ 
plicative disturbance such as a sudden de¬ 
crease in the gain factor K of G. Equa¬ 
tion 25 shows that respoose in the varia¬ 
ble has the time constant 


and 

The question now arises as to the be¬ 
havior of the system during the transient 
interval. At the present time, it may be 
said that, for all signals and disturbances 
having frequency components that are 
confined to a frequency range over which 
G is essentially a constant, the resultant 
signal c can be represented as the product 
of two functions: the output c caused by 
the disturbance if r is maintained at 
unity, and the output c caused by the 
signal alone. AH questions pertaining to 
the stability of the multiplicative loop 
cannot be answered at this time. The 
following section contains an example of 
typical modes of behavior for simple 
multiplicative feedback systems. 

Response of a Simple Multiplicative 

Servo 

Consider the servo system shown in 
Fig. 7. In the light of the equivalence 
shown in Fig. 3, the configuration in Fig. 
7 is the equivalent of a classical system 
employing a ratio comparator. This sys¬ 
tem has interesting modes of behavior. 
Suppose G has the form 


Tn+i 


T 

»-f-l 


(26) 


TT 

-; r=24 seconds, iC=l 


(24) 


. The exponent w in a multiplicative 
servo is equivalent to the loop gain of a 
classical feedback system employing a 
subtractive comparison. This result as 
well as that given in equation 21 provides 
a simple example of the use of multiplica¬ 
tive feedback to alter and calibrate the 
transmission characteristics of a trans¬ 
ducer. 

The nonlinear behavior illustrated in 
the foregoing is produced intentionally by 
employing essentially nonlinear system 
components. However, almost all prac¬ 
tical control systems contain nonhneari- 
ties that are natural to the components 
and generally undesired. The concept of 
conditional feedback alters the signifi¬ 
cance of many of these residual non- 
Hnearities. 

Natural Nonlinearities in Aduitive 

Conditional Feedback Systems 

Such nonlinearities as torque satura¬ 
tion in motors, backlash in gears, stiction 
on shafts, clipping in amplifiers, and non¬ 
linear gain in synchros cause the designer 
great trouble. Most of these non- 
linearities contribute to the instability 
of a feedback loop and especially to the 
instability of the classical feedback sys¬ 
tem. The reason for this condition may 
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be expressed in an interesting manner 
with the help of Fig. 3. Fig. 3 shows 
that the classical feedback system is 
equivalent to a conditional configuration 
in which the reference model is ideal. 
Hence the signal € in the feedback loop 
contains components caused by all of the 
nonliaearities in the loop, the influence of 
each of which feedback is endeavoring 
to suppress. The classical feedback sys¬ 
tem does not permit any form of non¬ 
linearity or any form of imperfect linearity 
to be fully tolerated; it strives for the 
ideal and commonly becomes unstable in 
so doing. 

However, it is clear that in many prac¬ 
tical applications certain residual non- 
linearities in the relation of output to 
the input are not undesirable. It is an 
unfortunate limitation of the classical 
feedback system that such admissible 
nonlinearities contribute to the instability 
of the feedback loop. The conditional 
feedback system, on the other hand, pro¬ 
vides a direct means for accepting tolera¬ 
ble nonlinearities in the input-output re¬ 
sponse and at the same time largely pre¬ 
vents these nonlinearities from influencing 
the stability of the feedback loop. This 
remarkable behavior is realized by build¬ 
ing into the reference model, B in Fig. 2, 
the tolerable nonhnearities in the com¬ 
ponents A, Gi, and H. The desired re¬ 
sponse V at the output of B then contains 
components caused by these nonlineari¬ 
ties. These components of v cancel the 
components of the fed-back signal b 
caused by the nonlinearities in ^4, and 
H, Hence the stability of the feedback 
loop, in so far as it is excited by the input 
signal alone, is unaffected. The condi¬ 
tional .configuration does not remove the 
influence of any nonlinearities on the sta¬ 
bility of the feedback loop when excited 
by an additive output disturbance. 
Hence some care must be exercised in ex¬ 
ploiting the aforementioned input-output 
characteristics. 

An excellent example of the use of a 
conditional feedback system to overcome 
a serious instability in a classical system 
is the following. It is well known that a 
classical system that is conditionally 
stable for small input signals may be 
seriously unstable for large signals which 
cause an element such as a motor to 
torque saturate. The instability is caused 
by a reduction in effective loop gain. If 
the torque-saturating characteristic is 
included in the reference model of a con¬ 
ditional system, this instability cannot 
be excited by input signals. 

The basic significance of the foregoing 
is that, for purposes of input-output re¬ 
sponse, the conditional feedback system 


permits the regulating action of the feed¬ 
back loop to act in a manner best suited 
to the particular application. Perhaps 
no examples of this fact are more illumi¬ 
nating than those that spring from the 
problem of the human operator in a feed¬ 
back system. 

Application of Conditional 

Configurations to the Human 

Operator Problem 

Whether it be in an automobile, an aero¬ 
plane, a steel mill, or an economic system, 
the importance of system response charac¬ 
teristics in the presence of human opera¬ 
tors is profoimd.® It is recognized that the 
human operator is described by neither a 
well-defined nor a linear transmission 
function. Certain basic characteristics 
can, however, be distinguished. There is 
what approximates to a pure time delay in 
motor response to a sudden, say, visual 
stimulus. There is a blocking action 
against stimuli received in too rapid suc¬ 
cession. The pattern of response changes 
as experience in a given environment is ac¬ 
cumulated. Conditional feedback sys¬ 
tems provide the means for exploiting the 
basic characteristics of the particular hu¬ 
man operator by achieving optimum 
input-output response with adequate loop 
stability. The design example given is 
suggestive of the improvement that can be 
realized in the presence of pure time de¬ 
lays. By providing a linear or nonlinear 
representation of the human operator in 
the reference model, the operator is called 
upon to behave as this model rather than 
to behave ideally as in the classical system. 
If the reference model B in Fig. 2 is con¬ 
sidered to have a variable structure, it is 
apparent that the conditional feedback 
configuration provides an interesting tech¬ 
nique for the determination of approxi¬ 
mate describing functions for the human 
operator. The determination is carried 
out by adjusting the structure of B until 
the loop signal € falls to some rms value. 


Conclusions 

This paper has introduced the concept 
and elaborated the basic theoretical and 
practical implications of conditional feed¬ 
back. Systems are said to be conditional 
feedback systems when feedback in these 
systems is used solely in a regulating role 
to reduce the influence of disturbances of 
all types. It is distinctive of linear 
additive conditional feedback systems 
that the forms of the input-output re¬ 
sponses and of the disturbance-output re¬ 
sponses are independent. This funda¬ 
mental fact permits the realization of a 


broad new range of response characteris¬ 
tics, especially in the presence of such 
classically difficult factors as pure time 
delay. The design procedure for such 
systems is unusually direct and simple. 

A classification of system disturbances 
as being basically additive or multiplica¬ 
tive in character has led to the concept 
and practical implementation of multi¬ 
plicative feedback systems employing 
ratio comparisons and multiplicative cor¬ 
rections. A new range of response 
characteristics is available from these 
systems. 

Conditional feedback systems provide 
means for accepting certain component 
nonlinearities in the relation of system 
output to system input and, at the same 
time, for removing the influence of these 
nonlinearities on the stability of the feed¬ 
back loop as excited by the input signal. 
This fact alters the significance for the de¬ 
signer of many residual nonlinearities and 
permits certain modes of instability to 
be suppressed. Conditional feedback 
systems, except through the new class of 
multiplicative systems, make no new 
contribution to the regulator problem 
but they provide a basis for improvement 
for all classes of servo problems and not 
least for the class involving human opera¬ 
tors. 
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Discussion 

George C. Newton, Jr. (Massachusetts 
Institute of Technology, Cambridge, Mass.): 
The authors are to be commended for this 
interesting approach to the problem of 
suppressing disturbances without imposing 
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Fig. 10 (left). 
Parallel feedback 
configuration 

Fig. 11 (right). 
Single-loop 
equivalent to par¬ 
allel feedback 
configuration 



constraints on the input-output transfer 
characteristic. This is an important prob¬ 
lem and can be approached in a number of 
different ways. The authors’ approach is 
not an unreasonable one in those instances 
where the input signal is available. Fre¬ 
quently, however, only the difference be¬ 
tween the input signal and the primary 
feedback signal is available with any degree 
of precision; e.g., a radar tracking system 
and a position follow-up using synchros 
for error-sensing. It may be concluded 
from this paper that the classical single- 
loop feedback system is unable to do such 
as can be done with a conditional feedback 
system configuration. Thus, one may feel 
at a loss when meeting a problem in which 
the input signal is not available for filtering 
prior to summing with the primary feed¬ 
back signal. It is one purpose of this 
discussion to show that conventional con¬ 
figurations may be used to achieve results 
identical with those achieved by the 
authors. In these configurations there 
is no need for operating on the input signal. 

Consider first the configuration shown in 
Fig. 10. In this figure, an auxiliary feed¬ 
back path is used to suppress the effects 
of disturbances. After the auxiliary feed¬ 
back transfer function Hi has been adjusted, 
the other adjustable transfer functions 
(usually Go only) can be adjusted to achieve 
the desired input-output transmission char¬ 
acteristic. To observe this consider the 
equation for the output signal 




GcGiR+ U 


(27) 


1+GiBi+GiGcH 

This equation compares with equation 5. 
The behavior of this parallel feedback 
configuration is identical with the authors’ 
system providing 

AG,=- 


(28) 

(29) 


Gc^Ail+GiGJI) 

Ht’=[G,-Ail+GiGJD]H 


to achieve the desired input-output transfer 
function. 

It has been shown that a parallel feed¬ 
back configuration can be used to suppress 
disturbances without constraining the input- 
output transfer functions. Theoretically, 
it is perfectly possible to realize identical 
system behavior using a single-loop equiva¬ 
lent to the parallel feedback configuration. 
Fig. 11 shows such a single loop. If, in 
this figure, the transmission of the feedback 
elements is set in accordance with the 
equation 


l+GiHi-\-GiGcH 
l+GiG2H^l+GiHi-hGiGcH 

These equations may be solved for Gc 
and Hu assuming that A, Gi, G 2 , and H 
are known. The solutions are 


Oc 


(32) 


(30) 

(31) 


Thus, in principle, the authors’ system 
can be realized without need for operations 
on the input signal. In actual practice, 
the auxiliary feedback in the case of a 
positional servomechanism might come 
from- a tachometer attached to the output 
shaft and Hi would be adjusted to limit the 
effect of disturbances. There is no need 
to use equation 31 since G 2 is arbitrary 
within wide limits. Gc is then adjusted 


the behavior of the single loop will be 
identical with the behavior of the parallel 
feedback configuration. Thus, it should 
not be concluded that single-loop feedback 
systems are unable to achieve independent 
adjustment of the disturbance-suppression 
characteristic and the input-output trans¬ 
mission characteristic. However, in prac¬ 
tice, realization of the required transfer 
functions is usually simpler if a parallel 
feedback configuration or the configuration 
suggested by the authors is used. 

The authors’ application of their condi¬ 
tional principle to multiplicative systems 
appears to be novel. In connection with 
process control problems there may be 
considerable merit in the use of conditional 
multiplicative feedback configurations. 
However, a number of questions are left 
unanswered. For example, in the case of 
complex G functions, is not the stability 
sensitive to the output signal level since 
the loop gain for incremental signals de¬ 
pends on this quantity? Also, are the ad¬ 
vantages of the multiplicative system 
sufficient to justify the use of multiplier, 
divider, and power-raising devices which 
are not as easily realized as summing and 
operational amplifying devices? I look 
forward to the future publications on 
the multiplicative systems promised by the 
authors. 


H. C. Ratz (Ferranti Electric Limited, 
Toronto, Ont., Canada); Consideration of 
the conditional feedback approach to control 
problems described by the authors leads 
naturally to discussion of its relationship 
to conventional feedback systems. The 
relationship of conditional systems to clas¬ 
sical systems is topologically equivalent 
to the relationship of bridge circuits to 
series-parallel circuits. In the conditional 
system, when the model is chosen for bal¬ 
ance, as given by equation 4, there is no 
signal in the feedback path through G 2 
and, hence, the choice of signal input- 


output response is independent of the 
stability of the feedback loop. In Fig. 4, 
the authors have drawn a classical system 
with a prefilter which has the same transfer 
function as the conditional system of Fig. 2. 
However, in Fig. 4, there is a signal in the 
feedback path through G, the effect of 
which must be exactly cancelled by the 
prefilter. 

It is possible to draw a conventional 
feedback system without a prefilter which 
is linearly equivalent to a conditional 
system. Fig. 12 shows such a system which 
is topologically equivalent to Fig. 2. The 
Laplace transform of the output in Fig. 12 
is given by equation 3 with respect to both 
signal and disturbance. Furthermore, if 
the model is defined by equation 4, then 
equations 6, 6, and 7 apply in this case 
also. Thus, the input-output response is 
unaffected by any adjustment of G 2 which 
may be made to alter the character of the 
disturbance-output response. 

There are, however, at least two funda¬ 
mental differences between this conven¬ 
tional configuration and a conditional sys¬ 
tem. In Fig. 12, there is always signal in 
the feedback path so that system stability 
depends upon the linearity of the com¬ 
ponents; and the realizability of the transfer 
functions in the feedback loop is subject to 
more severe restrictions than in the condi¬ 
tional case. Thus, in special cases, linear 
equivalents can be formulated, but the 
contribution of conditional servos is in the 
simple treatment of nonlinear systems and 
in the new wide range of feedback configura¬ 
tions which are realizable. Modds are al¬ 
ready in use for process control problems 
but the new approach of the authors is to 
use the model in such a way as to eliminate 
feedback signals from the error-detecting ele¬ 
ment. In the conditional system, the feed¬ 
back loop is employed only to reduce the ef¬ 
fect of deviations from model behavior and 
other disturbances. 


H. Tyler Marcy (International Business 
Machines Corporation, Endicott, N. Y.): 
It is very appropriate that the authors 



Fig. 12. The conditional feedback system 
drawn in the configuration of a conventional 
system 
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should present this interesting paper at this 
time. The concept of a control system 
making use of information contained in the 
input signal to decrease dynamic errors 
caused by changes in the signal may be a 
key technique in many of the more compre¬ 
hensive process control problems which are 
receiving much attention today. 

There is pertinent literature applying to 
this subject which makes the word “new’* 
in the paper title subject to question. The 
concepts of feed-forward have been dis¬ 
cussed previously. It has been widely 
known that, should it be possible to operate 
on the input signal, dynamic errors in the 
control system can be reduced. An im¬ 
portant consideration is that feed-forward 
techniques of error reduction do not change 
the degree of stability or the natural fre¬ 
quencies of the control system, i.e., the 
roots of a characteristic equation remain the 
same. Harris^ also considered feed-forward 
as a means for compensating nonlinear fac¬ 
tors such as dry friction. 

Perhaps the dominant limitation with the 
use of feed-forward is the nature of the input 
signal. It must first be possible to measure 
it directly and then to operate on the signal 
in a predictive sense. In the presence of 
noise, this can become impractical. We 
have, however, learned much about statis¬ 
tical treatment of this sort of problem, 
since feed-forward was widely discussed 
some years ago. Regardless of where the 
disturbance to a control system is applied, 
predictive knowledge of that disturbance 
can be employed to decrease dynamic con¬ 
trol errors resulting from the disturbance. 
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Rufus Oldenburger (Woodward Governor 
Company, Rockford, Ill.); This valuable 
contribution to the science of automatic 
control emphasizes the importance of de¬ 
signing for both servo and regulator perform¬ 
ance in many automatic control problems. 
In the design of speed governors we study 
the response to speed-setting changes and 
load rejections, as well as other disturb¬ 
ances. We have found that the design of 
our governors on the basis of characteristic 
roots so as to give fast closed-loop response 
to sudden load changes has also given good 
response to speed-setting changes. 

Unfortunately, our most troublesome dis¬ 
turbance is what I like to call the “noise” 
in the speed signal. This signal is put out 
by the speed-measuring element. This ele¬ 
ment corresponds to the authors’ feedback 
element H. As the authors point out, un¬ 
fortunately this disturbance cannot be re¬ 
duced without compromising H. The noise 
can come from gear drive irregularities, 
prime-mover shaft runout, or other causes. 
It is a part of the signal one does not wish 
to respond to, and severely limits the mathe¬ 
matical operations that can be performed 
on the speed measurement in the computer 
part of the control. 


Prof. James Reswick^ introduced an 
auxiliary feedback loop in which the trans¬ 
fer function AGi of the forward part is taken 
to be the transfer function of the extra 
feedback path, except for a constant of pro¬ 
portionality. If if = 1 the authors also 
introduce an element with transfer function 
AGi into an extra loop, but in a different 
manner by placing it in a forward branch. 

The inclusion by the authors of a discus¬ 
sion of nonlinear components is most timely. 
The American Society of Mechanical En¬ 
gineers will devote its April 1956 Instru¬ 
ments and Regulators Division conference 
to nonlinear control. The Russians spe¬ 
cialize in this area, as well as in the auto¬ 
matic control field in general; they have a 
journal devoted entirely to the science of 
automatic control. The Macmillan Com¬ 
pany will soon publish an American Society 
of Mechanical Engineers book entitled 
“Frequency Response,” which I am editing. 
This book is to contain leading contribu¬ 
tions from all over the world on the various 
phases of this subject. 
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H. P. Birmingham (Naval Research Labora¬ 
tories, Washington, D. C.): This important 
paper is of particular interest to the human 
engineer concerned with the man as an 
element in a man-machine control system. 
A problem under attack is the matter of 
human performance in pursuit tracking and 
in compensatory tracldng. In compensa¬ 
tory tracking, the human operator is pre¬ 
sented only the error (difference between 
input and output) and manipulates his 
control on the basis of this information. In 
the pursuit case, the operator sees the input 
and his output, or terms proportional 
thereto, on the same display and is required 
to keep the difference (error) at a minimum. 
It has been shown that under some condi¬ 
tions, the human is able to maintain a 
smaller average error in the pursuit case. 
It is expected that the authors’ analysis 
can be used to show how the man can turn 
in this superior performance where the 
course as well as the error is shown to him, 
by acting analogously to a conditional 
system. 


G. Lang and J. M. Ham: We greatly 
appreciate the interest shown by the dis¬ 
cussers. Dr. Newton’s observation that 
input signals are not always available with 
precision is well made but we consider the 
occasions when input signals cannot be 
measured with useful accuracy to be rare. 

Dr. Newton proceeds to show that in a 
linear world a conventional feedback con¬ 
figuration, such as shown in Figs. 10 and 11, 
can be made to have transfer functions iden¬ 
tical with those of the basic conditional con¬ 
figuration in Fig. 2. This fact is implied by 
the prefilter equivalent shown in Fig. 4. As 
Mr. Ratz has shown in Fig. 12, there are 
many such linear equivalents. However, 
we wish to emphasize that our conditional 
configuration leads to direct realization 
techniques not readily implemented for 
general linear. equivalents. For example, 


Dr. Newton’s equations 30 and 31 show 
how to pick conventional compensating 
functions Gc and Hi to achieve equivalence 
with a conditional configuration. Given 
the conditional configuration and the free¬ 
dom to pick A and G 2 independently, equa¬ 
tions 30 and 31 are readily used to define Go 
and Hi, but we wonder how Dr. Newton 
would pick Gc and Hi to give independent 
input-output and disturbance-output re¬ 
sponses without prior reference to a condi¬ 
tional configuration. 

In the literature on feedback control sys¬ 
tems we are not aware of any collected treat¬ 
ment on the problem of selecting com¬ 
pensating transfer functions to achieve in¬ 
dependent conditions on input-output and 
disturbance-output responses, particularly 
when nonminimum phase components are 
present. A practical reason for the diffi¬ 
culty in achieving such conditions is readily 
discerned from equations 30 and 31. These 
equations show that any changes in Go or in 
Hi affect both C/R and C/U so that the 
cut-and-try procedure is commonly resorted 
to. In this connection, our sample design 
is exemplifying the directness vdth which a 
conditional system design can be realized 
even under the difficult condition of a pure 
time delay in the main actuator. 

A block diagram for Fig. 10 showing how 
to realize Gc and Hi as specified in equations 
30 and 31 is given in Fig. 13. If the system 
is synthesized as shown, it is clear that many 
more elements are required than for the 
equivalent conditional system. While it is 
true that in a linear world Gc and Hi can be 
realized with gain and general passive filters, 
it is not clear how such filters are to be 
synthesized in practice. 

Dr. Newton’s remarks about the equiva¬ 
lence of Fig. 11 to the conditional configura¬ 
tion are quite correct but are subject to the 
qualifications outlined in the foregoing. It 
should be observed that all of,the equiva¬ 
lences discussed by Dr. Newton depend for 
their validity on linearity. In this connec¬ 
tion the remarks of Mr. Ratz are particu¬ 
larly relevant. 

With regard to multiplicative systems, 
Dr. Newton’s observation that for complex 
G functions the loop stability depends on 
the output signal level is quite correct. To 
the question of the justification for using 
multiplier, divider, and power-raising de¬ 
vices in these systems, it may be remarked 
that multiplicative systems appear to have 
other than physical worth, namely as model 
elements for economic systems where per- 
unit changes are significant. Further, a 
generalization of the concept of signal com¬ 
parison leads to insight into the nature of 
disturbances as suggested in the section en¬ 
titled “Extension of the Principles to Non¬ 
linear Systems.” 

Mr. Ratz’s comments may be regarded 



Fig. 13. A synthesis for Fig. 10 
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as an amplification of the paper and of the 
remarks of Dr. Newton, and deserve careful 
reading. Fig. 12 represents the conven¬ 
tional single-loop feedback system equiva¬ 
lent to the conditional configuration. Again 
it must be noted that, if this system is syn¬ 
thesized as shown in Fig. 12, more elements 
are required than for the equivalent condi¬ 
tional system. 

Mr. Marcy emphasizes the relationship 
of the conditional feedback systems intro¬ 
duced by us to so-called feed-forward sys¬ 
tems to which considerable attention has 
certainly been given. Perhaps the work 
of J. R. Moore^ most closely resembles ours. 
To the extent that any linear system may be 


regarded as a combination of feed-forward 
and feedback elements, the conditional 
topology introduced by us can be so inter¬ 
preted. However, the concept and topology 
of conditional feedback systems employing 
a reference model has not been described 
previously in the literature, as far as we 
know. As Mr. Marcy suggests, the concept 
of conditional feedback may be particularly 
illuminating for problems concerning tran¬ 
sient process control. 

The remarks of R. Oldenburger are in¬ 
teresting. We have heard of Professor 
Reswick’s recent work and are looking for¬ 
ward to seeing his paper. 

We appreciate the interest of Dr. Bir¬ 


mingham in the application of conditional 
feedback systems to the human operator 
problem. Dr. Birmingham rightly dis¬ 
tinguishes the tasks of compensatory and 
pursuit tracking. These correspond to the 
regulator and servo definitions as used in 
the paper. We believe that the condi¬ 
tional topology is significant for the en¬ 
gineering of man-machine systems. A re¬ 
search program on this topic is in progress 
at the University of Toronto. 
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Synopsis: This paper presents a method 
of designing feedback control systems 
which minimizes bandwidth for a specified 
transient error. Reduction of bandwidth 
is desired in order to attenuate noise, 
simplify the compensation, and ease the 
requirements on components operating at 
high power levels. 

Design Specifications 

Bandwidth Test 

Minimum bandwidth is obtained by 
adjusting the system weighting function 
to produce minimum output noise under 
specially contrived circumstances termed 
the “bandwidth test.” In this paper the 
bandwidth test is a conceptual scheme for 
defining bandwidth. During the band¬ 
width test a stochastic noise signal is used 
for the control system input. The out¬ 
put of the control system is passed through 
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a filter and its rms value measured. The 
rms value of the filtered output is corre¬ 
lated with the bandwidth of the control 
system by comparison with the filtered 
output of a standard system of any pre¬ 
scribed form but having adjustable band¬ 
width. The bandwidth of the standard 
system is adjusted to produce an rms 
value of its filtered output equal to that 
of the control system. Both the stand¬ 
ard system and the control system are 
driven from a common noise source during 
the bandwidth test. Fig. 1 is a block 
diagram showing this scheme f®r relating 
control system bandwidth to its filtered 
output during a bandwidth test. By 
definition, the bandwidth of the control 
system is equal to the bandwidth of the 
standard system when the rms values of 
the filtered outputs are equal. In order 
that minimizing the filtered output of the 
control system shall be equivalent to 
minimizing its bandwidth, the standard 
system together with the noise source and 
filter must produce a monotonically in¬ 


creasing rms output with increasing band¬ 
width. 

Performance Index 

The purpose of any control system is 
to constrain its output to match a de¬ 
sired output (ideal value) within an ac¬ 
ceptable tolerance when acted upon by 
an input (command) and disturbances. 
The measure used to assess the agree¬ 
ment between the desired and actual 
outputs is usually called a performance 
index. For the design method of this 
paper the input and desired output are 
arbitrary transient signals. The integral 
square of the error between the desired 
output and the actual output is used as 
the performance index. In the process 
of adjusting the control system to mini¬ 
mize its bandwidth, only those weighting 
functions are used which make the inte¬ 
gral-square error equal to or less than a 
specified value. 

Solution for Weighting Function 

In the section entitled “A Variational 
Approach” a general solution is obtained 
for the weighting function which the con¬ 
trol system should have in order to possess 
minimum bandwidth for a specified inte¬ 
gral-square error. This solution is ob¬ 
tained by variational methods. The data 
necessary to obtain a particular solution 
are as follows: 

In connection with the bandwidth test: 


BANDWIDTH 

ADJUSTMENT 



Fig. 1 Scheme for defining of system bandwidth 
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1. The autocorrelation function (or spec¬ 
trum) of the noise. 

2. The transfer function of the standard 
system expressed in terms of its bandwidth. 

3. The transfer function of the filter. 

For the specification of the transient 

performance: 

4. The input. 

5. The desired output. 

6. The permissible integral-square error. 

Filter 

The foregoing discussion explained each 
of the design specifications except the 
role of the filter used for the bandwidth 
test. This filter, used in both the stand¬ 
ard and control system channels of Fig. 
1, gives control of the rate of cutoff of the 
transfer function obtained for the control 
system. Specifically, by making it a dif¬ 
ferentiator of sufficiently high order the 
filter ‘ ‘forces* * the control system to have 
a higher cutoff rate than if it were absent. 

Examples 

To aid in understanding what is im¬ 
plied by the problem statement and the 
general solution, three examples will be 
given. All three deal with the problem 
of designing minimum bandwidth con¬ 
trol systems for ramp inputs when the de¬ 
sired output is the same as the input. 
The first two examples minimize the band¬ 
width subject to a specification on the 
integral-square error. It will be shown 
that the bandwidth required to achieve a 
given integral-square error increases with 
the increasing rate of high-frequency cut¬ 
off. It will also be shown that the band¬ 
width is relatively insensitive to variation 
of the system function from its optimum 
value. 

Because integral-square error as a per¬ 
formance index weights large errors so 


heavily, it is believed that, under certain 
conditions, specifying the integral-square 
error is almost equivalent to specifying 
the peak error. Suppose the problem of 
minimizing the integral-square error sub¬ 
ject to a specified bandwidth is considered. 
The solution to this problem is entirely 
equivalent to the solution for the problem 
stated in the foregoing. It is suspected 
that minimizing the integral-square error 
within a given bandwidth limitation has 
come dose to minimizing the peak error 
within this same bandwidth limitation. 

The third example presents the results 
of minimizing the bandwidth when the 
performance index is the peak error. The 
conditions are the same as for the first 
example other than for the choice of per¬ 
formance index. It is shown that the 
peak error obtained is only slightly smaller 
than in the case of the first example. 
This third example therefore confirms en¬ 
gineering intuition that specifying the 
integral-square error is substantially 
equivalent to specifying the peak error in 
so far as the bandwidth required for a 
given peak error is concerned. 

Engineering Significance 

The design procedure of this paper, 
which minimizes bandwidth within the 
constraint of an error specification, dif¬ 
fers from conventional methods of syn¬ 
thesis which tend to emphasize error and 
ignore bandwidth. Why has this new 
approach been developed? Ideally, good 
engineering design strives for minimum 
cost. A minimum cost solution in 
general does not correspond to either 
minimum error or minimum bandwidth. 
Unfortunately, sufficient specifications for 
a miniTnum cost design rarely exist. In 
this situation, conventional methods may 
result in designs which are unnecessarily 
expensive because of excessive band¬ 


width. For example, in focusing atten¬ 
tion on errors without regard to band¬ 
width, there is a tendency to open up the 
bandwidth so that the transmitted noise 
is excessive. In the case of mechanical 
systems, elastances in the gearing and 
supporting structure may become trouble¬ 
some if the bandwidth is large. Another 
result of excessive bandwidth may be 
saturation of a component which other¬ 
wise would be linear. Curing difficulties 
such as these can be expensive. The 
tendency is to avoid the difficulties of ex¬ 
cessive bandwidth which are latent within 
conventional techniques, and thereby 
reduce costs, by using a design procedure 
which places emphasis on minimizing 
bandwidth. 

Granting the desirability of minimizing 
bandwidth within the constraint of an 
error spedfication, why is integral-square 
error used for expressing the error toler¬ 
ance? Integral-square error is adopted 
because it is analytically convenient and 
because, under certain conditions as 
pointed out in the foregoing, it seems to 
correspond closely to a spedfication on 
the peak error. In many problems the 
peak error is the most important single 
performance index. The use of integral- 
square error as a figure of merit for con¬ 
trol systems was first made by Hall.^ 
Both Hall and more recent investigators* 
have expressed disappointment in the 
integral-square error as a figure of merit 
because of the impractical results they 
have obtained such as a zero damping- 
ratio solution for a second-order system 
and excessively oscillatory transients for 
higher-order systems. One of the in¬ 
teresting features of the approach of this 
paper is that the impractical results pre¬ 
viously revealed in the integral-square 
error criterion either do not appear or ap¬ 
pear to a lesser extent. 

In conclusion, it can be stated that 


Table I. Summary of Examples 
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problem: RND wft) which makes a minimum 

WITHIN CONSTRAINT jr®dty|(t) ^ 


practical considerations may frequently 
interfere with the realization of control 
systems which truly minimize bandwidth 
for a specified performance. It is felt, 
however, that the procedure discussed in 
this paper, even if it is not directly ap¬ 
plicable, will often serve the designer well 
by providing bench marks or standards 
against whidi he can assess his detailed 
design arrived at by trial-and-error tech¬ 
niques. 

Nomenclature 

In general, the nomenclature of this 
paper is designed to conform where possi¬ 
ble with terminology proposed by the 
AIEE Subcommittee on Terminology and 
Nomenclature of the Feedback Control 
Systems Committee in April 1954. In 
situations where no symbols are provided 
by the proposed terminology, symbols are 
diosen which do not conflict. An exam¬ 
ple of this is the choice of w{t) for the 
control system weighting function. 
Usually upper-case letters are used for 
transforms and lower-case letters for time 
functions. An exception to this occurs in 
the case of the function etc. The use 
of Jt,», etc., as symbols for integrals which 
are functions of a parameter is dictated 
by common mathematical usage. 

bv(t) =* input during bandwidth test 
hU) = output during bandwidth test 
bf(t) “filtered output during bandwidth test 
i(t) “ideal transient output (ideal value) 
g(/) “ output (indirectly controlled variable) 
/“time (/i, ti, etc., integration variables) 

»(/) “transient input (command) 
w(t) “control system weighting function 
w//) “filter weighting function 
Wb(/) “Standard system weighting function 
ye(/) “error (system error) 
le “ integral-square error 
JeOT“the specified maximum value of J«, 
the integral-square value of the 
system error ye(t) —i(t) “2(0 


WmO) =the syste m weig hting function which 
m inimiz es 5/®(/) subject to the con¬ 
straint that le ^ lem 

f “ damping ratio of second-order system 
T = shift parameter, integration variable 
Cl) “angular frequency, radians per unit time 
see equation 2 
IvvCt) : see equation 3 
Ioi(r) : see equation 4 
A(co): see equation 5 
r(ctf): see equation 5 

A Variational Approach 

Since, as explained before, minimizing 
the bandwidth is equivalent to minimiz¬ 
ing the noise transmitted by the control 
system, the system weighting function 
will be sought which will minimize the 
nns value of the filtered noise transmitted 
through the control system within the 



Fig. 3 System functions, examples 1 
and 2 


constraint imposed by the specified inte¬ 
gral-square error. This is an isoperi- 
metric problem in the calculus of varia¬ 
tions. 

Fig. 2 is a block diagram illustrating 
thig problem. The details of the solution 
of the variational problem are presented 
in the Appendix. The procedure is to 
formulate the mean-square value of the fil¬ 
tered noise transmitted through the con¬ 
trol system and the integral-square error 
in terms of the system weighting func¬ 
tion. By emplo 3 dng the Lagrangian 
procedure, the isoperimetric problem 
may be handled as a simple minimization 
problem. Specifically, the functional, 
which is the sum of the mean-square value 
of the filtered noise and a constant times 
the integral-square error, is minimized by 
adjustment of the weighting function. 
The constant is called a Lagrangian 
multiplier and appears as a parameter in 
the solution. The solution is obtained in 
the form of an integral equation by first 
postulating its existence and then finding 
the condition it must satisfy for the func¬ 
tional to be stationary with respect to 
small variations of the weighting function 
from its optimum value. Either physi¬ 
cal considerations or additional analysis 
may be used to show that this solution 
produces a minimum and not a maximum. 

The problem is now stated more specifi¬ 
cally in terms of S 3 niibols; see Fig. 2. 
Given v(t), andw//), find 

The solution to the problem is 
stated in the form of an integral equa¬ 
tion 

f^^dtzWfih) X 

^C»(/l+^2’"i^3““^4)4’pJ»t)(^2’~’^4)] ~ 

pI(/»«)=0 for / 2>0 (1) 

Here ^ 

^&»»(T)=lim I d/&5(/)6t)(^+r) (2) 

the autocorrelation function of the noire 
signal ured for the bandwidth test, /..(r) 
is the autotranslation function of the 
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transient input signal during normal op¬ 
eration. It is analogous to the autocorre¬ 
lation function for a stochastic signal. It 
is defined as 

Ivvir) ^ (3) 

Similarly 

Ivi{T)t ( 4 ) 

and is called the cross-translation function 
of input against the ideal output, p in 
equation 1 is the Lagrangian multiplier 
which is adjusted to fulfill the condition 

To obtain a solution for Wm(i) from ex¬ 
pression 1 requires the solution of an 
integral equation of the Wiener-Hopf 
form. In complex problems numerical 
procedures may be the only feasible ap¬ 
proach. If the functions being dealt 
with are Fourier transformable, Wiener 
has shown that an explicit solution for 
Wmii) may be had in terms of its trans¬ 
form This solution is obtained 

by a process of spectrum factorization. 
As applied to equation 1 it yields 



where 


^system function, i.e., the Fourier 
t ransfor m of WmU) 

A(«)A27rir/(w) Wf{o3) -bp/coCw) 

TF/(<o) denotes the conjugate of WficS) 

A “^(w) ^factor of A(6)) which has all of the 
poles and zeros of A(c«j) which lie in 
the upper half-plane 

all the poles and 

zeros of A(a>) which lie in the lower 
half-plane 

tcomvon^r>.t of which has 

all of its poles in the upper half-plane, 
such that 

A-(u) \A (w)/+ 
poles in the lower half-plane 
^system function of filter used in 
the bandwidth test, i.e., the Fourier 
transform of Wf{t) 

^f>t>f>(w)^power density spectrum^ of the 
noise used for the bandwidth test. 
This is 1/C2ir) times the Fourier 
transform of <pbvvit) 

J»»(w);2tFourier transform of Ivv{r) 
/i>i(w)AFourier transform of 

Here the Fourier transform F(co) of a 
time function/(^) is taken as 


So far the system weighting function 
Win{t) or its transform been de¬ 

termined which minimizes the mean- 
square value (or rms value) of the filtered 
output during the bandwidth test while 


holding the integral-square error for nor¬ 
mal operation equal to (or below) a pre¬ 
scribed value. To determine what band¬ 
width is associated with this minimum 
mean-square value of the filtered output, 
the bandwidth of the standard system 
used for comparison in the bandwidth 
test is set to a value which produces the 
same rms filtered output as the control 
system. Then, by definition, the con¬ 
trol system has a bandwidth equal to that 
of the standard system. This is the 
minimum bandwidth which the control 
system may have and still meet the speci¬ 
fication on the integral-square error be¬ 
cause it has been postulated that the rms 
filtered output of the standard system is a 
monotonically increasing function of its 
bandwidth. 

The preceding analysis has considera¬ 
ble flexibility in its definition of band¬ 
width. Three factors must be specified 
before a numerical determination of band¬ 
width is possible: the nature of the noise 
source, the transmission characteristic of 
the standard system, and the system func¬ 
tion of the filter; see Fig. 1, In solving 
the examples to be given, a white noise 
source is, always used. The standard 
system is always taken to be of the form 



This binomial form seems to agree better 
with the intuitive concept of bandwidth 
than an ideal, sharp cutoff fiilter. For the 
filter in the examples to be given a system 
function corresponding to differentiation 
is always used, i.e. 

TF>(«)=(ja,)«“i (8) 

The parameter a controls the rate of cut¬ 
off of the control system: i.e., the cutoff 
rate of the control system will be 3 a 
decilogs (6a decibels) per octave. The 
filter and the parameter a were introduced 
to give the designer independent control 
of the cutoff rate. Without these, a mini¬ 
mum bandwidth system always will 
exhibit the least possible cutoff rate, which 
is 3 decilogs per octave for the conditions 
used in the examples. 

It should be noted that the specification 
of the standard system does not affect the 
solution for the control system since it 
enters into the problem after the solution 
has been made, not before. This is in 
contrast to filter specification which does 
affect the solution for the control system. 
The specification of the standard system 
merely affects the numerical value of the 
bandwidth assigned to the control system. 
However, in specifying the standard sys¬ 
tem care must be taken to make it con¬ 


sistent with the filter employed. If a 
white noise source is used for the band¬ 
width test, the product of the filter and 
standard system functions must cutoff at 
least as fast as l/co to ensure a finite rms 
value for the filtered output from the 
standard system channel of Fig. 1. 

Before passing to the examples, it 
should be noted that the solution for the 
system function given by equations 1 or 5 
can be considered equally well as that 
which minimizes the integral-square error 
within a specified bandwidth. This view¬ 
point is reflected in certain graphs for the 
examples which have been nonnalized 
with respect to bandwidth rather than 
integral-square error. Also, it should be 
pointed out that equations 1 and 5 repre¬ 
sent solutions to the minimum bandwidth 
problem in its simplest form. More com¬ 
plex formulations are possible. For ex¬ 
ample, it has been assumed in this paper 
that the complete control system is under 
the designer’s control. If a portion of the 
control system is fixed, the problem can 
be reformulated and a solution can be ob¬ 
tained which includes the fixed elements 
as part of the given data. Likewise, only 
transient inputs are discussed in order 
to reduce the length of this paper. It is 
equally simple to handle stochastic inputs. 
Using the methods of reference 4, solu¬ 
tions for these alternate formulations 
may be devised. 

Examples 

In this section three examples are pre¬ 
sented. The first two illustrate the ap¬ 
plication of the foregoing general results 
to a particular problem. The third 
example is for the purpose of confirming 
what might be intuitively supposed 
namely, that minimizing the bandwidth 
for a specified integral-square error is 
almost equivalent to minimizing the band¬ 
width for a specified peak error under the 
conditions of example 1. 

Table I summarizes the examples used 
to illustrate the design technique discussed 
in the preceding section. All three exam¬ 
ples employ white noise for the noise 
source used in the determination of band¬ 
width, and all three consider the normal 
input to be a ramp function. The ideal 
output for the three cases is assumed to 
be identical with the input. In the 
analysis given in the foregoing the tran¬ 
sient functions are defined throughout an 
infinite region in time. Therefore there 
is no such thing as an initial condition. 
Initial conditions in conventional analysis 
simply account for the effect of inputs 
prior to /=0. The standard system for 
examples 1 and 3 is a low-pass binomial 
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filter of the first order. For example 2 a 
binomial filter of the second order is used 
as the standard system. The filter em¬ 
ployed in the bandwidth termination for 
examples 1 and 3 is simply a constant; 
for example 2 it is a simple differentiator, 
in the case of the first two examples the 
objective of the design is to find the sys¬ 
tem function which minimizes the band¬ 
width subject to a specification on the 
integral-square error. For example 3, on 
the other hand, the system function is 
sought which minimizes the bandwidth 
within the constraint imposed by specifi¬ 
cation of the peak error. 

Examples 1 and 2 are solved using the 
explicit solution for the system function 
given by equation 6. Unfortunately, 
space does not permit giving the details 
of these solutions here. The reader may 
question how solutions can be obtained 
using equation 6 when the transform for 
the autotranslation function of the input 
ramp does not exist. Convergence of the 
transform can be assured either by em¬ 
ploying a convergence factor as part of 
the transform defimtion or by considering 
the solution to be the limit for an expo¬ 
nentially dampedramp as the damping ap¬ 
proaches zero. After the solution for the 
system function has been obtained it is 
necessary to evaluate the integral-square 
error and the mean-square value of the 
noise during the bandwidth test. The 
table of definite integrals given in the Ap¬ 
pendix of reference 5 is often useful here. 

Because in example 3 the objective is 
to minimize the bandwidth subject to a 
specification of the peak error rather than 
the integral-square error, the procedures 
given in the preceding analysis and hence 
equation 5 are not applicable. In fact. 
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there is no general approach to problems 
which involve quantities like peak error. 
Therefore, in handling this example it is 
necessary to employ approximate meth¬ 
ods. By assuming the error is always 
positive a modification of the Ritz® 
method of solving the variational prob¬ 
lem may be used. By taking successive 
approximations a trend can be estab¬ 
lished and a guess can be made as to the 
form of the weighting function which 
would solve this problem. Next a test 
was made of this guess to see if it did 
indeed fulfill the requirements. The net 
result was that the guess did prove to be 
the correct one. It further appeared 
that the initial assumption that the error 
is always positive was not material, since 
a change in the system function in any 
direction which would tend to produce 
positive, or positive and negative, error 
causes an increase in the bandwidth of 
the system for the specified peak error. 
The results are now compared for 
examples 1 and 2. Since the objective 
is to minimize the bandwidth subject to 
a specified value of the integral-square 
error, it is known in advance that the 
system functions must be such that the 
steady-state error for a constant velocity 
is zero. Inspection of the system func¬ 
tions presented in Table I show that they 
meet this requirement. In the first 
example, the filter used in the bandwidth 
test is simply unity. In order to produce 
a finite bandwidth it is necessary for the 
system function to cut off at some rate 
at the higher frequencies. Inspection 
of the system function for example 1 
shows that it cuts off at the rate of 3 
decilogs per octave. On the other hand, 
in example 2 the filter used for band¬ 
width determination is a simple differen¬ 
tiator. This increased emphasis of the 
high frequencies results in the system 
function’s cutting off at the rate of 6 deci¬ 
logs per octave. This illustrates the way 
in which the designer can control the rate 
of cutoff. But notice what expense this 
increased rate of cutoff has imposed. 
The integral-square error is more than 
2 Va times as great for a given bandwidth 
in the case of example 2 than in example 1. 
Stated another way, in the case of these 
two examples, almost 40 per cent more 
bandwidth is required to accommodate a 
6-dedlog-per-octave cutoff rate than 
would be necessary to accommodate a 3- 
decilog-per-octave rate. Inspection of 
Fig. 3 reveals another price which has 
been paid to achieve a higher rate of cut¬ 
off. Fig. 3 shows the frequency response 
of the system ftmctions for examples 1 
and 2. Notice the higher resonant peak 
in the magnitude diaracteristic of exam¬ 


ple 2 relative to example 1. Fig. 4 shows 
the error as a function of time following 
the application of the ramp. Initially 
both the systems for examples 1 and 2 
exhibit errors building up at the rate of 
the ramp, as was expected. The low cut¬ 
off rate system of example 1 is able to 
start reducing the error somewhat sooner 
than the higher cutoff rate of example 2. 
Note also that the error response for 
example 2 shows a greater overshoot than 
is exhibited by example 1; this ties in 
with the larger peak magnification of 
example 2. 

It is interesting to compare examples 1 
and 2 with Lathrop and Graham’s^ exam¬ 
ples Table I, case 2, and Table II, case 2. 
Using integral-time-absolute error as their 
performance index, they find that ideally 
certain parameters should approach in¬ 
finity. Making these parameters ap¬ 
proach infinity effectively makes their 
systems have infinite bandwidth. If 
Lathrop and Graham had been able to 
incorporate a bandwidth specification or 
had minimiz ed bandwidth holding their 
performance index constant, they would 
not have been troubled with parameters 
tending toward infinity. 

How sensitive is bandwridth to varia¬ 
tions of a system function from its opti¬ 
mum value? Or alternatively for a given 
bandwidth, how sensitive is the integral- 
square error to a departure of the system 
function from its optimum form? Fig. 5 
is designed to answer this question. 
Since the system function of example 1 is 
second order, it may be characterized in 
terms of a damping ratio. The optimum 
system function has a damping ratio of 
V^/2. Fig. 5 is a plot of the normalized 
integral-square error as a function .of 
damping ratio f as it is varied over a con¬ 
siderable range. Notice that the integrals 
square error increases rather slowly at 
first for damping ratios in the range 0.6 
to 1.0, but quite rapidly when the damp¬ 
ing ratio is much outside this range. 
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Fi^. 7. System error foilowins ramp input, 
examples 1 and 3 


Examples 1 and 3 are now compared. 
The only difference between these two 
examples is the performance index which 
is specified while the bandwidth is mini¬ 
mized. The specification in example 1 
was on the integral-square error whereas 
in the case of example 3 it was on the peak 
error. In both examples the system 
functions exhibit a 3-decilog-per-octave 
cutoff rate. In example 3 there is a 
steady-state velocity error, which is quite 
permissible in view of the fact that a speci¬ 
fication of the peak error in no way bounds 
the steady-state error except that it shall 
be equal to or less than the peak error. 
This is in distinct contrast to example 1, 
where the specification on the integral- 
square error definitely constrained the 
steady-state error to be zero. Fig. 6 
shows the frequency response of the sys¬ 
tems for examples 1 and 3. Note that 
the phase characteristic for example 1 
starts off with zero slope corresponding to 
the zero steady-state velocity error, 
whereas in example 3 the phase charac¬ 
teristic starts off with a finite slope. Fig. 
7 shows the error response following the 
application of the ramp input for these 
two examples. Observe the similarity 
between the initial portions of the error 
response of example 1 and that of example 
3. Notice further that for a specified 
bandwidth the peak error of example 3 is 
only slightly smaller than in the case of 
example 1. What is most spectacular 
about these two examples is the fact that 
a 9-per-cent increase in the peak error 
from that of example 3 gives the zero 
velocity-error system of example 1, the 
bandwidth being held constant. On the 
basis of this result it is concluded that a 
specification on the integral-square error 
is almost equivalent to a specification on 
the peak error under the conditions of 
these examples, i.e., almost equivalent 
from the point of view of minimizing 
bandwidth for a given peak error. 

Conclusions 

This paper has demonstrated the feasi¬ 
bility of designing control systems to 
minimize bandwidth. A general solution 
to the problem, of minimizing bandwidth 
under the condition of a specified integral- 


square error for a transient input has been 
presented. The nature of the results to 
be expected from this general solution has 
been indicated by means of examples. 

The solution for the control system 
weighting function (or system function) 
determined by the variational procedure 
of this paper accomplishes only part of 
the total design ta^. No discussion of 
the realization of a system function by 
means of closed-loop configurations using 
available components has been given; 
this matter alone could well form the sub¬ 
ject of a series of technical papers. What 
has been done is to indicate one approach 
to establishing a system function which 
can act as a design goal for conventional 
system design techniques. 

The solution of this paper represents 
but one application of variational meth¬ 
ods® to electrical engineering design prob¬ 
lems. The author believes that varia¬ 
tional techniques have much to offer our 
branch of engineering and therefore 
should receive greater emphasis from both 
teachers and practicing engineers. 

Appendix. Derivation of Basic 
Integral Equation 

First, find the mean-square value of the 
filtered noise during the bandwidth test 
as a function of w(t). Referring to Fig. 2, 
the convolution integral is used to write 

(9) 

J[r„dhwCh)b,(.t-h-ti) ( 10 ) 

Therefore 

h-h) (11) 

The square of can be written as 

f°„dtiwih) yi”„X 

( 12 ) 


This equation gives the mean-square value 
of &/ as a functional of w{t). 

Next, the integral-square error during 
normal operation as a function of w(<) is 
sought. From Fig. 2 

II 

T 

(16) 

y.W=»X«)-2»(<)2(i)+2W 

(17) 

Again employing the convolution integral 

ff(0 ’=^f^oi>dkw{h)v{t—t2) 

(18) 

f^a,dkw{h)fff^dhw{k)v{t- 

-fe)X 

v($- 

-it) (19) 

Recall the definition of the autotranslation 
functions 


(20) 


(21) 

IniT)AJ‘°^dtv(t)v(t+T) 

(22) 


Integrating both sides of equation 17 
after substituting expressions 18 and 19 for 
q{t) and qXt) respectively yields as an 
expression for the integral-square error 

I,^Iu{.0)-^f“^dhie(k)IM+ /_"„X 

dtiw(ii)fj‘„dttiv(it)ln(h—k) (23) 

An interchange in the order of integration 
and use of expressions 21 and 22 were 
made in deriving this equation, which gives 
Je as a function of w(t). 

Usmg the method of Lagrange, the 
functional is minimized 

(24) 

where p is the Lag rangia n multiplier, in 
order to minimize &/(0 subject to the 
constraint that Ie<Iem- 
To do this let 

(25) 

where Wm(t) is the solution and w«(/) is 
any arbitrary weighting function. Both 
Wfn(t) and We(t) must be realizable in the 
sense that they are zero before /=0. Then 
the condition for Wjn{t) to be the solution 
develops from setting the first derivative 
of F with respect to € equal to zero at 6=0. 
By equation 24 


In equations 9 through 12 tu k» k, and 
U are integration variables. Since bv(t) ^ 

IS a stochastic function of finite average de 
power, it possesses an autocorrelation 
function defined as From equation 12 


dlbAt)] 


de 


aO 06 




(26) 


<Pbvv(r)^^ ^ I dtbv(i)bv(t+T) (13) 

T-^<x>2TJ -r 

The mean-square value of bf(t) is by defi¬ 
nition 

i (14) 

r—*.00 

Integrating and averaging both sides of 
equation 12 (with an interchange of order 
on the right side) yields 

5/*(l)- f^„dhvi/(ti)f!°„dhvKh) yi“a.X 
dtiw/,u)fj°„dtMU)<ntt^h+tt-h-U) (15) 


de •/ — 00 00 de 

/ OO ^00 

dtzWfitz) I dUw{U)ipb9v{h’\‘ 

— 00 •/ ~ 00 

/ OO 

dtiWf{ti) 

- 00 

/ OO ^00 

dkiiii^h) I dtzWfCk) 

— 00 •/ —. 00 

dw(ti) 

dti-^nUh+h-tz-ti) {21) 
Substituting the right side of equation 
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25 for wit) and making use of the fact that 
<Pbvvir) is an even function makes it possible 
to write 


dibfKm 


de 


2 /_"» dtiWfiti)J'j^^dt2Weit2) oi^tzWfitz) 
J'^^dUWmih)<pl)vvik‘¥k—tz'-tA) (28) 


{dFJd€) U=o= 0 , and rearranging the orders 
of integration yields 

2 /-”. ,dfew«(^ 2 )(left side of equation 1 ) = 0 

(30) 

Since w«(/) is arbitrary and not zero for 
/> 0 , the parenthesis must be zero in this 
range. This completes the derivation of 
the basic integral equation. 


Similarly 
dle\ 

= 0 


d€ 


2j'^^dt2Weik)f^a,dtAWmiU)Ivvik —^ 4 ) ““ 2 X 
^dk'iVi{k)Iviik) (29) 


Substituting expressions 28 and 29 into 
equation 26 “ for {dF/di) |«=o setting 


References 

1. The Analysis and Synthesis op Linear 
Servomechanisms (book), A. C. Hall., The 
Technology Press, Cambridge, Mass,, 1943. 

2. The Synthesis op “Optimum” Transient 
Response: Criteria and Standard Forms, 
Dunstan Graham, R. C. Lathrop. AIEE Trans¬ 
actions, vol. 72, pt. II, Nov. 1963, pp. 273-88. 


3. Extrapolation, Interpolation, and Smooth, 
iNG op Stationary Time Series (book), N. 
Wiener. John Wiley and Sons, Inc., New York 
N. y., 1949. 

4. Compensation op Feedback Control Sys¬ 
tems Subject to Saturation, George C. Newton, 
Jr. Journal, Franklin Institute, Philadelphia, 
Pa., vol. 254, Oct. and Nov. 1952, pp. 281-96 
391-413. 

5. Theory op Servomechanisms (book), H. 

M. James, N. B. Nichols, R. S. Phillips. McOraw- 
HiU Company, Inc., New York, N. Y., 1947. 

6. Methods op Applied Mathematics (book). 
F. B. Hildebrand. Prentice-Hall, Inc., New York 

N. Y., 1952. 

7. The Transient Performance of Servo* 
mechanisms with Derivative and Integral 
Control, Richard C. Lathrop, Dunstan 

AIEE Transactions, vol. 73, pt. II, Mar. 1964, 
pp. 10-17. 


8. The Introduction op Constraints into 
Feedback System Designs, John H. Westcott. 
Transactions of the IRE, CT-1, Institute of Radio 
Engineers, New York, N. Y., Sept. 1954, pp. 39-49. 


Discussion 

A. J. Bargeski (Sperry Gyroscope Company, 
Great Neck, N. Y.); Mr. Newton’s paper 
is an interesting and much-needed advance 
in the application of statistical techniques 
to control system design. Although the 
use of constraints on the system function 
bflg been introduced in other papers, this 
paper to my best knowledge is the first 
to realize that some sacrifice in system per¬ 
formance may be necessary if derived 
bandwidth requirements are to be com¬ 
patible vdth those obtainable from func¬ 
tional components available to the system 
designer. The specification of an upper 
bound on the integral-squared error rather 
than its minimization should do much 
toward reducing the impractical results 
that are generally derived by the strmght- 
forward application of statistical functions. 

The limited results the author presents 
are informative. A comparison of examples 
1 and 2 indicates that systems with second- 
order characteristic equations are the most 
efi&cient with respect to ramp function 
inputs under the given noise conditions. 
On this basis, it may be possible to construe 
that single-order systems will suffice for 
step function inputs, and third-order 
systems are necessary for constant accelera¬ 
tion inputs. Thus, on an open-loop basis, 
the order of the zero pole of the response 
need be no greater than that necessary to 
provide a zero error for a given input as 
determined by the classical theory. The 
addition of the constraint then defines 
systems in accord with specifications set 
down by less powerful analytic tools. 
With the general form of system functions 
determined by the foregoing technique, the 
process of minimization with included 
constraints can be carried out in the manner 
of reference 5 with respect to the system 
parameters that can be varied. 

The first example specifies an open-loop 
response having a second-order zero pole. 
Since lags are inherently present in system 
functions supplying specified leads, the 
results of example 2 appear to be the more 
practicable and thus should be used as the 
minimization standard. The system func¬ 
tion of the second example also agrees with 
our intuitive concept as to the ideal 
function since the additional 3 -decilog-per- 


octave high-frequency fall-off should reduce 
the noise output. System performance 
should not be unduly compromised if the 
lag comer frequency occurs sufficiently far 
from the zero-decibel point. The incon¬ 
sistency here undoubtedly lies in the ma^er 
of specification of the system bandwidth 
Wd. 

The obvious extensions to this paper 
have already been mentioned by the author. 
If these were to be carried out arid formal¬ 
ized, the practical design of optimum 
system functions would be considerably 
advanced. 


Dn S. S. L. Chang (New York University, 
New York, N. Y.): The author is to be 
congratulated for his very sophisticated 
analysis of the problem as well as for the 
very useful result he obtained. His result 
has the flexibility to meet pr^tical re¬ 
quirements. For instance, a designer may 
attach varying degrees of importance of 
high-frequency noise (or cost of extended 
frequency range) by varying the filter 
response function WX^). The cost could 
include fix cost as well as maintenance cost, 
such as the increased wear of moving 
components which invariably accompanies 
wide-open bandwidth. 

His result is applicable not only to inputs 
of a known time function but also to cases 
in which only some statistical property such 
as the power spectrum of the input is 
known. This applicability is inherent in 
his use of integral-square error criterion. 

The minimum bandwidth philosophy of 
servo design has its roots in the literature 
at least as far back as 1947 when reference 5 
was published. In that book the minimiz¬ 
ing over-all error in the presence of noise 
is analytically equivalent to Dr. Newton’s 
tTiiti iTuivJn g bandwidth. However, analysis 
in the book is restricted to determining 
the coefficients of a certain form of system 
function. 

I have been studying the more general 
problem by means of frequency domain 
analysis. For a linear servo, my work 
gives the same result as Dr. Newton’s 
and will be given here as an alternative to 
Dr. Newton’s analysis at the end of this 
discussion. For a nonlinear servo my work 
indicates that in the presence of noise the 
servo response to signal actually slows down 


if the bandwidth is unduly increased. This 
fact further corroborates Dr. Newton’s 
antihigh-fidelity philosophy of servo design. 

For the linear case, it is well known that 
the integral square of a time function is the 
same as the integral square of the magni¬ 
tude of its Fourier transform. The problem 
is simply to determine Wit^ subject to the 
following conditions 

s= minimum (31) 


2wJo 

Xw )]dw » constant (32) 

In equation 32, »(«) i(") Fourier 

transforms of vit) and iit) respectively. If 
only the power spectrum of vit) is known, 
t;(a>) will have arbitrary or undetermined 
phase. However, the phase of 4(w) is 
correlated to that of vice). Multiplying 
out equation 32, there results 

2^rJo 

IviMWice)+IiiM]dce--constQJit (33) 

The minimization is subject to the 
restriction that Wi<a) is physically realizable 
and stable. Let W«(«) be any physically 
realizable and stable system function, and 
e be an infinitesmal quantity. Then for 
any arbitrary 

PF(co) = Wto(«)4-«TYX«) 


(34) 


satisfying equation 32, the integral of 
equation 31 must be equal to a zero-order 
term plus a vanishing first-order term plus 
a positive definite second-order term. Using 
Lagrange’s multiplier, we obtain 

/• CO 

Jo 


WmMWM]d<o- 


27rJo I 




WM-IhM] WM+[IvvM X 

The condition of physical realizability gives 


July 1955 


Newton—Design of Control Syst^s for Minimum Bandwidth 


167 



5^mM = Frm(-«) 

WM = We(-o>) 

These relations, together with the well- 
Icnown properties that /»«(«)=/»»(—«) 
^idoCw) = ^trC— m), and =/»i( —w) 

convert equation 35 into the following form 

(«)]TK™(«)-^/,4(«)|>l?e(a,)dc-0 (36) 

Since the system functions must vanish 
at o)= 00 , the path of integration may be 
extended from -{-«» through a large semi¬ 
circle on the upper half-plane back to 
— GO. Thus the path of integration of 
equation 36 encloses the entire upper half¬ 
plane. Since We(o3^ has no poles in the 
lower half-plane, W((a) ^W(^<a) has no 
poles in the upper half-plane. A sufficient 
condition for satisfying equation 36 is 
simply that the expression in the { } bracket 
of equation 6 has no poles in the upper 
half-plane. This is also the necessary 
condition due to the arbitrariness of We(<a). 
If the expression in the { } bracket has 
any poles in the upper half-plane, a We(ea) 
can be chosen such that the sum of residues 
do not vanish. Therefore 





(37) 


where L(w) has poles in the lower half-plane 
only. 

Using Dr. Newton’s definition of A+(co) 
and A~(a)), and dividing equation 37 by 
A “■(«), there results 




phM . 2TrLi<a) 
A”(o)) A”(«) 


(38) 


In equation 38, note that A'^(^<a)W (w) has 
poles in the upper half-plane only. On 
the left-hand side of equation 38, the first 
term has poles in both the upper and lower 
half-planes and the second term is inde¬ 
terminate but has poles in the lower half¬ 
plane only. Therefore 


A+(«)W'„(») = (^))^ (39) 

Equation 39 is the same as equation 5. 
Throughout the derivation, I have used 
Dr. Newton’s symbols instead of my own 
to show the parallelism of the two methods. 


Max V. Mathews (Massachusetts Institute 
of Technology, Cambridge, Mass.): Pro¬ 
fessor Newton has developed an excellent 
approach to the design of servomechanisms. 
One of the most valuable aspects is the 
presentation of an example of the applica¬ 
tion of the calculus-of-variations methods 
to design problems in which these methods 
can provide the designer with assurance 
that the best possible design has been 
obtained within the limits of the fixed 
conditions imposed by the problem. 

Professor Newton approached the servo 
design problem^ from the standpoint that 


the maximum allowable error is given as 
a fixed quantity and none of the quantities 
in the servo are specified. He then pro¬ 
ceeded to design a servo which is optimum 
in the sense that it has a minimum band¬ 
width. An alternate approach, which is 
frequently employed either by choice or 
because of the nature of the problem, is to 
design a servo which yields minimum error 
under the constraint of some fixed quantity 
in the servo. The prime mover is a con¬ 
straint which frequently is specified. How¬ 
ever, if the bandwidth is the specified 
constraint, then minimization of the error 
results in the same design as Professor 
Newton’s procedure. The identity of 
the two design approaches is mentioned 
in the paper, but is sufficiently important 
to be emphasized here. 

The main limitation to the author’s 
approach is that only linear systems are 
treated and consideration of nonlinear 
elements (such as saturating elements), 
which are inherent in almost all servos, 
does not seem feasible. This limitation is 
not unique to Professor Newton’s paper, 
since almost all literature in the servo field 
deals with linear theory. A design method 
cannot be entirely satisfactory until non¬ 
linear effects are taken into account. For 
example, a minimum bandwidth system 
might have larger signal amplitudes in 
some fixed component than some system 
using the same fixed component but with 
a wider bandwidth. Conceivably, the latter 
system might be cheaper to build. 


George C. Newton, Jr. : I wish to express 
my appreciation to the discussers for their 
comments on my paper. 

As Mr. Bargeski points out, it is per¬ 
fectly feasible to design a feedback control 
system for minimum bandwidth by first 
selecting a configuration and then adjusting 
the free parameters to minimize the band¬ 
width in the manner of reference 5. If a 
little engineering intuition is employed in 
the selection of the initial configuration, 
it is often possible to achieve results by this 
procedure which are either identical to, or 
almost as good as, those obtained when the 
configuration is not initially specified. This 
comes about because small variations of the 
impulse response of the control system from 
its optimum shape do not markedly increase 
either the bandwidth or the integral-square 
error since both these quantities are sta¬ 
tionary in the vicinity of the optimum shape. 
In other words, both bandwidth and inte¬ 
gral-square error are relatively insensitive to 
departiures from the optimum impulse re¬ 
sponse providing the departures are not too 
large. 

Because it is not essential for engineering 
purposes to have exactly the optimum 
impulse response for a control system, it is 
frequently possible to arrive at a satis¬ 
factory design by a trial-and-error technique 
using conventional design theoiy. The 
virtue of the more elaborate analyses, of 
which this paper is an example, lies in their 
providing us with bench marks, or reference 
points, by which we may gauge tie results 
of the simpler design techniques. Also, 
these more elaborate methods help us to 
determine whether or not a set of speci¬ 
fications is internally consistent. Certain 
specifications may be impossible to realize 
and yet no amount of trial-and-error analysis 


can prove their unrealizability. On the 
other hand, the more elaborate methods 
along the lines of this paper are able to tell 
the designer which specifications are realiz¬ 
able and which are not. Knowing when a set 
of specifications is not realizable can save 
the designer a great deal of time. 

Dr. Chang states that he is working on 
analyses of nonlinear servomechanisms and 
that in certain instances he has shown the 
servo response to signal actually slows down 
as the bandwidth is increased. It is not 
difficult to imagine certain situations in 
which this is true, but undoubtedly Dr. 
Chang has made a very careful study of this 
phenomenon. I, for one, am looking for¬ 
ward to the publication by Dr. Chang of 
this investigation. 

In my paper the solution for the minimum 
bandwidth system function is arrived at 
through the solution of an integral equation 
for the impulse response. Dr. Chang points 
out that it is not necessary to first solve for 
the impulse response. As he has shown, it 
is possible to set a problem up in terms of 
the system functions and solve for the op¬ 
timum system function without ever leav¬ 
ing the frequency domain. Which approach 
is better depends upon the purposes the 
user has in mind. By going to the solution 
via the time domain we do obtain inciden¬ 
tally an integral equation for the impulse 
response. In problems where only numeri¬ 
cal data are available, it may be desirable 
to remain in the time domain, and to solve 
the integral equation by numerical proce¬ 
dures. On the other hand, if one is always 
sure of dealing with time functions whose 
transforms are analytic, then the frequency 
domain solution is obviously the best one 
to use. 

As Dr. Mathews points out, the analysis 
of my paper is based on the assumption 
that the control system is linear. The 
problem of nonlinear system synthesis in 
any general sense is so much more difficult 
than the problem treated in my paper that 
there should be no wonder at the paucity of 
literature on this subject. Considerable re¬ 
search has been conducted on specialized 
nonlinear systems and the results of this 
work are being reported in the literature 
with increasing frequency. 

Dr. Mathews mentions that a minimum 
bandwidth system may have larger signal 
amplitudes in certain fixed components than 
some other system using the same fixed 
components but having a larger bandwidth. 
I believe that fixed components for which a 
minimum bandwidth system yields larger 
signal levels than some other system are 
relatively rare. In the most recent example 
in my experience involving fixed components 
possessing a nonminimum-phase property, 
the minimum bandwidth solution yielded 
far lower signal levels m the fixed elements 
than would have existed otherwise. In the 
case of minimum-phase fixed components 
those employed in feedback control systems 
usually have a low-pass frequency-response 
characteristic. In such circumstances mini¬ 
mization of integral-square error, or for that 
matter other error criteria, without regard 
to bandwidth and in the absence of noise 
will result in compensation which is the 
inverse of the transfer function of the fixed 
elements (assuming that the desired output 
is the same as the input). With such com¬ 
pensation the signal levels within the fixed 
components may become very severe indeed. 
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Considerations in the Development of a 
High-Power Rectifier Locomotive 
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benefit obtained from such a connection 
proves very costly. A circuit of this 
nature would give a reduction in the 
size of the main SR, but analysis indicates 
that the over-all arrangement would not 
be economical. An equivalent improve¬ 
ment in motor ripple could be obtained by 
altering the design of the main SR at a 
considerable saving in weight and space. 


General Considerations 

H IOH-POWER rectifier locomotive 
design considerations center, first 
and foremost, around the traction motor. 
To compensate for the cost of the recti¬ 
fier equipment, the d-c traction motor 
must be of a design that enjoys high pro¬ 
duction and consequent low cost. To be 
competitive in road performance with 
contemporary locomotives powered by 
modem 25-cycle a-c commutator motors, 
which have the inherent ability to de¬ 
liver high power at high speeds, the motor 
selected for the rectifier locomotive must 
have comparable characteristics. The 
peak outputs required per motor for short 
periods on a passenger locomotive are 
around 1,500 horsepower. It is the 
ability to deliver power of this magnitude 
per axle that permits the modem straight 
electric locomotive to maintain the high¬ 
speed schedules that characterize elec¬ 
trified railroads along the Eastern sea¬ 
board. In high-speed passenger service 
it is desirable that the rectifier locomotive 
be able to duplicate or exceed the 
performance of present locomotives 
•equipped with 25-cycle commutator 
motors. 

Extensive stand tests have shown that 
the modem d-c Diesel-electric locomotive 
traction motor can deliver these high 
horsepowers for short periods. The tests 
also indicate that motor commutation is 
suffidently good to permit these high 
outputs to be attained with the expecta¬ 
tion of reasonable commutator and trac¬ 
tion motor maintenance. 

Wave Shape 

Single-phase power, when rectified, 
does not give direct current in the usually 
accepted sense of the temi. If there is 
no inductance in the circuit, a pulsating 
direct current is produced; each pulse 
being the upper half of a sine wave. 


Paper 55-208, recommended by the AIEE Land 
Transportation Committee and approved by the 
AIEE Committee on, Technical Operations for 
presentation at the AIEE Winter General Meeting, 
New York, N. Y., January 31-February 4, 1955. 
Manuscript submitted October 21, 1954; made 
available for printing December 16, 1954. 

H. S. OoDBN is with the General Electric Company, 
Erie, Pa. 


Actually, the lower half of the sine wave 
has been inverted above the zero axis. 
If sufl&cient inductance can be added to 
the rectifier output circuit, the pulses can 
be smoothed out and the output made to 
become a constant d-c voltage. The 
amount of inductance required, however, 
is so high as to be impractical. But a 
reactor of reasonable size can be designed 
if the ripple in the output current is held 
to approximately 20 per cent with maxi¬ 
mum motor currents. 

Any method of smoothing out the d-c 
wave has the disadvantage of tending to 
cause severe distortions of the current 
supplied to the locomotive. This dis¬ 
tortion sets up conditions for possible 
telephone influence which may or may 
not prove to be serious. 

Several curatives are available for im¬ 
proving the primary wave. The usual 
method used (described in the section 
“Telephone Interference’*) consists of con¬ 
necting a capacitor-resistance filter across 
the input to the rectifier tubes. A less 
effective method involves connecting a 
tuned capacitor-reactor circuit of large 
capacity across the traction motor and 
smoothing reactor (SR) combination. 
Such a circuit is tuned to approximately 
the second harmonic frequency, but so 
arranged that the reactor voltage is 
greater than the capacitor voltage (Fig. 
1). With these phase relations, the 
circuit has the characteristic of improving 
the traction motor ripple, and at the same 
time increasing the ripple current taken 
from the supply transformer. Under one 
condition of operation at continuous load 
on the traction motor, the ripple observed 
in the motor current was 19.6 per cent, 
whereas the ripple coming out of the 
supply transformer was 47.6 per cent. 
At this time a 50-cycle filter current of 
135 amperes was required. Although the 
shape of the primary current wave proved 
to be a rather good approximation of a 
sine wave, it still had a sharp corner 
occurring at the end of the rectifier com¬ 
mutation period, and a rather high value 
of telephone influence factor (TIF) of 
25.8 was obtained. A second harmonic 
filter current of the amount used here re¬ 
quires a very large kva in capacitor and 
reactors. For this reason the small 


Rectifier Connections 

There are two types of rectifier con¬ 
nections which might be used for con¬ 
verting alternating current to direct cur¬ 
rent. The first is the diametric connec¬ 
tion, and the second the bridge or 2-way 
connection. The principal elements of 
these two types are shown in Fig. 2. 

With the diametric connection, the 
load circuit is connected between the 
rectifier anodes and the mid-point of the 
supply transformer. This connection is 
economical of rectifier tubes at the ex¬ 
pense of transformer weight and cost. A 
glance at the circuit connections will serve 
to show that the current flow alternates 
first in one half of the secondary winding 
of the transformer and then in the other 
half, as first one and then the other set 
of tubes conducts. Since the output volt¬ 
age of the rectifier is determined by the 
voltage from the mid-point to one end of 
the transformer, it is evident that the 
transformer must be woimd for twice the 
voltage of the output circuit, but each 
section of the winding carries current for 
only one-half the time. During the 
period of rectifier commutation, when 
the outside terminals of the main trans¬ 
former secondary are (in effect) short- 
circuited, the SR must force its current 
through the load circuit to the center tap 
of the transformer. At this point the 
current divides and flows in opposite 
directions through the two halves of the 
secondary winding and the rectifi^ tubes 
back to the load circuit and the SR. The 
flow of current during the commutating 
period of the rectifier is in accordance 
with the classical theory of current flow in 
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that, when the nonconducting tubes start 
to carry current, the current they carry 
is a short circuit on the entire secondary 
of the transformer. The direction of this 
current is opposite to that of the load 
current carried by the tube which has 
been conducting for the previous half- 
cycle. When the build-up of current 
reaches a numerical value equal to one- 
half the value of the current in the 
previously conducting tube, the two 
currents flowing in the two halves of the 
transformer secondary in opposite direc¬ 
tions result in zero load current ampere 
turns, and hence zero primary current. 
When the short-circuit current becomes 
exactly equal to the current originally 
flowing through the previously conducting 
tube, the algebraic sum of these two 
currents is zero, and current ceases to 
flow in the previously conducting tube 
but does not reverse because of the tube 
characteristics. 

Fig. 2 also shows the elementary con¬ 
nections of the bridge-type rectifier 
circuit. The tube action and the cur¬ 
rents flowing during commutation are 
much the same as for the diametric con¬ 
nection, except that the SR current does 
not flow through the main transformer 
secondary during this period. In addi¬ 
tion to forcing the current through the 
traction motor, the reactor must overcome 
the drop of two rectifier tubes, whereas in 
the diametric circuit, only one rectifier 
tube drop is involved. Because of, the 
leakage reactance of the diametrically con¬ 
nected transformer, and the fact that the 
instantaneous values of current during the 
commutating period in the two halves 
of the main transformer are not always 
equal, more voltage must be generated 
by the SR for this connection. The 


bridge-connected rectifier therefore re¬ 
quires a smaller physical size of SR than 
does the diametrically connected rectifier. 

In locomotive service, the traction 
motor voltage must be varied over a 
rather wide range. This can be done 
either by taps on the main transformer, 
or by accelerating resistors connected in 
series with the motors. In some cases 
a combination of the two methods may be 
provided. 

Where it is desired to use taps on the 
main transformer secondary, a diametric 
connection requires that thfe voltage on 
each half of the secondary be balanced at 
all times. Otherwise, traction motor 
ripple currents will not be kept within 
limits. 

With the diametric connection, sub¬ 
stantial unbalanced stresses are set up 
in the transformer because of the pul¬ 
sating nature of the current in the two sec¬ 
tions of the secondary as it alternates 
under the rectifying action of the tubes. 

The tabulation included with Fig. 2 
shows the relative adv^antages of the two 
schemes. This assumes two traction 
motors which may be connected either in 
series or parallel. For the diametric 
connection, the motors are in parallel 
and the center tap of the transformer is 
grounded. For ^e bridge connection, 
the ground on the traction motors is 
located between the two motors. This 
insures that maximum voltages to ground 
on the traction motors will be the same in 
both cases. Because of the pulsating 
nature of the current in the transformer 
secondary for the diametric connection, 
the heating effect is equivalent to \/2 
times the current per motor. This means 
there must be 40 per cent more copper in 
this secondary winding than in that of the 


transformer for the bridge connection. 
As a result, the transformer as a whole 
has approximately 20 per cent more kva 
and 10 per cent more weight. When con¬ 
sidering transformers of 6,000-kva ca¬ 
pacity, weighing approximately 25,000 
pounds, this means a weight saving of 
2,500 pounds or better in favor of the 
bridge circuit. The tabulation also shows 
that the duty per rectifier tube is the same 
for the two connections, not considering 
the fault currents. Item 9 indicates that 
when a tube arcs back, the arc-back 
current will be one-third greater for the 
diametric connection. 

The purpose of the SR is to sustain the 
current flowing through the traction 
motors during the period of rectifier com¬ 
mutation. For both circuits, the SR has 
to overcome the voltage drop in the two 
traction motors and also the forward drop 
in the rectifier tubes. The diametric 
circuit requires an SR design of half the 
voltage and twice the current required 
by the bridge circuit. In the diametric 
circuit, however, the SR must force 
the motor current through the trans¬ 
former secondary; so an additional volt¬ 
age drop represented by the leakage re¬ 
actance voltage drop of the transformer, 
must be supplied by the reactor. This 
tends to be of moderate value because, at 
the time the transformer primary current 
passes through zero, the ampere turns 
produced in the two sections of the 
secondary by the SR current are equal 
and opposite so that only the leakage 
reactance is involved. 

Trolley Voltage Requirements 

Ignitron rectifiers require pulsed firing 
voltages to start tube conduction at the 
beginning of each half-cycle. The firing 
circuits which provide this voltage are sup^ 
plied from the same source as the power 
to the rectifier tubes. When the trolley 
circuit voltage falls so low that the firing 
circuits will not generate the pulse, or the 


transformer secondary 



Figi. 3. Comparison of lumped and distribuiecT 
current-limiting reactance 
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FREQUENCY WEIGHTING CHARACTERISTIC FOR TIF MEASUREMENTS 
Fig. 4. Telephone influence weighting factor curve, 1935 


pulse is delayed in occurring, the main 
rectifier tubes will not conduct current 
properly or may fail to conduct entirely. 
This means that a locomotive or car using 
ignitron rectifiers will not operate when 
the trolley voltage falls below the value 
for which the firing circuits have been 
designed. 

Because extraordinary conditions may 
result in low voltage on the trolley 
wire, it appears essential that the firing 
circuit be designed to provide for loco¬ 
motive operation over a relatively wide 
range of voltage. Firing circuit opera¬ 
tion is complicated by the fact that recti¬ 
fier commutation involves a system short 
circuit during the commutation period 
and a commutating notch is cut into the 
applied voltage wave as supplied to all 
rectifiers on the line at any given time. 
Firing circuits must be adequate to tahe 
a sine wave of voltage with a substantial 
commutating notch cut out of it and still 
operate satisfactorily. The commuta¬ 
ting notch becomes worse as the supply 
voltage falls, and also with the increase 
in trolley circuit reactance as the loco¬ 
motive traverses the line. 

To ensure that the rectifiers will con¬ 
tinue to operate under all reasonable low- 
voltage conditions, voltage regulating 
equipment may be required for the firing 
circuits. The firing circuits themselves 
have an inherent usable voltage range so 
that a relatively simple voltage regulator 
with coarse regulation will extend the 
operating voltage range of the rectifier to 
acceptable limits. 

Rectifier Arc Backs 

Probably the most frequent fault to 
occur on a rectifier locomotive is that of a 
rectifier tube arcing back. This phe¬ 
nomenon associated with the tube fail¬ 
ing to seal off and insulate at the end of 
the conducting period. When arcing 
back, the tube carries current in the 
reverse direction and effectively short- 
circuits the secondary of the transformer. 
Ignitron tubes have a definite limit to 
the amount of arc-back current they will 
take for a period of J. or 2 cycles without 
damage. These limits are known for 
most tubes, and where not known they 
can readily be determined. 

The designer has two alternative 
schemes to limit arc-back currents to 
safe values. 

1. Build sufficient current limiting re¬ 
actance into the main transformer. 

2. Provide separate current limiting re¬ 
actances for the ignitron tubes. 

The first scheme will, in many cases, 


mean a larger and heavier transformer 
than if it were built to its optimum re¬ 
actance for weight and size. Moreover, 
high reactance in any part of the rectifier 
supply circuit penalizes both rectifier and 
locomotive performance. 

Where the number of rectifier tubes 
permits, the tube drctdts may be grouped 
and the various groups fed through in¬ 
dividual current-limiting reactors. The 
most likely fault is that of a single tube 
arcing back at any one instant, and suffi¬ 
cient reactance must be provided to limit 
the current to a safe value for this one 
tube. Feeding the rectifiers in groups 
assures equal current division between 
the groups when all reactances are equal. 
The greater the number of branch circuits 
fed through individual reactors, the 
greater will be the over-all saving in the 
equivalent volt-ampere capacity of these 
reactors as compared to a single reactor 
for limiting the current to all rectifier 
tubes. The extremely high values of 
current involved in arc backs would 
quickly saturate any iron that normally 
would be put in the circuit so best results 
can be obtained from simple air core re¬ 
actors. Fig. 3 with the aid of the fol¬ 
lowing shows the operating advantage of 
distributing the reactance elements of the 
current-limiting reactor as compared with 
a lump reactance either in the main trans¬ 
former or as a separate device. 

Voltage Loss Comparison: Lumped or 

Distributed Reactance for Current 

Limiting 

LetX = required reactance per circuit, 
ohms. Then for any given tube arcing 
back, effective resistance in circuit is 

Y=>X+^ ( 1 ) 


Y is then also the required value of 
lumped reactance. 

Running voltage loss per bridge circuit 
for distributed X is 

( 2 ) 

and for lumped Y 

(3) 

Thus, lumped reactance, whether in the 
transformer or external, gives twice the 
running loss. 

Equation 2 versus equation 3, shows 
that distributing the reactances in three- 
bridge-connected rectifier circuits of the 
12-tube rectifier selected for this study 
gives one-half the voltage loss obtained 
with a lumped reactance. Such a system 
will therefore give a higher locomotive 
speed for a given input voltage. 

Telephone Interference 

The problem of telephone interference 
may be one of the major considerations 
in the design of a rectifier car or loco¬ 
motive. The primary current is far 
from a sine wave and approaches the 
trapezoidal wave which would have been 
obtained had the output of the rectifier 
been a perfectly flat wave. The primary 
voltage wave does not stay at zero during 
the commutating period; instead it as¬ 
sumes a value sufficient to force the short- 
circuit current through the transformer 
the current-limiting reactor and the short- 
circuited rectifier tubes. This produces 
a nick or depression in the sine wave of 
primary voltage during commutation. 
The voltage returns to its normal sine 
wave value the instant commutation is 
completed. With a square current wave 
all odd harmonics, i.e., the third, fifth, 
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HARMONIC OF 25 CYCLES 

PERFORMANCE LOAD POINT 1300 AMPS, 858 VOLTS - MOTOR 
TIF (METER READING)-20.8 


Fig. 5. Weighted harmonic analysis curve of rectifier locomotive without corrective measures 


circuits is possible. The theoretical re¬ 
sults of such a 3-circuit phase shift are 
indicated in Fig. 6. Two curves are 
shown: the first is the weighted harmonic 
curve from test data, and the second is 
the theoretical per-cent remainder curve. 
A tabulation gives the calculated resultant 
TIF for several conditions. The mini¬ 
mum value occurs when the per-cent re¬ 
mainder is adjusted to zero at a harmonic 
somewhat higher than the peak of the 
weighted harmonic curve at the 46th 
harmonic. The tabulation also indicates 
that the minimum does not vary appre¬ 
ciably, even though there is an unbalance 
in the shift. Such an arrangement gives 
a calculated improvement in TIF from 
39.3 to 10.35. 


seventh, ninth, etc., occur with decreas¬ 
ing value as the order of the harmonic in¬ 
creases. These harmonics are usually 
expressed as a percentage of the funda¬ 
mental. The magnitudes of individual 
harmonics may be quite significant until 
the frequency involved is well above the 
range which would affect telephone com¬ 
munication circuits. It is well known 
that each of the different frequencies has 
a different effect on telephone systems and 
voice sets. The influence of these various 
frequencies is shown by the 1935 tele¬ 
phone influence weighting factor (TIF) 
curve in Fig. 4. 

A wave analyzer analysis of the pri¬ 
mary current wave may be made from 
which the percentage of the various 
harmonics may be combined with the 
TIF curve to give the actual influence of 
any particular frequency present in the 
basic current wave. Individual values 
obtained are the product of the per cent 
of the harmonic times the weighting 
factor. The result of such a calculation 
for a locomotive without corrective 
measures is shown in Fig. 5. The curves 
show the peak of the influence curves at 
the 39th harmonic or approximately 1,000 
cycles. Even harmonics are zero and are 
not shown. The over-all TIF for the 
current wave is obtained by calculating 
the root-mean-square or rms value of the 
area under the curve. This is rather 
tedious and it is more convenient to 
utilize a Western Electric 2B noisemeter 
which measures the noise frequencies in 
decibels. With the use of a suitable con¬ 
version factor the actual value of TIF is 
readily obtained. For Fig. 5, the TIF 
was 20.8 as obtained from the meter. 

The method described of evaluating 
TIF is convenient for determining bene¬ 
fits derived from various means of de¬ 
creasing over-all influence. The TIF can 
be reduced in a number of ways such as 


the following: 

1. Connecting a resistance-capacitance cir¬ 
cuit across the input to the rectifier tubes. 

2. Using the second harmonic filter circuit 
across the traction motors and main SR 
or across portions of the latter. See Fig. 1. 

3. Phase-shifting two locomotive units 
or phase-shifting the individual circuits on 
one locomotive unit. 

Since test and experience have shown 
that equation 2 is not effective in obtain¬ 
ing a significant reduction in TIF, it will 
not be discussed. Phase-shifting loco¬ 
motive units (equation 3) has been field- 
tested by a well-known maker of electric 
locomotives and a certain amount of 
success achieved. 

On a 3-circuit locomotive imit where 
the motors are arranged in three groups 
and the individual groups are fed from 
their respective bridge-connected recti¬ 
fiers, phase-shifting of these individual 


The curve showing per-cent remainder 
was derived from the following equation 
for the shift of the three circuits. 

^ cos N<t> , cos N{4>+a) , cos iV'(<^-l-2a) 
X = i + i 

(4) 

where 

X =remainder ratio due to phase shift 

instantaneous phase angle, taken as 
zero 

harmonic number 

a = phase shift of fundamental of each 
circuit 

cos iV<^/3=* contribution of unshifted circuit 
cos iV(<^-fa)/3= contribution of circuit 
shifted a degrees 

cos lV(0-l-2a)=contribution of circuit 
shifted 2a degrees 

When specified condition is X — 0 and 
N = 46/2 the three terms of equation 1 
must add to zero and thus they must be 
120 degrees apart, and then 
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PERFORMANCE LOAD POINT 1300 AMPS,858 VOLTS - MOTOR 
TIF (METER READING) -5.64 RC FILTER -346.9 mfd 


Fig. 7. Weighted harmonic analysis curve of rectifier locomotive with R/C filter in circuit 


=-— 5.21 degrees (S) 

46 

A similar, and generally better, im¬ 
provement as regards telephone influence 
can be obtained by the method of item 1 
in the section “Telephone Interference.’* 
A resistance-capacitance (R/C) circuit 
is connected across the input to the recti¬ 
fier tubes on the low side of the current- 
limiting reactor coils. Fig. 7 shows the 
connections and the weighted results of 
this arrangement where the TIF by meter 
came to 5.64. 

Since the addition of the R/C circuit 
to the rectifier is a much simpler method 
of improving telephone interference and 
can be varied over rather wide limits, 
depending upon the amount of capaci¬ 
tance and resistance added, this scheme 
is preferred. Also, the addition of the 
capacitance tends to improve the loco¬ 
motive power factor, whereas phase¬ 
splitting by the addition of reactors makes 
the power factor worse and at the same 
time increases the commutating reactance 


loss in the circuits in which the reactance 
is added. 

It is a simple matter to simulate tele¬ 
phone interference problems which might 
be encountered in the field when a stand 
test is available for testing rectifier equip¬ 
ment. In such a test, an air core reactor 
in series with the primary of the trans¬ 
former will provide a magnetic field in 
which a telephone pickup coil can be 
located. By its relative location with 
respect to the series reactor, it will pro¬ 
vide any desired degree of noise in the 
telephone circuit. When the axis of 
such a pickup coil coincides with the 
axis of the series reactor, the wave shape 
which appears in the telephone circuit 
will correspond to that shown in Fig. 8. 
An interesting phenomenon occurs when 
the coil is changed so that its axis is 
perpendicular to the axis of the series 
reactor and is properly spaced. A very 
sharp spike, Fig. 9, appears on the wave 
at the point where it peaks at the end of 
rectifier commutation. Noise readings in 


the telephone circuits for this type of 
pickup indicate that a small amount of 
capacitance connected across the input 
to the rectifier tubes will make a large 
reduction in noise. The noise reduction 
is much more marked than if the R/C 
circuit is added when the pickup coil is 
located on the axis of the line reactor. 
Fig. 10 shows the characteristics of the 
telephone circuit wave with the pickup 
coil perpendicular to the axis of the line 
reactor after the R/C circuit has been 
added to the rectifier circuit. The sharp 
spike on the telephone pickup voltage has 
been completely eliminated. An interest¬ 
ing corollary is that the sharp corner 
in the primary wave shape has been 
smoothed and a rather pronounced low- 
frequency oscillation has developed at the 
end of the rectifier commutating period. 

Practical Aspects of Telephone 
Interference 

A number of field tests have been made 
for determining the amount of inter¬ 
ference which rectifier locomotives gen¬ 
erate in adjacent telephone circuits. 
The results, which have been made avail¬ 
able to the technical press, indicate that 
telephone interference generated by such 
equipment is much less than has been 
anticipated. 

Tests made on other railroads also sub¬ 
stantiate the fact that where telephone 
lines are run in cable, the noise pickup 
from rectifier motive power is of minor 
importance. 

On open-wire telephone lines that 
parallel trolley circuits, the noise pickup 
is much more pronounced. However, 
series a-c motor noise is also a problem 
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Fig. 8. Wave shape In telephone line without R/C filter 


Fig. 9. "Wave shape in telephone line with sharp spike at end of 
rectifier commutation period 
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Fig. 10- Wave 
shape in telephone 
line with sharp spike 
removed by addition 
of capacitance 


here, and if the telephone lines are im¬ 
proved to take care of these noises, there 
is also a marked improvement as far as 
rectifier equipment is concerned. This 
equipment can be improved by adding 
just enough R/C filter circuit across the 
input to the rectifier tubes to remove the 
very sharp spike which appears in the 
picked-up wave on the telephone lines. 
Field tests have shown that the shape of 
the wave picked up in the telephone line 
corresponds very closely to that picked 
up on the test floor when the pickup coil 


is oriented so that its axis is at 90 degrees 
to the axis of line reactor. As on test, 
only a small R/C circuit is required to 
eliminate the spike and make a sub¬ 
stantial reduction in the noise level. 

Conclusions 

The design features which should be 
incorporated in a rectifier locomotive to 
ensure maximum performance with mini¬ 
mum weight and cost may be summarized 
as follows: 


1. The traction motor should be a standard 
low-cost unit developed for Diesel-electric 
locomotives. 

2. D-c smoothing for the benefit of the 
traction motor is best achieved by an iron 
core SR built large enough to take care 
of all requirements. 

3. Rectifier tube circuit connections should 
be of the bridge type rather than the 
diametric type. 

4. Firing circuits should be arranged for 
satisfactory operation over the maximum 
trolley voltage variations that will be 
encountered in service. 

5. Main transformers should be built 
with optimum reactance for minimum 
weight and size. The additional current- 
limiting reactance should be built into 
divided current-limiting reactors, division 
being in accordance with the basic circuits 
of the rectifier connections. 

6. Telephone interference problems are 
minor in nature and can be corrected by 
the addition of a relatively small R/C type 
filter circuit across the rectifier input. 

References 

1. Rbctipier-Typb Motive Power for Rail¬ 
road Electrification, L. J. Hibbard, C. C. 
Whittaker, E. W- Ames. AIBE Transactions, 
vol. 69. pt. I, 1960, pp. 519-624. 

2. The Pennsylvania Railroad Ignitron- 
Rectifibr Locomotive, C. C. Whittaker, W. H. 
Hutchison. AJEB Transactions, voL 71, pt. II, 
Jan. 1952, pp. 37-47. 

3. Rectifier Motive Power—Inductive Co¬ 
ordination Considerations, E. B. Eling, El. H. 
Gordon, L. J. Hibbard. AIEE Transactions, 
vol. 73, pt. II, July 1954, pp. 107-18. 


Discussion 

E. B. King (American Telephone and 
Telegraph Company, New York, N. Y.): 
In this paper wave shape and telephone 
interference are given prominence among 
the considerations in the development of a 
high-power rectifier locomotive. Of par¬ 
ticular interest is the unique method used 
in simulating telephone interference prob¬ 
lems in the laboratory and in determining 
the amount of improvement afforded by 
various remedial measures. 

I was unable to reconcile, however, the 
results given in Figs. 5 and 6. In Fig. 5, 
an over-all current TIF reading of 20.8 
was measured, whereas in Fig. 6 a similar 
curve with substantially the same area 
under it gives a calculated TIF of 39.3, 
or about twice as much. The discrepancy 
seems to be in connection with Fig. 5, as 
the root-sum-square of its individual 
harmonics comes out approximately 39. 
The results of hundreds of tests with the 
2B noise measuring set have generally 
shown quite close agreement of the over-all 
weighted values read on the meter, when 
compared with the root-sum-square of the 
individual weighted harmonics, unless a 
large fluctuation in the magnitude of some 
of the harmonics is present during the tests. 

Referring to Fig. 4 on the frequency 
weighting characteristic for TIF measure¬ 
ment, I wish we did have a 1953 weighting 


- ♦- 

curve as was inadvertently indicated for 
1935. It is true that the telephone receiver 
response before 1935 did peak quite sharply 
around 1,000 cycles as indicated on the 
ciurve, but for many years most of the 
telephone sets have had receivers whose 
response characteristics are fairly flat 
over the voice frequency range. In 1941 
a new telephone line weighting curve was 
adopted, but the proposed 1941 TIF 
weighting curve was still under discussion 
at the outbreak of World War II when 
practically all joint committee work 
stopped. It is hoped that early considera¬ 
tion of a suitable TIF weighting curve can 
be given by the interested manufacturers, 
power companies, and communication com¬ 
panies. 

In the section “Practical Aspects of 
Telephone Interference," some of the 
statements do not seem to agree with the 
test results included in unpublished work 
by Hibbard, Garry, and Loomis in 1955, 
and the results in the King, Gordon, 
Hibbard paper (reference 3 of the paper) 
of 1954. For example, in Fig. 5 of the 
Hibbard, Garry, Loomis paper, the right- 
hand curve shows the noise on a telephone 
cable circuit due to a 6-car rectifier train 
with no filter, having a noise influence (IT 
product) of about 4,000. The effect of the 
train increases the noise on the cable circuit 
from a quiet 16 db to a maximum of 28 
db or a 4-to-l increase in the noise. 
Since noise on neighboring communication 


circuits is approximately proportional to the 
noise influence of the motive power, what 
may be expected when the rectifier loco¬ 
motive of Fig. 6 runs through the same ex¬ 
posure section? If the load current is 
1,000 amperes, the IT product would be 
approximately 39,000. This is an increase 
of nearly 10 to 1 or 20 db over the value 
for the 6-car multiple-unit (MU) rectifier 
train, and the resulting telephone circuit 
noise would likely be objectionable. Even 
with the use of the R/C filter shown in 
Fig. 7, the IT product for a 1,000-ampere 
load would be about 5,600, or somewhat 
higher than for the 6-car MIX train without 
filters. 


L, J. Hibbard (Westinghouse Electric 
Company, East Pittsburgh, Pa.): The 
papers on rectifier motive power units are 
a timely addition to the existing published 
data. It is our considered judgment that 
rectifier motive power now available is the 
key to a much wider use of railroad electri¬ 
fication and that the time has come to 
promote this superior tool. 

If rectifier motive power and railroad 
electrification can now take over its rightful 
economic place in the railroad transporta¬ 
tion field, we are sure that an incentive 
will be created that will lead to further far- 
reaching improvements in railroad opera¬ 
tion. It wiU put the railroads in a position 
to benefit directly from the tremendous 
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progress being made in the power generation 
field, and to benefit in the future from the 
intensive widespread activity in the semi¬ 
conductor field. It will also be mutually 
beneficial to many other groups. It will 
benefit the United States in that it can 
appreciably steepen the slope of the na¬ 
tional electric power consumption curve. 
Approximately 97 billion kw-hours were 
consumed by approximately 42,000,000 
residential users of electricity in 1953. One 
of the existing electrified railroads consume 
1 to IV 4 billion kw-hours annually. Hence, 
one electrified railroad uses as much power 
as 500,000 residential customers, and the 
load factor of the railroad customer is far 
better than the load factor of the resi¬ 
dential load. 

We concur that in the present state of 
the art the traction motor should be the 
standard low-cost unit developed for the 
Diesel-electric locomotive, and that for 
the present d-c smoothing for the traction 
motor is best achieved by an iron core 
reactor. However, when the use of rail¬ 
road electrification with rectifier motive 
power has expanded sufficiently to justtfy 
the use of a new type of motor, we predict 
that a pulsating d-c motor will be developed 
for rectifier-type motive power. This 
motor will have a laminated stator and 
will have commutating ability to handle 
up to at least a 100-per-cent ripple in its 
propulsion current. The inherent induct¬ 
ance of the motor windings themselves will 
permit us to omit the d-c choke. Also 
the decreased inductance in the d-c circuit 
will further reduce tlie present minor tele¬ 
phone interference problem substantially. 

The benefits obtainable from the use of 
a pulsating d-c motor on rectifier motive 
power units were considered 43 years ago. 
I have in my files a note from B. G. Lamme 
(former Westinghouse chief engineer) to 
C. E. Wilson (present United States 
Secretary of Defense) asking him to design 
such a motor. The motor was designed, 
built, and tested by Mr. Wilson. Now 
that rectifier motive power has success¬ 
fully been introduced, its development 
should be of widespread importance. 


H. F. Brown (Consulting Engineer, New 
Haven, Conn.): The authors’ several 
papers on a subject of great interest and 
importance are most timely. 

Several points in this paper ^ seem to 
require a little further explanation. The 
efficiency of this R/C circuit for the miti¬ 
gation of harmonics on rectifier-type motive 
power has been amply demonstrated in 
the past by its application to the Penn¬ 
sylvania Railroad rectifier locomotives 
and to the New Haven Railroad motor 
cars. It was natural that it should be 
applied to these new locomotives in spite 
of the higher voltage of the circuit. One 
question arises in this connection: Would 
not such a circuit be more effective applied 
directly to the terminals of the transforaier 
secondary, since the prime function is to 
prevent as far as possible the harmonics 
passing through the secondary into the 
primary and the line. The effect of the 
SR would seem to be the same in either 
connection. 

In conclusion 6 of the paper the author 
states that telephone interference problems 
are minor in nature, but from -the number 

Jtjly 1955 Ogden- 


of papers which have been presented on this 
subject this seems something of an under¬ 
statement. However, it is significant, and 
gratifying to know, that the solution of 
this problem appears to be relatively 
simple. In connection with past equipment 
of this type, the amount of such filtering 
apparatus was determined by road tests. 
The question arises whether a definite 
amount of resistance and capacity is 
designed into this locomotive, or will this 
also be determined by tests? 

Conclusion 3 should not be allowed to 
stand unchallenged, since all cars and 
locomotives of this type now in successful 
operation are of the diametric type of tube 
circuit connection. The analyses of the 
two types of connection shown in Fig. 2 
do show some advantages for the bridge 
type of connection, but the disadvantages 
are entirely omitted. 

Two disadvantages, not mentioned, are 
the necessity for high-voltage switching 
of the secondary taps and in my opinion, 
the much more serious one of having two 
motors, not mechanically coupled, in series. 
This type of motor connection is not 
desirable for either high-speed passenger 
locomotives or for slow-speed freight 
locomotives. In either case, wheel slipping 
can occur with attendant motor flashovers 
and possible tube arc backs. This has 
always been an inherent disadvantage of 
some 3,000-volt d-c locomotives, where 
special slip relays have been installed as 
a protective measure. Some of the minor 
disadvantages of the diametric connection 
would be more than offset by being able 
to have aU the motors always in parallel. 
This has apparently been the opinion 
of previous designers of this t 3 ^e of equip¬ 
ment. 

Since high-voltage switching had to be 
used on the secondary taps, it would be of 
interest to know whether tap-changing on 
the primary was investigated. This has 
been used successfully abroad in a number 
of single-phase locomotive designs, and 
would appear to have important possi¬ 
bilities with both diametric connections, 
with the use of multisecondary windings, 
or the bridge-type connection with its 
higher voltage. 

It is recognized that this locomotive had 
to be designed with certain axle-loading 
restrictions, which perhaps limited the 
transformer weight, and higher voltage 
possibly meant a lighter secondly wind¬ 
ing. On other applications this weight 
restriction might not be an important 
factor in the design. 

The importance of a wide range of firing 
circuit voltage to meet the low-voltage 
conditions of the system cannot be given 
too much emphasis. Most traction sys¬ 
tems are designed with a regulation of 
about 20 per cent. A-c systems are usually 
better in this respect than d-c systems. 
However, emergency conditions often arise 
on all systems. A transformer station 
may be out of service, and any locomotive 
or car, whether of the rectifier type or 
otherwise, should be able to operate, with all 
of its important auxiliaries, under such con¬ 
ditions, but of course at slower speed. 

The performance of these locomotives 
in service, which has not yet become 
effective, will be watched with keen in¬ 
terest, both in this country and abroad. 


H. S. Ogden: The question raised by Mr. 
•R’i ng on the lack of agreement between 
2B noise measuring set readings and root- 
sum-square of the individual harmonics 
as displayed in Figs. 6 and 6 is well taken. 
When the calculations for the investigation 
were made which resulted in the informa¬ 
tion given in Fig. 6, it was found that the 
even harmonics had been overlooked. As 
these are all zero the calculation for root- 
sum-square value came out higher than 
the 2B noise meter reading. This ap¬ 
proach made no material difference ia the 
results obtained and calculations were 
not repeated. 

I join with Mr. KJng in hoping that a 
more representative weighting curve be 
made available if modem telephone re¬ 
ceivers no longer have the response charac¬ 
teristics of the 1935 curve. Mr. Kiag 
compares the locomotive with a 6-car 
MU train operating where there is an 
exposure with a telephone cable. In 
fairness, a comparison should be made with 
the 12-car MU train that the New Haven 
Railroad sometimes operates. The trolley 
currents are quite comparable when a 12- 
car train is compared with this locomotive. 
Contrary to Mr. King’s statement, a 
6-car train without filter would have a 
maximum IT product of 11,700. For a 
12-car train the IT product would be 
23,400. The later figure may be compared 
with a calculated IT product for the loco¬ 
motive as obtained from Fig. 5 multiplied 
by a 1,000-ampere trolley current, i.e., 
20.8X 1,000 «20,800. The IT products are 
thus roughly equal. Similarly if two can 
filters per car are used, the IT product 
for a 12-car train becomes 6,000 or sub¬ 
stantially the same as the 5,600 figure 
calculated by Mr. King for the locomotive. 

I appreciate the many good points made 
by Mr. Hibbard conceraing the broad sub¬ 
ject of rectifier motive power. Although 
the use of a specially built pulsating d-c 
motor for rectifier applications may seem 
impractical, his historical references are 
certainly of timely interest. 

Mr. Brown questions the point at which 
the R/C circuit should be connected, 
suggesting that it be applied directly to 
the terminals of the transformer secondary. 
The purpose of the R/C circuit is to provide 
a low-impedance path in parallel with 
supply line for by-passing the harmonic 
currents. This can best be accomplished 
by ensuring that the supply line has the 
mgyimiirri impedance available ahead of 
such a parallel path. Thus the filter should 
be connected as close to the rectifier as 
possible, throwing everything into the line 
impedance that one is able to. 

Although, as stated in the paper, tele¬ 
phone interference problems are minor 
in nature, there is no question but that 
these problems have loomed large in the 
minds of those who are responsible for the 
successful operation of locomotives and 
cars of the rectifier type. That has been 
and stiU is the reason for the large amount 
of published material on the subject.^ 

In answer to Mr. Brown’s question, a 
definite amount of resistance and capaci¬ 
tance has been designed into the locomotive. 
The adequacy of this will be checked by 
test. 

The analysis given in Fig. 2 presupposes 
that it is possible to connect two' traction 
motors in series and proceeds from there. 
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The paper does not undertake to show the 
relative merits of series-connected motors 
versus parallel-connected motors. Where 
d-c motors are used upon a straight electric 
road locomotive, series motor connections 
are always used when starting. The con¬ 


ditions on this locomotive are no worse 
than on such a locomotive and the con¬ 
siderations covered in the paper were 
determining. 

Tap changing on the primary of the main 
transformer has often been considered for 


use on electric locomotives in this country, 
and has been discarded as being economi¬ 
cally unsound. It was given only passing 
Consideration when the design of the 
locomotive referred to by the paper was 
first considered. 


Considerations in Applying D-C 
Traction Motors on Rectified Single 
Phase Power 

M. SIMON 

ASSOCIATE MEMBER AIEE 


I N PAST years various attempts have 
been made to power locomotives by 
25-cycle single-phase rectified voltage 
applied to d-c series motors. Early 
eiforts were unsuccessful, mainly because 
of the faulty operation of the mercury-arc 
rectifier. Continued research and de¬ 
velopment, however, have now made the 
operation of d-c traction motors on mer- 
cuiy-arc rectifiers in locomotive service 
entirely feasible from a technical stand¬ 
point. In recent years, a new feature has 
been added. The development of the 
Diesel-electric locomotive has resulted in 
a standardized, low-cost d-c traction 
motor suitable for general-purpose road- 
locomotive applications. Hence, any 
present-day electric locomotive design 
employing d-c traction motors can bene¬ 
fit by the use of such standarized motors. 
An example of this is found in the rectifier 
locomotives recently built by the General 
Electric Company for the New York, 
New Haven and Hartford Railroad 
wherein the standard d-c traction motor 
shown in Fig. 1 was applied. The prob¬ 
lem of operating these motors on rectified 
single-phase 25-cycle power resolved it¬ 
self into the problem of smoothing the 
undulating current to a sufficient de¬ 
gree so that this motor would not be 
harmfully affected from either a stress or 
performance standpoint. 

Although rectified alternating current 
has been used for many years as a source 
of power for d-c motors, it has largely 
been derived from multiphase rectifiers 

Paper 55-203, recommended by the AIBB Land 
Transportation Committee and approved by the 
AIBB Committee on Technical Operations for pres¬ 
entation at the AIEE Winter General Meeting, 
New York, N. Y., January 31-February 4, 1955. 
Manuscript submitted October 21, 1954; made 
available for printing December 20, 1954. 

M. Simon is with the General Electric Company, 
Erie, Pa. 


Operating on 3-phase systems. The cur¬ 
rent resulting from such a system is es¬ 
sentially pure direct current with an 
insignificant amount of ripple. On the 
other hand, the ripple existing in the 
output of a rectifier operating on single¬ 
phase alternating current is of consider¬ 
able magnitude and would adversely 
affect both motor performance and main¬ 
tenance. Fortunately, this ripple, 
shown in Fig. 2,'can be reduced by filter 
components of practical size to a point 
where its adverse effects are limited to a 
tolerable value. Various effects of ripple 
current on d-c series motors are dis¬ 
cussed herein. 

Effects of Ripple Current 

Eddy Current 

When the solid iron parts of a motor 
are subjected to an alternating or pul¬ 
sating flux, electromotive forces (emf) 
are induced in them. These emf pro¬ 
duce eddy currents in the iron that are 
proportional to the time'rate of change of 
flux density. In accordance with Lenz’s 
law, the direction of the eddy currents is 
such as to oppose any externally applied 
magnetomotive force tending to change 
the flux. This phenomenon gives rise to 
two undesirable effects in a d-c motor. 
First, if the eddy currents are of sufficient 
magnitude, they retard the response of 
the commutating pole flux which impairs 
commutation. Second, the eddy cur¬ 
rents introduce an iron loss in the motor 
which reduces its efficiency. The total 
iron loss occurring in the motor as a re¬ 
sult of the eddy currents may be divided 
into two parts: the loss which occurs in 
the armature and p6le faces caused by the 
rotation of the armature, and the loss 


which occurs in the entire magnetic cir¬ 
cuit caused by the pulsating magnetic 
field. The former occurs in any motor 
whether operating on pure direct current 
or not, while the latter is the result of a 
ripple current flowing in the motor circuit. 
Eddy-current effects can be reduced to a 
tolerable value by completely laminating 
the magnetic structure, or by inserting a 
smoothing reactor in the circuit to limit 
the ripple current. There are definite de¬ 
sign considerations, however, that must 
be carefully studied before either of the 
schemes is accepted. 

Commutation 

Commutation is one of the most im¬ 
portant design considerations in a d-c 
machine. Satisfactory commutation in¬ 
volves the reversal of current in the 
armature coils as they are short-circuited 
by a brush from a maximum value in 
one direction to the same value in the 
opposite direction, without causing ex¬ 
cessive sparking or localized heating of 



Fig. 1. Standard production heavy-duty type 
of traction motor, model GE-752-FI 



TIME 

Fig. 2. Definition of per-cent ripple current 
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the brushes or the commutator. The 
emf generated in the armature coil by its 
rotation while short-circuited by the 
brush opposes commutation if it is gen¬ 
erated by the flux of armature reaction. 
To generate an emf that will produce 
proper commutation, the commutating 
field flux must be proportional to, but 
opposite in direction from, that created 
by armature reaction. 

The addition of a 50-cycle ripple super¬ 
imposed on the direct current which re¬ 
sults from rectifying single-phase 25- 
cycle alternating current, Fig. 3, can im¬ 
pair commutation. The greatest diffi¬ 
culty will be encountered if the pulsating 
component of the commutating flux pro¬ 
duced by the ripple current is not ex¬ 
actly proportional at every instant to the 
ripple current flowing in the armature. 
This condition will result if eddy currents 
of appreciable magnitude circulate in 
the solid magnet frame and commutating 
pole bodies. Under these circumstances, 
the resulting damped ripple component of 
the commutating flux will cause the in¬ 
stantaneous flux to be either too great 
or too small, even though the average 
value of commutating flux is correct in 
magnitude. If the ripple current and 
this angle of lag are too great, the in¬ 
evitable result will be destructive sparking 
at the brushes. 

Another interesting phenomenon to be 
taken into consideration when studying 
the problem of commutation of d-c 
machines operating on rectified single¬ 
phase power is the effect of undulating 
flux that is present in the main exciting 
field circuit. In a d-c motor carrying 
ripple current, an emf is generated in the 
coil short-circuited under the brush by the 
variation of this magnetic flux. This 
emf does not exist when the machine is 
supplied with pure direct current. If 
this emf is not reduced, it can cause ex¬ 
cessive short-circuit currents which re¬ 
sult in destructive commutation. With 


the armature coil midway between the 
exciting field poles, no emf is generated 
by the rotation of the coil through the 
magnetic field. The coil, however, en¬ 
closes the maximum field flux. Since this 
flux is varying because of the ripple cur¬ 
rent, the emf it induces by transformer 
action in the coil is a maximum. This 
emf, which lags the varying field flux by 
90 degrees, is proportional to both the 
magnitude and frequency of the ripple 
current present in the exciting field cir¬ 
cuit, but is independent of the speed of 
rotation. 

Fortunately the eddy currents in¬ 
duced in the solid magnet frame reduce 
the magnitude of the varying flux at the 
main exciting pole air gap to the extent 
that commutation is not noticeably in¬ 
fluenced. It is interesting to note that 
the eddy currents aid in reducing the 
main field alternating flux effects, but 
hinder the phase relationship of com¬ 
mutating flux with armature flux. 

As has been briefly explained, the com¬ 
mutation of a d-c motor operating on 
rectified single-phase power is directly 
affected by the magnitude of the ripple 
current present in its circuit. It is, 
therefore, essential that this current be 
limited sufficiently to assure acceptable 
commutation throughout the load range 
over which the motor is to operate. The 
obvious means of doing this is by the use 
of a smoothing reactor in themotor circuit. 
Before determiningthe amount of smooth¬ 
ing reactor required from the standpoint 
of motor commutation, it is necessary 
to establish the maximum sparking at the 
brushes that can be tolerated without 
undesirable* commutator pitting and ex¬ 
cessive brush wear. This commutation 
level was determined from cyclic load 
tests on a standard production, heavy- 
duty type of d-c traction motor operating 
on rectified single-phase 25-cycle power. 


This test consisted essentially of operat¬ 
ing the motor throughout a volt-ampere 
range simulating expected service load 
conditions. The duty cycle chosen for 
this test was the d-c traction motor per¬ 
formance requirement of a rectifier loco¬ 
motive operating between Grand Central 
Terminal, New York, and New Haven, 
Connecticut on the New York, New 
Haven and Hartford Railroad. The test 
was set up for unattended continuous 
operation with only brief interruptions of 
power for periodic inspection of com¬ 
mutator and brushes. Results after sev¬ 
er^ weeks of operation showed that the 
motor could operate continuously with 
sparking at the brushes equal to 6 to 8 
sparks per brush without any evidence of 
commutator fihn breakdown or com¬ 
mutator pitting. 

Once this sparking limit had been es¬ 
tablished, commutation tests were con¬ 
tinued with the motor operating on 
rectified power to determine the size of 
smoothing reactor required to give per¬ 
formance comparable to its normal 
direct voltage application. Similar com¬ 
mutation tests were run with the motor 
operating on pure direct current. In 
this case, the sparking was limited to 
3 to 4 sparks per brush because of motor 
design limitations that would be ex¬ 
ceeded for the 6 to 8 sparks per brush. 
The volt-ampere curves of Fig. 3 show the 
range of operation of this motor on both 
rectified and d-c power. A curve rep¬ 
resenting the per-cent ripple current 
fiowing in the motor circuit is also shown 
in Fig. 3. 

It may be of interest here to point out 
that the aforementioned scheme using a 
large smoothing reactor with a standard¬ 
ized motor is by no means the only 
approach to the solution of the problem 
encountered in operating d-c traction 
motors on rectified single-phase power. 
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This method of approach, however, pos¬ 
sesses the advantage of employing a low- 
cost standard d-c motor, even though the 
smoothing reactor is of considerable size. 
Design alterations could be incorporated 
in the motor to enable it to carry more 
ripple current, thereby reducing the size 
of the smoothing reactor. Such a motor 
would, however, be similar in design and 
cost to a completely laminated machine 
and the cost advantages of the standard¬ 
ized motor would be lost. 

Heating 

Motor heating is equally as important 
as commutation and must be carefully 
considered before applying d-c traction 
motors on rectified, single-phase 25-cycle 
power. As previously mentioned, the 
pulsating flux in the motor is greatly 
dampened by the eddy currents induced 
in the solid magnet frame. These eddy 
currents cause a core loss in the frame 
which, in turn, increases the operating 
temperature of the frame and the heating 
of the field windings. The operating 
temperature of the laminated armature is 
not noticeably affected by the presence of 
the ripple current because by its rotation 
it is normally subjected to frequencies 
and magnitudes of armature flux varia¬ 
tion in excess of that produced by the 
50-cycle ripple current. Numerous con¬ 
tinuous heat runs were made on the stand¬ 
ard d-c traction motor operating on recti¬ 
fied power. These tests were conducted 
with the minimum smoothing reactor 
impedance in the motor circuit as deter¬ 
mined from the commutation tests. 
The results are plotted in Fig. 4. Here 
each motor winding can be compared with 
its pure d-c rating for the same tempera¬ 
ture rise. A curve representing the per¬ 
cent ripple current is also included in Fig. 
4. 


Fis. 5 (left). Smoothing reactor 
impedance characteristic 


Fig. 6 (right). Truck-mounted 
traction motor showing ground 
cable connection to ground 
brush assembly 



Torque Pulsations 

The pulsating current in the motor cir¬ 
cuit not only influences the electrical 
characteristics but also affects the me¬ 
chanical stresses in the motor. Strain 
gauge tests indicate that a 50-cycle 
torque pulsation exists in the motor 
shaft. With solid gears this torque meas¬ 
ured =fc9 per cent of steady-state full 
load torque. With resilient gears it was 
reduced to ±4 per cent. Although 
the resilient gear effectively reduced the 
magnitude of the pulsating torque, the 
value with standard solid gears is not 
great enough to cause mechanical failures. 
Hence, an expensive resilient gear is not 
justified. 

It is interesting to note that tests and 
calculations show that the first torsional 
node of vibration for the traction motor 
is very low—on the order of 8 cycles per 
second—^because of the relatively soft 
springs in the motor nose suspension. 
For this reason, the nose suspension 
functions as a very effective vibration 
isolator for frequencies higher than 15 
cycles per second. The function of the 
resilient gear is the same—^vibration iso¬ 
lation, Its benefit is small, however, 
when the natural frequency of the system 
is well below the exciting frequency. 

Smoothing Reactor 

The design of a smoothing reactor for 
this motor can be varied depending upon 
the space and weight limitations. For 
locomotive application where space and 
weight are limited, these reactors are 
kept as small and light as possible. This 
requires that the reactor be designed 
around the commutating ability of the 
motor. For a given motor, the theoreti¬ 
cal commutating ability of the motor 
varies throughout its load range of opera¬ 
tion. Motor application for high values 
of current is generally limited by heating; 
therefore, the voltage application is 


lowered. For low values of current, 
motor application is limited by voltage 
(primarily volts per bar) which for this 
motor is in the vicinity of 1,100 volts. 
The characteristics of the motor are such 
that the allowable ripple current (a-c 
component) is a constant value regardless 
of the magnitude of the d-c component. 
This motor characteristic permits the 
use of a reactor which saturates with 
load. The resultant design is smaller 
and lighter than one of the nonsaturating 
type, with sufficient inductance to limit 
the ripple current when the motor is 
operated on maximum application volt¬ 
age. A reactor of this design has a 60- 
cycle impedance curve, as shown in Fig. 5. 
It is of interest to note that the ratio of 
unsaturated to saturated impedance for 
this reactor is 8 to 1. This is an added 
factor in making the reactor small. 

An easy way of calculating the effective 
50-cycle impedance characteristic of the 
reactor in the saturated range is to apply 
the equation 

Z=2fNjX10-^ 

where 

impedance, ohms 
/—frequency, cycles per second 
total turns in series 
change of flux (lines) with respect 
to corresponding change in current, 
amperes 

Reactor impedances, as determined 
from tests by the a-c volt-ammeter 
method, deviate slightly from the cal¬ 
culated values. This is accounted for 
by the fact that the ripple current is not a 
true sine wave. 

Motor Modifications 

As installed on the rectifier locomotive, 
the standard d-c traction motor as ap¬ 
plied with the rectifier locomotive was 
slightly modified for 660-volt third-rail 
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operation into Grand Central Terminal. 
One of these modifications was provision 
for a ground return current path to by¬ 
pass the 660-volt current around the 
locomotive roller-bearing journal boxes. 
The standard axle lining flange dust 
guard was replaced with a combination 
dust guard and ground brush assembly. 
The ground return cable is connected to 
the ground brush assembly; see Fig. 6. 

Another modification consisted of a 
flash ring assembly designed to provide 


Discussion 

L, J. Hibbard (Westinghouse Electric Cor¬ 
poration, East Pittsburgh, Pa.): We have 
tested five different traction motors on rec¬ 
tified direct current. In each case, we 
determined by test how low the ripple had 
to be so as to obtain approximately the same 
grade of commutation on rectified direct 
current as on direct current. In each case, 
our test facilities were such that we could 
change from direct current to rectified 
direct current or vice versa merely by throw¬ 
ing a switch. 

The permissible ripple varies for different 
designs of motors. We have one type of 
motor in operation with approximately a 
35-per-cent ripple at continuous rating 
which gives black commutation throughout 
its operating range on rectified direct current 
as well as on direct current. Another t 3 rpe 
of motor needed approximately 22- to 25- 
per-cent ripple at continuous rating to make 
the rectified d-c commutation approx¬ 
imately match d-c commutation. Other 
types of motors were satisfactory at 
28- to 30-per-cent ripple (ripple at con¬ 
tinuous rating). 

In all of the foregoing applications, the 
d-c choke characteristics are such that the 
per-cent ripple decreases at heavier current 


motor amiature bearing protection by 
directing flashover currents to ground 
through the ring. These modifications 
are designed as features which can be 
easily added to the standard Diesel- 
electric traction motor. 

Conclusions 

Because of the relatively small quantity 
of rectifier locomotives involved, the 
most economical application of a d-c 
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and increases at lighter currents. In each 
application we expect the commutator and 
brush life on rectified direct current to match 
fully the commutator and brush life obtained 
on the same motor in d-c service. 

In fact, we expect better motor life on 
rectifier motive power with all motors in 
parallel operating on a flat speed-current 
characteristic than can be obtained on the 
same motor in d-c operation with two or 
more motors in series on a steep speed-T.E. 
characteristic, e.g., Diesel-electric loco¬ 
motives. 

It is also interesting to note that, when 
the ripple value is low enough to give us the 
commutation characteristics desired, we 
were unable to measure any winding tem¬ 
perature differences between rectified d-c 
and d-c operation. This is true for the 
main field and commutating field as well as 
for the armature winding. 

Two 8-hour tests were made in 1949 on 
Pennsylvania Railroad car no. 4561 in local 
service between Broad Street Station and 
Paoli and return. One 8-hour test was 
made with the d-c choke adjusted to give 
approximately 35-per-cent ripple at the 
continuous rating point with a lower ripple 
at heavier currents and a higher ripple at 
lighter currents. Thermocouples were ap¬ 
plied to all traction motor field windings, 
chokes, and other main circuit apparatus 


traction motor on rectified single-phase 
25-cycle power is one that employs a 
standard production-type motor with 
sufficient series reactors to limit the ripple 
properly. Motors possessing inherent 
load characteristics which permit the use 
of a reactor that saturates with load have 
definite advantages for such applications. 
A further development that would bene¬ 
fit this type of power transformation 
includes d-c motor operation on rectified 
60-cycle power. 


and recorded with a 16-element Brown tem¬ 
perature recorder. 

The next day an 8-hour test was made 
under exactly the same conditions with a 
d-c filter around the traction motor windings 
so that the ripple was reduced to 5 per cent 
or less in the motor windings. We obtained 
the same temperature readings for both 
tests. 


H. F. Brown (Gibbs and Hill, Inc., New 
York, N. Y.): Mr. Simon has presented an 
excellent addition to the engineering litera¬ 
ture. Mention is made of the impairment 
in efficiency of the motor because of the 
effects of the undulating current. It would 
be of interest to have the author show a com¬ 
parison between the efficiency of the motor 
as used on direct current on a Diesel-elec¬ 
tric locomotive and on the 25-cycle rectifier 
locomotive. 

Further information on this subject is to 
be found in reference 1. A most significant 
statement in the paper occurs in the last 
sentence in which 60-cycle railway electri¬ 
fication with rectifier equipment is foreseen 
and endorsed. 

Reference 

I. M. Blondet. French National Railways. 
Annency, France, 1951. 


A New Power Supply for Railway Cars 

E. F. BREDENBERG 

ASSOCIATE MEMBER AIEE 


T he usual d-c power supply for railway 
cars consists basically of a battery to 
which the car load is connected, a d-c 
generator, and a means of controlling the 
generator and connecting it to the load. 
During the last 15 years, a successful 
system has been established in the general 
range of 20 to 40 kw. The rotating equip¬ 
ment is a motor-generator set consisting 
of a d-c generator, a 3-phase 60-cycle 220- 
volt induction motor, and an armature 
reversing switch. While the car is in 
motion, this set is driven from a car axle 
through a drive unit and clutch. While 
the car is standing, the set is driven from 


wayside power through its induction 
motor. 

Exacting specifications as well as the 
necessity for extreme simplicity and 
reduced maintenance indicated the de¬ 
sirability of a new type of power supply. 
This need has been met with a motor- 
generator-exciter system which with its 

Paper 55-205, recommended by the AIEE Land 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for pres¬ 
entation at the AIEE Winter General Meeting, 
New York, N. Y., January 31-Febmary 4, 1955. 
Manuscript submitted October 21, 1964; made 
available for printing December 20, 1954. 

E. F. Brbdbnberg is with the General Electric 
Company, Erie, Pa. 


associated control represents a major 
advance in the art of railway-car power- 
supply design. 

System Specifications 

At first thought, it may seem relatively 
simple to operate a d-c generator con¬ 
nected to a battery and its load. Railway 
service, however, presents such a multi¬ 
plicity of requirements and limitations 
that the task is really formidable. 

The system must be automatic, reliable 
and must require a minimum amount of 
maintenance. Often an axle generator is 
called upon to operate successfully over a 
wide range of temperatures and atmos¬ 
pheric conditions. A north-south train, 
for instance, frequently passes from ex¬ 
treme snow and cold to summer tempera¬ 
tures in a single run. The rotating 
equipment must therefore be designed to 
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Fis. 1 (above). Side view of axle-driven motor-senerator set 
Fig. 2 (right). A-c control panel with cover removed 



keep out snow and water, and yet not 
overheat when operating in high ambient 
temperatures. 

The equipment must provide satis¬ 
factory supply to the connected load at 
essentially constant voltage over a wide 
speed range. The speeds, for operation 
from 85-per-cent voltage at no load to 
fuU voltage at fuU load, vary from 
approximately 5 to 1 to as great as 7 to 
1. Full load and full voltage must be 
held over most of the range. Control 
must be supplied to assure that a limit 
is placed on the maximum current which 
can be taken from the generator. This is 
necessary for the protection of both the 
rotating equipment and the battery. 

The generator and regulator must be 
co-ordinated to provide stable operation. 
At any speed throughout the entire range, 
the generator must be able to accept the 
instant application and dumping of full 
load and, at the same time, maintain this 
stable operation. It is commonly known 
that a d-c machine is tuistable if, at any 
speed, its excitation requirements de¬ 
crease as the load increases. As the speed 
range increases, the problem of designing 
a stable machine becomes more diflScult. 
The system here described presented an 
added problem in that both the generator 
and exciter had to be designed as stable 
machines. Also the cumulative effect 
of the two potential instabilities on the 
system output had to be eliminated. 

Because of the different capacities of 
batteries used by various railroads, an 
axle generator design must provide for 
nominal systems of 40, 80, and 140 volts. 
An adequate power supply must be pro¬ 
duced for use with either nickel-alkaline 
or lead-add batteries at each of these gen¬ 
eral voltages. The control must connect 
the generator to the battery only when 
the generator voltage is slightly higher 
than the battery voltage and must dis¬ 
connect it when current flows from the 


battery to the generator. It is extremely 
important that the differential voltage be 
small when the generator and battery 
are brought together to avoid excessive 
flicker of the car lights. 

Former Equipment and Limitations 

Before design work on a new system 
could be started, it was necessary to make 
an extensive investigation to determine 
the limitations of existing equipment and 
the improvements needed to provide 
complete customer satisfaction. 

In former equipment design a voltage 
regulator was employed which acted 
directly on the generator field. This was 
a multiple-fingered relay operated by coils 
through “motor action.” The relay 
fingers commutate resistance in series 
with the generator field. Both voltage- 
limit and current-limit features are pro¬ 
vided on the same structure, although the 



Fig. 3. D-c control panel with cover removed 


current-limit coil receives its signal from 
a shunt connected in the load circuit. 

Customers have recognized that the 
performance of this regulator is excellent. 
However, general opinion has been that a 
simplified regulating system would be 
more easily and economically maintained. 
In addition, the wide speed ranges make 
it difficult to handle the necessary volt- 
amperes of regulator finger duty, espe¬ 
cially for the 140-volt system. This 
pointed to an amplified excitation system 
which would permit the use of a simple, 
inexpensive regulating relay. 

It was also found advisable to design a 
system with inherent characteristics that 
eliminated such problems as low batteries 
and reverse polarity. Other improve¬ 
ments found to be welcome were a drastic 
reduction in pressing tonnage for the 
generator shaft and the elimination of the 
armature reversing switch. In short, the 
data accumulated showed a need for an 
over-all simplified equipment built espe¬ 
cially for the maintenance man. 

New Equipment 

Since the a-c control for wayside power 
operation presently in use was completely 
adequate in its- protection of the a-c 
motor and the a-c power supply, it was 
not changed. The following, therefore, is 
concerned mainly with the d-c portion of 
the new equipment. 

Components 

The new rotating equipment. Fig. 1, 
consists of a 4-pole d-c shunt generator, a 
6-pole exciter, and a 4-pole 3-phase 60- 
cycle 220-volt induction motor assembled 
on a common shaft. The generator 
armature, fan, and a-c rotor are on a 
common sleeve to provide for a mini¬ 
mum pressing tonnage. This madhine, 
as in former equipments, is driven either 
from the car axle through a drive unit and 
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Fis. 4. Schematic connection diasram 


dutch, or from wayside power through its 
induction motor. 

The control equipment includes an a-c 
panel, Fig. 2, mounting an a-c line con¬ 
tactor, two overload relays, and an un¬ 
loading relay. The d-c portion of the 
control equipment, Fig. 3, is a panel 
mounting a line contactor, a voltage¬ 
regulating relay, a current-regulating 
relay, a reverse-current relay, and a fuse 
or overload relay. Also mounted on a 
d-c panel are miscellaneous resistors, 
capacitors, and rectifiers for control and 
stabilizing drcuits. The schematic con¬ 
nections are shown in Fig. 4. 

Operation 

When the generator and exdter are not 
running, current is fed from the battery 
through rectifier RTS to the exdter field. 
Rectifier RT2 blocks this current so that 
it will not flow to the generator. As the 


set comes up to speed, the exdter builds 
up and exdtes the generator field. 
Because the exdter field polarity is always 
the same, the exdter armature polarity 
will reverse with a reversal of rotation of 
the set. Since the generator field is 
directly across the exdter armature, the 
generator field will likewise reverse with 
set rotation. Since both rotation and 
field current are reversed, the generator 
polarity will remain the same. Therefore 
an armature reversing switch is un¬ 
necessary. The control of the reverse- 
current relay, the voltage-regulating re¬ 
lay, and the current-regulating relay is of 
major importance. 

The reverse-current relay RC, Fig. 5, 
is a simple 2-coil relay having a series and 
a shunt coil wound on the same core. A 
knife-edged, counterbalanced armature 
carries the moving contacts. The fixed 
contacts are carried on a finger block 


which is mounted on the armature stop. 
There is one normally open circuit, the 
only purpose of which is to energize and 
de-energize the coil of the generator con¬ 
tactor. The only adjustment on the 
reverse-current relay is a drop-out screw 
mounted on the armature. 

On build-up, when the generator volt¬ 
age is lower than the battery voltage, the 
exdter field is supplied only through 
rectifier RTS. The RC shunt coil sees 
current only in series with resistor R9. 
Rectifier RT2 is blocking. When the 
generator voltage rises slightly above 
battery voltage, rectifier RT2 begins to 
conduct and rectifier RTS begins to block. 
A considerable increase in current then 
occurs in the RC shunt coil with only 
very small increase in generator volt- 
tage. The RC relay then picks up 
energizes the generator contactor G and 
connects the generator to the battery. 
The generator voltage then rises to the 
proper battery-charging voltage where it 
is regulated by the voltage-regulating 
relay. An interlock on contactor G 
opens to provide the reverse-current re- * 
lay drop-out setting. Exdter field cur¬ 
rent is then supplied either through RTS 
or through RT2 depending on the position 
of the contacts of the voltage-regulating 
relay VR and the current-regulating re¬ 
lay CR. 

As long as the generator voltage is 
higher than the battery voltage, the series 
coil of i^C aids the shunt coil. When 
reverse current flows, the series coil bucks 
the shunt coil. This causes RC to drop 
out and open the generator contactor. 

The voltage-regulating relay 7 jR, Fig. 6, 
has a single coil and a nonmagnetic arm¬ 
ature. A moveable contact bar which 
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Fig. 5. Reverse-current relay 


Fig. 6. Voltage-regulating relay 


Fig. 7. Current-regulating relay 
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'Operates between two fixed contacts is 
mounted on the armature. Also moimted 
on the armature is a magnetic core plug 
that operates in the air gap at the center of 
the coil. A fixed core plug is mounted at 
the bottom of the air gap. The armature 
is held in its normal position by a spring. 
The adjustments of the movable core plug 
and the armature spring are sealed. The 
shunt coil is connected across the genera¬ 
tor output in series with a resistor and 
rheostat. The rheostat is adjusted to set 
the relay to regulate at the required 
battery-charging voltage. The relay con¬ 
tacts are connected in the exciter field 
circuit. 

When the generator voltage rises to the 
value to be regulated, VR starts to pick 
up. This reduces the exciter field current 
and causes a corresponding decrease in 
generator voltage. VR then drops back 
to its original position. This action 
continues and the relay vibrates on its 
normally closed contacts. As the genera¬ 
tor speed increases, VR operates more in 
the open position than in the closed and, 
finally, the contacts move to the outer side 
and vibrate against the normally open 
contact. 

The current-regulating relay CR, Fig. 
7, is similar in construction to the voltage¬ 
regulating relay. It has two bias coils 
and a’ coil connected in series with the 
generator output. Again, the core and 
spring adjustments are sealed. When the 
line current reaches a predetermined 
value, CR picks up and reduces generator 
voltage. This drops out VR. Then CR 
takes over the operation of the system 
and vibrates against its stationary con¬ 
tacts to hold the proper amount of cur¬ 
rent. 

Rectifier RTl provides for a constant 
polarity supply of exciter output voltage 
to-the CR inner bias coil. As speed in¬ 
creases, exciter voltage decreases and 
current through the CR bias coil decreases 
thus increasing the series current re¬ 
quired to operate CR. This provides an 


Discussion 

W. J. Madden (Pennsylvania Railroad Com¬ 
pany, Philadelphia, Pa.): With this t 3 rpe of 
apparatus, there are two general methods of 
control. In one system, the generator volt¬ 
age is controlled directly by varying the 
generator shunt field strength, while the 
other system employs a separate exciter 
and the generator voltage is controlled by 
varying the strength of the exciter field. 

The axle generators presently in use em¬ 
ploy the former method of control and 
utilize, in addition to the shunt field, a series 
commutating field which provides good com¬ 
mutation and stable operation over the wide 


increased generator current-limit setting 
to take advantage of increased ratings as 
speed rises. Similarly, the CR outer bias 
coil, through an a-c line contactor inter¬ 
lock, adjusts the CR relay to a special 
wayside power current-limit setting to 
protect both the a-c motor and the way- 
side power facilities. 

Several stabilizing circuits give satis¬ 
factory operation over the complete 
range of speed and load. These circuits 
prevent hunting of the regulating relays 
and subsequent instability in the genera¬ 
tor output. In short, when sudden 
system changes occur, the stabilizing 
circuits act to oppose the changes. 
Whether under steady-state or transient 
conditions, the voltage- and current¬ 
regulating relays must be stabilized so 
that the moving contact will vibrate con¬ 
tinuously against the fixed contact. 

When the contact bar of relay VR 
moves, capacitor C2 and resistor R7 
cause an increase or decrease in the 
current through the VR coil to oppose 
the original motion. In this manner, 
VR vibrates continuously as long as it is 
controlling the system. In like manner, 
resistor R8 causes an increase or decrease 
in the CR inner bias coil current to keep 
CR vibrating. 

When a sudden rise occurs in the exciter 
voltage while operating in voltage limit 
capacitor Cl feeds a signal to the VR coil 
to pick up VR and reduce exciter excita¬ 
tion. During current-limit operation, a 
sudden rise in the exciter voltage will be 
opposed by capacitor C4 which feeds a 
signal to the CR inner coil. A sudden 
rise in generator voltage is opposed by 
capacitor C5, which feeds its signal to the 
VR coil. 

The equipment is designed as far as 
possible with an eye to the future. Cur¬ 
rent coils in particular are rated for use 
with low- and high-capadty generators. 
High and low settings of current limit 
are provided so that the same panel may 
be used with different generators. De- 
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range of car speeds and loads. With this 
type of control, the voltage regulator is re¬ 
quired to handle a somewhat heavier cur¬ 
rent than is the case with systems employ¬ 
ing a separate exciter. One of the large 
eastern railroads has approximately 1,200 
machines of this self-excited general type, 
some of which have been in service approxi¬ 
mately 20 years. 

The method of mounting the armature 
laminations on the shaft has always repre¬ 
sented a problem. If the laminations are 
assembled on a quill and the quill is mounted 
on the armature shaft, the quill will occupy 
much needed space for armature iron. This 
condition becomes critical on the larger 
capacity machines because an increase in 


vices have been selected to include as 
many common parts as possible for each 
of the three voltage ranges. 

Advantages 

This new design is largely one of cir¬ 
cuitry. To a great extent it has been 
possible to use proved circuit components. 
Because of the amplification provided by 
the exciter, the regulating-relay contacts 
are applied at a volt-ampere level con¬ 
siderably below their rating. Capacitors 
and rectifiers, in particular, have been 
chosen conservatively to assure long life. 
The low level of control power, compared 
to former systems, materially reduces the 
temperature of the control locker and 
adds to the life of all equipment mounted 
in it. 

Since the regulating-relay adjustments 
are sealed, there is no possibility of 
tampering and consequent maladjust¬ 
ment of the system. Design is such that 
individual components can be tested 
separately and installed without the 
necessity of a system test. This should 
materially reduce maintenance problems. 

The multiple-finger voltage regulator 
formerly used has been replaced by two 
simple relays. These have a total of two 
double-throw contacts instead of 20 con¬ 
tacts and weigh only about one-sixth as 
much as the former regulator. Also, the 
following changes have been made: 

The armature reversing switch has been 
eliminated. 

Shaft-pressing tonnages have been greatly 
reduced. 

Available speed ranges have been increased. 

These changes have resulted in an 
equipment that is characterized by sim¬ 
plicity, long life, and minimum main¬ 
tenance. Operating experience with 
more than 100 of the new equipments on 
several major railroads indicate that they 
are providing reliable and satisfactory 
service. 


the outside diameter of the machine to com¬ 
pensate for the loss of iron occupied by the 
quill would probably encroach on the allow¬ 
able space between the bottom of the gen¬ 
erator and the clearance line at top of rail. 
Further, there are space limitations if an 
attempt is made to extend the length of the 
machine. 

Space is at a premitun in the electrical con¬ 
trol cabinets in passenger cars and it is de¬ 
sirable for simplicity of application and ac¬ 
cessibility for maintenance to have the fol¬ 
lowing conditions: 

1. Power cable connections arranged at 
the bottom of the panel. 

2. Terminal posts and mounting screws 
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of component items on the panel readily 
accessible without the necessity for remov¬ 
ing other items. 

The addition of the angle frame work to sup¬ 
port the cover on the d-c control panel will 
make it difficult to inspect and maintain the 
component parts along the edges of this 
panel as well as along the edges of adjacent 
panels. 

The question of whether to use fuses or 
circuit breakers for protection is always open 
for discussion. In passenger car service, 
fuses have the following objectionable fea¬ 
tures: 

1. There is always the possibility that 
the wrong capacity fuse will be applied. 

2, Frequently, the jaws or clips of the 
fuse holder are distorted, causing overheat¬ 
ing due to poor contact and finally blowing 
of the fuse. 

In the d-c control circuits, it is noted that 
a large number of resistors are employed 
and, even though the amperes handled are 
not heavy, considerable trouble can develop 
because of overheating if the resistors are 
not selected with the proper ^wattage rating. 
This is particularly true in passenger car 
work where the ambient temperature of the 
electric compartment may be appreciably 
higher than that in the body of the car. 


This same condition of wattage rating ap¬ 
plies to the operating coils of the several 
relays. 

The use of vibrating-type regulators for 
control of voltage and current on cabin-car 
axle-driven alternator-rectifier systems has 
proved satisfactory. In this service, the 
regulators function with a wide range of car 
speeds from 8 to 90 miles per hour. The 
regulators described by the author are 
similar to those used on the cabin cars. 
Based on my experience with the type used 
on the cabin cars, the similar type proposed 
for passenger car service should give accept¬ 
able performance. 


E. F. Bredenberg: I wish to thank Mr. 
Madden for his interest. There are several 
comments which require further discussion. 

Before producing any of the new equip¬ 
ments, we conducted an extensive investi¬ 
gation to determine the control and rotating 
equipment features which would be most 
acceptable to the majority of users. The 
points in question were carefully considered 
in this investigation as it is recognized that 
the various car builders and railroads are 
not in complete agreement. 

Concerning the location of the two power 
connections to the d-c panel, we have pro¬ 
duced, or have on order, approximately 200 
of the new equipments. To date, all custo¬ 


mers and car builders have found it desir¬ 
able to connect the two power cables at the 
sides of the panel. If the power connections 
were made at the bottom, more effective 
panel height would be needed. 

The objection to the angle frame work or 
rails on the d-c panel has been overcome. 
On the first group of panels, these rails were 
welded to the panel. We are now producing 
panels having bolted rails so that the user 
can remove the rails if desired. We prefer 
to include rails for the purpose of protection 
of the panel components during handling 
and shipping. Again, all users to date have 
elected to keep the rails as a desirable fea¬ 
ture. 

As Mr. Madden indicates, the various 
railroads are divided as to the use of fuses 
or overload relays in the main generator cir¬ 
cuit. We, accordingly, have decided to 
furnish a fuse as standard equipment, but 
will supply an overload relay if desired. 

Resistors as used in these circuits are ap¬ 
plied at 50 per cent or less of their rated 
wattage to prevent overheating. Also, 
control-locker temperatures are consider¬ 
ably lower where the new equipment is used 
because there is no need for a generator field 
resistor. This provides an even safer con¬ 
trol resistor application. In short, all 
known customer’s problems have been in¬ 
vestigated to assure a system which is most 
advantageous to all. 


Rectifier Locomotives for the New York, 
New Haven and Hartford Railroad 


F. D. GOWANS 

NONMEMBER AIEE 


I N DECEMBER 1954, delivery was 
begun on an order of ten rectifier- 
type locomotives for the New York, 
New Haven and Hartford Railroad. 
These are high-speed passenger loco¬ 
motives operating over the Railroad’s 
electrified line between New York City 
and New Haven. 

Although quite similar in charac¬ 
teristics and performance to other type 
of locomotives now being used in this 
service, the new motive power differs from 
them in many electrical and mechanical 
features. To appreciate these it is 
necessary to understand the unusual 
nature of the New Haven passenger 
locomotive operation into New York 
City. The railroad’s main line is elec¬ 
trified with an 11,000-volt 25-cycle 
single-phase overhead a-c system from 
New Haven to Pennsylvania Station in 
New York. From Woodlawn, going into 
Grand Central Terminal over the Park 
Avenue viaduct, the line is electrified 


with a 660-volt d-c third-rail system. 
Passenger locomotives must, therefore, 
be designed for operation from these 
two power sources; they must carry 
complete train-heating equipment and 
supplies, yet must not exceed the axle 
loading limit of 58,000 pounds over the 
viaduct. 

Application 

Until recently, the use of rectifiers 
in railway applications has been limited 
largely to substations furnishing d-c 
power for, use on locomotives and cars. 
The first large domestic application of 
rectifiers as part of the locomotive or 
car proptdsion equipment began in 
1954 when the New Haven Railroad 
received ddivery of 100 multiple-unit 
cars, equipped by the Westinghouse 
Electric Corporation, and the first of 
this locomotive order. Whether installed 
in substations or on rolling stock, the 


rectifier has facilitated the use of d-c 
traction motors on a-c motive power. 

In recent years, the d-c traction motor 
has benefited from intensive develop¬ 
ment for the Diesel-electric locomotive. 
Facilities for quantity production and 
experience gained from thousands of 
motors in service have greatly reduced 
the manufacturing cost and maintenance 
expense of this type of traction motor. 
The rectifier locomotives described from 
this development through the use of 
General Electric’s standard GE-752 d-c 
motor. 

Description 

The locomotive is shown in Fig. 1. 
The cab of feox-type construction with 
streamlined ends is fabricated from 
sheets and structural shapes by welding. 
The cab sides are designed as load¬ 
carrying girders whidh support the 
underframe and equipment. Each end 
of the underframe is fitted with a pilot, 
rubber draft gear, and tight-lock coupler. 
New Haven Railroad Standard head- 
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Fig. 4 (left). Main transformer sroup ready for placement in the loco¬ 
motive 

Fig. 5 (above). Control unit consisting of two control cabinets with ac¬ 
celerating resistors and blower mounted above 


lights, marker lights, and number Hghts 
are built into the nose sheets. A com¬ 
bined fuel and water tank for train¬ 
heating supplies is hung below the cab 
underframe between the trucks. 

Arrangement of equipment on the 
roof provides for an a-c pantograph 
mounted on a hatch cover at each end. 
These hatch covers are built as ducts. 
Ventilating air for the equipment is 
taken in from the side of these ducts 
at the roof level. The center portion of 
the roof is solid and carries the accelerat¬ 
ing resistors and blowers. Both ends of 
the cab are streamlined, with front 
windows above the curved hood and 
windows at the same level on the side 
to give maximum visibility. Side doors 
at both ends provide entrance to the 
operating cabs. Access to the roof is 
by means of an inside ladder and roof 
opening. 

The cab is carried on two 3-axle, 
swing-bolster trucks; see Fig. 2. All 
axles are motored. To provide room 
for the motor on the center axle, the 
centering plate is located between axles 
1 and 2. Spring-loaded sliding plates 
on each side of the truck frame between 
axles 2 and 3 also carry load and provide 
uniform distribution of weight on the 
axles. 

Inside equalizers, supported on top of 
the roller-bearing journal boxes, carry 
the cast steel truck frame on helical 


springs. The frame in turn carries the 
swing bolster and center plate on four 
swing links, spring plank, and elliptical 
springs. Foundation brake gear is de¬ 
signed for 75 -per-cent braking. Clasp 
brakes are employed with one cylinder 
for each wheel. Each cylinder is fitted 
with an automatic slack adjuster. 

The weights, dimensions, and ratings 
of the locomotive are as follows: 

Weight 

Total locomotive fully loaded, 348,000 
pounds 

Per driving axle, 58,000 pounds 
Dimensions 

Track gauge, 56V 2 inches 
Length inside knuckles, 68 feet 
Height over cab roof, 12 feet 8 V 8 inches 
Height d-c trolley locked down, 14 feet 
9 inches 

Height a-c trolley locked down, 14 feet 
8 V 4 inches 

Width over cab sheets, 9 feet 11 Vs inches 
Width over-all, 10 feet 5®/$ inches 
Total wheel base, 52 feet 6 inches 
Rigid wheel base, 15 feet 0 inches 
Length between center plates, 44 feet 
0 inches 

Wheel diameter, 40 inches 
Coupler height, 34 inches 
Clearance motor gear case to rail, 4 V 2 
inches 

Minimum curve, 288 feet, 20 degrees. 


Supplies 

Train-heating water, 1,800 gallons 
Train-heating fuel, 400 gallons 
Sand, 20 cubic feet 

Ratings 

Tractive effort at 25-per-cent adhesion, 
87,000 pounds 

Tractive effort continuous, 34,100 pounds 
Speed at continuous rating, 44 miles per 
hour 

Power at continuous rating, 4,000 horse¬ 
power 

Maximum speed, 90 miles per hour 
Train heat boiler steam cap, 5000 pounds 
per hour 

Location of Apparatus 

Principal pieces of apparatus are 
shown in Fig. 3. Generally speaking, 
the small pieces such as batteries, train 
control, and air-brake equipment are 
located in the end hoods. Here they 
are readily accessible and easily con¬ 
nected to the equipment at the engine- 
man’s position. 

Standard 24RL air-brake equipment is 
used. An air compressor with a rating 
of 200 cubic feet per minute supplies 
the air. The two storage reservoirs 
having a combined capacity of 75,000 
cubic inches are located beneath the 
cab underframe, one at each end of the 
fuel and water tank. 

Duplicate operating cabs with raised 
platforms at the engineman’s and fire¬ 
man’s positions are located at each end 
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of the main apparatus compartment. 
Controls, brake valves, and other equip¬ 
ment are arranged for the safety and 
convenience of the crew. A steam 
generator with a capacity of 2,500 
pounds of steam per hour is located in 
each cab. These two generators can be 
operated together or independently to 
meet the train-heating requirements. 

A bulkhead with doors on each side 
separates the operating cab from the 
main apparatus compartment. An equip¬ 
ment blower at each end of the apparatus 
compartment furnishes ventilating air 
for the traction motors, transformer, 
rectifiers, and reactors. It also ventilates 
the rectifier cooling radiators. Air 
enters by means of the ducts in the hatch 
covers, passes through the rectifier 
cooling radiators into the equipment 
blowers which discharge it into a duct 
in the cab underframe. From here it 
is distributed to the apparatus as re¬ 
quired. 

The main transformer. Fig. 4, is de¬ 
signed to utilize the full height of the 
cab. The high-voltage bushing on top 
protrudes through the hatch cover to 
confine the 11,000-volt circuits to the 
roof. Secondary taps and tap switches 
are mounted on one end of the tank. 
The transformer is liquid-cooled by 
means of Pyranol.* A motor-driven 
pump circulates the liquid through the 


fiom which the equipment can be easily 
inspected and maintained. A center 
aisle between the cabinets gives access 
to the rear of each and to the filter 
capacitors located there. 

The control cabinet structure supports 
the accelerating resistors and blowers on 
the roof. This arrangement keeps the 
length of the leads between the resistors 
and the switches at a minimum. The 
resistors are of the ribbon type and are 
ventilated by means of motor-driven 
blowers connected across the resistors. 
With this scheme, the amount of ventilat¬ 
ing air is proportional to the voltage 
across the resistor. 

Twelve main circuit rectifiers and four 
auxiliary rectifiers as well as the firing 
circuit equipment are arranged in the 
two rectifier cabinets; see Fig. 6. The 
rectifier-cooling system pump with its 
controls is located in the lower part of 
the blower compartment adjoining the 
rectifier cabinets. Standard 8-inch recti¬ 
fier tubes have been modified for this 
application to provide heavier anode 
construction and changes in the mercury 
pool to assure ignition contact under the 
most adverse conditions of locomotive 
movement. Cooling water is circulated 
through the tubes, control valves, and 
air-cooled radiators by means of a motor- 
driven pump. 


Two reactors, located between the 
two rectifier cabinets, are air-cooled 
from the main ventilating duct. One is 
an air-core type of reactor with six 
separate coils for limiting the arc-back 
current in each of the rectifier circuits. 
The other is an iron-core reactor used 
to smooth the current ripple in the 
rectifier output to the traction motors. 
This is necessary for proper commutation 
of the motors. The auxiliary motors 
also have smoothing reactors for the 
same purpose. 

Electric Circuits 

The main power circuit arrangement 
is shown in Fig. 7 and the propulsion 
circuits are illustrated in Fig. 8. In 
the a-c zone, power is supplied to the 
main transformer primary from the over¬ 
head trolley at 11,000 volts, 25 cycles. 
It is collected by means of two panto¬ 
graphs mounted on the roof. Either 
or both can be used, as the occasion 
demands. From the transformer sec¬ 
ondary, power is supplied through tap 
switches and cuirent-Hmiting reactors 
to 12 main rectifier tubes arranged in 
three separate bridge-connected circuits. 
Power output from the rectifier supplies 
six traction motors through the change¬ 
over switches, the main smoothing 


tank and windings to a cooler on the 
right side of tank. Ventilating air from Fis. 6 (below). Rec- 
the duct in the cab imderframe is forced cabinet—two 

through the cooler. P®** locomotive, 

All of the d-c control as well as the 
auxiliary and changeover switches are 
located in the two control cabinets; see Pig, 7 (right), Sche- 

Fig. 5. Each cabinet faces a side aisle matic diagram of 

- main power supply 

* Registered U.S. Patent Office. Circuits 




I C., 

^ m instantaneous POLARITY RELATIONSHIP 


Qrectifier tube 

6S RIVNTOGRAPH GROUNDING SWITCH 
GSR GROUNDING SWITCH RELAY 
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reactor, line switches, and accelerating 
resistors. Arrangement of the traction 
motor circuit provides two motor combi¬ 
nations: three in series two in parallel 
on the 1.407-volt tap, and two in series 


three in parallel on the three higher 
voltage taps. Voltage variation on the 
traction motors is obtained by means of 
the d-c accelerating resistors in the trac¬ 
tion motor circuit in combination with 



TRACTIVE EFFORT - THOUSAND POUNDS 

■ I_L_ I ‘ ‘ 

0 5 10 15 ZO 25 


PERCENT ADHESION 

SPEED-TRACTIVE EFFORT CURVE 
RECTIFIER PASSENGER LOCOMOTIVE 


Fig. 9 (left). Loco¬ 
motive characteristic 
curves 


the four transformer taps. 

In the d-c zone, power is supplied 
from the third rail at 660 volts. It is 
collected by means of third-rail shoes 
located on each side of both trucks. 
Connections are made from fuses through 
two line circuit breakers and a change¬ 
over switch to the acederating resistors 
and traction motors. Arrangement of 
the traction motor circuit provides two 
motor combinations: two in series three 
in parallel for starting and low-speed 
operation, and full parallel for high-speed 
operation. Locomotive characteristics 
are shown in Fig. 9. Changeover 
switches located in the main power and 
auxiliary circuits and controlled from a 
single switch at the engineman’s position 
permit setting up the circuit for either 
a-c or d-c operation. 

Auxiliary motors are designed to op¬ 
erate on 660 volts d-c. In the a-c 
zone, an auxiliary rectifier supplies this 
power from a separate winding on the 
secondary of the main transformer. 
Four standard ignitron rectifier tubes, 
arranged in a diametric connection are 
used. They are water-cooled, as are 
the main rectifier tubes, from a common 
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Table 1. Comparison of A-C and Rectifier Locomotives 


2-C + C-2 


ooOOO+OOOoo 


C—C 
000 000 


Year built 


1937 


1954 


Type. 

Service. 

Horsepower at continuous rating. 

I/ength over knuckles, feet. 

Weight 

1 rucks. 

Cab and platform. 

Equipment. 

Supplies. 


a-c commutator motor.rectifier 

.passenger.passenger 

. 4,000. 4,000 

. 77. 68 

.159,000. 72,000 

. 72,000. 93,000 

.180,000.156,000 

. 21,000. 27,000 


Total. 

On drivers. 

Per driving axle. 
On guiding axles 
Per guiding axle. 


432,000. 

270,000. 

45,000. 

162,000 

40,500 


348.000 

348.000 

58,000 


cooling system. Smoothing reactors are 
employed in each auxiliary motor circuit 
as well as in the main motor circuit. 

Battery charging and control power 
is provided by means of a motor generator 
set. The generator is designed for 75 
volts and supplies the electric equipment 
of the train-heating boilers, the rectifier 
cooling-pump motor, battery charging, 
and control. 

Protection for electric equipment is 
of two general kinds: the overload type 
for the transformer, traction motors, 
and auxiliary motors; and the ground 
relay type for both the main and auxiliary 
circuits. The rectifiers are protected 
by means of current-limiting reactors in 
each circuit and an arc-back relay which 
removes excitation from the tube firing 
circuits. 

Mechanical Design 

These locomotives are the first built, 
for present New Haven electrical pas¬ 
senger service, with all weight on drivers. 
Two principal factors have contributed 


Discussion 

Jacob Stair, Jr. (Pennsylvania Railroad, 
Philadelphia, Pa.): Mr. Gowans’ paper is 
instructive, and it is anticipated that the 
operation of these new locomotives will be 
as successful as that of the New Haven rec¬ 
tifier multiple-unit cars. 

The advantages of rectifier railway equip¬ 
ment have been discussed at length: the 
more rugged and simple construction of 
the d-c motor compared to the single-phase 
commutator motor; the application of 
parts now widely used in Diesel-electric 
locomotives, thereby permitting the manu¬ 
facturers to build larger quantities of a 
smaller number of items and enabling the 
railroads to carry a smaller stock of spare 
parts; and the ability to change the 
system from 25 to 60 cycles at a relatively 
small cost. 

As the germanium rectifier is more 


to this favorable design: the conditions 
of loading on the Park Avenue viaduct, 
and the type of truck used. 

The a-c commutator motor type of 
locomotives built for this service in 1937 
weigh 432,000 pounds. This load is 
carried on two 3-axle, articulated driving 
trucks and on two 2-axle guiding trucks, 
making a total of ten axles. The high 
load concentration resulting from the 
close truck and axle spacing limited the 
axle loads to 45,000 pounds. 

In a recent building program the Park 
Avenue viaduct was modernized and its 
load-carrying capacity increased. When 
the rectifier locomotive was proposed 
with all weight on two widely spaced 
3-axle, swing-bolster trucks, it was ap¬ 
proved for 58,000 pounds per axle. With 
six axles, this means that the total 
locomotive weight was limited to 348,000 
pounds. A weight comparison of these 
two types of locomotives, Table I, shows 
that the new locomotive weighs 84,000 
pounds less than the locomotive built 
in 1937 and has 74,000 pounds more 
weight on drivers. The weight reduction 

-♦-^- 

efficient than the rectifiers now applied 
to railway equipment, the use of germanium 
rectifiers would reduce the amount of 
cooling now needed to dissipate the heat 
losses. Furthermore, the germanium recti¬ 
fier does not require such extensive control 
circuits. Therefore, it would be helpful 
to have such rectifiers available which 
could be applied to railway equipment. 


H. F. Brown (Consulting Engineer, New 
Haven, Conn.): The author omits, in the 
section entitled “Application,” any re¬ 
ference to the two rectifier-type locomotives 
designed for the Pennsylvania Railroad 
which were placed in service early in 1952. 2 
The New Haven locomotives described 
in this paper differ materially from those 
now in service in that the rectifiers are 
used* two in series in a bridge-type circuit, 
with three bridge circuits in multiple, all 
on a single secondary winding of the main 


is chiefly in the truck, with the reduced 
equipment weight offsetting the increase 
in cab and platform weight. 

Summary 

Recent application of sealed tube 
rectifiers on locomotives and cars is of 
significant importance in railway elec¬ 
trification. In its present state of de¬ 
velopment, the rectifier tube represents 
a high-power package that can be used 
effectively in the transportation field. 
Its ability to convert commercial fre¬ 
quency a-c power to d-c power for 
traction opens up many new possibilities 
for existing as well as future railway elec¬ 
trification. 

There is also a program of intensive 
development and search for new ma¬ 
terials and methods. New rectifier ma¬ 
terials show promise of even moie power 
in smaller packages with simple control 
and lower losses. Prospects of reducing 
costs are also good. These possibilities 
and the fact that highly developed 
components such as traction motors and 
control equipment are available from the 
Diesel-electric locomotive offer means 
for reducing the first cost of electric 
locomotives—an item which has been a 
barrier to further electrification. 

Weight of electric equipment for the 
rectifier-type locomotive is approximately 
10 per cent less than that for the a-c 
commutator type of locomotive of the 
same horsepower rating. Railroad mod¬ 
ernization combined with progress in 
both the electrical and mechanical aspects 
of locomotive design has produced a new 
locomotive which has 29 per cent more 
weight on drivers, yet weighs 19 per cent 
less than the locomotive built for the same 
service in 1937. 


transformer at a high voltage. Thus, this 
New Haven locomotive partakes somewhat 
of the 3,000-volt d-c design in so far as 
the switching contactors are concerned, 
since the potentials switched will at times 
be close to 2,800 volts. This locomotive 
could, with but minor changes to the d-c 
motor connections, operate on an a-c 
extension of a 1,500-volt d-c system. This 
is hardly of interest in this country, but 
might interest some of the European 
railway people. Whether it was necessary 
or not to have the circuits of this design 
for the New Haven operation on 600-volt 
d-c third rail, it shows the versatility of the 
rectifier-type locomotive. 

The high secondary voltage and its 
rectified direct voltage would appear to 
present some operating problems new to 
the New Haven Railroad, which has not 
had to deal with voltages higher than 700 
or 800 volts heretofore on switched circuits 
inside the locomotive. 
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Graphic Aids for Calculating Rectifier 
Locomotive Performance 

R. D. CHARLTON 

MEMBER AIEE 


For an applied voltage 
e — ejn sin oit ■ (1) 

Since there are no losses in the system 
or in the rectification process, the average 
voltage applied to the motor becomes 

r sin/d(0 (2) 

X Jo 


T he success of any product is often 
determined by its ability to give 
customer satisfaction when operated 
under a wide range of conditions. All too 
often, these conditions differ appreciably 
from the specification upon which per¬ 
formance guarantees are based. To 
assure product satisfaction, the ability to 
project correctly the knowledge of product 
behavior from known to unknown regions 
is essential. 

Electric locomotives are usually sold 
to a specification, and performance is 
calculated over a given profile on the 
assumption that voltage at the trolley is 
the specification value. The accuracy of 
this assumption depends upon the system 
itself, and the nature, magnitude, and 
relative location of other system loads. 
To be confident that a locomotive, as 
specified, will give satisfaction when 
applied, it is necessary to put the loco¬ 
motive and the system together early in 
the design stages. In the process of 
designing some 11,000-volt 25-cycle recti¬ 
fier locomotives, it became desirable to 
investigate the locomotive performance, 
recognizing the effect of system constants 
and normal operating procedures upon 
this performance. 

Because graphic methods offer a way 
of organizing knowledge, permitting 
systematic extrapolation into unknown 
areas, a generalized graphical method 
was developed for calculating speed-trac¬ 
tive effort curves. This method was 
calibrated by comparison with test 
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values obtained for the same conditions. 
In addition to determining performance, 
this method has assisted in visualizing 
the relative effect on performance of the 
several factors involved. 

General Method of Calculating 
Performance 

To explain the development of the 
method of calculating rectifier loco¬ 
motive performance, a succession of loco¬ 
motives will be considered, ranging from 
an idealized locomotive to an actual loco¬ 
motive. In all cases a single motor equiv¬ 
alent is considered. 

Idealized Locomotive 

The circuit for the idealized locomotive 
is given in Fig. 1; alternating and direct 
voltages and current wave forms are in¬ 
dicated. In this circuit the assumptions 
are: 

1. Infinite inductance in motor circuit 
(d-c side of rectifier). 

2. No resistance. 

3. No supply machine or line reactance 
(a-c side of rectifier), 

4. No rectifier or brush drop. 

5. e per rpm is proportional to motor 
current. 


instantaneous voltage 
em“peak alternating voltage 
er=nns alternating voltage 
E =» average voltage 

E< 5 =motor counter electromotive force 
Ep=tube and brush drop voltage 
Ex=commutation loss voltage 
average motor current 
instantaneous a-c amperes 
resistance, ohms 
reactance, ohms 


which is 

The net voltage around the motor 


circuit is 0, so 


E^Ee 

(4) 

where 


Ec^hSI 

' (5) 

Combining equations 3, 4, 
solving for speed 

and '5 and 

^ 0.63^7^ 

(6) 


hi 

So the calculation of speed poses no 
problem. 


Idealized Circuit With Resistance 

Next, consider the addition of resistance 
terms, tube, and brush drops. The 
addition of resistance terms does not 
materially alter the procedure just out¬ 
lined. The sum of voltages around the 
circuit is still zero. The alternating 
current has the same average value as 
the motor current. One ohm in the a-c 
side will cause the same average voltage 
loss as 1 ohm in the d-c side. It is conve¬ 
nient to lump resistance terms 


/=frequency, cycles per second 
w/=»time, degrees 
CO « 360/ 

5=motor revolutions per minute (rpm) 

0=commutating period, degrees 
/a =»voltage ratio, fa-Eler 
voltage ratio, fr—er/em 
h = motor counter electromotive force con¬ 
stant (from motor characteristic), 
h^Ec/SI^ 
reactance ratio 
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E=IR+Ec 


Komenclature 




Infinite 





—_ r\^>r>r\. 

2K:b 


2 


0 ' 


Again solving for speed 

^ OSZent-IR 
kcl 


( 8 ) 


The term kj represents counter elec¬ 
tromotive force per rpm at a value of 
current I. In actual practice the value 
of this term would be obtained from a 
motor counter electromotive force per 
rpm characteristic for the value of current 
in question. 

Tube and brush drops are of the same 
class as the ciurent-resistance drops and 
may be included in equation 8 as follows 

0.63em—-Ei) 

^ =-rr;:- W 


the conducting rectifier tubes. The net 
drop across the tubes is so small com¬ 
pared to the supply voltage as to be 
negligible. 

During the commutating period when 
all tubes are conducting, all the supply 
voltage must appear across the a-c 
reactance. Also during this period, the 
motor current remains constant at I 
amperes, while the line current changes 
from I and —I. To evaluate the relation 
among the several variables, separate the 
circuit of Fig. 2 into two parts, as shown in 
Fig. 3. 

By superposition; the current in tubes 
a and d, 4 and 4> is the sum of the 
separate currents 


Equation 9 represents speed for recti¬ 
fier locomotive operation on infinite bus, 
for the conditions assumed. 

Locomotive on Infinite Bus 

To obtain a circuit which has some 
direct application, consider the addition 
of reactance in "the a-c circuit. 

Refer to Fig. 2 for circuit under con¬ 
sideration, and voltage and current wave 
forms. The indusion of a-c reactance X 
brings a new factor, commutation, into 
the picture. 

Consider the voltage and current wave 
forms at cot = 180 degrees. At this in¬ 
stant, rectifiers a and d are conducting, 
and current throughout the system is I, 
The voltage rise was from 2 to 1, it is 
going to be from 1 to 2. As point 2 be¬ 
comes positive with respect to 1, com¬ 
mutation begins; tubes c and b conduct. 
From this time imtil tubes a and d cease 
conducting, the only voltage which can 
exist between point 1 and 2 is drop across 


i I 

( 10 ) 

where the positive sense is determined by 
the conducting direction of the tube. 

Also 

where i is the transient current which 
flows while all tubes conduct. Equations 
10 and 11 apply only for positive values 
(conduction). 

The solution for i may be obtained by 
considering the simple circuit of Fig. 4. 
The driving voltage is 

e^emsintot ( 1 ) 

The switch is dosed at ^=180 degree, 
when all tubes conduct at the start of the 
second half-cycle. 

Also 

( 12 ) 


c 



so 


Cm sm at 

dt 


(13) 


or 


i 



sin o)td(<at) 


(14) 


Solving, and substituting the boundary 
condition that when 6= t 


i=/~^(l+cos 6 ) (15) 

As mentioned earlier, equation 15 holds 
only for positive values of 4* 4> 4- and 
4, from equation 17, when ^ == arc cos 
— — To find the time at 

which this switching of current between 
pairs of tubes is completed, substitute 
equation 16 into equation 10; in the 
limit, 4 = 0 so 

i„=0=J-^(14-cos(») (16) 


Since ^ is a third quadrant angle, the 
minus sign can be dropped and 6 is ex¬ 
pressed as degrees after voltage 0 for 
convenience 

Cose = l-— (17) 

Physically, energy stored in the a-c 
reactance at the initial condition of I 
amperes is returned to the system and 
then again stored in the a-c reactance, 
now at —J amperes. All during this 
period the propulsion equipment has 
been coasting along on the energy stored 
by the infinite inductance assumed in that 
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B 


Fis. 3 (left). 
Commutatins cur¬ 
rents 

A—Alternatins 
B—Direct 


Fig. 5. (risht). 
Locomotive on 
finite bus 



/a = 


l-|-0+ COS 0(1 — o) 


sin 20-^9)) '' 


section of the circuit. The volt-seconds 
input to the system during tube com¬ 
mutation was absorbed by a-c reactance, 
and, not being available at the rectifier 
output, represents a voltage loss or drop 
as far as performance is concerned. 

The volt-second loss expressed as an 
average is 

r sm(atd((ot) (18) 

IT Jo 

where 

/ 2IX\ 

0 = arc cos I 1-) 

\ em/ 

Integrating equation 18 and sub¬ 
stituting limits for t 


Ez 


2IX 

IT 


(19) 


This term has the characteristics of 
resistance. As such it may be intro¬ 
duced directly into equation 9 


5 


0.63^ 




■Ed 


kcl 


( 20 ) 


Equation 20 is satisfactory for the 
calcination of speed where supply is in¬ 
finite and maximum voltage is known. 
In general term, equation 20 becomes 


fa^r 


5= 



— Ed 


( 21 ) 


Locomotive on Less than Infinite Bus 

In actual, practice, the circuit looks as in 
Fig. 5. Normally, voltage ei, represent¬ 
ing a feeder or bus, is maintained at some 



predetermined value. For the purpose 
here, it is assumed that the regulating 
equipment will maintain an rms voltage, 
regardless of wave shape distortion 
caused by the rectifier commutation. 

The starting point for calculating speed 
in the circuit of Fig. 5 is ei, a known rms 
voltage. The various average voltage 
losses in the circuit from the point where 
ei is measured through the traction motors 
must be subtracted from the average 
value of ei to obtain the average voltage 
available for speed. In equation 21, 
the factor relating rms and average 
voltage must be changed, since what is 
known is the rms value of a nonsinusoidal 
voltage, e\. All other voltage terms in 
equation 21 can be directly applied; the 
general reactance X becomes Xb- Dur¬ 
ing commutation, since the same rate of 
change of current exists throughout the 
a-c loop, the applied voltage is distributed 
between X^ and in proportion to their 
individual magnitudes; see Fig. 6. 

If the basic wave is 

e^emsixKat ( 1 ) 


(27) 

(28) 

Equations 27 and 28 are plotted for 
several values of a in Figs. 7 and 8. 

To obtain a solution to the general 
expression for speed, equation 21 where 
the bus is not infinite becomes 

)-£d 

L _ ('>€i\ 


where commutating angle 0 is a new pa¬ 
rameter and /a is expressed in terms of 0 
in equation 27. 

I is expressed in terms of 0 using equa- 


tion 17 


(1—COS0)em 

(30) 

2X 


where 


X^Xa'^’Xb and Cm^erfr 

(31) 

I can be expressed as 



faer-'I\R + 


2Xb 


then the voltage wave ei can be expressed 
in two parts: 

For values of o)t between 0 and 0 

ei = sin cat (22) 

Xa-tXb 

For values from 6 to w 
ei —Cm sin cat (23) 

Evaluating average and rms values for ei 

a sin <atd{<at)’\-^ sin catd{cat^ 


where 


Xb 


Xa~\~Xb 


(24) 


(25) 


er- 


VxWO 

^ catdicat'^^^^ (26) 


Integrating equations 24 and 26, solu¬ 
tions for the form factors are 


(l-co^ K (32) 

2Xfr 

Now all factors in equation 29 have been 
expressed in terms of system constants or 
commutating angle. 

To obtain a speed curve the following 
steps are necessary: 

1. Assume a commutating angle 0. 

2. Extract form factors fat frt S'Ud from 
Figs. 7 and 8 for the commutating angle 
assumed and for correct system reactance 
ratio a. 
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Fig. 7. Ratio of average to rms voltage 


3. Compute motor current I from equa¬ 
tion 32 using assumed angle and known 
values of other constants. 

4. Compute speed using equation 29 for 
current calculated in step 3 and known 
values of other constants. 

5- Repeat for different angles until an 
adequate performance curve is obtained. 


Generalized Graphical Method 


The process previously outlined, while 
satisfactory, is slow and requires con¬ 
siderable repetitive calculation. When 
the entire calculation is looked at with 
a particular set of system constants de¬ 
fined as the 100-per-cent or per-unit 
values, the possibility of a graphical de¬ 
velopment can be considered. 

Consider equation 29 


faer-l\ 




where hj represents motor counterelec¬ 
tromotive force per rpm for the current 
J. 

If 100-per-cent values are assigned R, 
the magnitude of the current-resistance 
term can be plotted for different per-cent 
values of R as a family of curves; see Fig. 


9(A). A similar set of curves can be 
drawn 2 /t(J?*j 5 ), Xb = u + A’jj); 
see Fig. 9(B). The term a {Xj,+Xb) 
represents the reactance on the loco¬ 
motive side of the point at which voltage 
is maintained. The 100-per-cent value 
is most conveniently assigned to (X^H- 
X^ and the parameter for the {2X^/v 
term is a{Xji^^X^ in per cent. 

If desirable, resistance and commuta¬ 
tion drops can be combined, and the tube 
and brush drops added. The effect of 
temperature can be included in the resist¬ 
ance plot. The relation between motor 
current and fa can be displayed graph¬ 
ically in a similar fashion, using com¬ 
mutating angle as the common param¬ 
eter. 

Rewriting equation 32 

I{Xa+Xb) (l~cosg) 
er 2fr 

Since fr is expressed in terms of 6 and a 
in equation 28, the right-hand term of 
equation 33 can be plotted against 6 with 
a as the variable for a family of curves. 
For any value of B on this plot, there is a 
form factor depending upon the value 
of a. This has already been plotted in 
Fig. 7. For convenience, the family of 
curves for (l—cos ^)/(2/r) and/a may be 


plotted together, as shown in Fig. 11. 

The term 1{Xa + X^/cr can be eval¬ 
uated for a range of currents and the 
100-per-cent values of (Z^+X^) and e^ 
These quantities are the ordinates which 
correspond to (l—cos B)/{2fr) by equation 
33. The ordinate scale for the resistance 
drop curves can be adjusted to bring all 
current values into correspondence 
with mating I[{XA+X^/er] term. In 



VOLTS DROP, RESISTANCE* 

(A) 



VOLTS DROP, COMMUTATION 

(B) 

Fig. 9. Voltage loss 


A—In resistance 
B—During commutation 
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600 


VOLT DROPS ® 

Fig. 10 (above). Example of working graph 


this way (by reading across on a hori¬ 
zontal line) resistance drop, commuta¬ 
ting reactance drop, and commutating 
angle for one value of motor current can 
be read directly. The form factor fa can 
be obtained by reading vertically upward 
from the connnutating angle intercept to 
the correct a value/a curve. 

To use this basic curve on different per¬ 
cent values of (Xa.'^Xb) is only 

necessary to make suitable geometric 
construction by means of which the 
assumed value of motor current and the 
new per cent values of and er 

can be referred to the basic 1[(Xa+Xb) 
/Ct] scale. For instance, if (Xa+^b) — 
110 per cent and Cr = 90 per cent, the 
term I[iXA+XB)/er] will be 120 per cent 
of the reference for determining the 
commutating angle. This is indicated 
in Fig. 10, 

With the addition of a means to de¬ 
termine commutating angle for values of 
er and {Xa+Xb) other than base values, 


200 


Fig. 12 (right). 
Comparison of test 
and calculated re¬ 
sults 
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the over-all chart is essentially complete. 
The form factor fa can be determined as 
before by reading up from the corrected 
current intercept on the commutating 
angle curve family. The motor e per 
rpm characteristic is added as a matter of 
convenience. A per-cent scale is already 
available for e* and E voltages, as form 
factors are expressed on a per-cent basis. 
Lines like those employed to step up or 
step down X and Cr from their base values 
can be used to determine per-cent £ for 
any value of er other than the 100-per¬ 
cent value. 


I-MOTOR AMPS. 

Comparison of Calculated Results 
With Test 

To verify the method and provide cali¬ 
bration, a single motor equivalent of a 
locomotive was set up and tested using 
full size components. The complete 
working chart to accompany this ex¬ 
ample is shown on Fig. 11. 

All circuit values have been referred to 
transformer secondary open circuit volt¬ 
age and are for a frequency of 25 cycles 
per second. Xa is the sum of all re¬ 
actances between the locomotive and the 



construction 
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Table I. Circuit Values 



Test, 


Per-Unit 

Variable 

Ohms 

Base 

Test 

Xa^Xb . 

.0.2229 .. 

..0.200 .. 

...1.115 

a . 

.0.251 



aiXA^XB) . 

.0.0561 .. 

..6.200 .. 

...0.281 

er ... 

.800 

..1000 .. 

...0.8 

Xa+Xb . 

.0.2229 .. 

..0.200 .. 

...1.393 

€T (volts). 

R (100 degrees 

..800 

..1,000 


centigrade)... 

.0.09124.. 

..0.09654.. 

...0.945 


supply. Supply machine reactance is 
taken as 100 per cent of the direct axis 
subtransient reactance. Xb is the sum 
of all locomotive reactances not including 
reactances in the d-c section of the cir¬ 
cuit. R is the sum of all locomotive re¬ 
sistances. 

The setup under consideration repre¬ 
sents a low-voltage, high line-reactance 
condition. This is abnormal and was 
selected to determine the error of the 
calculating method described at its ap¬ 
plication limit. Circuit values are shown 
in Table I. Construction is included to 
show the procedure for evaluating speed 
at J = 1,500 amperes. 

The test results for this setup are 
plotted in Fig. 12. The ratio of cal¬ 
culated to test rpm is also plotted in 
Fig. 12. The maximum error is seen to be 
—3 per cent for this extreme condition. 


To increase accuracy complicates the 
procedure. Correction of the resistance 
line for temperature will improve the 
accuracy but represents a refinement not 
in line with the objective originally 
established. As it is presented, the 
method will permit the rapid calculation 
of speed-current curves. For the range 
of system values likely to be encountered, 
the calculated speed will be correct to 
within 3 per cent. 

Reference 

1 . Analysis of Rectifier Circuits, E. F. Christen¬ 
sen, C. H. Willis, C. C. Herskind. AIEE Trans¬ 
actions, vol. 63, 1944, pp. 1048-'58. 

- ♦- 

Discussion 

L. J. Hibbard (Westinghouse Electric 
Corporation, East Pittsburgh, Pa.): Ex¬ 
perience indicates that, if accurate values 
of the impedance in the trolley and trans¬ 
mission system including generator im¬ 
pedance can be obtained, the most accurate 
speed current characteristics can be cal¬ 
culated by using the internal generated 
voltage at the power supply points. The 
calculated and actual test values of an 
existing rectifier motive power application 
are shown in Table II. 


R. D. Charlton: Regarding Mr. Hibbard’s 
discussion, our experience agrees with his. 


Table II. Calculated and Actual Test 
Values 


Traction 

Amperes per 

Car Test 

Test, 

Miles per 
Hour 

Calculated, 
Miles per 
Hour 

785 . 

_29.8. 

.30.2 

632.5. 

_35.7. 

.36.2 

530 . 

,...41.7. 

.41.7 

467.5. 

_47.6. 

.48.0 . 

400 . 

_54.8. 

.55.0 

380 . 

....66.6. 

.57.0 

358 . 

_59.5. 

.60.0 

310 . 

_71.5. 

.71.0 


However, system voltage maintained is 
not the internal generated voltage of the 
supply generator{s). System voltage is 
maintained through voltage regulator 
action. The regulator and system volt¬ 
meter are connected at some point m the 
system like the trolley-feeder bus in the 
generating station. 

The method presented assumed such a 
connection and assumed that the system 
voltage regulator maintained a constant 
rms voltage at that point as read by the 
meter. In such a case, reactance on the 
generator side of the point where voltage 
is maintained will take a notch out of the 
voltage wave during rectifier commutation. 
The average value must be determined for 
this nonsinusoidal wave with a known 
rms value. Determination of the relation¬ 
ship between rms and average value of the 
notched-out voltage wave, under applica¬ 
tion conditions, helps assure satisfactory 
locomotive behavior when connected to the 
customer’s system. 


An Electric Drive for Rotary Snowplows 

A. H. HOFFER R. E. WILLHITE 

ASSOCIATE MEMBER AIEE ASSOCIATE MEMBER AIEE 


A S COMPLETE dieselization of the 
United States railroads approaches, 
the problem of replacing steam-powered 
rotary snowplows increases. Numerous 
designs have been tried in the past decade 
but thus far none has satisfactorily met 
aU of the broad requirements. The elec¬ 
tric drive here described features high 
reliability, over-all simplicity, standard 
interchangeable components, inherent 
stabilization, and adaptability. 

Power Requirements 

After evaluating the power required to 
remove snow from railway tra^s at a 
rate suJB&dently high to keep them open, 
it is little wonder that railway operating 
personnel felt that they were “sending a 
boy to do a man’s job“ when dispatching 
a steam rotary to dear a line.^ 


The power required to drive a snow¬ 
plow rotor depends upon: 1. the weight 
of the snow to be removed per unit of 
time; 2. the net energy imparted to the 
snow, and 3. the over-all electrical and 
mechanical efiiciendes of the plow. 
Hence, the engine horsepower (hp) re¬ 
quired by a plow of the centrifugal type 
may be expressed as 


HX.gXi:>X>SX5,280 ( 
60X33,000X€tfX«r \ ^2^/ 


HXBXDXS / r 

S76XeaXer V^23,500/ 


( 1 ) 

( 2 ) 


where 


height of the snow to be removed (may 
vary from 0 to 16 feet) 

5= breadth of the cut (may vary from 11 
to 16 feet) 


= density of the snow (may vary from 3 
to 60 pounds per cubic foot) 

5—forward speed of plow, or rate at which 
the cut is advanced (may vary from 
1 to 30 miles per hour) 

5(2 = over-all effidency of the drive (may 
vary from 0.85 to 0.90) 

5r = over-all effidency of the rotor and dis¬ 
charge funnels (may vary from 0.40 
to 0.90) 

average height that the snow must be 
lifted in the plow before discharge 
(may vary from 6 to 12 feet) 

F=rotor tip velodty (may vary from 44 to 
110 feet per second) 

g=acceleration of gravity (32.2 feet per 
second^) 

d=rotor diameter (may be from 7 to 12 
feet) 

i7=rotor speed in revolutions per minute 
(may vary from 0.5 to 1.26 times its 
rated speed) 

Since the centrifugal type of snowplow 
is analogous to a centrifugal fluid pump, 
it is not surprising that the energy equa- 


Paper 55-210, recommended by the AIEE Land 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Winter General Meeting, 
New York, N. Y., January 31-February 4, 1955. 
Manuscript submitted October 21, 1954; made 
available for printing December 9, 1954. 

A. H. Hofpbr and R. E. Willhitb are with the 
General Electric Company, Erie, Pa. 
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PUSHER UNIT POWER UNIT SNOW PLOW UNIT 


Fis. 1 (left). Head end of 
snowplow train showins 
cables between units 



tion of the former has the same form as 
that of the latter. (See equation 1.) 
The energy required to drive this snow¬ 
plow depends upon the changes in poten¬ 
tial and kinetic energy imparted to the 
snow against the restraints of friction, 
turbulence, and shear. Great care should 
be taken in the design of the rotor blades 
and discharge funnels to prevent dissipa¬ 
tion of large quantities of energy in use¬ 
less work. 

If a is the angle of discharge of the 
snow from the rotor chutes, then the 
range of the rotor (the distance which the 
snow is cast) is 

K ?= (2i»* sin OL cos a)lg (3) 

When the angle of discharge is 45 
degrees the range is a maximum and equa¬ 
tion 3 may be written 


structure, its previous history, the pre¬ 
vailing temperatures and wind condi¬ 
tions, and the time of settling. The 
structure may vary all the way from a 
light crystalline fluff to a heavy, lumpy, 
wind-packed water-soaked encrustation. 
The rotor must be able to shear and dis¬ 
charge all types equally well. Fresh 
snow weighs between 3 and 7 pounds per 
cubic foot; settled snow can easily weigh 
as much as 30 pounds per cubic foot; 
and wet snow, packed by slides and 
avalanches, has been known to weigh as 
much as 50 pounds per cubic foot.^ 

System Requirements 

Besides possessing sufficient power, a 
good electric snowplow must fulfill the 
following generally accepted require¬ 


in snowplow unit 

10. The operator should be able to control 
both the power and the pusher units re¬ 
motely (multiple-unit operation). 

11. The plow unit should be able to with¬ 
stand the rotor reaction torque and have 
good tracking ability. 

General Description of Electric 
Drive and Components 

A thorough study led to a simple design 
which satisfactorily meets all of the 
generally accepted requirements. A sta¬ 
bilizing exciter causes the plow-drive 
motors to ddiver the desired speed-torque 
characteristics at all times. The manner 
in which this exciter operates is the novel 
feature of the drive: by automatically 
regulating the strength of the drive motor 


K.,./,-8«(^)(^)fc.. (4) 

Equations 2 and 4 shows that both the 
power and the range of the rotor vary as 
the square of its speed. Therefore, the 
power required by the rotor varies directly 
with the range. Hence, casting the snow 
further than necessary is a needless waste 
of power. 

From equation 2 it can also be seen 
that the power required by the rotor 
varies as the rate at which the cut is ad¬ 
vanced. The available power must be 
divided between advancing the cut and 
casting the snow. In practice the rela¬ 
tionship between these two varies greatly, 
so the ideal drive should permit full power 
plant utilization over a wide range of 
rotor speeds. 

The power required by a snowplow also 
depends upon the length of the line to be 
cleared in a given time and the rate at 
which the line is being covered with snow. 
A rate of snowfall averaging 1 inch per 
hour is considered quite heavy, but rates 
up to 4 indies per hour have been re¬ 
corded in mountain areas.^ Rate of fall, 
however, is not always the prime deter¬ 
minant. Depending on wind conditions 
and nature of the terrain, drifting of even 
a light snow can have more serious conse¬ 
quences in blocking a line than a high rate 
of fall. 

Finally, the power required by a snow¬ 
plow depends directly upon the snow 
density. This varies widely, with its 


ments: 

1. It should be sturdy, simple and reliable, 
both electrically and mechanically. 

2. It should be readily adaptable to any 
standard Diesel-electric road locomotive 
unit. 

3. Its use should require no alterations of 
the equipment in the power unit. 

4. It should be made up of standard inter¬ 
changeable locomotive components. 

5. It should be inherently self-protective 
against overloads and overspeeds. 

6. It should be able to operate gently 
and smoothly, with no sudden step functions 
or discontinuities, over its entire speed 
range. 

7. It should be able to adjust itself to meet 
sudden fluctuations in load. 

8. It should be able to load the engine of 
the power unit to its rated capacity over a 
wide range of rotor speeds. 

9. It should operate equally well in either 
direction of rotation. 



Fig. 2. Conventional rotary snowplow fitted 
with electric drive 


fields it controls the speed of the rotor for 
any load. The operator has only to see 
that the plow is moving forward at a 
speed which results in the snow being 
cast or farther than is required. 

The head end of the snow plow train, 
including the plow, the power unit, the 
pusher unit, and the electric connections 
between them, is sketehed in Fig. 1. A 
conventional centrifugal type of snow¬ 
plow is shown in Fig. 2. Fig. 3 is a sug¬ 
gested layout, showing rotor, gearing, 
drive motors, stabilizing exciter, and 
traction motor blower. The basic wiring 
diagram of the drive is shown in Fig. 4. 
Motors 1, 2, 3, and 4 are standard series 
traction motors with standard gearing. 
Although four motors are shown, the 
basic system will work equally well with 
fewer larger motors capable of handling 
the rated hp. The stabilizing exciter 
is an auxiliary d-c generator, rated 25 kw 
at 37 V 2 volts. 

The output of this exciter depends upon 
its speed and its net excitation. The 
speed is directly proportional to the speed 
of the rotor, making the exciter immedi¬ 
ately speed sensitive. Its net excitation 
is the resultant of the shunt and differen¬ 
tial field excitations. The shunt field 
excitation is constant (fixed by the setting 
R4) and determines the no-load speed of 
the rotor. The differential field excita¬ 
tion (which varies directly with load cur¬ 
rent through Rl) determines the speed of 
the rotor when under load. Simply by 
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Fig. 4 (above). Schematic diagram of circuits for electric drive 


adjusting Rl and i?4, the speed-torque Kf • 

characteristic of the plow drive can be ^^"^ht). Out- 

made to match the volt-ampere charac- powered by a 
teristic of any standard power unit. Once j ^600-hp power unit 
these adjustments have been made the 
operation of the drive becomes completely 
automatic. 

R4: is a small resistor panel made up of 
standard wire wound resistor tubes. 
consists of two standard field shunting re¬ 
sistors connected in parallel. R2 and RB, 



ROTOR SPEED-PER CENT 


the resistors which limit the exciter cur- auxiliary and control connections, it may energy to clear the chutes.) Fig. 7 shows 
rent during starting, are each a half of a be moved to the site of operation. Track that the line current increases as the rotor 


locomotive-type edgewise wound resistor. 
A standard reverser R allows the drive to 
operate in either direction of rotation. 
The use of a small number of standard 


conditions ahead can best be observed 
when operating from the snowplow cab 
and the forward speed of the plow varied 
to maintain full load while casting snow 


speed decreases. Therefore stalling is 
prevented by setting OLRl to trip at a 
predetermined value of generator current. 


locomotive components, simply con¬ 
nected, tends to make this drive sturdy 
and reliable. 

Operation 

The plow may be equipped to provide 
complete control of the speed and direc¬ 
tion of the snowplow train from the plow 
cab by means of multiple unit connections, 
or these functions may remain in the 
pusher unit as in the past. The power 
input to the rotor and its direction of rota¬ 
tion are regulated and controlled by a 
controller similar to that found on locomo¬ 
tive B units. 

After the motor circuits of the power 
unit have been separated from the gen¬ 
erator, the extension power leads to the 
snowplow motors are connected in their 
places. Additional auxiliary power for 
the plow is furnished by connecting ex¬ 
tension leads to the auxiliary power sys¬ 
tem of the power unit. 

Once the snowplow train has been 
made up with the necessary power, 


the required distance. 

To bring the rotor up to maximum 
speed the snowplow operator notches 
his controller out all the way; see Fig. 5. 
As the train moves forward into the 
snow, the rotor speed drops slightly until 
the plow has loaded the power unit engine 
to its rated output; see Fig. 6. Any fur¬ 
ther demand for increased rotor torque 
results in a reduction of rotor speed. 
Although this reduces the distance the 
snow is cast, the output of the power unit 
engine remains at a maximum. There¬ 
fore, as shown in Fig. 5, the distance the 
snow is cast can be controlled by varying 
the forward speed of the train. Hence, 
the snowplow drives utilizes the maximum 
output of the power unit engine over an 
extremely wide range of rotor speeds. 

All other conditions being constant, the 
rotor speed decreases as the forward speed 
increases. As the rotor speed approaches 
one half of its rated value, the rotor has 
difficulty in clearing itself and is in danger 
of stalling. (Stalling occurs when the 
snow no longer possesses sufficient kinetic 



’ig. 6. Speed-distance cast curve for plow 
when power input is 1,600 hp 

Height of snow, 3 feet 
Breadth of cut, 12 feet 
Density of snow, 10 pounds 
per cubic foot 
Drive efficiency, 85% 

Rotor efficiency, 68% 

Average lift In plow, 6.8 feet 
100% distance cast=262 feet 
(Air resistance neglected) 
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This removes the field of the pusher unit 
generator, returns its engine to idle, and 
thus stops the forward motion of the 
train and gives the plow a chance to clear 
itself. 

If, for any reason, the torque demand 
of the rotor should exceed the safe maxi¬ 
mum of the drive, 0LR2 operates. This 
removes the field of the power unit gen¬ 
erator and returns its engine to idle. 
After a moment’s delay, the power con¬ 
tactors open, removing all power from the 
drive. The train may then be backed up 
and inspection made for hidden obstruc¬ 
tions. 

This drive has inherent speed regula¬ 
tion. However, in case a component 
failure causes the rotor to overspeed, the 
mechanical overspeed switch will operate. 
This removes the field from the power 
unit generator and returns its engine to 


idle. After a moment’s delay, the power 
contactors are opened and all power is 
removed from the drive. 

Performance 

To illustrate the performance of an elec¬ 
tric rotary snowplow drive, consider the 
one designed to operate with a 1,600-hp 
standard Diesel-electric power unit. This 
drive has four GE-731 traction motors 
(powered by the GT-581 generator in the 
power unit) and is stabilized by a GT- 
1185-Ml exciter. The performance of 
this drive when operating at its rated 
power in the eighth throttle notch is 
shown in Fig. 7. From curve 1 it may be 
seen that 85 per cent (%) of the 1,600- 
hp input to the main generator is availa¬ 
ble to throw snow. The other 15% sup¬ 
plies the electric and mechanical drive 


to stalling. 

Should the rotor suddenly become un¬ 
loaded, its speed rises but will not exceed 
the safe limit of 113% of maximum full¬ 
load speed. The slope of the speed- 
power curve at less than rated loads is 
designated by the angle B, This angle is 
a measure of the speed regulation in this 
region, and can be varied by the setting 
of the resistor Rl. Angle B is made large 
to keep current surges to a minimum. 
The reasoning behind this is as follows. 
When shock loads are imposed upon the 
rotor, the energy to supply them comes 
from two sources: kinetic energy availa¬ 
ble from the drive as it loses speed, and 
the surge of electrical power from the 
main generator. The greater the speed 
droop, the less the power surge. Since 
this power surge appears in a constant 
voltage region, it shows up as a current 
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Fig. 9. Performance curves at various snow densities; electric- Fig. 10. Electric-drive plow with transverse rotors clearing double 
drive plow powered by a 1 ^600-hp power unit track in mountainous terrain 



surge in the motors and generators. If 
the rotary kinetic energy does not come 
to the aid of the electric equipment, the 
surge may be so violent that the machines 
will tend to flash over. Angle 6 is pur¬ 
posely made large enough to avoid this. 

From the generator volt and ampere 
curves (2 and 3 in Fig. 7) it can be seen 
that maximum full-load rotor speed 
corresponds to the upper corner point of 
the generator volt-ampere characteristics. 
Curves 3 and 4 show that OLRl is set to 
protect the drive from electrical over¬ 
loads, while OLR2 is set to protect 
it from medianical overloads. Curve 
5 illustrates the continual and gradual 
automatic adjustment of the strength of 
the drive motor fields. Curve 6 shows 
how the distance which the snow is cast 
varies as the square of the rotor speed. 
Curve 7 is the speed-torque characteristic 
of the rotor. 

The performance of the stabilizing exci¬ 
ter is shown graphically in Fig. 8. Curve 1 
shows that the exciter speed varies 
directly with the rotor speed. Curves 2 
and 3 are plots of the shunt and differen- 
tal excitation respectively, while curves 
4 and 5 depict the resultant variation in 
exciter volts and amperes. Curve 6 illus¬ 
trates just how little power is required to 


Discussion 

W. S. H. Hamilton (65 Edgewood Avenue, 
Larchmont, K. Y.): I first became in¬ 
terested in rotary snowplows, particularly 
those of the t 3 q)e shown in Fig. 2, on a trip 
in the Bitter Root Mountains on a rotary 


achieve this fine control over so great a 
speed range. This system responds 
rapidly to sudden variations in load. The 
excitation of the drive motor fields was 
purposely chosen at such a value that it 
could be held relatively constant across 
the whole operating speed range, hence 
the eddy currents set up in the drive 
motor frames by sudden transients help 
to maintain rather than destroy system 
stability. 

The depth and density of the snow may 
vary over wide extremes. The family of 
curves in Fig. 9 illustrates the effect that 
depth and density of the snow have on 
the forward speed of the plow. 

To satisfy the last requirement, the 
plow must be able to track well even under 
maximum rotor reaction torque. In the 
type of plow where the axis of rotation is 
perpendicular to the rails this is no prob¬ 
lem. In the type shown in Fig. 2, how¬ 
ever, where the axis of rotation is parallel 
to the rails, the reaction torque in poimd 
feet must never exceed WG/2 where W 
is the weight of the plow in pounds resting 
on the front truck and G is the track 
gauge in feet. During normal operation 
the reaction torque never exceeds 15% 
of this limiting value. In the event of 
abnormal operation, for example, the 

- ^ - 

snowplow (or rather, four of them) in 
March 1917. We spent 4 days going 30 
miles, but were not by any means in motion 
all the time because of various accidents 
that occurred which are distinctive to this 
kind of work, especially in mountainous 
territory. 

A rotary snowplow has many different 


rotor striking a hidden boulder or a 
buried telephone pole, the instantaneous 
peak torque would exceed this 15% con¬ 
siderably, and would undoubtedly shear 
the pins which are provided to protect the 
drive. Though the speed of response of 
this drive is rapid, the rotary kinetic 
energy will shear the pins rather than 
wreck the rotor tmder unusual circum¬ 
stances. 

Conclusions 

The drive described in this paper makes 
more power available to the rotor over a 
broader speed range than any other 
known. It features low initial and main¬ 
tenance cost, high reliability, over-all sim¬ 
plicity, standard interchangeable com¬ 
ponents, inherent stabilization, and ex¬ 
treme adaptability. It should prove a 
great aid in overcoming the difficulties of 
winter railroading in mountainous areas. 
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and difficult functions to perform in oper¬ 
ation, some of which are not brought out in 
the paper. 

1. The wheel must be reversible so 
that snow can be thrown to either side of 
the track. The deflecting hood which is 
shown just above the wheel casing itself 
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in Fig. 2, also has to be reversed at the same 
time. 

2. This reversal of direction of throw 
of the snow is required mainly to enable 
the snow to be thrown to the downhill side 
of the track when working on a hillside 
(which all mountains seem to be plentifully 
provided with), but also to avoid throwing 
it on buildings that may be along the right 
of way. For this reason it is often necessary 
to speed the plow up at times in order to 
throw snow over and beyond such things 
as buildings, passing sidings, etc. It must 
be kept in mind that in the stream of snow 
there are often small rocks, etc., which can 
do considerable damage if they strike 
anything. For these reasons it is customary 
to protect the windows of all railroad 
buildings on the downhill side of the track 
with heavy boarding during the winter 
season. It can be easily imagined that a 
rotary snowplow would not be popular in 
congested areas, such as those around most 
eastern cities. 

3. In operation it is important that the 
wheel speed be kept high enough and the 
forward speed of the plow low enough so 
that the wheel will free itself and not clog 
up and stall. This requires considerable 
judgment on the part of the operator, 
especially when the plow is passing through 
snow of varying depths. 

4. The wheel must not race when it 
comes out of the snow momentarily as 
often happens in passing through drifts 
or snow of uneven depth. In the plows 
driven by steam engine.a man is stationed 
at the throttle of the steam engine which 
drives the wheel in order to catch any 
tendency to race. 

5. It is important that the plow be 
pushed forward at a steady speed. In the 
days of steam locomotives, this was best 
accomplished by using a Mallet locomotive 
which has a high weight on drivers and 
whose speed is relatively unaffected by 
changes in pushing power required. This 
forward speed may vary froni 2 to 4 mph 
in deep snow to 15 mph in light snow, or 
where the rotary is used to clean up tracks 
that have already been plowed out. 

6. It is very important that the wheel 
be kept turning at a stable speed of about 
50 to 60 rpm, when the plow has been 
pulled back from actual snow-cutting, as is 
often required on account of obstacles 
other than snow on the track, in order to 
prevent the wheel from freezing to the 
casing of the plow. While these plows will 
dispose of trees up to approximately 4 
inches in diameter and fair-sized rocks, 
larger obstacles are often encountered, 
which must be cut away by hand before 
plowing can be resumed. 

If memory serves, most of the rot^y 
snowplows were built before 1910, with 
the exception of a very few built wi^in 
the last few years. While the author gives 
some good equations for the performance 
of the wheel, etc., I suspect that the designs 
were actually evolved by the trial-and-error 
method. 

Likewise, the connections immediately 
preceding those of Fig. 4 were evolved 
through very extensive calculations, which 
showed that four armatures in parallel 
with four fields in series would operate 
satisfactorily. These proved very much 
in error in actual test, and Fig. 4 is, of 


course, an improvement over what it was 
possible to work out rather hastily in the 
field. 

I believe the arrangement proposed by 
the authors will satisfactorily meet all ^e 
requirements, with a minimum of attention 
demanded from the plow operator. Flying 
snow affects visibility from the cab of a 
rotary which means that the operator must 
either keep his head out the side door or 
use a dear-vision window which will open 
in front of him. Neither arrangement is 
very pleasant from the standpoint of com¬ 
fort. I hope that the arrangement pro¬ 
posed in this paper will prove so attractive 
to the railroads of this country that all the 
rotary snowplows now in use will be 
electrified. 


J. L. Partridge (New York Central System, 
New York, N. Y.): I should like to relate 
a little of the history pertaining to the 
development of the design of the Diesel- 
electric rotary plow. 

In 1950 the New York Central Railroad 
decided to convert one of their steam 
rotaries, built in 1889, to electric drive to 
operate with a 1,600 hp Diesel electric 
locomotive. The Burlin^on Railroad had 
just remodeled one and it was decided to 
pattern the New York Central plow after 
this mechanically. The arrangement is the 
same as shown in Fig. 3. 

The Burlington’s electrical scheme used 
four traction motor armatures in series- 
parallel connected across the main generator 
of the power locomotive. The four motor 
fields were kept separate from this high- 
voltage circuit, being connected in series 
across the output of the power locomotive s 
74-volt auxiliary generator. Another gener¬ 
ator geared to one of the plow s drive 
shafts was also connected in parallel with 
the auxiliary generator to stabilize rotor 
speed at no load. 

The first plan used on the New York 
Central’s plow was to wire the four motor 
armatures in parallel connecting the posi¬ 
tive side of each to the positive terminal 
of the power locomotive’s main generator. 
The negative motor armature leads were 
connected to one end of the four motor 
fields all wired in series. The opposite 
end of the fields was then joined to the 
main generator negative terminal, thus 
putting the four parallel armatures in 
series with their fields which were in series. 

An exciter generator was connected in 
parallel with the four fields to provide 
additional field current at no load to limit 
the rotor’s tendency to overspeed. This 
generator was geared directly to one of the 
power shafts of the plow. 

The plan was calculated to maintain 
excellent speed regulation between no load 
and full load, the maximum rotor speed 
change being in the neighborhood of 14% 
or a variation between no load and full 
load of 172 to 150 rpm. 

The motor armatures, unlike Diesel 
locomotive motors, were tied together 
mechanically so that relative slippage 
between them was impossible, since they 
were all geared to one rotor wheel. With 
the four fields connected in series, the motors 
all had identical field currents and, since 
the armatures were in parallel their arma¬ 
ture voltages were supposed to be the 
same. However, because of slight varia¬ 


tions in back electromotive force, an un¬ 
balanced condition was created which set 
up a violent bucking action between 
motors. It was so pronounced that at no 
load (rotor running free) with the 8-notch 
controller in the number 2 position the 
motors bogged down completely. 

The plow was rewired as a result, using 
a scheme very similar to that shown in 
Fig. 4, except that a constant source of 
excitation was still supplied to the exciter 
field which, however, was made to vary 
with changes in the controller setting. No 
mechanical changes were made to the plow. 

With two sets of motor armatures in 
series placed across the main generator, it 
was necessary to reduce the field excitation 
to the same no-load speed. This 

meant operating much lower on the satura¬ 
tion curve, hence there was more speed 
variation with a variation in field current. 
And since the fields were wired to conduct 
the full-load current that passed through 
their respective armatures (assuming none 
was shunted through the exciter), it could 
be expected that field current would 
increase markedly with increased load. 

The chief reason for forming the two 
main parallel paths through the motor 
armatures and their respective fields was 
to ensure that any attempt of one motor 
to take on more than its share of the load 
would be telegraphed to its field winding, 
thereby tending to boost its back electr<> 
motive force and thus reduce the motor’s 
taking on more than its due. However, 
in order to make this effective, some re¬ 
sistance had to be introduced between the 
positive side of the exciter armature and 
pair of motor fields. It was finally 
decided that 0.03 ohm in each leg was the 
minimum value that should be used to 
a stable system. These corre¬ 
spond to B2 and RZ in Fig. 4. 

This meant that total resistance in each 
leg of the exciter circuit was 0.03 ohm plus 
0.02 for the motor fields, whereas 

originally there was one path of 0.04 ohm 
which consisted entirely of motor field 
resistance. Therefore, fiuctuations in motor 
field current would not now have as much 
effect on exciter output under the new 
scheme as they did originally since the 0.03- 
ohm resistance does not carry any of the 
motor load unless exciter current is re¬ 
versed. ^ . 1 j 

In the original scheme an increase in load 
tended to boost motor field current. But 
tViit; increase had a strong effect on the 
exciter and caused its output to drop 
rapidly, thus resulting in a relatively small 
net increase in motor field strength and a 
correspondingly small effect on rotor speed. 
In the second scheme the exciter current 
was much less affected by increased loads 
and thus the motor field strength built 
up with the additional motor armature 
current while exciter current decreased 

little. . 

In the first test in snow m December 
1951, at Watertown, N. Y., using this 
wir TTi g scheme the no-load rotor speed was 
set at 150 rpm. When plowing in hard- 
packed snow to a depth of 4 to 5 feet with 
the wings of the rotor housing extended 
out to the side, the rotor wheel slowed to 
about 105 rpm and track speed had to be 
reduced to about 2 miles per hour. Hp 
input to the motors at this point was only 
about 400. 
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To further decrease excitation of the 
motor fields under load a relay was installed 
whose operating coil is sensitive to increases 
in motor armature current and whose 
contacts cut in additional resistance in 
series with the exciter field when the relay 
picks up. This has not been tested to 
date because of a lack of severe snow 
conditions. The coil of the relay was 
operating dining the 1951 test but the 
contacts were not connected. The relay 
picked up at about 25% of full load. 

As brought out in the paper, it is neces¬ 
sary to maintain a relatively high motor 
speed in deep snow if normal track speed 
is to be maintained. To do this, motor 
field current must not increase too sharply 
when full load is applied. Therefore, some 
of the load cinrent must be shunted through 
the exciter armature in the reverse direction 
to normal flow or, in other words, cause the 
exciter to operate as a motor. It is this 
requirement that led to the adoption of the 
differential field as described in the paper. 
Such an arrangement provides continuous, 
smooth control of rotor speed and is much 


preferred to the intermittent action of a 
relay. 

A few other points about the New York 
Central plow may be of interest. When 
the electric drive was applied, the original 
rotor and underframe built in 1889 were 
reused with some strengthening of the 
frame added. 

A hostler’s controller was installed in 
the plow cab to control the Diesel engine 
speed in the power unit coupled directly 
behind the plow. No electrical connections 
were made to the pushing unit except for 
the installation of sound-powered telephone 
equipment to enable the conductor stationed 
in the plow cab to communicate with the 
engineer of the pusher locomotive. The 
plow operator could also talk to the engineer 
through his own chest microphone and head 
set. 

Originally the plow was operated with a 
1,600-hp freight locomotive but was later 
altered to operate with a 1,600-hp road¬ 
switching locomotive which is the most 
prevalent t 3 ^e of power in the Watertown 
area. 


A. H. Hoffer and R. E. Willhite: We thank 
Mr. Hamilton and Mr. Partridge for their 
interesting history of the electric-drive 
rotary snowplow as applied to the operation 
of the New York Central Railroad. No 
attempt was made in our paper to give the 
history of electrically driven snowplows. 
Investigation revealed that the few in 
existence today were developed under 
circumstances peculiar to the railroad 
which built them. 

Recent tests on the drive described in 
the paper substantiate the predicted speed 
power performance graph. A technique 
has been developed which eliminates the 
connections between the exciter shunt 
field and the auxiliary generator on the 
power unit. Instead, half of the exciter 
shunt field is connected across one set of 
the drive motor field and the other half of 
the exciter shunt field is connected across 
the other pair of drive motor fields. Conse¬ 
quently, this offers the advantage of 
requiring only two power leads instead of 
four between the power unit and the snow 
plow. 


Residential Electric Sp ace Heating in 
Detroit for 1952“'1953 Heating Season 
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Synopsis: In this paper the load charac¬ 
teristics of 29 domestic electric space 
heating installations in Detroit during the 
1952-1953 heating season are given. The 
theoretical undercapacity of most of these 
installations are pointed out as well as the 
ineffectiveness of using the measurement of 
kilowatt-hours (kw-hr) per degree day 
per 1,000 cubic feet of heated space when 
comparing different houses. 

T here has been a slow but steady 
growth in the number of homes with 
electric radiant panel heating in The 
Detroit Edison Company service area 
since 1949. At the present time, 135 
residences are being heated electrically as 
well as some 167 dwelling units in 17 
apartment buildings and two 12-room 
motels. This growth in number of instal¬ 
lations is not phenomenal compared with 
the increase in other electric appliances 
such as television. The potential magni¬ 
tude of this load with even a very low 
saturation, however, is great enough to in¬ 
vite further investigation. 

The policy at Detroit Edison has been 
to obtain as much data as possible on the 
load characteristics of homes with this 
type of heating. Only in this manner can 
such problems as distribution design, 


P. WOODWARD 

NONMEMBER AIEE 

desirability of promotion, and adequacy 
of current rates be studied and a solution 
found that is economically acceptable to 
the electrical utility. 

Prior to the 1952-1953 heating season, 
data could not be obtained for an entire 
heating season from more than 20 cus¬ 
tomers with electric house heating. The 
principal reason for this was the high cost 
of operation compared to gas or oil, and 
the subsequent use of such fuels either par¬ 
tially or entirely. Many of the early in¬ 
stallations were in homes previously 
heated by other methods and, in some 
cases, not adequately insulated. The 
high electric bills that resulted caused 
many of these people to change back to 
their former heat source. 

There has been a definite trend in the 
past year or two to installations in new 
homes designed and insulated for this 
type of heating. Adequate demand and 
use data on 29 homes were obtained dur¬ 
ing the 1952-1953 heating season. This 
number is large enough to allow for the 
diversity between customers and the de¬ 
mands should be indicative of those ex¬ 
pected from a much larger group. It 
should be pointed out that the group 
metered is neither a random nor a selected 


sample. Meters were installed on all 
electrically heated homes which appeared 
likely to continue with this type of heat 
throughout the winter period. In some 
instances there was insufficient space to 
install metering equipment, or the cus¬ 
tomer was definitely against the installa¬ 
tion of additional meters, or it was not 
possible to separate the heating circuits 
for metering. The results cannot, there¬ 
fore, be interpreted as being a scientifically 
selected sample representative of the en¬ 
tire population of present house-heating 
customers in the Detroit area. They are 
perhaps a good representation of the types 
of homes which will retain this method of 
heating. 

For these tests, type G-9 integrating 30- 
minute demand meters were installed 
for the winter months on the house-heat¬ 
ing load only in each home. Record kw- 
hr meters also were placed on the space¬ 
heating load only and the total use for 
the home was read from the billing 
meters. The heating kw-hr use figures 
were not available for the complete year 
in 12 cases, so the missing figures were 
estimated from available data. A record 
of actual inside temperatures maintained 
was not obtained. 

One further factor should be considered 
in interpreting this report. The 1952- 
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1953 heating season was abnormally 
warm. The degree days from September 

1952 through June 1953 totalled 5,849 
as compared with the normal for Detroit 
of 6,396 based on the 30>year period from 
1921-1950 inclusive. It is interesting to 
note that this normal value has not been 
reached in Detroit for the last five heating 
seasons. The minimum weekday tem¬ 
perature during the test period was 11 
degrees Fahrenheit (F) on January 7, 

1953 as compared with a more normal 
tnir>imiiTn of —5. Estimates of the prob¬ 
able effect of the colder weather on the 
space-heating use and demands are in¬ 
cluded later in the paper. 

Customer Characteristics 

The electrically heated homes in this 
study ranged in size from three to six 
rooms with an average of five rooms. 
Nineteen of the 29 were fully insulated 
while 10 had insulation in walls and ceil¬ 
ings but not in the floors. All but six of 
the homes were completely equipped with 
storm sashes on windows and doors. 

The average floor area was 974 square 
feet with a range from 494 to 2,026 square 
feet. The volume of heated space (in¬ 
side measurements) also exhibits a wide 
variation from 3,830 to 16,381 cubic feet, 
with an average of 7,644 cubic feet. The 
average connected load of the heating 
units was 8.83 kw, the smallest being 5.0 
kw and the largest 22.75 kw. Based on 
these figures, the average installation has 
a theoretical output of 30,137 Btu per 
hour (connected load X 3,413 Btu per 
kw-hr). This is only 72 per cent of the 
average calculated heat loss of 41,785 Btu 
per hour based on an outdoor tempera¬ 
ture of -10 F and an indoor tempera¬ 
ture of 70 F. 

In only three of these homes does the 
theoretical output exceed the calculated 
heat loss and five more are between 80 
and 100 per cent. This apparent shortage 
of capacity has not been critical since the 
minimum design temperature of —10 F 
has not been reached in Detroit since elec¬ 
tric panels have been in use. The lowest 
value has been — 4 F in 1951. In a con¬ 
tinued cold spell with outdoor tempera- 
ttures near zero degrees for several days, 
it is probable that many of these electri¬ 
cally heated homes will be unable to main¬ 
tain a satisfactory indoor temperature. 

Load Characteristics 

The energy use and demand figures are 
summarized in Table I. Three separate 
groups of figures are included: a full year, 
the coldest weekday (day with the 


Table I. Load Characteristics of Electric Radiant Panel Heatins in Detroit for the 1952-1953 

Heatin$ Season 

Number in Testy 29/ Average Number of Rooms, 5.0/ Connected load, 8.83 Kw 


Test Period 


Annual Period Average Weekday 

6-1-52 to Coldest Weekday (Coldest Week) 
5-31-S3* 1-6-531 1-5-53 to 1-9-53 


Energy use per customer, kw-hr 

Space heating. 

Other use (excluding off-peak water heating) 


11,412. 86.9.85,2 

. 3,148 


Total. 

Degree days, 65 F base... 

Space-heating use, unit figures 

Kw-hr per degree-day per customer. 

Kw-hr per degree-day per 1,000 cubic feet. 

Kw-hr per degree-day^ 1,000 Btu heat loss per 

degree of designed temperature differential. 

Coincident tTigYimnni demand (30-minute integrated) 

Kw per customer. 

Day. 

Date. 

Time (half-hour ending), am. 

Outdoor temperature, F. 

Noncoincident maximum demand, kw (per customer). 
Load factor 

Based on coincident demand, per cent. 

Based on noncoincident demand, per cent. 

Coincidence factor, per cent. 

Demand factorj. 


..14,560 
.. 5,834... 

.. 1.96... 

.. 0.26... 

.. 3.76... 

.. 4.77... 

Wednesday, 
..1-7-53.. 
... 9:00.. 

12 .. 
.. 7.18.. 

.. 27.3.. 

.. 18.1.. 
.. 66.4.. 

.. 81.3 


49. 

. 1.77. 

. 0.24. 

, 3.39. 

. 4.63. 

Tuesday 
.1-6-53 
. 8 : 00 . 
12 . 
. 6.04. 

. 78.2. 

. 59.9. 

. 76.7. 


42 

2.03 

0.27 

.3.89 

.4.22 


9.00 

22.6 

6,42 


84.1 

55.3 

65.7 


•The energy use data were avaUaWe for 17 of the 29 customers for the MI 3™af Period. Data for rc^ 
owning 12 customers were expanded to an annual basis. Coincident demand data were available for ail 

customers for the weekdays, January 5 to 9 inclusive. _ 

tData are shown for coldest day of coldest week (January 6, 1953). High use and demand day was 

January 7, 1953. 

t Ratio of noncoincident maximum demand to connected load. 


vr...4.A. All tralMAe AYAAnt 


-_ t _Xl-.-. 


greatest number of degree days), and the 
average weekday of the coldest week. 
Annual energy use for space heating 
averaged 11,412 kw-hr of a total of 14,560 
kw-hr per customer. The other use of 
3,148 kw-hr indicates that customers with 
electric heating own more of the other 
electric appliances than the average home. 
Those in the sample used almost half 
again as much electricity for other than 
house heating as the average Detroit 
Edison domestic customer. These figures 
are exclusive of the amount used for un¬ 
metered off-peak water heating. 

This emphasizes the importance of col¬ 
lecting load data regarding electric space 
heating. Even these relatively high-use 
customers use almost four times as much 
electricity for their heating in a mild 
winter as they do for lighting and ap¬ 
pliances. In a normal heating season 
there would be an increase in energy use 
for space heating to about 12,500 kw-hr 
per year. A 16-per-cent saturation of 
electrically heated homes would double 
Detroit Edison’s average annual metered 
sales to farm and residence customers. 

One of the factors frequently used in 
comparing electric heating installations 
has been kw-hr per degree-day per 1,000 
cubic feet of heated space. The average 
value for the 29 homes in this test based 
on inside measurements was 0.26 with a 
range from 0.12 to 0.48. The wide 
spread in these ratios indicates either that 


variables are included that make com¬ 
parisons impracticable or else that there 
are great differences in living habits, in¬ 
sulation, or indoor temperatures main¬ 
tained. 

There is actually little reason to expect 
this ratio to be a constant for homes in 
any one locality and even less when com¬ 
paring homes in different cities with dif¬ 
ferent climatic conditions. Certainly, a 
house built in Detroit for electric space 
heating will be much better insulated and, 
consequently, have much lower heat 
losses than a home of similar size in 
Tennessee. It seems rather useless to 
make comparisons based on this ratio or 
to attempt to establish a normal value. 
Even when all of these installations are 
in the Detroit area, this ratio for individ¬ 
ual customers shows practically no tend¬ 
ency to center around any particular 
value. They are quite evenly distributed 
between the highest and lowest values 
so a normal or frequently occurring value 
does not exist. This has been found to be 
generally true in other localities where 
house-heating data are available. 

A more meaningful ratio which can be 
used is kw-hr per degree-day divided by 
1,000 Btu hourly heat loss per degree of 
designed temperature differential. This 
is a restatement of the equation prepared 
by the Federal Housing Administration 
for calculating the electric energy for 
space heating and should yield a value of 
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5 for radiant panels according to their 
estimates. 

The average of the 29 Detroit installa¬ 
tions was 3.76 with a range from 1.36 to 
7.12. There is a greater tendency for 
these values to group with the exception 
of one very high and one very low in¬ 
stance. The deviations that are still 
present are undoubtedly caused by differ¬ 
ences in the number of persons at home 
during the day, the presence of small 
children or infants, the number of rooms 
that are kept heated, and the temperature 
level maintained. 

Using this ratio to compare electric 
space heating in various localities brings 
out the fact that the electric rate or 
wanner temperatures have a definite ef¬ 
fect on usage. The value of this ratio 
for most homes where the electric heating 
rate is above 2 cents per kw-hris between 
2 and 6 with an average close to 4. Where 
the cost of heating is closer to 1.5 cents 
per kw-hr, the annual use adjusted by 
heat loss and degree-days appears to range 
from 4 to 8 with an average of about 6.5. 
These lower cost areas are in wanner loca¬ 
tions so this difference in corrected usage 
may be caused by one or both of two 
factors: with lower rates and smaller 
bills the tendency is lessened to practice 
economies in the use of electric heating 
such as turning down the thermostats in 
little-used rooms or at night; and accus¬ 
tomed to wanner temperatures generally, 
there is an inclination to keep the thermo¬ 


stats at higher settings to provide comfort 
to the occupants. Whether one or both 
of these factors are the cause, it does seem 
definite that even this ratio has different 
values in different areas. While a factor 
of 5 is probably close to the average for 
all house-heating areas, 4 would be more 
logical for the northern localities with 
higher rates, and 6.5 more representative 
of the southern communities with lower 
kw-hr charges. 

A single ratio such as this cannot be 
expected to be true for any single home in 
any area; however, it does give better 
comparative values than the so-called 
heat factor (kw-hr per degree-day per 
1,000 cubic feet of heated space). The 
variation in living habits and tempera¬ 
tures maintained cause substantial devia¬ 
tions which cannot be adjusted by these 
simple relationships. Table II is a tabu¬ 
lation of data for 29 individual space¬ 
heating installations, arranged in order 
of space-heating kw-hr use per degree- 
day per 1,000 Btu heat loss per degree- 
difference in design temperature. The 
table includes si 2 e of home, number of 
persons, daytime temperatures main¬ 
tained, and similar customer charac¬ 
teristics. It must be emphasized that all 
data including temperatures were ob¬ 
tained from customer interviews and may 
not, therefore, be completely reliable. 

The various factors affecting space¬ 
heating use are interrelated to sucii an 
extent that direct correlation of any in¬ 


dividual factor with use does not appear 
warranted. With the degree of insulation 
largely eliminated through the adjustment 
for heat loss, the most significant dif¬ 
ference between customers with high and 
low factors was the date of original instal¬ 
lation of space-heating panels. All of 
the customers with ratios in excess of 5.0 
had installed electric space heating just 
prior to the 1952-53 heating season. 
Customers with longer experience appear 
to have decreased their use of electricity 
by: supplemental heating by fire places 
or space heating with wood, coal,, gas, or 
oil; adaption of living habits to lower 
temperature levels; and more consistent 
reduction of temperature at night and 
during absences from home. 

The maximum 30-minute coincident 
demand of the 29 test customers was 4.77 
kw, reached on Wednesday, January 7, 
1953 from 8:30 to 9:00 am. The mini¬ 
mum weekday temperature for the 1952- 
1953 heating season of 11 F occurred the 
same morning although the coldest day 
based on the ntimber of degree-days was 
January 6. The average noncoincident 
maximum demand was 7T8 kw. Annual 
load factors were 27.3 per cent and 18.1 
per cent based on the coincident and non- 
coincident demands respectively. These 
load factors are higher than had been 
found for the electrically heated homes in 
the three previous heating seasons. 

It is probable that the average maxi¬ 
mum demands, both coincident and non- 


Customer 


Space- 

Heatiag 

Factor* 


Table II. Individual Customer Characteristics Affectins Use of Electricity for Space Heating 


Heated 

Space, 1,000 No. of 
Cubic Feet Rooms 


Daytime Temperature, F 

---——— Temperature 

No. in Living Reduced Year 

Family Room Kitchen Bedroom Nights Installed 


Other Factors t 


A... 


..1.36. 

.10.2. 


..5 . 

.,4t.... 

....72.. 

.70. 

. .70. 



1950 

. ... 

B. .. 

C. .. 

D. .. 

E. .. 

F. .. 

G. .. 

H. .. 

j 


..2.48.. 

..2.66,. 

..2.80,, 

..3.04.. 

,.3.04.. 

..3.12.. 

..3.12.. 

.6.2. 

.4.4. 

.6.8. 

.8.4. 

.7.9. 

.11.1. 

.4.6. 

.16.4. 

.7.9. 


..4>A. 

..5 . 

..6 . 

..6 . 

..4V2. 

..5 . 

..4 . 

.,2 .... 

..4_ 

..3 .... 
..5t.... 

..2_ 

..2 .... 

_72.. 

....62.. 

....72.. 

....70.. 

-70.. 

....72.. 
_72.. 

.70. 

.62. 

.72. 

.70. 

.70. 

.72. 

.70. 

..65. 

..62. 

..72. 

..50. 

..65. 

..72. 

..70. 

• • • ft SI • • 


!!i949!!!! 

.1950_ 

..1949_ 

..1949.... 

..1952.... 

.1949_ 

,.1950_ 


J.... 


..3.20.. 


. .6 . 

.. 41/2 . 

..2_ 

....70.. 

.. not available. 
.65. 

. .65. 



..1952 

1950 


K. .. 

L. .. 


..3.28.. 

,.3.36.. 

.11.3. 

.10.7. 


..6 . 

..6 . 

..2_ 

....72.. 

.72. 

..60.,... 

... .X. . 


. 1951 


M. .. 

N. .. 

O. .. 

P. .. 

Q. .. 

R. 


..3.36.. 

..3.52.. 

..3.84.. 

,.3.84.. 

..3.92.. 

..4.00., 

.6.0. 

.11.6. 

. 6.1.. 

.10.1.. 

. 5.2.. 

. 5.6.. 


,.4 . 

..6 . 

..5 . 

..5 . 

..6 . 

.. 51/2 . 

..3t.... 

..4_ 

..3t.... 
..2 .... 
.,4t.... 

. .4t.... 

_75.. 

....72.. 

....72.. 

_70.. 

..,.70.. 
_75.. 

.68. 

.72. 

.72. 

.70....... 

.70. 

.75. 

..70. 

..50. 

..72. 

..70. 

..70. 

.. 75 . 



.1950..,. 

. 1952 
.. 1952 
..1950 

..1949_ 

.1950. 

.heated basement 

S. 


..4.32.. 

. 5.1.. 


..6 . 

. .5t.... 

_72,. 

.72. 

. .70. 

X* * 


1950 


T..., 


..4.40.. 

. 5.6.. 


..4 . 

..4_ 

_72.. 

.65. 

. .70. 

*x' * 


. 1952 


U. .., 

V. ... 

W. .. 

X. .. 


..4.48.. 

..4.72.. 

..4.80.. 

..6.04.. 

. 5.7.. 

.11.9.. 

. 6 .O.. 

. 6 . 0 .. 


..4 . 

..6 . 

,.5 . 

..4 .. 

..4t.,.. 
,.5t.... 
.2 .... 
..4_ 

....70.. 

.... 68 .. 

....70.. 

...70.. 

.70. 

. 68 . 

.70. 

.70. 

..70...!. 

..65. 

..60. 

.. 60. 

- X 

. ...X.. 


!!1950 

.1961. 

.1950. 

. 1952 

.heated basement 

Y.... 


..5.02.. 

. 8 . 8 .. 


..5 . 

,.3t. 


. not available.. 




. 1952 


Z.... 


.. 6 . 12 .. 

. 7.1.. 


.7 . 

, .5t.... 

_73.. 

.73. 

.. 73 . 



. 1952 


AA.. 

BB.. 

CC.. 

.... 

..5.44.. 

..5.52.. 

..7.12.. 

. 5.4.. 

..6.7.. 

. 3.8.. 


.5 . 

,.4 . 

.3 . 

.2 .... 
,.5t.... 
,.3t.... 

_75.. 

...,70.. 

....70.. 

.70. 

.70. 

.70. 

..50,,,’.'. 

..70. 

..70. 



!!1952 

.1952_ 

..1952 

... .some supplemental heat 


He 

t 

t 

§ 


Space-heating kw-hr use per degree day per 1,000 Btu hourly heat loss 
Indicates families having children. 


per degree difference in indoor and outdoor design temperature (80 F). 


Supplemental heating includes fireplaces, oil, coal and gas stoves, primarily in basement locations. 
All other installations were in detached single dwellings. 
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coincident, would have been higher had 
the design temperature of —10 F been 
reached during the test period. Based on 
data available for the past four heating 
seasons, it appears that the coincident 
maximum demand would be about 6.4 kw 
with this lower temperature. Assuming 
a normal season heating use of 12,500 kw- 
hr, the annual load factor based on the 
coincident maximum demand would be 
about 22 per cent. 

Daily load curves of the average of the 
29 customers for January 6, 1953 (the 
day with the greatest number of degree- 
days) and January 7, 1953 (the day with 
the minimum temperature) are shown on 
Fig. 1. On January 6, there were 49 
degree-days, the average use per customer 
was 86.9 kw-hr and the maximum coinci¬ 
dent demand was 4.63 kw. There were 
47 degree-days on January 7 with 90.8 
kw-hr used per customer and a maximum 
demand of 4.77 kw. The hourly outdoor 
temperatures for each day are also 
plotted on the same graph. 

Although the general shapes of the two 
curves are very similar, there are differ¬ 
ences which are interesting to note. 
There appears to be a direct relationship 
between temperature and average de¬ 
mands for these 29 customers when com¬ 
paring these two days. Before 8 am, 
when the January 7 temperature was 
lower than the temperature for the pre¬ 
vious day, the average demand was also 
lower. After 8 am the temperatures 
were reversed with January 7 being the 
warmer of the 2 days. The demands 
after 8 am were also higher on January 7. 

This apparent inconsistency probably 
is accounted for by climatological factors 
other than the temperatture. From mid- 


Discussion 

John C. Beckett (Wesix Electric Heater 
Company, San Francisco, Calif,): The 
paper by Mr. Bush and Mr. Woodward 
is of significant value to the general knowl¬ 
edge regarding the load characteristics of 
homes heated with the resistance-type 
electric heating equipment. The authors 
have been very careful to point out that 
the heat factors frequently used in com¬ 
paring electric heating installations, such 
as the kw-hr per degree-day per 1,000 
cubic feet of heated space, vary over a wide 
range. They emphasize, too, that this is 
to be expected when comparing homes in 
different cities with different clirnatical 
conditions. It might be well to add that 
this variation occurs not only because of 
different clirnatical conditions and different 
living habits of the occupants but most 
particularly because of different types of 
heating equipment. This test involved 
only one type of equipment and thus is 



TIME-CLOCK HOUR 

Fig. 1. Detroit space-heating coincident 
load curves and temperatures for 1952-1953 
heating season 

A—Coldest weekday, Tuesday, January 6, 
1953 

B—High use and demand day, Wednesday, 
January 7, 1953 


night to 8 AM the wind was 13 to 14 
miles per hour on January 6 and less than 
7 miles per hour on January 7. The de¬ 
mands were greater on the morning with 
the stronger winds. During the daylight 
hours, the wind speeds were very similar 
but there was a difference in sunshine. 
On January 6 there were over 5 hours of 
sunshine as compared with less than 2 
hours on the following day. The de¬ 
mands reflect this difference with the 
lowest demands on the day with the most 
sunshine. 

This comparison emphasizes once again 
that house-heating use is not dependent 

- 4 - 

not comparable to similar tests made in 
other areas where different equipment was 
used. 

In an unpublished AIEE paper by Sharp 
and Opdenweyer individual room radiant 
convection heaters were compared with 
central electric furnaces. A statistically 
significant number of houses was tested 
in each case; the houses were of similar 
size, construction, and insulation. The 
average difference in energy consumption 
was 25 per cent greater for the central 
systems. A recent survey of a similar 
nature' revealed an even greater difference 
involving a considerably larger number of 
homes. In this case the central systems 
under comparable conditions consumed 60 
per cent more energy. 

The authors point out that a normal or 
most frequently occurring value does not 
exist and house heating use is not dependent 
upon temperature or degree-days alone; 
thus, the equations that attempt to reduce 
load estimates to a single simple relation¬ 
ship are of little value. The authors 


upon temperature or degree-days alone. 
While this is probably the most important 
variable, such things as cost of electricity, 
insulation, wind velocity, amount of sun¬ 
shine, living habits, etc., have enough 
influence so that exact comparisons of 
temperature and kw-hr usage cannot be 
expected. 

Conclusions 

The cost to the customer of electric 
space heating at current residential rates, 
even with the small and well-insulated 
home, is in the neighborhood of $275 per 
season. Some of the larger homes may 
run as high as $600. This does not com¬ 
pare favorably with the present costs for 
other forms of heating. Despite this, 
many average income families are in¬ 
terested in electric heat because the cost 
difference is a small part of their yearly 
income. This, coupled with the advan¬ 
tages of using electric heating, tends to 
minimize the differential in operating 
costs. 

From the utility standpoint, the cost 
to serve this type of load with a high de¬ 
mand occurring during the winter period 
and a load factor lower than that of the 
present residence customer may well be 
excessive when compared with other 
domestic uses. On the other hand, the 
application of electric heating has only 
begun and no one has the complete 
answer. With widespread growth in the 
use of air-conditioning, it is possible that 
electric heating may become an offsetting 
load. Because of its susceptibility to a 
wide variation in control, it is possible 
that electric heating in itself may be im¬ 
proved with respect to load factor. 


suggest that a more meaningful ratio might 
be the kw-hr per degree-day divided by 
1,000 Btu hourly heat loss per degree of 
design temperature differential, and that 
this is the basis of the proposed Federal 
Housing Administration equation for cal¬ 
culating energy for space heating. I do 
not follow the authors’ reasoning here as 
it would appear to me that this ratio or 
relationship is no more consistent than 
others now used which take into account 
only heat loss and degree-days. The 
so-called heat factor, criticized by the 
authors and involving the relationship of 
kw-hr per degree-day per 1,000 cubic feet 
of heated space, is perhaps better in that 
a schedule of factors is applied depending 
upon the heat-loss characteristics of the 
house, the locality of the house geographi¬ 
cally, and the type of equipment being used. 
The present heat-factor equation does have 
the rather serious defect of assuming heat 
loss to be proportional to volume, but this 
could be corrected rather easily. 

Mr. Homer Bender, the originator of the 
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heat factor, did not intend that one set 
of factors would be applicable throughout 
the country, but rather that heat factors 
for various conditions must be developed 
and applied. As far as the electric space¬ 
heating equipment manufacturers are con¬ 
cerned, it has been the experience of the 
ones making heaters for 20 years or more 
that a reasonable estimate of energy con¬ 
sumption can be made where the size of the 
home as well as its construction, geo¬ 
graphical location, and type of equipment 
are all taken into account. 

Three significant fundamental variations 
are taken into account in using a schedule 
of heat factors; not all of these are dis¬ 
cussed by the authors. The Federal 
Housing Administrations equation takes 
into account only the calculated heat loss of 
the structure without any regard to its 
geographical location or equipment used. 

Undoubtedly, a schedule of heat factors 
should be developed that would be useful 
to the industry as a whole. For example, 
one set of values might be applicable to 
the West Coast area including the states of 
Washington, Oregon, and California; an¬ 
other set for the inland Northwestern 
States, extending from eastern Washington 
to the Great Lakes and as far south as 
southern Utah and Colorado; another 
area might include the Southwestern States; 
another the Southeastern States; and still 
another the Eastern States. The difference 
in energy-consumption characteristics of 
the different types of heating systems now 
available—^radiant heating cable in the 
floor, radiant heating cable in the ceiling, 
individual room radiant convection wall 
heaters (including baseboards), individual 
forced air-circulation heaters, central warm 
air systems, and central hot water systems— 
are quite well known. Load characteristics 
have been published by the Tennessee 
Valley Authority. ^ The references cited 
and the present paper effectively establish 
the characteristics of at least some of these 
systems. 

One of the principal reasons for the varia¬ 
tion in heat factors for different localities 
has not been adequately understood, and 
this should be of technical interest to all 
concerned with the load characteristics of 
heating systems. This is the fact that the 


degree-day does not give a true indication 
of electric heat requirements. The defi¬ 
nition of the degree-day is the number of 
degrees that the average daily temperature 
is below the 65 F base. This average 
temperature of maximum and minimum is 
a poor indicator for many areas as to what 
the heating requirements might be. For 
example, California climate is character¬ 
ized by warm days and chilly nights. The 
hourly temperature during the milder 
months of fall and spring will take a mo¬ 
mentary drop to a relatively low level, 
but never remains there very long and, 
during the day, will be consistently in the 
60’s. Under these conditions the degree- 
day falsely indicates a greater need for 
heat than is really required. Added to this, 
people are less demanding of heat at 4:00 
AM than at 5:00 pm. What is needed for 
more accurate determination of energy 
requirements is the degree-hour. An article 
by Edwin Fleischmann emphasizes this 
point. 3 A compromise solution might be 
to redefine the degree-day as the difference 
between the mean hourly temperature 
(taken each hour over a 24-hour period) 
from a 65-degree base instead of an average 
of the maximum and minimum tempera¬ 
tures only. The difference in hourly 
temperatures is not the only variation 
which affects energy consumption but it 
does appear to be the most significant one; 
others that might be mentioned include 
wind and relative humidity. 
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A. E. Bush and R. P. Woodward: Mr. 
Beckett’s point that relationships used to 
estimate electric space-heating kw-hr use 
are not consistent when comparing indi¬ 
vidual room heaters with central electric 


Table III. Comparison of Monthly Desree- 
Days 



Degree-Days with 65 F Base 

Using 
Average 
of Hourly 
Temperatures 
Each Day 

Using Average 
of Maximum 
and Minimum 
Daily 

Temperatures 

1953 September.. 


.... 102 

October. 

. 293. 

.... 264 

November.. 


.... 609 

December ... 

. 979. 

.... 964 

1954 January. 

.1,200. 

....1,200 

February... 


.... 874 

Total. 

.4,082. 

....4,013 


furnaces is well taken. There is also no 
question that the reliability of the heat 
factor will be increased when used in 
conjunction with information regarding the 
type of heating equipment in a particular 
home, its construction, or geographical 
location. This substantiates our point 
that any one factor of itself does not allow 
for the many possible variations. 

Use of degree-hours in place of degree- 
days as a basis for heating requirements 
may be of some assistance. It still would 
not affect the deviations found in the 
Detroit data or that for any other one 
locality as it would simply mean dividing 
all of the kw-hr figures by a different 
constant and would in no way adjust for 
other influences. 

The compromise solution suggested by 
Mr. Beckett would be of doubtful value 
in the Detroit area although perhaps of 
some use in areas having different climatical 
conditions. Comparison of monthly degree- 
days for Detroit from September 1953 
through February 1954 by the two different 
methods are shown in Table HI. These 
differences do not seem great enough to 
add any measure of reliability to ratios 
utilizing them. The ready availability 
and widespread use of degree-days based 
on the average of the daily maximum and 
minimum temperatures would appear of 
more importance than the possibly in¬ 
creased precision obtained using the average 
of the hourly temperatures. 
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The New Look in Lamp Bases 

J. O. GEISSBUHLER 

NONMEMBER AIEE 


T here are many uses for aluminum 
in the lamp industry. For example, 
it is the reflecting coating on all lamps of 
the sealed beam type; it is used in some 
lamps as a powder for its beneficial effect 
on lamp performance, and in the manu¬ 
facture of a heat-reflecting disk to reduce 
the base and socket temperatures in some 
lamp designs. But by far the largest 
amount of the material is employed in 
its newest use, the manufacture of bases. 
This paper is a discussion of data and 
tests on aluminum as it performs as a 
base-making material. 

Bases are the units that provide the 
mechanical and electrical connection for 
lamps. They consist usually of a shell 
and one or more center contacts insulated 
from each other and the shell by a glass 
or a plastic material. Samples of the more 
common type of base using aluminum 
are illustrated in Fig. 1. In the fluo¬ 
rescent lamp, the aluminum shell is not 
used to complete the electrical circuit, 
nor does it contact a metal socket in any 
way. No special problems are involved 
here. In the incandescent lamp base 
designs, the aluminum shell is the means 
for mechanically holding the lamp in the 
socket and also for making the electrical 
connection. 

Traditionally, brass has been the 
material for use in base manufacture. 
Why, then, was aluminum decided upon? 
Twelve to 15 years ago, during World 
War II, a serious shortage of brass de¬ 
veloped, necessitating either a substitu¬ 
tion for brass or a curtailment of produc¬ 
tion. The costly experience of scrapping 
lamps at the end of the war because of 
unsatisfactory substitutions led to the 
search for a more suitable material. The 
goal was to find a material which would 
give satisfactory lamp performance, be 


Paper 55-262, recommended by the AIEE Produc¬ 
tion and Application of Light Committee and 
approved by the AIEE Committee on Technical 
Operations for presentation at the AIEE Electrical 
Utilization of Aluminum Conference, Pittsburgh, 
Pa., March 15-17, 1955. Manuscript submitted 
December 13, 1954; made available for printing 
February 18, 1955. 

J. O. Gbissbuhlbr is with the General Electric 
Company, Cleveland, Ohio. 

This is a report of work done by many individuals 
in the Lamp Division of the General Electric 
Company who were responsible for the program. 
Particular acknowledgment is due C. W. Pearson of 
the Lamp Development Laboratory for extensive 
tests on galvanic corrosion and the evaluation of 
lubricants, and to W. E. Kotsch, also of the Labora¬ 
tory, for data on voltage drop on the automotive 
lamp test. 


in free supply, and the use of which 
would result in lower costs. In the 
interval between World War II and the 
Korean incident, this development was 
started. It became apparent very 
quickly that aluminum answered some 
of the primary requirements. It had 
good electrical conductivity, mechanical 
strength, and stability. Cost analysis 
indicated that it would lower base costs 
and be in freer supply, as compared to 
brass. But could it be adapted to the 
manufacturing methods of the Company 
and would it perform satisfactorily in 
service? These were the primary ques¬ 
tions to be answered before aluminum 
could be considered an acceptable base 
material. The Korean incident, of 
course, greatly accelerated its develop¬ 
ment. Brass, again, came in short 
supply, but by this time those working 
on the program had some manufacturing 
knowledge and experience, and had done 
some field testing of the aluminum base. 
The results of both the limited manu¬ 
facturing and field tests were favorable. 
On this basis production was started. 

Over the years, the Company has 
worked very closely with the manu¬ 
facturers of brass, to obtain brass strip 
with a high order of dimensional and 
physical imiformity. With this strip it 
has been possible to develop high-speed 
manufacturing techniques. High-pro¬ 
duction automatic equipment for making 
bases and automatic base-filling and base¬ 
soldering machines were in use. With 


the change of material, many of the 
difficulties which had been overcome in 
connection with brass had to be tackled 
again for the new material. 

Here are some of the problems to be 
solved from a manufacturing standpoint. 
In base manufacturing, the glass insula¬ 
tion is pressed into the shell at the 
melting temperature of the glass. Early 
aluminum alloys annealed at this tem¬ 
perature and were soft, and not very 
suitable for further handling. This 
problem was solved by a combination of 
several factors. The glassing-in tempera¬ 
ture of the glass was reduced as much as 
possible. Aluminum alloy of higher 
temperature was used and, in the glassing- 
in operation, the aluminum metal was 
kept as cool as possible. 

In lamp assembly, other problems de¬ 
veloped. Side-soldering on automatic 
equipment here is an essential. On brass, 
ordinary lead-tin solders made an excel¬ 
lent connection and could be soldered 
with very low shrinkage. However, 
lead-tin solders were not suitable for use 
on aluminum for, in the humidity test, 
corrosion developed very quickly be¬ 
tween the solder and the base material, 
resulting in a no-contact joint. Cad¬ 
mium solders and new fluxes were re¬ 
quired to make an acceptable side- 
solder connection. This required new 
techniques on the finishing machine and 
resulted in somewhat higher shrinkage. 
About this time, cadmium became scarce 
and a mechanical connection had to be 
developed for the lamp. Since aluminum 
forms a thin oxide, this mechanical 
contact was not suitable for use on low- 
voltage lamps, such as flashlights and 
photoflash. The mechanical side con¬ 
nection required close tolerances between 
the glass seal and the metal base, which 



Fis. 1. Assorted incandescent and fluorescent lamp bases utilizins aluminum 
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Fi 3 . 2. The volta 3 e drop between the shell 
of the lamp base and the shell of the socket 

after exposure in corrosive atmosphere 

proved to be very difficult to maintain 
in production. Recently, welders were 
developed and installed which now weld 
the side wire to the base. So much for 
some of the manufacturing and mechani¬ 
cal problems. 

How does the new material perform in 
the field? One of the first questions 
asked concerning the alumintun base is, 
how does the oxide film affect the elec¬ 
trical coimection? There is no single 
answer to this. On standard voltage 
lamps in a normal atmosphere, no adverse 
effect is found, probably because the 
voltage is high enough to break down the 
thin oxide film and the current required 
is very low compared to the area of 
contact. On low-voltage lamps, there 
are other factors. The voltage here is 
not sufficiently high to break down the 
thin oxide insulation. Many tests were 
run in humidity boxes, salt sprays, and 
outdoor atmospheres. Some were run 
on automotive vehicles with the lamps 
mounted under the bumper of a car, 
exposed to the salt and slush of Cleve¬ 
land’s streets. The conclusions are that 
the voltage drop between the shell of the 
socket and the shell of the lamp is prac¬ 
tically zero when the lamp is first inserted 
into the socket. In a normal atmos¬ 
phere, this will not change appreciably, 
but after the lamp has been exposed to 
adverse weather conditions for long 
periods, a voltage drop will develop but 
the magnitude is low, usually less than 
0.2 volt. The voltage drop could be 
serious on low-voltage systems as in 
automotive service, where it would reduce 
light output and impair safety. 

Fig. 2 shows the way the voltage drop 
develops with a bayonet base in an auto¬ 
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motive socket; also shown are the 
voltage drop for the treated staked-pin 
base, the extruded-pin base, and the 
lubricated extruded-pin base. In this 
type of test, lubricated extruded-pin 
aluminum bases compare very favorably 
with the present brass base. But more 
will be said about lubrication later. 
These data show how much can be done 
toward solving the basic service problem 
which aluminum presents. 

There are other problems. Aluminum 
is considered to have a high coefficient 
of friction, primarily because the thin 
oxide film formed on the surface of the 
metal can be broken so easily. After 
the glassing-in process, some of the early 
aluminum bases were quite soft and could 
be deformed in subsequent operations. 
Many of these operations had to be 
readjusted to apply less pressure on the 
base. Some of the threads of these 
early bases were deformed by excessive 
pressure. A deformed base and the high 
coeffident of friction of the alumintun 
made these lamps difficult to insert in a 
standard socket. 

The same condition exists where the 
tolerances between the base and the 
socket are very close. An abrading 
action takes place, breaking off some of 
the aluminum oxide, which in turn forms 
a good lapping compound. This further 
abrades the base. The same action 
occurs on a grip-type or antibackout 
type of socket where the lamp is pur¬ 
posely held securely by means of springs 
to prevent vibration from loosening the 
lamps in service. Fortunately, not many 
deformed bases or out-of-limit bases 
were marketed, and since there are not 
many of the grip-type sockets in use, 
the number of complaints received from 
the field was very low. The Company 
was still not satisfied with the “feel” of 
the lamp as it was inserted into the 
socket, and a lubricant was sought which 
would alleviate this condition. Com- 
merdal consideration demands that this 
material must be clean, odorless, colorless, 
and that it be a hard wax in preference 
to an oil or grease. The lubricant must 
not discolor at lampmaking temperatures 



Fis. 3. The appearance of a treated aluminum 
base/ at left, and a nontreated aluminum base 
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and, of course, should not vaporize at 
normal base-operating temperatures. It 
had to be inexpensive, and the method 
of application had to be such that it 
would not swallow the cost advantage 
that aluminum gave. The material that 
best met these specifications is the one 
now used by the Company, a hydro¬ 
genated whale oil. A very simple device 
was developed to apply the lubricant 
onto the base, and it does a satisfactory 
job as far as lubrication is concerned. 
Fig. 3 shows that the addition of the 
lubricant has not changed the physical 
appearance of the base, but it does 
improve its performance. 

Another basic problem of aluminum 
is shown in Fig. 4, a galvanic series for 
some common metals and alloys. The 
metals grouped close together have 
little galvanic action, and the galvanic 
action increases as the two metals in 
question are separated in this series. 
Aluminiun stands quite high in the 
galvanic series compared to brass. This 
in itself would be no detriment except 
that so many of the lamp sockets now 
in service have been manufactured with 
brass or copper shells. Aluminum-based 
lamps are used in these sockets. Alu¬ 
minum in contact with the brass, and 
with water made conductive by atmos¬ 
phere impurities, has a galvanic action. 
The aluminum is wasted away in this 
action and forms a deposit of aluminum 
oxide in the socket. If the material 

July 1965 


5 



REMOVAL TORQUE - INCH POUNDS 
A - UNTREATED AL. LAMPS - AL. SOCKETS 
B - TREATED AL. LAMPS - BRASS SOCKETS 
C - UNTREATED AL. LAMPS - BRASS SOCKETS 


Fis. 5. Breakaway torque required to loosen 
lamps in outdoor-sign exposure 


builds up to a sufficient volume, the 
lamp may be difficult to remove. This 
is particularly true in corrosive atmos¬ 
pheres of large industrial cities or in 
coastal areas when lamps are burned in 
such a way as to permit water to enter 
the socket. . 

If the lubricant used for reducing 
friction would now prevent or inhibit 
galvanic action, this special problem 
would be solved. That property was 
considered in the search for a suitable 
lubricant. Fig. 5 shows the test results 
on outdoor sign lamps, aluminum bases 
in copper or brass sockets that have 
been exposed to the elements for almost 
a year. The data show the breakaway 
torque required to remove lamps from 
the sockets. This is plotted for alumi¬ 
num-based lamps in both brass and 
aluminum sockets and the lubricated 
aluminum-base lamps in brass sockets. 
As will be seen, the lubricant has in¬ 
hibited corrosion to a large degree. 
Presumably there has been no galvanic 
action between the aluminum base of 
the lamp and the aluminum socket. 
The breakaway torque for the lubricated 
aluminum-based lamps in brass socket 
is not far removed from that for alumi¬ 
num lamps to aluminum sockets, indicat¬ 
ing that a good application of the lubri¬ 
cant will go a long way towards reducing 
or inhibiting galvanic action. 

Fig. 6 shows the physical appearance 
of typical bases from this test. The 
lamps have been removed after almost a 
year’s exposure in the sign test. The 
untreated base shows considerable corro¬ 
sion, while the treated base shows very 
slight corrosion. In this galvanic action, 
the aluminum is the material which is 


wasted away. The socket or the per¬ 
manent part of the fixture is protected. 
The lamp is the expendable item; it has 
served its purpose and can now be dis¬ 
carded. Naturally, the Company is 
still on the lookout for materials which 
will afford better protection and better 
lubrication. Well over a billion lamps 
with aluminum bases have been made and 
on this production the munber of com¬ 
plaints received is amazingly small. 
The complaints fall into two distinct 
types: those services having a humid 
atmosphere, where galvanic corrosion is 
a tremendous factor, and those where the 
dimensions or the mechanical features of 
the base and socket were such as to cause 
destruction of the oxide film on the 
aluminum with subsequent abrading and 
galling. The Company is satisfied that 
its lubricant will take care of the latter 
type, and is inclined to believe that the 
effectiveness of the lubricant in retarding 
galvanic action will vary with service 
conditions. It is realized that in certain 
applications the atmospheric conditions 
are unusually severe the lubricant is not 
adequate, and that brass bases should be 
used. 

Better lubricants are constantly sought, 
not only for the present lamps but also 
to expand the use of the aluminum base 
to lamps of higher wattage. Household 
lamps are designed for use in paper- 
lined brass sockets and of necessity are 
designed for a low base-and-socket tem¬ 
perature, The Company’s lubricant will 
be satisfactory under these conditions. 
However, there are lamps in higher 
wattages which have a much higher 
base-and-socket temperature and which 
are designed for use in porcelain sockets. 
In these cases, the lubricant in service 
at present would evaporate and leave 
a nonlubricated lamp in the socket. 
This will not cause trouble unless the 
socket is a friction- or grip-type device 
and/or the fit between the socket and 
the lamp is very close, in which case an 
abrading action will take place and the 
lamp might be difficult to remove. For 
these applications, a lubricant is needed 
which satisfactorily withstands these 
higher operating temperatures. 


From a design point of view it was 
necessary to strengthen the aluminum 
base by using thicker materials than are 
used with brass, and this has been a 
source of trouble for some miniature 
lamps. Since the outside dimensions of 
the base must be kept constant, the 
increased metal thickness has reduced the 
inside diameter in the base. The re¬ 
duced inside diameter has reduced the 
clearance which lead wires bad, with 
the result that a satisfactory design 
for production on some of the miniature 
types has not yet been developed. 

Another interesting side line is the 
single-contact bayonet base commonly 
used for the Company’s automotive 
types and also on the midget photoflash 
lamps. Since this base was designed, 
many years ago, a straight wire pin 
staked into the brass shell has been used. 
Naturally, with the aluminum base 
exactly the same techniques were used. 
Trouble came from the fact that one 
flash gun holder for photoflash lamps 
had a spring clip which held the lamp 
by the pin of that base and made the 
electrical contact with this clip. The 
complaint was that lamps would not 
flash in the socket. An examination of 
the base revealed that the pin was 
completely insulated from the rest of the 
base. The low voltage of the flash gun 
was not sufficient to break down the thin 
oxide insulation, and the lamp was never 
energized. An examination of the prod¬ 
uct showed that a good percentage of the 
pins were so insulated. Only the thin 
layer of aluminum oxide was necessary 
to insulate this pin. An examination of 
brass bases showed that a large per¬ 
centage of the pins had a very high re¬ 
sistance, on the order of 30 to 40 ohms 
between the pin and the shell. The 
answer to this was, of course, the adoption 
of the extruded-pin base which is now 
used. The metal of the shell is extruded 
to form the pin, and the result is an 
altuninum base which is better than the 
former brass base and which costs less. 

Another example of an improved 
base by the use of aluminum is the 
miniature prefocused flashlight base, 
which was completely redesigned to 


Fig. 6. The appear¬ 
ance of representa¬ 
tive bases after out¬ 
door exposure 

A—Brass base 
B—Nonlubricated 
aluminum base 
C—Lubricated alu¬ 
minum base 
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increase its strength, not merely by 
increasing metal thickness but also by 
changing some of the design features in 
the base. The result today is that 
under the Company’s form of testing, 
the prefocus flashlight base is stronger 
in aluminum than it was in brass. The 
end result is a lamp which gives satis¬ 
factory service to the customer at an 
over-all saving in lamp manufacturing 
cost. The net saving per lamp is, of 
course, a very small fraction of a cent 


and is not felt by the customer in the 
form of lower prices. But, with other 
savings, it tends to ojffset the higher 
labor cost that has been prevalent in 
the past 10 years and it has made it 
possible to defer price increase for lamps 
for a time. 

The long-term objective of the Com¬ 
pany is to expand the use of aluminum 
in the lamp industry as fast as engineer¬ 
ing skill produces solutions to the prob¬ 
lems in terms of consumer applications. 


Great progress has been made but there 
is room for more, both in redesigning the 
product to perform satisfactorily, and 
in educating the consumer to accept the 
new base. The altiminum base is serving 
well and it should no longer be stigma¬ 
tized by being called a substitute. It 
has limitations but some of them have 
already been overcome. Further develop¬ 
mental effort will result in increased 
uses for aluminum in the lamp indus¬ 
try. 
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Design and Protection of A-C. Power 
Systems for Aircraft Instruments 


OSCAR MARKOWITZ 

MEMBER AIEE 


T he role of modern military aircraft 
is inexorably reflected in its electric 
system. The aircraft electric system 
must maintain its continuity to complete 
its mission. Beyond that, the utmost of 
reliability and continuity is required of 
the electric power system supplying 
“safety of flight” items such as the Gyro 
horizon instrument, the turn and bank 
instrument, the fuel quantity instrument, 
the engine instruments, and the fuel flow 
instruments. These instruments when 
inoperative can easily cause loss of an 
aircraft.^ 

In the past few years much concentra¬ 
tion has been put into the design of elec¬ 
tric systems for flight instruments, bring¬ 
ing to light peculiarities inherent to the 
small low power-factor loads supplied 
through high-impedance, low-capacity 
power sources. In this paper many of 
the problems and design aspects are de¬ 
fined which resulted from efforts made 
at the U. S. Naval Air Development 
Center (NADEVCEN) to increase the 
reliability and protection of flight instru¬ 
ment power systems. 

Design Problems 

The most vital of electrically operated 
instruments in aircraft are usually dupli¬ 
cated in one form or another. For ut¬ 
most in reliability, power supplied to each 
duplicate instrument is made as independ¬ 
ent as possible back to a source. The 
thought of power system independence 
for functionally duplicate instruments 
usually requires compromise of various 
degrees with different aircraft configura¬ 
tions. In addition, to increase reliability 
of the instrument power system, power is 
selected from more than one source. 
This compromise and/or selection be¬ 
tween multisources of power then im¬ 
poses the need for switching in these cir¬ 
cuits from one source of power to an alter¬ 
nate source and, in turn, the requirement 
to sense the need for such transfer. 

It is extremely important that the 
pilot be aware immediately of any instru¬ 
ment failure and the need for power trans¬ 
fer. Efforts are being made to provide 
indication of power and/or instrument 
failure inherent with the instrument. 


CHARLES SEARS 

ASSOCIATE MEMBER AIEE 


However, most dependence is placed on 
relays to detect failure in the power sys¬ 
tem and in turn provide a warning signal 
or initiate an automatic transfer to 
another power source. 

Start of design for instrument power 
is made from a load analysis wherein 
the power requirements are set and the 
power soiurces are determined. Instru¬ 
ments require small amounts of power, 
e.g., 5 to 10 volt-amperes (va) at a low 
power factor for the a-c gyro-operated 
instruments. Laboratory experience has 
shown that basic manufacturer’s informa¬ 
tion on instrument power requirements 
has not been adequate. Some instru¬ 
ments are 3-phase balanced or unbalanced 
loads, others single-phase loads, making 
complete data most important for prop¬ 
erly phasing tt-e loads to present, insofar 
as possible, a total balanced 3-phase re¬ 
quirement. Measurement of aircraft 
flight instrument power requirements is, 
complicated by the effects of meters upon 
circuit conditions being measured when 
using 1/4-per-cent meters for 400 cycles. 
Lack of realization of the importance of 
accurate load data and absence of mili¬ 
tary requirements for the same have re¬ 
sulted in inaccuracies which prevented 
system designers in achieving desired 
reliability goals for instrument systems. 

Instruments are usually supplied from 
a 3-phase delta, 115-volt 400-cycle power 
with one line grounded. Sources of 
power vary from 100-va inverters and 
small direct driven a-c generators to 
larger inverters and piimaiy 115/200-volt 
wye power systems with appropriate 
transformers. Most instrument power 
systems contain both the heavier power 
system for normal operation and the 
smaller inverters as alternate power for 
the vital instruments during conditions 
of limited power and/or emergency opera¬ 
tion. Field experience has painfully 
demonstrated that, when more than one 
source of power is available, both sources 
must be operated continuously. Idle 
inverters during flight operations have 
proved to be less reliable than the same 
inverter used continuously. The emer¬ 
gency which requires the use of the alter¬ 
nate power source should occur very 
seldom, perhaps once during the life of the 


aircraft. When the emergency does 
occur, however, it should be known that 
the alternate power source will perform 
properly. One way of being sure is to 
have it perform a continuous function 
with some useful load. Thus, failure of 
the alternate source is apparent at all 
times and is not dependent upon emer¬ 
gency operation for detection. 

Facility in changing from one source 
of power to an alternate source has been 
considered essential for increased relia¬ 
bility of the vital instruments. In the 
past 5 years, design trends have changed 
from manual switching to automatic 
and now back to manual. Automatic 
switching failed to provide the required 
reliability since the fault-sensing relays 
were not sufficiently developed to detect 
all fault conditions, while experience 
showed transfer relays to be less reliable 
than the rest of the system. This has re¬ 
sulted in the present design to reduce the 
components in these most vital power 
systems to the barest minimum required 
for manual power and/or instrument 
transfer. System design in the past has 
not placed sufficient emphasis on pilot 
requirements leading toward a goal of 
only one simple control manipulation 
during an emergency to accomplish all 
required disconnections and transfers. 
This can provide critically needed lead 
time while the pilot must decide the 
nature of his emergency and initiate cor¬ 
responding corrective actions. 

Problems of fault-sensing and protec¬ 
tion are aggravated by switching from 
one power source to another of different 
capacity. Large a-c systems and the 
larger inverters have regulation sensed 
from an average of the 3-phase voltages. 
All 250-va inverters have regulation 
sensed from a single phase; 100-va invert¬ 
ers have no inherent voltage regulator. 
This leads to complication in making any 
given failure-sensing and fault protection 
compatible to different sources of power, 
with such a wide range of source imped¬ 
ance and regulation characteristics. 

Load Analysis 

Present method for load analysis ac¬ 
cording to Specification No. MILnE-7016^ 
utilizes basic 3-phase va values of which 
volts, amperes, and watts are measured 
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Table 1. Sample Load Analysis of Instrument Power Requirements in Accordance With MIL-E-7016 
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with reactive power and the power factor 
calculated. This method lends itself to 
simplified analysis for balanced wye con¬ 
figurations with grounded neutral. How¬ 
ever, when combinations of unbalanced 
loads, transformations, and delta config¬ 
urations are involved, the vector line 
currents govern calculations and analysis. 
With instrument power systems, within 
the frame of the MIL-E-7016 specifica¬ 
tion, all operations become cumbersome 
and inaccurate, while identity and de¬ 
gree of unbalance in an individual line 
are lost. Thus, it is difficult to determine 
possible single-phase overload of a small 
inverter when total va are within the 
machine rating. 

Table I illustrates a load analysis made 
in accordance with the MIL-E-7016 
specification while Table II illustrates 
another approach in analyzing the same 
loads. For Table II, all values were 
measured as currents and voltages with 
their corresponding angles. These va!ues 
were converted into corresponding 3- 
phase complex notation. Sums of the 
individual entries were used to deter¬ 
mine corresponding magnitudes of line 
currents. It is readily apparent that the 
increase of facility and accuracy of the 
method illustrated in Table II revealed 
the overload on one phase of the inverter. 
While full load per phase at 100 va is a 
0.6-ampere line current, the load analysis 
in Table II showed line currents of 0.33, 
0.62, and 0.77 ampere respectively. The 
Ic line current of 0.77 ampere represents 
a 60-per-cent overload on the corre¬ 
sponding wye winding of the E-1616 in¬ 
verter, and was not suspected from 
Table I and its calculated full load of 
98.6 va. 

During a load analysis with a contem- . 
plated instrument power system design, 
it became apparent that a 3-to-l phase 
transformer created more unbalance than 
a corresponding single-phase transformer 
operating from one of the three phases. 
Fig. 1 shows phasor diagrams of these 
load conditions. This would have been 
completely missed without the use of 
complex notation for current in the load 
analysis. Use of the single-phase trans¬ 
former permitted the selection of phase 
connection that provided the best bal¬ 
ance. Other experiences have indicated 
that with any unbalance extreme care is 
required when using a 260-va inverter 
with voltage regulation from single-phase 
sensing. In Fig. 1(A) the line voltage 
Vab has become excessive because of the 
unbalance. Phase loads must be assigned 
judiciously to minimize the 1-phase regu¬ 
lation effects. In any case with unbal¬ 
anced loads, it is strongly recommended 
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Table !i. Sample Load Analysis of Instruments Shown in Table I Using Measured Values and Complex Notation 
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that a laboratory mockup be required to 
provide final answers as to the best distri¬ 
bution configuration. 

There is always a strong temptation to 
correct the low power factor of instrument 
loads with capacitors. However, capaci¬ 
tors for power correction cannot be ap¬ 
plied indiscriminately to instrument power 
systems. This is caused by the high 
source and distribution impedances which, 
when combined with the capacitors, read¬ 
ily form resonant circuits at frequencies 
in the order of third and fifth harmonics 
of the 400-cycle power. For example, 
capacitive correction used in the P-1 
autopilot was checked to determine its 
effect on harmonic current in the system 
by varying the capacity and analyzing 
the line currents for harmonic content. 
Fig. 2 shows the results obtained. The ac¬ 
tual resonant point for the fifth harmonic 
was approximately 3.2 microfarads while 
the value of the P-1 corrective capacity 
was 4 microfarads. At 3 microfarads, the 
fifth harmonic current was 0.62 ampere 
compared to 1.0 ampere of fundamental. 
Without any corrective capacity, the 
fifth hannonic was 0.027 ampere com¬ 
pared to 2.075 amperes of fundamental. 

Power Sources 

Paragraph 3.1 in Specification No. 
MIL-E-7894^ defines the requirement for 
multisources of power with duplicating 
functions. This is carried further for 
the safety-of-flight items to result in 
multisources of power for those items. 
The requirement reflects itself into instru¬ 
ment power systems as two different ca¬ 
pacity sources when two different instru¬ 
ment power requirements exist for normal 
conditions and alternate (emergency) 
conditions. Thus, for normal conditions, 
the power source can be a 250-va or higher 
capacity inverter or the primary a-c 
source of 9 kva or higher, whereas the 
alternate source is usually a 250-va or 
100-va inverter. Because of using more 
than one power source with different 
characteristics, special problems are 
created peculiar to instrument power sys¬ 
tem design. 

Fig. 3 shows part of an instrument 
power system which could be powered 
from 250-va (Navy-type E-1617) or 100- 
va (Navy type-E-JfdJfd) inverters. Short 
circuits in the 26-volt a-c system, using 
the E-1616, caused a drooping inverter 
output characteristic. However, for the 
E-1617, the same short-circuit conditions 
caused line voltage rises. The E-1617 
has single-phase voltage regulation and 
when the regulated lines are required to 
supply overload currents, the voltages 
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from those lines to the third line rise to 
excessive values. For example, with the 
2o0-va inverter one set of conditions re¬ 
corded during a short circuit were; 

Vac= 186 volts, ^68=33.0 volts 
VcGN = 174 volts, 775=31.6 volts 
Vaqn = 114 volts, 787=0 volt 

The changes in primary to secondary 
voltage ratios are caused by the excessive 
internal transformer losses with a redis¬ 
tribution of phase loading. Yet, with 
the 1,600-va (Navy-type E-1737) in¬ 
verter, the same fault condition did not 
load the inverter to the extent that its 
output voltages were affected materially. 

During selection of inverters, considera¬ 
tion should be given to its short-circuit 
capacity. Reference 4 provides details of 
tests made on various inverters. The 
tests revealed that some inverters have 
short-circuit capacities less than their 
full load current under short-circuit condi¬ 
tions. 

Fault Protection and Co-ordination 

Reference 5 describes a mockup of the 
instrument power and distribution sys¬ 
tem shown in Fig. 4 for tests under fault 
conditions. The specific faults investi¬ 
gated in this system were: 

1. Open secondary lines. 

2. Open primary lines. 

3. Uninterrupted short-circuited second¬ 
ary, line-to-line. 

4. Uninterrupted short-circuited second¬ 
ary, line-to-ground. 

6. Uninterrupted short-circuited second¬ 
ary, symmetrical 3-phase, 

6. Interrupted short-circuited secondary, 
line-to-line. 

7. Interrupted short-circuited secondary, 
line-to-ground. 

8. Interrupted primary line for a line-to-« 
line secondary short circuit. 

9. Interrupted primary line for a line-to- 
ground secondary short circuit. 

10. Interrupted primary line for a sym¬ 
metrical 3-phase secondary short circuit. 

The faults were applied at various loca¬ 
tions in the flight instrument circuits. 
In general, the faults applied were open 
and short circuits that involved the dif¬ 
ferent lines of the 3-phase system. One 
set of data is shown in Fig. 6 of the 
CPGHID circuit blocked in Fig. 4(A). 
The short circuits tested were subdivided 
into the interrupted and the uninter¬ 
rupted faults. The interrupted short- 
circuit tests were made to study those 
conditions where only one line fuse would 
open for a particular short-circuited sec¬ 
tion. The uninterrupted short circuits 
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Fig. 2. Effect of corrective capacity in P-1 autopilot on fifth-harmonic content of line 

current and line voltage 


were made to study the effects in the sys¬ 
tem while simulating no fuse or no inter¬ 
ruption by a fuse. 

Fig. 6 shows the correlation between 
the comprehensive data of tests per- 
fonned on the system shown in Fig. 4 
and the fuses selected. The following 
distinctive problems were encountered in 


selecting these fuse values: 

The starting currents for certain instru¬ 
ments were equal to or greater than the 
currents with fault conditions present. 
Such a condition is shown at A in Fig. 6. 
A fuse selected to protect against this 
fault would also interrupt during a normal 
start. In addition, consideration must 
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ALTERNATE INSTR. TRANS. 
115/26 V 3 (> 400 CPS 



FAULT RESISTANCE {OHMS} 

CURVE B - Lq TO Ly (6ND) FAULTS 



CURVE A - L5 TO Lq fault 



Response to Short Circuit Faults Using No. 1 Inverter (250 VA) 
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Response to Short Circuit Faults Using No. 1 Inverter (100 VA) 
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FGT FLUX-GATE TRANSMITTER 
PTBID PILOT’S TURN S. BANK INDICATOR 
PGHID PILOT’S GYRO HORIZON INDICATOR 
PMDID' PILOT’S MASTER DIRECTION INDI¬ 
CATOR 

NRDID NAVIGATOR’S REPEAT DIRECTION 
INDICATOR 

MI MAIN INVERTER 

SI STANDBY INVERTER 


SR SENSING RELAY 

CPRDID CO-PILOT’S REPEAT DIRECTION IN¬ 

DICATOR 

CPGHID CO-PILOT’S GYRO HORIZON INDI¬ 
CATOR 

K1 REMOTE-CONTROL RELAY (PILOT’S 

INSTR) 

K2 REMOTE-CONTROL RELAY (CO¬ 

PILOT’S INSTR) 


Fig. 4. Sinsle-line dfasram of a flfsht instrument a-c electric system for aircraft 


be included for the more severe start cur¬ 
rent-time characteristics of gyro instru¬ 
ments at low temperatures. Reference 
G provides data for such start conditions. 
A sample of these data is abstracted and 
shown in Fig. 7. 

Fuse co-ordination is required between 
primary and secondary of the transformer 
circuits. When a fault occurs in the 
secondary circuits of the transformer, it is 
essential that only the faulted section be 
isolated to minimize the effect of the fault 
on other vital instruments. Co-ordina¬ 
tion becomes a variable because of low and 
different source capacities, high trans¬ 
former equivalent series impedance, re¬ 
distribution of highly unbalanced 3- 
phase currents through the transformer 
windings, and much increased transformer 
losses during fault conditions. The 
changed spreads of line currents corre¬ 
sponding to the primary and secondary of 
a transformer with a line-to-ground fault 
in the secondary is shown as B1 compared 
to B2 in Fig. 6. Appendix B of reference 
5 details the co-ordination relationships 
for the system in Fig. 4. 

In the 3-phase circuits of the system, a 
fault on a line may open the fuse in that 
line but, in the second line, abnormal cur¬ 
rent will continue to feed the same fault 
by feedback through instruments. The 
magnitude of tliis current is higher than 
normal but does not exceed starting cur¬ 
rent values and cannot be protected for 
effectively. Such a condition is shown 
in C of Fig. 6. Although it is unlikely to 
cause fire and smoke, it will cause the 
instrument to malfunction sooner than if 
both lines had been opened by the fuses. 

Selection of fuse values and types 
should be made carefully to assure me¬ 
chanical reliability.'^ 

For any given fault, the currents are 
different for different inverters. The 
E4616 inverter has no voltage regulator. 
The E-1617 inverter has a voltage regula¬ 
tor sensed from one phase. A fault on 
the regulated phase will create over¬ 
voltage on the other phases. D of Fig. 
G shows different currents with different 
inverters and the same fault condition. 

Fault Sensing 

Protection serves its purpose in clearing 
a fault but, in addition, the pilot requires 
some warning that his instruments have 
become unreliable. The warning can be 
in the form of an individual instrument 
indicator such as a flag and/or a panel 
warning light operated from a sensing 
device. When voltage-operated 1-, 2-, 
or 3-phase power-failure relays are used 
for this purpose, sensing is not reliable 


unless power failure is almost complete. 
This method of fault sensing is generally 
inadequate since some faults, although 
depressing voltages sufficiently to make 
instrument operation unreliable, do not 
provide sufficient voltage differential for 
relay operation. In addition, with an 
open circuit, voltages do not collapse com¬ 
pletely because of feedback through the 
instruments or transformer. 

Numerous fault tests were made in the 
instrument portion of the P-i autopilot 
system. Fig. 4(B), to deteimine fault¬ 
sensing adequacy of an integrated 2- 
phase voltage-sensing relay. These tests 
also included the effects of different invert¬ 
ers as power sources. The relay was a 
26-volt unit connected as shown at C of 
Fig. 4. Cause, effects, and results of 


these tests are tabulated in Table III. 
Only 12 per cent of all fault conditions re¬ 
sulted in immediate good indication, 
while 46 per cent were delayed or un¬ 
reliably indicated. A delayed or un¬ 
reliable indication occurred when voltages 
in the system decreased gradually, as 
shown in Fig. 8, for an open secondary 
line, and for an open primary line. Fur¬ 
ther unreliable aspects occurred when a 
fault, after interrupting a line fuse, was 
removed within 30 seconds. The system 
voltage partially recovered and remained 
at a value sufficient for relay pickup, 
thus losing the initial indication. This 
aspect was representative of a typical 
service condition since aircraft faults are 
known to be of an intermittent nature 
and are not usually sustained. The re- 
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maining 42 per cent of all the faults defi¬ 
nitely were not indicated. Reference 8, 
from which the foregoing data were ob¬ 
tained, details these tests with corre¬ 
sponding results and concludes that the 
integrated 2-phase sensing relay is inade¬ 
quate as a fault sensing relay for aircraft 
instrument power systems. 

Any relay which must operate upon 
such small voltage changes will require 


critical tolerances and will be unsuitable 
for fault sensing. Development of a 
relay with a different approach is required. 
Adequate fault sensing is a basic essential 
element for either manual or automatic 
transfer of power. Until the sensing can 
provide more intelligence than the pilot 
relative to the power condition and/or 
operating condition of the instnunents, 
automatic transfer to alternate power is 


not consistent with the order of reliability 
required of the instrument power system. 

Conclusions 

In conclusion, it is felt that the follow¬ 
ing items should be considered as impor¬ 
tant during the design stages of an air¬ 
craft instrument power system : 

1. Power systems for safety-of-flight in- 
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Fig. 7. Starting 
current charac¬ 

teristics of gyro 
horizon indi¬ 
cator 


struments should be designed to contain 
parallel sources of power as completely 
independent of each other in so far as prac¬ 
ticable to supply corresponding functionally 
duplicated instruments. If possible, these 
power sources should provide instrument 
power independently of the main electrical 
system. 

2. Idle and/or inoperative equipment 


should be avoided as an alternate source of 
power. 

3. The load analysis should be made in 
greater detail than called for by Specifica¬ 
tion No. MIL-E-7016 so that a complete 
and accurate analysis of line currents in the 
115-volt delta system can be obtained, and 
every effort should be made to present a 
balanced 3-phase load. 


4. Application of 3-phase to 1-phase trans¬ 
formers should be made only after load 
analysis to see if they are acceptable, con¬ 
sidering 3-phase balance and power factor. 

6. Where inverters are used as power 
sources, selection should be made to assure 
sufficient short-circuit capacity. 

6. When the slow-blow type of fuses are 
applied to the design, they should be selected 


Table III. Cause, Effect, and Results on P-1 Instruments With Response of a 2-Pha$e Relay During Fault Conditions in the Circuit Blocked as 

B of Fig. 4 


1 

Cause 

Fault 

_ _ Effect_ 

Electrical Failure 

Resul 

_ _Flight Instrument _ 

Response 

ts 

_Integrated 2 <l> Sensing Relay 

Response 


Open line to GHID. 

Broken wire or connection. 
Broken fuse (mechanically). 
Interrupted fuse (transient 
overload). 

Unbalanced voltages to GHID 
and sensing relay. 

GHID tumbled in 4 to 5 
minutes. Other instruments 
unaffected. 

No indication, line 4 or line 6 
involved. Indication, line 5 
(GND) involved. 5- to 7-second 
delay. 


Open line to all instruments. 
Broken wire or connection. 

Unbalanced voltages to all 
instruments and sensing relay. 

GHID tumbled in 3-1/4 minutes. 

FGT and MDID malfunction from 

2 minutes until FGT gyro tumbled 
in 3-1/4 to 15 minutes. 

No indication, line 4 or line 6 
involved. Indication, line 5 
(GND) involved. 10-second 
delay Response different for 

E-1617-1 inverter. 


Interrupted short circuit at 
GHID (invomplrt* isolation, 
of faulted section where one 
line fuse interrupts) 

Unbalanced voltages to GHID 
and sensing relay. 

GHID tumbled in 1-1/2 minutes. 
Other instruments unaffected. 

No indication, line 4 to line 6 
involved. Indication, line 6 to 
line 5 (GND) or line 4 to line 5 
(GND) 


Interrupted short circuit at 
GHID. Short circuit less than 

30 seconds duration. 

Unbalanced voltages to GHID 
and sensing relay. Change in 
unbalanced voltages when short 
circuit is removed. 

GHID tumbled in 2 to 4 minutes. 
Other instruments unaffected. 

During period of short; no indication 
- line 6 to line 4, indication - line 6 
to line 5, indication - line 4 to line 5. 
When fault was removed within 30 
seconds the indication was lost. 


Uninterrupted short circuit 
as in unprotected circuits. 

Unbalanced voltages to all instru¬ 
ments and sensing relay. 

GHID tumbled in 2 minutes, 

FGT and MDID malfunction 
from 1 minute until FGT gvro 
tumbled in 1-3/4 to 3-1/2 minutes. 

No indication, line 4 or line 6 involved. 
Indication, line 6 to line 5 (GND) or 
line 4 to line 5 (GND) 


Uninterrupted short circuit 
where the resistance of the 
fault is more than 1-1/2 ohms*. 

Unbalanced voltages to all instru¬ 
ments and sensing relay. 

No instrument response data ob¬ 
tained as a function of fault re¬ 
sistance. 

No indication. 


Open line to transformer pri¬ 
mary circuit. Broken wire or 
connection. Broken fuse 
(mechanically). Interrupted 
fuse (transient overload). 

Unbalanced voltages to all instru¬ 
ments and sensing relay. 

GHID tumbled in 3-1/2 to 14 
minutes. FGT and MDID mal¬ 
function from 2 minutes until 

FGT gyro tumbled in 3-1/2 
minutes. 

No indication, line 1 involved. 

Indication, line 3 or line 2 (GND) in¬ 
volved, 18- to 20-second delay 

I 

Inverter failure lock rotor or 
loss of D-C supply to inverter 

Loss of all voltages to the instru¬ 
ments and sensing relay. 

GHID tumbled in 3 minutes. 

FGT tumbled in 4-1/2 minutes. 

Indication. 


Inverter regulator failure 
causing 3-phase reduction of 
output voltages. 

Equal undervoltage of all three- 
line voltages to the instruments 
and sensii^ relay. 

FGT and MDID malfunction. 

MDID response sluggish. 

Indication for line voltage values 
below 17.4 volts average. 

1 

Notes: Turn and bank indicator gyro is considered having response equivalent to gyro-horizon indicator. 

* Resistance ranges between 1.5 and 2.75 ohms for those fault conditions which result in an indication. 

GHID - Gyro horizon indicator. 

FGT - Flux-Gate transmitter. 

MDID - Master direction indicator. 
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Fig. 8. Voltage decrease during open-circuit faults in the system shown in Fig. 4 and response of a 2-phase relay 


carefully to avoid mechanical unreliability 
inherent in certain makes and models. 

7. Corrective capacitance should not be 
used. 

The present MIL-E-7016 specification 


should be expanded to provide means of 
handling unbalanced transformations be¬ 
tween a 116/200-volt wye source and a 
delta 115- or 26-volt distribution. This 
specification should also include a more 


accurate method of handling instrument 
power system analysis. 

Better instrument power system de¬ 
signs would be furthered if, in a given 
“black box’* load containing both 3-phase 
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balanced load and single-phase load, the 
power leads for each are terminated 
separately to allow the system designer 
the option of selecting that phase connec¬ 
tion for the single-phase load which would 
best suit balancing the 3-phase system. 
Future developments of aircraft instru¬ 
ments should be guided so that they pre¬ 
sent a 3-phase balanced load directly to a 
116/200-volt wye power source. 

Development should be considered to 
provide fuses directly applicable to 3- 
phase circuits. These fuses should be 
capable of opening two lines or three lines 
when any individual line is overloaded 
sufficiently to open a fuse in that line. 

There is a strong need for a fault detec¬ 
tion device which can determine adequacy 
of a power source to deliver instrument 
power. This device should have elements 
of selectivity so that faults within the 
instruments do not create erroneous indi¬ 
cations and also will not be affected by 
power feedback through the load side. 
When such a device is developed, further 
attention should then be devoted to com¬ 
pletely automatic operation of the power 
transfer systems for aircraft instruments. 


Summary 

Design of electric systems for aircraft 
instruments has not been given the atten¬ 
tion deserving of its critical safety-of- 
flight nature. Design aspects are brought 
to light which have been given only cur¬ 
sory attention in the past, resulting in 
decreased reliability. Information is pro¬ 
vided to emphasize those design aspects 
and recommendations are offered toward 
improving future designs of aircraft 
instrument power systems. 
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Directional Relays Provide Differential- 
Type Protection on Large Industrial 
Plant Power System 
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S EVERAL years ago it became neces¬ 
sary to revise the primary distribu¬ 
tion system in a large chemical plant. 
This plant was approximately 25 years 
old and had undergone a rapid expansion 
during this entire period. The type of 
electric distribution system which had 
developed is typical of many other large 
chemical plants which have expanded 
over comparable periods of time. The 
original plant electric system consisted 
of 2,300-volt generation and primary 
distribution. Load increases associated 
with later plant expansions resulted in 
the introduction of 11,000-volt generation 
and primary distribution and the in¬ 
stallation of an 11,000-volt interconnec¬ 
tion with the local public utility. Bus 
tie reactors had been installed to keep 
the generator bus fault levels down as 


additional power capacity was added to 
the system. 

The primary objectives in the program 
of revising the distribution system were 
to reduce voltage variations resulting 
from utility swings and load changes, 
provide selective high-speed relaying, 
and further reduce the fault levels on the 
two 2,300-volt generator busses. Other 
important considerations were to make 
the maximum use of existing equipment 
and provide for installing equipment with 
a minimum amount of shutdown time 
to minimize losses in plant production. 

Plant Primary Power System 

The peak load of this plant at the time 
the study was begun was approximately 
31,000 kva with the majority of the plant 


electric load being supplied from five 
6,250-kva turbine generators in the 
powerhouse. Two of these generators 
are 2,300-volt units and three are 11,000- 
volt units. In recent years, additional 
electrical capacity had been provided 
by the installation of an 11,000 volt 
interconnection with the local utility 
company. The five generators are con¬ 
nected to four main generator busses. 
Two.of these busses operate at 2,300 
volts and two at 11,000 volts. A duplex 
reactor is used to interconnect the two 
2,300-volt busses and a second duplex 
reactor is used to interconnect the two 
11,000-volt busses. An 11,000- to 2,300- 
volt bus tie transformer is used to inter¬ 
connect the 2,300-volt and 11,000-volt 
duplex reactors. The 11,000-volt feeder 
from the public utility was connected 
to the primary side of this bus tie trans¬ 
former. Fig. 1 shows a single-line 
diagram of this power system. 

The 2,300-volt busses which originally 
supplied all of the plant loads now 
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primarily supply the auxiliaries in the 
powerhouse. The plant production facili¬ 
ties are now supplied by underground 
primary cable feeders from the two 
11,000-volt busses. ' 

The 2,300-volt switchgear consists of 
relatively old oil circuit breakers installed 
in concrete cell structures. The 11,000- 
volt bus structures consist of more recent 
drawout-type oil circuit breakers in 
metal-clad switchgear. 

At the time the study was initiated, 
approximately 2,000 kva of additional 
electric load were being installed in this 
plant. Operating experience with the 
existing primary system arrangement had 
indicated that there were several undesir¬ 
able conditions which would have to be 
corrected to pro\dde the dependable 
electric power supply that was required 
for the increased plant loads. The 
duplex reactors which were installed to 
red.uce fault levels on the generator busses 
and also introduced appreciable voltage 
differentials between the four generator 
busses for various operating conditions. 
These voltage differentials were most 
pronounced during the periods when one 
of the plant generators was out of service 
and all of the load on the bus was supplied 
through one leg of the duplex reactor. 
Maintenance schedules for boilers, tur¬ 
bines, and generators along with varia¬ 
tions in process steam requirements re¬ 
sulted in the plant having one of the 
five generators out of service for as much 
as 6 months of every year. 

The public utility substation for this 
plant was connected to the utility 
company’s 110-kv transmission system 
at a point adjacent to one of their large 
generating stations. The voltage level 
at this generating station was changed 
in increments every day in order to keep 
their over-all system voltage levels 
within prescribed limits wdth normal 
daily variations in system load. The 
changes in the public utility generating 
station voltage produced similar voltage 
variations in the power supply to this 
plant. These public utility variations 
further added to voltage conditions in¬ 
herent with relatively large reactance 
between powerhouse busses and resulted 
in bus voltage variations for normal 
operating conditions that were greater 
than could be tolerated. The maximum 
voltage variation on a generator bus for 
normal operating conditions was ap¬ 
proximately 11 per cent. 

In addition to the problem of voltage 
variations, all of the relaying associated 
with the primary distribution system 
needed revision. The two duplex re¬ 
actors and the bus tie transformer were 


protected by a differential relaying 
scheme in which current transformers 
associated with the five breakers sur¬ 
rounding this section of the system were 
all paralleled into a single set of differen¬ 
tial relays. The performance of the 
current transformers associated with 
most of these breakers was very poor, 
and as a result the .existing differential 
relaying scheme was subject to false 
operation for primary feeder faults. 
Several cases of misoperations of this 
differential relaying scheme had been 
reported. These false operations of the 
relay protection were costly because 
the load on one of the 11,000-volt busses 
exceeded the generation and therefore 
the entire load on this bus was lost when¬ 
ever it was separated from the rest of the 
primary system. The existing relaying 
on the 2,300-volt generators consisted 
of differential relays around each of the 
3 phases of the delta-connected genera¬ 
tors. No protection existed for ap¬ 
proximately 50 feet of 2,300-volt bus 
between the generators and the 2,300- 
volt switchgear. There was no existing 
relay protection for bus faults on the 
four generator busses. All of the over 
current relays on the feeder breakers 
were definite minimum-time-type charac¬ 
teristics. In most cases, these definite 
minimum-time relays could not be set 
to provide the desired co-ordination 
with other existing overcurrent devices. 

Primary Distribution Study 

The first step in the study was to 
make some preliminary fault current 


calculations on the existing primary 
distribution system. These calculations 
indicated that the fault currents on the 
two 2,300-volt busses were approximately 
160 per cent of the circuit-brealcer ratings. 
On the basis of this information, a power 
study was begun with the objective of 
providing a primary power system which 
would eliminate the problem of interrupt¬ 
ing duty on the 2,300-volt breakers and 
which would reduce voltage variations on 
the powerhouse busses to acceptable 
limits. Approximately 12 different sys¬ 
tem arrangements were developed. Each 
of these systems was analyzed for re¬ 
quired investment, operating advantages, 
maximum use of existing equipment, and 
required plant shutdown time. As a 
result of this evaluation, four of the 
system arrangements were selected as 
having sufficient merit to warrant more 
careful consideration and comparison. 
An a-c calculating board study was 
made to obtain data for comparing each 
of the primary system arrangements. 
Each of the schemes was set up on the 
a-c calculating board and fault current 
and complete load and voltage studies 
were conducted. Primary system modi¬ 
fications which were considered ranged 
from minor revisions to the existing 
primary system to arrangements which 
involved converting all of the plant 
generation to 11,000 volts. 

As a result of this a-c calculating board 
study along with economic evaluation 
of all of the schemes that were con¬ 
sidered, it was determined that the 
voltage problems could be adequately 
solved at a minimum cost by the installa- 
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tion of a voltage regulator in the incom¬ 
ing feeder from the local power company. 
In addition, it was decided to install a 
new 11,000-volt breaker in place of the 
load break switch on the primaiy side 
of the bus tie transformer to provide 
more operating flexibility and to simplify 
the problem of relaying. The a-c cal¬ 
culating board study further showed 
that, with the installation of the voltage 
regulator to control reactive current 
flow, it would be possible to install 
current-limiting reactors in the 2,300- 
volt generator leads to reduce the fault 
level within the interrupting rating of 
existing breakers. Fig. 2 shows the 
revised primary distribution system in¬ 
corporating these changes. 

High-Speed Relay Protection for 
Powerhouse Bus Interconnections 
and 11,000-Volt Feeder to Power 
Company Substation 

After having determined the basic mod¬ 
ifications required in the plant primary 
distribution system, the next problem 
was to design modern high-speed relaying 
for the revised primary system arrange¬ 
ment. It was decided that the existing 
differential relaying around the generator 
bus interconnections should be removed 
both because of the possibility of false 
operation and also because a new 11,000- 
volt breaker was to be installed in the 
center of the existing differential relay 
zone. It was also concluded that high¬ 
speed relay protection was required for 
the powerhouse bus interconnections 
and for the 11,000-volt feeder to the 


power company substation. The inter- 
cormections between the powerhouse 
busses actually involved three zones of 
relay protection. One zone included 
two sections of 2,300-volt metal-clad 
bus, the 2,300-volt duplex reactor, the 
outdoor bus tie transformer, and a 
relatively long 11,000-volt cable run. 
The second zone was a 4-tenninal zone 
which contained the 11,000-volt duplex 
reactor and cable connections to the 
four 11,000-volt circuit breakers. The 
third zone of high-speed relay protection 
consisted of a 2,300-foot 11,000-volt 
cable feeder to the public utility sub¬ 
station and the voltage regulator. These 
three zones of relay protection are 
referred to as zones 1, 2, and 3 respec¬ 
tively, and are shown in Fig. 2. 

The following five types of relaying 
were considered for this primary dis¬ 
tribution system: 

1. Restraint-type differential relays. 

2. Differential rdiays in conjunction with 
air-core current transformer. 

3. Pilot-wire relays. 

4. Directional relays supervising auxiliary 
relays. 

5. Voltage restraint directional relays. 

Considerable operating experience had 
been accumulated with restraint-type 
differential relays and they would be 
normally given first consideration in 
applications similar to relay zones 1 and 
2. However, detailed analysis of the 
existing current transformers along with 
careful study of various differential relay 
characteristics uncovered a number of 
obstacles to the use of this type of relay¬ 


ing on this particular installation. The 
performance of the current transformers 
was extremely poor, and the possibility 
of false operation had to be carefully 
cpnsidered in all differential relay ap¬ 
plications. Differences in current trans- 
foimers ratios on the circuit breakers 
in a given zone of relay protection was 
another problem associated with differen¬ 
tial relay protection. 

One type of restraint differential relay¬ 
ing considered could not be applied to 
this plant primary system because of the 
current transformer accuracy and also 
because the existing fault levels and 
current transformer ratios produced relay 
fault currents in excess of the allowable 
maximum as recommended by the manu¬ 
facturer. Other types of differential 
relaying were investigated. In all cases, 
the differential relay protection schemes 
for the 4-terminal relay zone 2 were 
relatively complicated. The complica¬ 
tions encountered along with the possi¬ 
bility of false operations which might 
result from the poor performance of 
current transformers resulted in a de¬ 
cision against the use of this type of 
relaying for the powerhouse bus inter¬ 
connections. 

Another scheme which was considered 
was the use of air-core current transform¬ 
ers with associated differential relays. 
This type of relaying scheme involved the 
installation of air-core current trans¬ 
formers on each of the circuit breakers 
in the interconnections between the 
powerhouse busses. Relatively long 
outages would have been required to 
install these air-core current transformers. 
This scheme was discarded because the 
manufacturer could not supply current 
transformers of this type to go into the 
existing switchgear units in the power¬ 
house. 

Pilot-wire relaying could have been 
applied on all three of the zones on which 
high-speed relay protection was desired. 
This type of relaying is the conventional 
method of providing high-speed protec¬ 
tion for an important system tie circuit 
application similar to relay zone 3. The 
use of pilot-wire relays was ruled out 
because of their relatively high cost and 
also because it was felt that the plant 
electrical maintenance people could not 
satisfactorily maintain the relatively 
complex pilot-wire relays. 

The restraint differential, the air-core 
current transformer, and the pilot-wire 
relay schemes are all fundamentally 
straight differential-type relaying. The 
relatively poor accuracy of the existing 
current transformers which we were 
attempting to utilize represented a serious 
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threat to the satisfactory application of 
any differential relaying scheme. For 
this reason, it was logical to attempt to 
develop a relaying scheme which did not 
involve the basic fundamentals of differ¬ 
ential relaying which would provide the 
same high-speed, selective relay pro¬ 
tection normally associated with differen¬ 
tial relays. 

Attempts to divert from straight 
differential relaying resulted ir^ the 
consideration of two schemes which 
made use of directional relays to provide 
differential-type protection. Basically 
these directional relay schemes involve 
the installation of 3-phase directional 
relays on each of the circuit breakers 
associated with sources of power supply¬ 
ing a zone of relay protection. Each 
directional relay is connected so that the 
relay contacts close for power flow into 
the protected relay zone. All directional 
relay contacts are connected in series in 
a d-c control circuit. A fault in the 
protected zone results in the closing of all 
directional relay contacts energizing the 
d-c control circuit, thereby tripping all 
of the circuit breakers surrounding the 
relay zone. 

One type of directional relaying which 
was evaluated involved the use of sensi¬ 
tive 3-phase directional relays. The 
sensitivity of these relays made it 
necessary to add a certain amount of time 
delay to the relay scheme. This time 
delay was introduced by the use of a 
d-c auxiliary relay in conjunction with 
each directional relay. These auxiliary 
relays introduced a 2 to 3-cycle time 
delay to prevent misoperation of this 
relaying for transient conditions. This 
relay scheme was workable but was 
more complicated and slower in operation 
than the directional scheme which was 
finally selected for this application. 

The other directional scheme which 
was developed for this application was 
based on the use of 3-phase voltage 
restrained directional relays, designated 
type HV-3, The HV-3 relay was de¬ 
signed so that a relatively large amount 
of power is required to close the relay 
contacts with rated voltage on the relay. 
However, as the voltage is reduced, the 
relays become very sensitive. With 
this relay characteristic, all of the relay 
contacts in the directional relay scheme 
would be normally held open. With 
this condition, it was decided that it 
would not be necessary to install auxiliary 
relays to provide additional time delay to 
pnivent false operation due to transient 
load swings resulting from system switch¬ 
ing. Contacts of the HV-3 relays in a 
given protected zone were connected in 


seiies with the d-c coil of a high-speed, 
manual-reset, latch-type auxiliary relay. 
The auxiliary relay had one set of con¬ 
tacts for each of the circuit breakers asso¬ 
ciated with the zone of relay protection. 
These contacts were wired in the d-c trip 
circuits of each of the breakers. 

This latter scheme was selected for 
providing high-speed relay protection 
for power house bus interconnections and 
the 11,000-volt feeder to the power com¬ 
pany substation. Reasons for the selec¬ 
tion of this scheme were that engineering 
investigation indicated it would provide 
the type of protection that was required 
and it was the simplest and lowest cost 
of any relaying schemes which were con¬ 
sidered for this application. 

Details of Directional Relay 
Protection 

The HV-3 directional type of relaying 
was applied to three sections of the pri¬ 
mary power system in this plant. Fig. 3 
shows details of each of these three zones 
of relay protection. 

The 2,300-volt duplex reactor plus the 
11,000-volt to 2,300-volt bus tie trans¬ 
former was included in one zone of the 
directional relay protection. This section 
was designated as relay zone 1 and con¬ 
tained all of the primary system between 
2,300-volt circuit breakers A and B and 
11,000-volt breaker 43. To provide the 
directional relay protection for zone 1, 
one HV-3 relay was installed for breakers 
A and B and a similar relay for 11,000- 
volt breaker 43. By paralleling the cur¬ 
rent transformer on 2,300-volt breakers 


A and B, it .was possible to use a single 
HV-3 relay for both of these breakers. 
The HV-3 relay associated with 2,300- 
volt breakers A and B was connected so 
that its contacts closed for power flow 
toward the 11,000-volt system. The 
HV-3 relay on 11,000-volt breaker 43 was 
connected to close its contacts for power 
flow toward the 2,300-volt system. 

The contacts on each of the two HV-3 
relays in relay zone 1 were connected in 
series with a 125-volt d-c supply to the 
coil of a high-speed, manual-reset, latch- 
type auxiliary relay. A type-B^.L. auxil¬ 
iary relay was used for this application. 
The tripping of the W.L. relay closes 
three sets of contacts. One of these 
auxiliary relay contacts is connected in 
the d-c trip circuit of each of the three cir¬ 
cuit breakers associated with this relay 
zone. Fig. 4 shows a schematic diagram 
of the d-c portion of the relay protection 
for all three zones of protection. 

The HV-3 relay protection was also in¬ 
stalled on the 11,000-volt portion of inter¬ 
connections between the four powerhouse 
busses. This represents a 4-terminal 
section between 11,000-volt breakers 
2d, 35, 42, and 43 which included the 
11,000-volt duplex reactor. This 11,000- 
volt portion of the powerhouse bus inter¬ 
connections was designated as relay 
zone 2. Three HV-3 relays were installed 
to provide the directional protection for 
this zone. By paralleling current trans¬ 
formers, a single directional relay was used 
for breakers 26 and 35. Additional HV-3 
relays were installed on 11,000-volt 
breakers 42 and 43. Each of the direc¬ 
tional relays was connected so that its 
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Fig. 4. D-c schematic 
of directional relay pro¬ 
tection 


contacts would close for power flow into 
the protected relay zone. 

The contacts of the three HV-S relays 
installed with this zone were connected in 
series with the 125-volt d-c supply to the 
coil of another W.L. auxiliary relay. 
Four sets of closing contacts were pro¬ 
vided on this relay for tripping each of the 
four circuit breakers in zone 2. Kh con¬ 
tact on circuit breaker 42 was connected 
in parallel with the contacts of the HV-3 
relay on that breaker. This provided for 
keeping the high-speed directional relay 
protection in service when breaker 42 
was open. This breaker was open during 
periods when all of the plant load could 
be supplied from powerhouse generators 
and no power was being purchased from 
the local public utility. Since this condi¬ 
tion existed during certain periods of the 
year, it was decided that high-speed relay 
protection should be retained for this 
normal operating condition. 

The 11,000-volt feeder to the power 
company represented the third section of 
the plant primary power system on 
which high-speed directional relaying was 
applied. This included approximately 
2,300 feet of 15,000-volt cable and a step- 
type voltage regulator and is referred to 
as relay zone 3. Two HV-3 relays were 
installed for tl is zone of protection, one 
relay on 11,000-volt breaker 42 in the 
powerhouse and the other on the breaker 
in the power company substation. The 
HV-3 relay on breaker 42 is directional 


for power flow toward the power company 
and the HV-3 relay on the plant company 
breaker is directional for power flow 
towards the plant powerhouse. 

The d-c control circuit for this zone 3 
relay consisted of two W.L. relays, one 
in the powerhouse and the other at the 
power company substation, and a cable 
pilot wire circuit between the two points. 
The contacts of the two HV-3 relays and 
the coils of the two W.L, switches were 
all connected in series across the 125-volt 
d-c suppl}' at plant powerhouse. 33-volt 
coils were used for each of the W,L. re¬ 
lays. Signal lights were installed to 
supervise the pilot-wire circuit. 

Special Considerations Associated 
With Direction^ Relay Protection 

The relatively high amount of react¬ 
ance between powerhouse busses in this 
plant made it necessary to consider volt¬ 
age and current values for HV-3 direc¬ 
tional relays for aU types of faults within 
each of the three zones of relay protection. 
This was necessary to establish that there • 
was sufficient current to close the asso¬ 
ciated directional relays for all faults oc¬ 
curring in each of the three relay zones. 
Fault current studies made on the a-c 
calculating board provided the informa¬ 
tion necessary to dheck the operation of 
the relays for these conditions. A factor 
of safety to take care of tolerances in 
individual relay characteristics and to 


allow for fault impedance limiting fault 
current below calculated values was in¬ 
cluded in the design of this directional 
relay protection. This factor of safety 
was obtained by designing the relay pro¬ 
tection so that calculated values of fault 
current in the HV-3 relays were equal to 
three or more times the value required to 
just close the relay contacts with the 
corresponding voltages on the relay po¬ 
tential coils. 

To meet the foregoing requirements for 
HV’‘3 relay on breaker 43 in zone 1 for 
faults adjacent to 2,300-volt breakers A 
and B, it was necessary to increase the 
sensitivity of this relay beyond that ob¬ 
tainable from the standard relay design. 
Increased sensitivity was obtained by 
reducing the amount of voltage restraint 
on the relay. The reduction in voltage 
restraint was accomplished by inserting 
resistors in series with restraint voltage 
coils on this relay. The standard relay 
requires 10 amperes at full voltage to close 
its contacts. By the installation of the 
resistors, the HV-3 relay on breaker 43 
characteristic was changed so that only 
5.0 amperes were required at full voltage 
to close the relay contacts. The 5.0 am¬ 
peres of relay current correspond to 8,000 
kva load through this 11,000-volt breaker 
43. Since this is considerably above the 
maximtun through this breaker, there was 
still sufficient restraint on the relay to 
keep its contacts open for all anticipated 
load conditions. 

The possibility of magnetizing inrush 
currents to the voltage regulator in relay 
zone 3 causing false operation of the direc¬ 
tional relay protection was also investi¬ 
gated. The h breaker contact on breaker 
42 short-circuits the HV-‘3 relay contact 
associated with this breaker whenever 
this breaker is open. When the 11,000- 
volt cable to the power company substa¬ 
tion is energized by closing the 11,000- 
volt breaker in the power company sub¬ 
station, the HV-3 relay on this breaker 
is subjected to magnetizing inrush to the 
voltage regulator and 11,000-volt cable 
circuit. Because of the h contact arrange¬ 
ment on breaker 42, it is necessary that 
the HV-3 relay on the power company 
substation breaker remain open during 
this period to prevent the directional relay 
scheme from immediately tripping the 
breaker. Calculations indicated that this 
magnetizing inrush was considerably be¬ 
low the current required to operate the 
HV-3 relays. Operating experience since 
the installation of this relaying scheme 
has proved that the magnetizing inrush 
has no effect on the directional relay 
scheme. 

Considerable study was given to further 
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extending the practice of using auxiliary h 
breaker contacts to keep the high-speed 
directional relay protection in service 
when a breaker is open, as was done on 
breaker 42 in relay zones 1 and 3. The 
use of these auxiliary contacts on each of 
the circuit breakers in the directional 
relay zones appreciably complicated the 
rela5dng scheme and also introduced other 
problems which had to be solved by the 
installation of additional auxiliary relays. 
A thorough study of powerhouse operat¬ 
ing conditions indicated that breaker 42 
was the only breaker open during any 
appreciable amount of time during the 
year. For these reasons and also because 
it was firmly believed that the relay pro¬ 
tection would be more reliable if it were 
kept as simple as possible, it was decided 
.to eliminate the auxiliary b contact ar¬ 
rangement for all but breaker 42 in the 
three zones of relay protection. 

Associated Relay Modernization 
Program 

In addition to the directional relay 
protection, a number of other improve¬ 
ments were made in the relaying on the 
primary distribution system. The 2,300- 
volt generators were originally delta- 
connected and protected by two current 
transformers and a differential relay 
around each of the three generator wind¬ 
ings. Approximately 50 feet of 2,300- 
volt bus running between each of these 
generators and the generator breaker was 
unprotected. By moving three of the 
existing generator current transformers 
into the circuit-breaker cell structure 
and making use of a special delta-to-wye 
differential connection, both the genera¬ 


Discussion 

Bonn C. Achtenberg (The Detroit Edison 
Company, Detroit, Mich.): The use of 
directional relays to obtain differential pro¬ 
tection appears to be a wise move when the 
available current transformers are such that 
normal differential connection gives unsatis¬ 
factory results. 

At the Detroit Edison Company there is 
a scheme which concerns those positions 
whose definite time relays are to be replaced 
because their curves do not co-ordinate with 
fuses or low-voltage switchgear. With this 
system, the pickup of the definite minimum 
time relay is raised, giving sufficient clear¬ 
ance at all points of the curve. Then, to 
cover low-current faults, an instantaneous 
overcurrent relay is installed with the coil 
circuit in series with the coil of the definite 
time relay. The pickup of the instantan¬ 
eous relay is set equal to that of the definite 
time relay before that pickup was raised. 
The contacts of the instantaneous relay are 
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tor and the 2,300-volt bus were included 
in the differential protection. 

Voltage-controlled overcurrent relays 
were installed on each of the five genera¬ 
tors. Backup overcurrent relays were 
added to each of the powerhouse bus tie 
circuit breakers (breakers B, 2(5, 3(5, 
42, and 43). These generator and bus 
tie breaker overcurrent relays provide 
protection for faults on each of the four 
generator busses. They also serve as 
backup protection for faults in the three 
zones of high-speed directional relay pro¬ 
tection. 

The overcurrent relays on most of the 
2,300-volt feeder breakers had to be co¬ 
ordinated with large 2,300-volt motor 
fuses. Most of the overcurrent relays on 
the 11,000-volt feeder breakers had to be 
co-ordinated with the low-voltage air 
circuit breakers. The slope of the fuse 
and the low-voltage circuit breaker time- 
current characteristics is entirely different 
from the characteristic of the definite 
minimum-time overcurrent relay. For 
this reason, it was impossible in most 
cases to set the existing overcurrent re¬ 
lays to co-ordinate properly with the fuses 
or low-voltage circuit breakers. 

For these reasons, all of the existing 
overcurrent relays are being replaced with 
either very inverse or extremely inverse 
types of relays. A number of starting 
tests were made indicating that the 2,300- 
volt motor fuses rating could be reduced 
below manufacturer’s recommendations. 
The reduction of fuse ratings on certain 
of the larger motors also has helped in 
setting up the desired co-ordination be¬ 
tween overcurrent devices. 

Instantaneous trip units have been in¬ 
cluded in the new overcurrent relays on 
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the majority of 11,000-volt feeders and on 
certain of the relays being installed on 
the 2,300-volt feeder breakers. These 
instantaneous units provide for high¬ 
speed clearing of primary feeder faults. 

Conclusions 

The directional relay protection which 
is described in this paper has been in 
service at the plant for approximately 1 
year. Operating experience is limited be¬ 
cause to date there have been no faults 
within the three zones of directional relay 
protection. Satisfactory performance has 
been obtained to the extent that there 
have been no cases of false operation of 
the directional relay protection due to 
feeder faults or transients resulting from 
switching surges. 

The fundamental principles used to de¬ 
velop the directional relay protection for 
this plant had been previously used by 
public utility relay engineers in similar 
relay schemes. Directional relay protec¬ 
tion of this type could be effectively used 
under similar circumstances in other ap¬ 
plications in electric utility and industrial 
power systems. However, it is not the in¬ 
tention to imply that this directional re¬ 
laying can be universally substituted for 
differential relaying. The type of relay 
protection which was developed for this 
plant does demonstrate that conventional 
relaying schemes are not necessarily the 
best solution to the specialized relaying 
problems encountered in industrial plant 
power systems. Specialized relay schemes 
engineered to meet the specific require¬ 
ments in the plant power distribution sys¬ 
tem should be given consideration for 
this type of application. 


connected to pick up an auxiliary relay, 
which is set to operate at about 1,600 cycles, 
and its contacts are connected in parallel 
with the definite time relay. There are many 
factors involved in determining whether 
this scheme may be used economically. 

If new inverse time relays fit the same panel 
drillings as the old definite time relays, then 
simple replacement may be the most eco¬ 
nomical solution. However, if the panels 
must be redriUed to fit the new relays any¬ 
way, it may prove more economical, if panel 
space permits, to add the less costly in¬ 
stantaneous relays plus the auxiliary relay. 

In the past, many definite time relays were 
replaced by inverse time relays just to 
allow for ‘‘cold-load” pickup after an ex¬ 
tended outage, even if no co-ordination 
problem was involved. The great surplus 
of definite time relays which thereby ac¬ 
cumulated prompted the development of 
this new scheme. It is now our practice on 
entirely new positions to use the new 
scheme, and a savings of about $50 per relay 
is realized. 

Gilbert^ Bell—Directional Relay Protection 


Fig. 6 shows the trouble which arises from 
the attempt to obtain a definite time relay 
over a large fuse. Fig. 6 shows how the ad¬ 
dition of the instantaneous relay plus an 
auxiliary alleviates this trouble. It may be 
noted from Fig. 6 that an inverse time relay 
set with a pickup equalling 600, and lever 
equalling 1, would follow approximately the 
same curve. 


F. P. Brightman (General Electric Com¬ 
pany, Schenectady, N. Y,): This is an in¬ 
teresting paper on modernizing relay pro¬ 
tection. One of the problems often en¬ 
countered is that of the old current trans¬ 
formers not having the necessary character¬ 
istics for use with the relays, a procedure 
which might first be considered based on 
general practice. When this happens, as it 
did in the case described, the interruption to 
production required to permit replacing the 
old current transformers usually results in 
discouragingly high costs. The problem in 
such cases is to find an acceptable substitute 
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Trouble arising iron, attenrpting to obtain definite time relay over large fuse Fig. 6. Trouble alleviated by addition of instantaneous relay plus auxiliary 






for the so-called standard relaying systems 
that would otherwise be used. 

For the case in question, the HV-3 relay 
chosen, or its General Electric Company 
equivalent, type CHPV, would be a satis¬ 
factory solution to the problem since there 
will presumably always be a source of fault 
current to operate the directional relays in 
case of a short circuit inside the protected 
zone. That is important when directional 
relays are considered for use in this manner, 
because there must be sufficient short- 
circuit current either from generators or as 
pump-back from large motors to operate the 
relays at each of the terminals. Otherwise, 
the tripping circuit, consisting of all the 
relay contacts in series, will be incomplete 
and none of the breakers will be tripped. 

The authors mention the substitution of 
very inverse time and relays and extremely 
inverse time relays for definite minimum¬ 
time relays ahead of fused starters for large 
motors. I suggest the importance of con¬ 
siderable caution, which the authors un¬ 
doubtedly exercised, in applying extremely 
inverse time relays immediately ahead of 
large fuses. The possible difficulty is that, 
when an extremely inverse time relay is 
slowed down enough to ensure co-ordina¬ 
tion with the fuse on high-magnitude fault 
current, it is very slow on moderate values 
of current because of the shape of its time- 
current curve. 

The authors also mention that reducing 
the rating of motor-starter fuses below 
manufacturers* recommendations proved 
helpful in co-ordinating the fuses with relays 
ahead of them. This would occur because 
smaller fuses would have lower melting 


currents, and consequently the relays could 
have correspondingly lower settings. 
Again, caution is advised if such reduction 
are attempted; otherwise, unnecessary 
blowing of expensive fuses may result. 
Fuses for motor starters are selected on a 
conservative, but not overconservative, 
basis to ensure that they will more safely 
withstand many motor-starting and re¬ 
starting cycles. Unless a fuse is applied on 
such a basis, it is quite likely to be gradually 
weakened by the repeated heating and cool¬ 
ing cycles caused by motor-starting current 
and severe overloads, and will eventually 
fail unnecessarily. Even though the user 
was willing to accept some risk of such un¬ 
necessary blowing of fuses, it would be ex¬ 
ceedingly difficult to determine the possi¬ 
bilities of such failures for a given reduction 
in fuse size below that recommended by the 
manufacturer. The fact that a given fuse 
will permit starting the motor a few times 
without blowing should not be interpreted 
as proof that that fuse is suitable for the 
proposed use over a long period. 


George Steeb (Niagara Mohawk Power 
Corporation, Buffalo, N. Y.): Since 1941 
a scheme for bus protection which can be 
applied in spite of differences in current 
transformer ratios has been installed in our 
Company on 16 busses of the 60-cycle sys¬ 
tem, and 23 busses of the 25-cycle system. 
The method, similar to that of the authors, 
has been used at six locations. 

Until now, there have been eight dif¬ 
ferent faults, that were cleared successfully, 
and no cases of incorrect operations. 


No mention is made in the paper of how 
ground faults are detected and removed. 
Is the system free of transient fault volt¬ 
ages so that grounding becomes undesira¬ 
ble? 


G. E. Grosser (Westinghouse Electric Cor¬ 
poration, Philadelphia, Pa.): The problem 
of revamping and adding to an existing 
system usually requires more study than is 
required on new plants. The authors are 
to be commended on their thorough study. 

Duplex reactors, as used in this plant to 
keep interrupting duty on breakers within 
ratings, could no doubt be used more fre¬ 
quently to advantage. This type of re¬ 
actor makes use of the close mutual coupling 
between the two sections so that a relatively 
low reactance is obtained in the circuit dur¬ 
ing normal operating conditions. Such a 
reactor does have higher reactance for a 
fault on one bus, which is highly desirable 
but which inserts high reactance in the 
circuit when a machine is out of service, 
thus presenting a voltage problem. 

When an interconnection between an in¬ 
dustrial generating plant and an electric 
utility is contemplated, the use of tap¬ 
changing under load on the tie transformer 
bank or a step regulator should be con¬ 
sidered so that more control of the plant bus 
voltage may be obtained, a point which is 
brought out in the paper. 

The authors* relaying might be called un¬ 
conventional; at least it is unusual and 
would seem to meet the needs of this par¬ 
ticular plant quite adequately and econom¬ 
ically. 


A Simple Method for Calculating the 
Time Response of a System to 
an Arbitrary Input 

G. A. BIERNSON 

ASSOCIATE MEMBER AIEE 


T here are a number of methods for 
calculating the response of a linear 
system to an arbitrary input which divide 
the input into a series of units so small 
that each can be approximated quite 
crudely, but they are all quite laborious 
and require a very high degree of ac¬ 
curacy of computation to achieve ade¬ 
quate accuracy in the calculated re¬ 
sponse. Even more important, they 
give very little insight into why the 
system responds the way it does, or how 
the system transfer function should be 
changed to improve the response. 

On the other hand, there are two 
means of characterizing the time response 
of a system which are easily related to 


its frequency response, and which have 
proved very useful in design. These 
are the transient responses of the system 
to a step of position, a ramp, etc., and 
the error coefficients, or the related 
parameters, velocity constant, accelera¬ 
tion constant, etc. The transient re¬ 
sponses describe the transient behavior 
of the system, in contrast to the steady- 
state behavior described by the error 
coefficients. In this paper it is shown 
how an input signal may be broken down 
into steady-state and transient com¬ 
ponents so that these two concepts can 
be combined to produce a simple means 
for calculating the response of a system 
to any input. 


Although this technique can apply to 
any linear system, it is developed in 
terms of feedback control systems. 
The method of calculating the response 
to an arbitrary input is described, and 
a means of evaluating the accuracy of 
the calculated response is presented. 
The rules for approximating and con¬ 
structing the response curve are then 
summarized in detail. Finally, to show 
how this method may be used quite 
simply in the design of feedback control 
systems, some general rules are presented 
for relating the shapes of the transient 
terms, which are used in calculating the 
response, to the major characteristics of 
the open-loop frequency response of the 
system. This paper is essentially a 
condensation of reference 1. 
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Calculation of System Response 

Separation of Input into Steps of 
Derivatives and Integrals 

Most methods for calculating the 
response of a system to an arbitrary 
input require that the input be approxi¬ 
mated by a series of impulses, or. steps, 
straight lines, or parabolas. These units 
may be considered in a more general 
sense to represent steps of derivatives 
or steps of integrals of the input: a 
straight line is a step of the first deriva¬ 
tive; a parabola is a step of the second 
derivative; and an impulse is a step of 
the first integral. By using a sufiScient 
number of any one of these units, each 
m.ethod can be employed to approximate 
the input curve to any degree of accuracy. 

In contrast, this paper shows how 
to break the input down into a sum 
of not just one type of unit but a 
number of types of units, using for each 
portion of the input curve that order of 
derivative step which best approximates 
that portion. For example, impulses 
should be used to approximate pulselike 
portions of the input, and parabolas 
should be used to approximate the 
portions which are nearly parabolic. 
To approximate the input in this manner 
generally requires much fewer approxi¬ 
mating units than if only one type of 
unit is employed, and the operation of 
breaking the input down into the appro¬ 
priate units is really quite easy. One 
merely has to dijGFerentiate (or integrate) 
the appropriate portions of the input 
curve, and at each derivative (ox integral) 
approximate those portions which look 
like steps, as steps of that derivative (or 
integral), and subtract the approximated 
poxtions from the rest of the curve. 

Thus, any input curve can be con¬ 
sidered to represent a sum of steps of 
various derivatives and integrals. The 
steps of derivatives approximate the 
low-frequency portion of the input, and 
the steps of integrals approximate the 
high-frequency portions. To calculate 
the response to an arbitrary input, 
therefore, a general expression for the 
response of the system to a step of a 
derivative, and to a step of an integral, 
is necessary. Since the response to low- 
frequency inputs is usually of more 
interest in feedback-control applications, 
the response to a step of a derivative 
shall be considered first. 

Response to a Step of Derivative 

The following analysis yields an ex¬ 
pression for the response to a step of 
derivative, which contains a series of 


steady-state coefficient teims and a tran¬ 
sient teim proportional .to the size of 
the step. 

To simplify the symbology, the nth 
time derivative of a function is desig¬ 
nated as D^. Thus 




d^Xi(t) 

df' 


( 1 ) 


Similarly, the mth time integral of a 
function is expressed as D""*”. Thus 




( 2 ) 


Derivation of Expansion 

Assume that the input consists of a 
step of the «th derivative of magnitude An 

D^Xi(t) -Anf for ^>0 (3) 

Since An is & constant, the Laplace 
transform of this derivative is 

Si[D’‘xm=— (4) 

The Laplace transform of the input 
is then 


s 



(5) 


If the transfer function (X^/X^) is 
known, the transform of the response 
Xo(s) may be obtained by 




An 


( 6 ) 


To take the inverse transform of Xo(s), 
expand equation 6 in partial fractions as 
follows 


Xo(s) 

(7) 

The constants Co, Ci, ... and Cn are 
called the steady-state coejfiicients of 
the system, and Tn(s) is called the nth- 
derivative transient term and represents 
the sum 

L 

( 8 ) 

jLmJs—si 

z=i 

Each value Si represents one of the L 
poles of the transfer function (X^/X^), 
and Kin is the corresponding coefficient. 
To simplify the presentation of this 
analysis, it has been assumed that 
(Xo/X,) has only single-order poles, 
but this restriction is not basic. 

Now factor (An/s^+^) from the steady- 
state coefiBicient portion of equation 7 and 
substitute Xi(s) for (^„/r^+i) 

Xo(s) =Xi(s)(co-hciS+C 2 S^-h ... +e:«5”) + 

AnTn(s) (9) 


Take the inverse transform, term by 
term, to obtain Xo(0 

Xo(t) ^CoXi(t) -^CiDxi(t) -jrC2D^Xi(t) 

CnD^Xi(t)-hAnT,ft) ( 10 ) 

where Tn(t) is the inverse transform of 
Tn(s), and is equal to 

L 

T„(t)=y^Kin^“ (H) 

Replace An hy D^Xi{t) in equation 10 

Xoif) ^c^xtif) ~\'CiDxi{f) -j-... ”1" 

[Cn^Tn{t)]D^Xi(t) (12) 

If the input Xi(t) is broken down into a 
sum of steps of derivatives, equation 12 
shows that the response Xo{t) to the input 
can be calculated as follows: 

1. Multiply the smooth plot of Xi{t) 
(i.e., with all step portions subtracted out) 
by Co, the positional steady-state coefficient, 
to obtain the steady-state component of 
positional error coXi{t). 

2. Multiply the smooth, plot of Dxi{€) 
by Cl, the velocity steady-state coefficient, 
to obtain the steady-state velocity-com¬ 
ponent of error ciDxi(t ). 

3. Multiply the smooth plot of D^Xi{t) 
by C 2 , the acceleration steady-state 
coefficient, to obtain the steady-state 
acceleration component of error C 2 j)^Xi{t). 

4. Continue this process for all the smooth 
derivative curves below the derivative 
where the input is finally approximated by 
a series of steps. 

6. For each of the steps of the derivatives 
that are obtained, add a transient term 
given by the expression 

(,D^Xi)[Tn(.t)^Cn] fl3) 

Finally, add graphically the plots ob¬ 
tained in steps 1 to 5 to get a complete 
plot of Xo(jt), 


Calculation of Elements in Expansion 

The methods for calculating the coeffi¬ 
cients Kin and are given in reference 2. 
Since the poles Si are of single order. 
Kin is given by 



as shown by equation 7, page 155, of 
reference 2. The poles at ^=0 are of 
multiple order, therefore Cn is given 
by 



as shown by equation 30, page 162, of 
reference 2. 

Generally, the simplest way to com¬ 
pute the steady-state coefficients Cn 
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is by a long-division expansion of the 
transfer function Xo( 5 )/X^(^) of the 
system, as shown in Appendix I. The 
simplest way to obtain the set of transient 
coefadents Kin is to calculate the coeffi¬ 
cients for the input curve and from these 
values determine the coefficients for de¬ 
rivatives and integrals of the input. 
Setting n equal to zero in equation 14 
gives 



This gives the coefficients for a unit 
step-of position input. Comparing equa¬ 
tion 16 to equation 14 shows that the 
coeffident for the nth derivative Kin is 
related to Xw by 



(17) 


Equation 17 shows that as n is increased 
the coeffidents for high-frequency poles 
(i.e., poles with large values of |5z|) are 
decreased at a much faster rate than the 
coeffidents for low-frequency poles (i.e., 
poles with small values of \si\). Conse¬ 
quently, if n is suffidently large, the 
transient coefficient associated with the 
pole of the lowest frequency is much 
greater than all the other coeffidents. 
Thus, for high-order derivatives, the 
transient terms are determined almost 
entirely by the lowest frequency pole or 
poles (Xo/X<). If this pole is real, which 
often happens, the transient terms for 
the higher derivatives are simply ex¬ 
ponentials. 

In equation 12 the expression [<;,.+ 
Tn{t)] is called the composite transient 
term for the nth derivative. To simplify 
the expression for this composite term, 
evaluate equation 12 at Since 

all of the derivatives of Xiif) below the 


nth are zero at ;==0'^, the equation 
becomes 

Xom = lCn+Tn(Q^)]D^Xim 

^AnlCn’hTnm)] (IS'^ 

If i.e., if is no more than a 
step discontinuity (not an impulse), 
Xo{t) must be continuous, provided the 
system has a finite bandwidth. Since 
Xo{t) is initially assumed zero, it thus 
must be zero at Setting equation 

18 equal to zero gives 

L 

C«= -r„(0+) = -Y, Kin, for «>0 (19) 

2 = 1 

Combine equations 11 and 19 

L 

for »>0 

1=1 

( 20 ) 


Other expressions for the transient 
terms can be obtained as follows. Sub¬ 
stituting equation 17 into equation 11 
gives for the wth derivative transient 




1 = 1 


Kio 

{sir 


( 21 ) 


By means of equation 21 it can be 
shown readily that 

( 22 ) 

at 

Although equation 21 does not apply 
if T„(^) has multiple-order poles, it can 
be proved that equation 22 holds for all 
transfer functions. Expressing equation 
22 as a definite integral gives 

[r„(0 - r«(o) ] (23) 

By equation 19, is equal to —TniO), 
for n>0, so that 


T»(^)“l”Cn —^ T'n-~i{t)dtf for n^Q (24) 

Expansion of Error Response 

For systems which behave as low-pass 
filters, in which the output approaches 
the input Xt at low frequencies, the error 
Xe can be defined meaningfully as 

Xe—Xi--Xo (25) 

This definition is also meaningful for 
feedback-control systems having unity 
feedback between the input Xi and the 
output Xo as shown in Fig. 1(A). 

However, a more general definition 
for feedback-control applications is to 
consider the loop error Xe defined as 

X0=^Xi—Xn (26) 

where Xn is the loop return signal for 
the loop input xu as shown in Fig. 1(B). 
Since the ideal operation of all feedback- 
control loops is to make the loop return 
signal Xn follow the loop input Xi (which 
it would do for infinite gain |(?( 7 co)|), 
the loop error as defined by equation 26 
is always meaningful because it defines 
the error between the ideal operation of 
the loop and the actual operation, al¬ 
though it does not necessarily define the 
error between the loop input and a 
particular loop output. 

The error response is often considered 
for feedback-control applications because 
the loop return signal generally follows 
the loop input so closely that the most 
convenient way to evaluate the per¬ 
formance of the loop is to examine the 
loop error. Hence, an expansion for the 
error response shall be considered but, 
for simplicity, the definition of equation 
25 shall be used. For feedback-control 
applications without unity feedback be¬ 
tween Xo and Xi, the more general def¬ 
inition of equation 26 can be applied. 



G«LOOP TRANSFER 
FUNCTION 

(A) 



Fig. 1 (left). Definition of 
basic feedback loop vari¬ 
ables 


Fig. 2 (right). Magnitude 
asymptotes for illustrative 
system 
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Composite Transient Terms 


Substituting the expansion in equation 
12 for Xo{t) into equation 25 gives for 
the error response 


ocM =^co'xi(t) -{-ci'Dxiit) -hCi'D^XiO) + 

^^•+lCn'^Tn'0)]D^Xi(t) (27) 


where 


co' — l —Co 

(28) 

Cn'— —Cn, for n>0 

(29) 

1 

II 

(30) 


The coefficients are tenned the 
error coefficients^ of the system. For 
a feedback-control system with a pure 
integration at zero frequency, the posi¬ 
tional error coefficient co' is zero, and the 
velocity error coefficient c/ is equal to 
the reciprocal of the velocity constant.-* 
For a system with a double integration 
at zero frequency, a' is zero and the 
acceleration error coefficient C 2 ' is equal 
to the reciprocal of the acceleration 
constant.* 

Example 

To illustrate this method, the error 
response of a typical feedback-control 
system to an arbitrary input shall be 
calculated. 

The Illustrative System 

The loop transfer function of the 
feedback-control system chosen for illus¬ 
tration is shown in Fig. 2. This loop 
transfer function is typical of a lead- 
network compensated 2-phase motor 
servomechanism operating at 60 cycles 
per second and employing a 5-watt 
motor such as a Diehl FPE 25-1L The 
system is adjusted for an Mp of 1.3. 

It has a velocity constant of 600 seconds 
and an asymptote crovssover frequency 


cvc of 19.6 cycles per second or 123 radians 
per second. The vertical scale of Fig. 2 
is in terms of the new general logarithmic 
unit, the decilog,® defined by 

A in decilogs = 10 logio A (31) 

The loop transfer function for the 
system is in terms of coc 

^ Xq a>c(5-i-C<?2)cJ3 
Xe s(s-j-C0i)(s-ho)2) 

1,28cocKs+0A58o>c) 

s(s^0.0307a>c)(s-hl.23cc) 

The closed-loop transfer functions are 

Xq G ^ 1.23a)c^(5-f-0.153wc) 

Xi l-f-G (^-|-0.175«c)(^*4-2^a)TO^-|-Wn^) 

(33) 

s(s +0.0307coc) (s-hl .23coc) 

Xi l-[-G (5+0.175wc)(52+2fco,j^-fco,j2) 

(34) 

where 

i’=0,522 
<w,i = 1.035coc 

The system thus has a high-frequency 
pair of poles with the break frequency 
and a low-frequency real pole with 
the break frequency 0.175wc- These 
poles can be calculated readily by the 
techniques of reference 6. 

The following error coefficients of the 
system can be calculated by a long- 
division expansion of X^/X^ (or X^/X^), 
as shown in Appendix I. 

position: co'=0 (35) 

velocity: ci'= 1.628X10-3 seconds (36) 
acceleration: C 2 '=3.53 X10“* seconds® 

(37) 

rate of acceleration: = 1.715 X10 

seconds® (38) 


The first step in calculating the re¬ 
sponse of a system to an arbitrary input 
is to obtain its transient teims. The 
composite error-response transient terms 
\ln~\'Tn(I)\ for the illustrative system 
are calculated in Appendix II and are 
examined in detail in the following. 

Position Transient Term. The com¬ 
posite position transient term [ro'(/)+ 
^ 0 '] for the system is shown by the solid 
curve in Fig. 3, and represents the error 
response of the system for a unit-step-of- 
position input. Since the position error 
coefficient co' is zero, this is a plot of 
7o'(^). If the system did not have a 
pure integration in the loop, the plot 
would not go to zero at infinite time, and 
the final value of the plot would be co'. 
The broken-line curve xt is a plot of the 
unit-step input to the system. The 
output response Xo can be obtained by 
subtracting the solid curve (error re¬ 
sponse x^ from this step-input curve xi. 

The dashed curves of Fig. 3 show the 
separate effects of the two sets of closed- 
loop poles, curve 1 showing the com¬ 
ponent caused by the high-frequency 
complex pair of poles, and curve 2 show¬ 
ing the component caused by the low- 
frequency real pole. Note that the low- 
frequency real pole does not affect the 
build-up time thu appreciably, but it 
does have a pronounced effect upon the 
peak overshoot. 

Velocity Transient Term. The solid 
curve in Fig. 4 is a plot of the com¬ 
posite velocity transient term [Tx\t)+ 
C\], and represents the eiror response of 
the system for a unit-ramp input (step 
of velocity). Since TV{t) becomes zero 
as t approaches infinity, the final value 
of this curve is the velocity error coeffi¬ 
cient Cl. The broken-line curve Xi 
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represents the ramp input. For values 
of time before 0.01 second, there is very- 
little motion of the output, hence the 
error Xc is approximately equal to the 
input Xi. At later values of time the 
output builds up, reducing the value of 
Xe, and eventually moves with the same 
velocity as the input but lagging it in 
position by the constant error ci'. This 
plot of [Ti{t)+Ci] shows what the 
velocity-error coefficient c\ means in 
terms of system performance: ci defines 
the velocity error for this system only 
for velocity components that have been 
maintained for a period greater than, 
say, 0.15 second; for velocity com¬ 
ponents maintained for a shorter period 
of time, the velocity error is much 
greater. 

The dashed curve 1 shows the portion 
of the response caused by the high- 
frequency poles, and curve 2 shows the 
portion of the response caused by the 
low-frequency poles. The component 
caused by the high-frequency poles, 
curve 1, is displaced from the zero axis 
so that curve 1 approximates the total 
error response at short values of time; 
and the component caused by the low- 
frequency pole, curve 2, is displaced 
from the zero axis by the amount c/, so 
that curve 2 approximates the error 
response at large values of time. Note 
that these two components, curves 1 
and 2, are of roughly the same magnitude 
whereas, in the position transient term 
in Fig. 3, the component caused by the 
low-frequency pole is much smaller 
than that caused by the high-frequency 
pair of poles. This comparison bears 
out the statanent made previously, 
following equation 17, that the effect of 
the low-frequency poles of a system 
upon the transient terms increases (rela¬ 
tive to the high-frequency poles) as the 
order of differentiation is increased. 

Acceleration Transient Term, The solid 
curve in Fig. 6 is a plot of the composite 


acceleration transient term for the error 
response [T 2 (t)A-C 2 \. The final value 
of this curve is the acceleration-error 
coefficient c^'. This curve does not 
represent the complete error for a step- 
of-acceleration input, but merely that 
portion of error associated with accelera¬ 
tion (the acceleration error). For the 
acceleration to be a step, the velocity 
must increase as a ramp and the position 
must increase as a parabola. Since the 
position error coefficient co' is zero, 
there is no error associated with the 
parabolic position function, but there 
is an error associated with the ramp 
velocity function equal to the product of 
the velocity-error coefficient C\ times 
the velocity. For a unit step of accelera¬ 
tion, this velocity error is 

^// = l,63XlO“*i (39) 

A plot of this term is shown by the 
broken-line plot in Fig. 5 labeled velocity 
error. This velocity error is added to 
the acceleration error [T%{t)+c%] to 
yield the total error for a step of accelera¬ 
tion shown by a broken-line curve. 

The input shown by a broken-line 
curve in Fig. 5, is the double integral of 
a unit step, and, hence, is a parabola 
given by the equation (fi/2). At values 
of time before /=0.01 second, the total 
error curve is essentially equal to the 
input Xi, which indicates that there is 
practically zero output motion up until 
that time. At greater values of time, 
the output moves to follow the input, 
but does so with an ever-increasing error. 
At very large values of time, most of this 
error is caused by the velocity component 
CiH but, for the values of time shown 
in this plot, the acceleration-error com¬ 
ponent is greater than the velocity com¬ 
ponent. Consequently, for many input 
signals to this system, acceleration errors 
can be quite significant with respect to 
velocity errors. 

The/dashed curve 2 shows the com¬ 


ponent of the acceleration transient texpi 
caused by the low-frequency pole. The 
small difference between curve 2 and the 
solid acceleration-transient curve repre¬ 
sents the component caused by the high- 
frequency poles. The acceleration tran¬ 
sient term is thus determined primarily 
by the low-frequency pole, the high- 
frequency pair of poles having little 
effect. 

Rate-of-Acceleration Transient Term, 
The solid curve in Fig. 6 is a plot of the 
composite rate-of-acceleration transient 
term for the error response [Tz\t)+Cz]’ 
This term is negative, but for uniformity 
it is plotted in the positive direction in 
the figure, and the scale is labeled as 
negative. This term represents one of 
the three components of error which 
result from a unit-step of rate-of-accelera¬ 
tion input. The other two components 
are the acceleration error c^t which is 
equal to the acceleration error coefficient 
times the resultant ramp of acceleration, 
and the velocity error Ci(t'^/2) which is 
equal to the velocity-error coefficient 
times the resultant parabola of velocity. 
A plot of the acceleration error C 2 't is 
shown as a straight broken line. This 
error is positive, as indicated, and hence 
subtracts from the rate-of-acceleration 
error. It is important to note that the 
acceleration error is at all times greater 
in magnitude than the rate-of-accelera- 
tion error. Consequently, the rate-of- 
acceleration error is always of minor 
importance in determining the response 
of this system to an arbitrary input, and, 
hence, crude step approximations can be 
made of the rate-of-acceleration input 
curve. 

The dashed curve 2 represents the 
component of the transient term caused by 
the low-frequency real pole, and the very 
small difference between this curve and 
the solid rate-of-acceleration transient 
curve represents the component caused by 
the pair of high-frequency poles. Since 
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Fig. 7. Components of response to step of 
rate-of-acceleration 


the high-frequency poles have very little 
effect, this rate-of-acceleration transient 
term can be veiy accurately approximated 
by a simple exponential. 

In Fig. 7 the three components of error 
for a step of rate-of-acceleration are 
shown: the rate-of-acceleration error, 
curve 1; the acceleration error, curve 2; 
and the velocity error, curve 3. The 
sum of curves 1 and 2 is curve 4, the 
acceleration-plus-rate-of-acceleration er¬ 
ror. Adding curve 4 to the velocity 
error, curve 3, yields the total error, 
curve 5. 

Curves 1 and 2 do not appear to be 
legitimate components of error (al¬ 


though curve 3, the velocity error, does) 
because curve 1 is in the opposite direc¬ 
tion to the total error, and curve 2 is 
much greater than the total error for a 
significant period of time. However, 
the sum of these two, curve 4, does appear 
to be a legitimate component of error, 
because it is always less than the total 
error and is never negative. It is logical 
then to consider curve 4 as the corrected 
acceleration error. The acceleration 
error of curve 2 in a sense represents an 
overestimate of the ‘‘real’* acceleration 
error, from which the rate-of-accelera¬ 
tion “correction** of curve 1 must be 
subtracted to yield the real corrected 
acceleration error of curve 4. The 
importance of this concept is that it shows 
the rate-of-acceleration transient term 
to be not an actual component of error, 
but merely a correction to the accelera¬ 
tion error, and, hence, of minor impor¬ 
tance in determining the system response. 

Breakdown of Arbitrary Input Into Steps 

of Its Derivatives 

The arbitrary input position signal 
chosen for illustration is shown as curve 
1 in Fig. 8. The system is initially 
at rest at an angle of zero degrees. At 
/=0 the position jumps discontinuously 
to —1.5 degrees, and then follows curve 1 
in a smooth fashion as shown. 

This input is broken down as follows. 
First, the step at is subtracted from 
the remainder of the curve and considered 
separately. Then the smooth portion 
of the position curve is differentiated, 
yielding the velodty curve 2. 

At time ^=0.32 second, the velocity 


curve has a very quick, steep drop. 
Since most of this drop occurs in about 
0.008 second, which is much less than the 
build-up time of the velocity transient 
term, the drop has approximately the 
effect of a step of velocity and, conse¬ 
quently, it is approximated by a step, 
as shown. If the velocity were differen¬ 
tiated in this region, it would produce a 
large, short pulse of acceleration having 
a magnitude of roughly 20,000 degrees 
per second-squared. 

The smooth portion of the approxi¬ 
mated velocity curve is differentiated to 
yield curve 3, the acceleration. At 
/=0 and /=0.045 second, the curve 
rises significantly faster than the accelera¬ 
tion transient and, hence, the acceleration 
curve is approximated by steps at these 
two points, as shown by the short dashed 
lines. The remaining portion of the 
acceleration curve is approximated by 
straight-line segments, as shown by the 
long broken lines. When the broken- 
line approximation is differentiated, it 
yields as the rate-of-acceleration, a 
series of steps, which are labeled curve 4. 
Thus, except for the portions neglected 
in the various approximations, the input 
is broken down into a series of steps of 
various derivatives of the input. 

Calculation of Response op System 
TO THE Arbitrary Input 

The plots of the composite transients 
shown in Figs. 3 to 6 are used to de¬ 
termine the response of the system to the 
arbitrary input function of Fig. 8. The 
approximated curves of velocity, acceler¬ 
ation, and rate-of-acceleration are multi- 
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plied by the corresponding error coeffi¬ 
cients to yield curves 1', 2', and 3' in 
Fig. 9. The velocity curve includes a 
single step approximation at ^=0.32 
second; the acceleration curve includes 
step approxiaiations at i=0.03 second 
and /=0.45 second; and the rate-of- 
acceleration curve is entirely composed 
of step approximations. At each of the 
discontinuities of these curves, com¬ 
posite transient terms are added to 
produce the resultant curves of velocity 
error, acceleration error, and rate-of- 
acceleration error labeled 1, 2, and 3. 
The individual transient terms are 
shown as dashed curves; the complete 
error components as solid curves; and 
curves 1', 2', and 3', as dot-dashed curves 
in the regions where they do not corre¬ 
spond to the actual error cun^es 1, 2, 
and 3. 

The largest transient in Fig. 9 occurs 
at 0.32 second and is caused by the 
approximate step of velocity at that 
point. The transient is obtained by 
multiplying the curve of [Ti\t)+C\] in 
Fig. 4 by the step of velocity, which is 
— 108 degrees per second. When this 
transient is added to curve 1' (which is 
CiDxi{t))y the resultant curve 1 cannot 
have a discontinuity because the dis¬ 
continuity in curve 1' is Ci' times the step 
in velocity, which is also the final value 
of the transient. 

The acceleration error curve has two 
transients, at 0.03 second, and at 0.45 
second. Adding the two transients to 
the discontinuous curve 2' gives the 
continuous acceleration error curve 2. 
The rate-of-acceleration curve is entirely 
composed of steps, there being eight in 
all. For each of these steps there is a 
transient which adds to curve 3' to give 
the continuous rate-of-acceleration curve 
3. 

The three components of error in 
Fig. 9, curves 1, 2, and 3, are added 
together to form curve 1 in Fig. 10, 
which represents the total error caused 
by the derivatives of the input. Note 
that the vertical scale of Fig. 10 is half 
that of Fig. 9. Curve 2 in Fig. 9 is 
the error component caused by the —1.5- 
degree step of position which occurs at 
/=0. Curve 2 is obtained by multiply¬ 
ing the position transient term in Fig. 3 
by the value of the step, —1.5 degrees. 
The total error response, curve 3, is 
obtained by adding curve 2 to curve 1. 

Although discontinuities did not occur 
in the error-response components for 
the derivatives, there is a discontinuity 
in the position component, curve 2, and 
in the total error response, curve 3, at 
/=0. There must be a discontinuity in. 
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the error response whenever there is a 
discontinuity in the input curve, because 
the output response must not have a 
discontinuity. If the output response 
were plotted instead of the error response, 
no discontinuity would occur. 

Response to a Step of Integral 

If the input signal contains high- 
frequency components which rise and 
fall, like pulse, in periods significantly 
less than the rise time of the step re¬ 
sponse, it is very difficult to approximate 
them as steps. Instead, they should be 
integrated and approximated by impulses, 
doublets, etc. Thus, for these com¬ 
ponents the expansion for a step of an 
integral should be examined. 

Assume that the wth integral of Xi{t) 
is a step of magnitude i-e. 

D''^xi{t)--A^fn,t>0 (40) 

The Laplace transform of the wth 
integral is 


(41) 

Since this transform of the wzth integral 
of Xi is equal to the input 

X<(^) is 

(42) 

The output response for this input is 

(43) 

X{ Xf 

Equation 43 may be expanded as 
follows 

Xo(s) .. -f 

^~i+T-.wi(5)] (44) 

The transient term T_m(^) obtained 
by replacing n by — m in Tn(s). The 
coefficients, ao, ai, .. are called the 
initial value coefficients, and occur for 
the values of m at which (s^'~^Xo/Xi) is 
an improper fraction. As shown in 
reference 2, page 154, the terms of 
equation 44 which contain these coeffi- 


September 1955 


Biernson—Method for Calculating the Time Response of a System 


233 








cients produce impulses, doublets, trip¬ 
lets, etc,, in the Xo(t) response. 
Substitute equation 42 into equation 44 

X^(.y) ==^oXi(5) -{-ai —+... -f" 
s 

Xi(5) 

(45) 

Take the inverse transfoim, and replace 
A^m by D-^Xi{t) 

Xo{t) ^atiXiit) '{‘aiD-^Xiit) 4 -... + 

(46) 

Equation 46 shows that the output 
response to high-frequency portions of 
the input curve may be calculated as 
follows. Integrate each high-frequency 
portion successively and, at an ap¬ 
propriate integral, approximate the curve 
by steps. Multiply each integral curve, 
except the last, by the corresponding 
initial-value coefficient and add the 


to the calculated response proportional 
to the magnitude of the step. 

The initial-value coefficients can be 
calculated by replacing s by (1/X) in 
the transfer function (X^/Xf), and by 
employing the following equation which 
is similar in form to that used for cal¬ 
culating the steady-state coefficient Cn 


The first coefficient a© is practically 
always zero, and very often ai is also 
zero. In any case, the lowest-order 
nonzero coefficient is equal to 


dm =- 


X, 



(48) 


The simplest way to calculate the initial- 
value coefficients, however, is to expand 


the transfer function (Xo/Xt) in long 
division, but with the order of the 
coefficients reversed from that used in 
calculating the steady-state coefficients, 
as is illustrated in Appendix I. The 
coefficients am are called initial-value 
coefficients because they represent the 
initial values of the corresponding in¬ 


tegral transient terms, i.e. 

^ = T-wi(/)| (49) 

For the illustrative system the initial- 
value coefficients are 

position, impulse: (SO) 

doublet: ^2 —1.85X10^ seconds(5x) 

triplet: =2.51 X10® seconds”® (52) 


The integral transient terms of the 
illustrative system for a unit impulse 
(step of the first integral) and for a unit 
doublet (step of the second integral) 
are shown in Figs. 11 and 12. They 
are plots of T^\{t) and T- 2 (^) and rep¬ 
resent the complete output response 
to a unit impulse and to a unit doublet 
respectively. The response of the system 
to a unit triplet would contain not only 
the triplet transient term but also 

an impulse of magnitude as shown by 
the expansion of equation 46. The im¬ 
pulse initial-value coefficient axis the initial 
value of the impulse transient tenn 
which is zero, while the doublet 
initial-value coefficient is the initial 
value of the doublet transient term 

r- 2 ( 0 . 


Determination of Accuracy of 
Calculated Response 

The calculation of the response to an 
arbitrary input requires that approxima- 


resultant curves to the calculated re¬ 
sponse. For each step add a transient 




Fig. 12. Doublet transient 
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tions be made upon the input. The 
effect of these approximations upon the 
accuracy of the calculated response will 
now be considered. 

Although it may be extremely difficult 
to calculate the exact effect upon the 
output of a deviation neglected in one of 
the approximations, it is quite easy to 
calculate an upper bound, which is at 
all time equal to or greater than the 
magnitude of the effect of that deviation 
on the output. This bound thus is a 
measure of the inaccuracy of the cal¬ 
culated response. If the approximation 
procedure is performed properly, this 
upper bound can be kept quite small 
with respect to the total error response, 
and, hence, the per-unit accuracy of the 
calculated response is guaranteed to be 
quite high. 

An expression for the upper bound to 
the inaccuracy of an error-coefficient 
expansion was first derived by Bower. ^ 
However, the upper bound calculated 
herein is based upon an expression 
derived by Arthurs and Martin® because 
their expression yields a lower value for 
this upper bound. 

The upper bound to the inaccuracy, 
corresponding to an approximation of 
a given derivative, is obtained by multi¬ 
plying by the remainder coefficient of the 
derivative the maximum value of the 
magnitude of the deviation of the ap¬ 
proximation from the actual curve. 
The remainder coefficient is calculated 
by a graphical construction upon the 
corresponding system transient term. 
A basic limitation of this inaccuracy 
bound is that it holds for all values of 
time, whereas the actual inaccuracy 
reduces to zero after the approximation 
has ceased. This limitation can be 
removed by generalizing the remainder 
coefficient to form the remainder transient 
which yields an inaccuracy bound that 
decays to zero following the end of an 
approximation. This remainder transient 
is also calculated graphically from the 
corresponding system transient term. 

Derivation of Remainder Coefficient 

The response to a deviation neglected 
in the ^th derivative can be calculated 
as follows. Xo(5) can be expressed as 

If the expression s^Xi represents the 
transform of the «th derivative devia¬ 
tion, equation 63 gives the transform 
of the corresponding portion of the 
response caused by that deviation. To 
evaluate equation 53, expand (Xo/s”Xi) 
as follows 


Xq 

s^Xi 




-{-... + -hTn_i(5) 

5 


(54) 


This expansion is complete provided 
that (Xo/s^Xi) is zero at ^= 00 , which 
holds for «>0. The expansion can be 
verified by considering the definitions for 
Cn and Tn(s) given in equations 15 and 21. 
Combine equations 63 and 54 

XoC-y) =4:oXi-i-cisXi-}-... -l-c«_i5^'“^Xf+ 

s^XiTn-i(s) (55) 
Take the inverse transform of equation 55 
Xo(t) ^CQXi+ciDxi(t)-h^ .. +Cn-iD^''^xt(t) 

+D^Xi(t)*Tn^^{t) (56) 

The last term of equation 56 is the 
real convolution of D^Xi(t) and 
and is called the nth derivative remainder 
(R.„,(f), As shown in reference 2, page 
228, this real convolution can be ex¬ 
pressed as 

^f"drTn-x{r)D’‘xlt-r) (57) 

This expression of equation 57 was 
first obtained by Arthurs and Martin® 
and represents the exact value for the 
remainder in an error-coefficient expan¬ 
sion. Thus, Xo{t) can be expanded in the 
form 

Xoit) -coXiit) +ciDxiit) +C2D^Xi(t )-\‘,.. 4- 

(58) 

Equation 58 shows that the effect on 
the calculated response of neglecting a 
deviation of the wth derivative is given 
by the remainder (Rn(0 for that deviation. 
The steady-state coefficient terms of 
the expansion of equation 58 are auto¬ 
matically included in the calculated 
response when the procedure described 
previously is followed, so that it is only 
the term (Rn(t) which is disregarded when 
the nth-derivative deviation is neglected. 

Thus, the effect upon the error response 
of a deviation of the nth derivative could 
be calculated by substituting the equa¬ 
tion for the deviation into the integral 
of equation 57, and by evaluating the 
integral. On the other hand, an exact 
calculation of (RniO for a given deviation 
curve would be extremely difficult, and 
it is not necessary because (Kn{t) is quite 
small with respect to the total Xe(t) 
function, when the approximations are 
performed properly. It is only necessary 
to determine a bound upon the mag¬ 
nitude of (Rn(/) to give a measure of the 
accuracy of the calculated response. 

To calculate this upper bound to 
|(Jl,i(i)|, note that 

|y;"drr„-:(r)U**,«-r)|< f“\drTn.M \ 

(59) 


This equation merely states that the 
magnitude of an integral of a function 
can be no greater than the integral of the 
magnitude of the function. Equation 
57 shows that the left-hand expression 
of this inequality is equal to | CRn(0 |; 
hence 

|(Jl««)| < fo'drl r„-i(r)l |i9’‘*«(i-r)| (60) 

If the deviation from the nth. derivative 
for which the remainder applies stays 
between the limits of ±i\r for all values 
of time, i.e., if 

\D^Xi(t-r)\<N (61) 

for all / and r, an upper bound to 6ln(0 
is then 

|CR„(0|</“dr(JV)|r„_,(r)| 

= Nf^°dT\Tn-i(T)\ (62) 
Define the remainder coefficient rn as 
rn= fa'drlTn-iir)] (63) 

The upper bound to the inaccuracy 
caused by the approximation then may 
be expressed as 

|6ln(d|<^«iV (64) 

where N is the maximum value of the 
magnitude of the deviation from the 
nth. derivative over all values of time. 

A corresponding expression can be 
obtained for a bound to the inaccuracy 
resulting from neglecting a deviation of 
the wth integral. If {Xi/s^) represents 
the transform of the deviation neglected 
in the mth integral, the output Xo(5) 
corresponding to this deviation is 



To evaluate this expression, expand 
{s^Xo/X^ as follows 


. .+am+T_(«fi)(s) 
Xi 

( 66 ) 

To prove that this expansion is correct, 
compare it with equations 43 and 44. 
Substitute this expansion into equation 65 

Xois) ^aoXi-haiiXi/s) +...+ 

c^iXi/s^)+T^irn^i){s)(Xi/s^) (67) 

Take the inverse transform 

Xo{t) —cLaXi(t) -]rC^iD^'hci(t) -f... 4- 

OmD^^Xid) 4-(R-w(i) (68) 

The last term (R-wiCO is the mth integral 
remainder and represents the convolution 
tof the mth integral curve D^'^Xi{() with 
he(w4"l)st integral transient r_(m+i)(0 

(Rwt(i) = T— (wi+i) (t)*^ ^Xi(t) 

=/;rfrr-(™+o«)Z)-’“*i(«-r) (69) 
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Comparing this with the expression of 
equation 67 shows that the is 

obtained from by replacing n 

by — m. 

When a deviation at a given integral 
is to be neglected, equation 68 shows 
that the deviation curve as well as all 
the lower-order integral curves should 
be multiplied by the corresponding 
initial-value coefficient, and the resultant 
added to the calculated response. The 
remainder represents the portion 

of the output which is neglected. It is 
not calculated exactly but is bounded 
by means of the wth-integral remainder 
coefficient Since (R^mO) is obtained 
by replacing n by -m in (R^O), the wth- 
integral remainder coefficient is 

obtained by replacing n by— m in the 
expressions for Thus, the expression 
for the remainder coefficient of equation 
63 holds for negative values of n as well 
as for positive values. 

Calculation of Remainder 

Coefficient 

Method of Calculation 

The remainder coefficient can be 
calculated quite simply by graphical 
construction from a plot of the corre¬ 
sponding transient term Tjff), Equation 
23 showed that 

TM - T„(0) = flTn-xmt (23) 

For n>0, the left-hand expression is the 
composite transient terra [Tn{t)+Cn\, 
as shown by equation 24. Compare this 
with the expression for in equation 63 

rn=fa’°\Tn-iit)\dt (63) 

The composite transient term [Tn{t)+ 
Cn] is the integral of Tn^i{t), while the 
remainder coefficient is the integral 
of the magnitude of Tn-x{t) evaluated 
at /=oo. Consequently, tn can be 
evaluated directly from a plot of [Tn{t)+ 
Cn]t as shown by Fig. 13. Curve A 


represents the transient term Tn-i(t) 
of a system for the l)st derivative, 
while curve B shows the magnitude of 
this function. Cun-^e C is the integral 
of Tn-i(t) and is the composite transient 
term [r^(/)+c„], while curve D is the 
integral of the magnitude of Tn-.i(t), 
and its final value is the remainder 
coefficient 

In the regions where curve C has 
positive slope, curve D has the same shape 
as curve C/ and in the regions where 
curve C has negative slope, curve D has 
the shape of the mirror image of curve 
C. Thus, to form curve D, the segments 
of curve C with positive slope and the 
mirror image of those with negative 
slope are shifted vertically so that curve 
D starts at zero and is a continuously 
increasing curve. 

Although this construction was per¬ 
formed upon the transient term for a 
derivative, the same construction can 
be performed upon the transient term 
for an integral. For all cases, the curve 
for Tn must be started at the origin. It 
is obvious that the construction can be 
performed upon either the output-re¬ 
sponse transient term r„(/) or the error- 
response transient term Tn(t), 

Calculation of Remainder Coefficients of 

Illustrative System 

In Fig. 14, the remainder coefficients 
of the illustrative system ar e graphically 
calctdated from the transient terms in 
Figs. 3 to 6, 11, and 12. Fig. 14 shows 
that Tn is much greater than Cn for 
position and velocity, but it is practically 
equal to Cn for acceleration, and exactly 
equal for rate of acceleration and all 
higher derivatives. The reason that 
rn approaches the value of Cn at large n 
is apparent from the plots of Tn!{t) for 
the system which are given in Fig. 15. 
These plots were obtained by subtracting 


Nth DERIVATIVE 

the values of the error coefficients from 
the plots of the composite transient 
terms. Since the negative area of the 
position transient term Ta^t) is roughly 
equal to the positive area, the sum of the 
magnitudes of these areas ri is obviously 
much greater than their algebraic sum 
Cl , In the velocity transient term 
Ti{t), however, the negative area is 
much less than the positive area; hence, 
the algebraic sum, the acceleration error 
coefficient c^\ is only slightly less than 
the sum of the magnitudes r%. In the 
transient terms for acceleration, rate-of- 
acceleration, and all the higher deriva¬ 
tives, the area is either completely 
positive or completely negative; there¬ 
fore, the remainder coefficients for the 
rate of acceleration and the higher deriva¬ 
tives must be equal to the magnitudes of 
the error coefficients. 

In any adequately damped system, 
the magnitude of the error coefficient 
becomes roughly equal to the remainder 
coefficient at a certain derivative, and 
often approaches even closer at higher 
derivatives, but never becomes greater. 
This first derivative at which Cn is ap¬ 
proximately equal to rn is very signif¬ 
icant, because it is at that derivative 
that a complete straight-line approxi¬ 
mation of the input should be made. 
A basic reason for making the final ap¬ 
proximation at that derivative is that 
the per-unit inaccuracy in the calculated 
error response is no greater (essentially) 
than the per-unit approximation of the 
derivative. For example, in the illus¬ 
trative system, the final straight-line 
approximations were made upon the 
acceleration curve. There is an accelera¬ 
tion component in the computed response 
equal to c^ times the approximated 
acceleration curve, and an acceleration 
component of inaccuracy for that response 
equal to r^ times the acceleration devia- 
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tion. If the acceleration curv’e is ap¬ 
proximated within 5 per cent, i.e., if the 
deviation is no greater than 5 per cent 
of the maximum value of the approxi¬ 
mated acceleration curve, the resultant 


inaccuracy cannot be greater than 5 
per cent of the acceleration component 
of the error response because ci is 
essentially equal to r%. Since can 
never be less than Cs', it is apparent that 


nothing is gained by performing this 
approximation upon a higher derivative. 

Application of Remainder 
Coefficients 

This section describes the techniques 
for applying the remainder coefficients. 
The values of these coefficients for the 


illustrative systems are 
doublet: r_2='3.10X10^ seconds”* (70) 

impulse: r-i —182 seconds”^ (71) 

position: ro = 1.55 (72) 

velocity: ri = 1.707X10“* seconds (73) 


acceleration: r 2 =3.57 X10 ^ seconds* f 74) 

rate of acceleration: r 3 = 1.715X10”® 

seconds* ('75) 

Fig. 16(C) gives a plot of the accelera¬ 
tion deviation corresponding to the 
straight dine approximation of the ac¬ 
celeration response. Since the maximum 
value of the magnitude of the deviation 
is 55 degrees per second*, the upper bound 
to the inaccuracy caused by this approxi¬ 
mation is 

roC 55 ° per second*) = (3.57 X10 ”^) 

(55)° “0.0196“ (76) 

It should be noted that the acceleration 
error-coefficient curve 2 of Fig. 9 used in 
the calculated response was obtained by 
multiplying cg' by the approximated 
rather than the exact acceleration curve. 
The reason for this can be seen by examin¬ 
ing the remainder expansion of equation 
58. The expansion shows that, in order 
for the remainder coefficient to bound 
the inaccuracy resulting from neglecting 
a deviation, that deviation cannot be 
included in the calculated response. 
Thus, the inaccuracy bound in equation 
76 for the acceleration deviation would 
not hold if the approximated curve were 
not employed in the calculated response. 
Although it might seem that a more ac¬ 
curate result could be obtained by using 
the exact acceleration curve, this is not 
so because the acceleration and rate-of- 
acceleration portions of the response 
must be derived from the same accelera¬ 
tion curve (i.e., the approximate curve) 
for the rate-of-acceleration portion to 
correct properly for the overestimate of 
the acceleration portion; see Fig. 7. 

Step approximations of a derivative 
should be considered as the integrated 
effect of line-segment approximations of 
the lower order derivative. For example, 
the step approximation of the velocity 
curve in Fig. 8 at 0.32 second, should be 
considered as a straight-line approxima¬ 
tion of the position curve. In Fig. 17, 
the solid curve shows the actual input 
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position, and the dashed straight lines 
show the line-segment approximations 
which yield the step approximation of 
velocity when differentiated. The devia¬ 
tion in the position curve corresponding 
to this approximation is plotted in Fig. 
16(A). Similarly, the step approxima¬ 
tions of acceleration at 0 and 0.45 second 
are considered as line-segment approxi¬ 
mations of velocity, and the deviations 
corresponding to these approximations 
are shown in Fig. 16(B). The deviations 
in Fig. 16(B) were obtained by integrat¬ 
ing the deviations between the approxi¬ 
mating steps of acceleration and the ac¬ 
tual acceleration curve, just as the devia¬ 
tion of Fig. 16(A) was obtained by inte- 
grating the deviation between the ap¬ 
proximating step of velocity and the 
actual velocity curve. 

Since the peak magnitude of the veloc- 
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step approximation 
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ity deviation in Fig. 16(B) is 0.57 degree Similarly, the peak magnitude of the 
per second, the corresponding inaccuracy position deviation in Fig. 16(A) is 0.072 
bound for this deviation is ' 


degree so that the corresponding in¬ 
accuracy bound is 


ri(0.57® per second) =('1.707X 
10*”^ seconds)(0,57® per second) 

=0.0097® (77) ro(0.072®) =1.55(0.072®) = 0 . 112 ® (78) 



LINE-SEGMENT APPROXIMATION OF (N-Dst DERIVATIVE 




proximations STEP APPROXIMATION OF Nth DERIVATIVE 
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However, these bounds do not quite 
apply to the calculated error response of 
Fig. 10 because the line segment approxi¬ 
mations were not actually performed; 
therefore the deviations, rather than being 
discarded, were included in the calculated 
response. To correct for this, when step 
approximations are made, the step devia¬ 
tion should be integrated and the integral 
multiplied by the corresponding (lower 
order) output-response coefidcient and 
the product added to the calculated out¬ 
put response. If the error response is 
being calculated, this product should be 
subtracted from the error response. In 
correcting for these deviations, the coeffi¬ 
cients for the output response rather than 
for the error response should be used, 
because the remainder coefficient is de¬ 
fined in terms of the output response. 

Therefore, for the inaccuracy bounds 
of equations 77 and 78 to apply to the 
calculated error response of Fig. 10, the 
calculated response must be corrected by 
multiplying the deviations of Figs. 16(A) 
and (B) by the corresponding coefficients 
cq and Cl, and by subtracting them from 
the error-response curve. The dashed 
segment 4 in Fig. 10 shows the resultant 
curve when the position-deviation correc¬ 
tion is subtracted. On the other hand, 
the correction for the velocity deviation 
of Fig. 16(B) is less than 0.001 degree 
which is so small with respect to the 
total error response that it can be neg¬ 
lected. This occurs because the velocity 
steady-state coefficient Ci is much smaller 
in magnitude than the velocity remainder 
coefficient n. Thus, with the corrected 
segment 4 added to the calculated error 
response of Fig. 10, the total accuracy 
bound for the resultant response is the 
sum of equations 76, 77, and 78 

0.0196°+0.0097° +0.112° =0.141° (79) 

This bound applies for all values of 
time. A more optimistic evaluation of 
the accuracy can be obtained by apply¬ 
ing the remainder transient, described 
in the next section, which allows a lower 
inaccuracy bound except for a short period 
of time near 0.3 second. 

When neglecting a deviation, one 
should always think in terms of the out¬ 
put response, even though the error re¬ 
sponse is being calculated, because the re¬ 
mainder expression is defined in terms of 
the output response. In neglecting a 
deviation of the input position curve one 
effectively assumes that the output re¬ 
sponse to that deviation is zero, which re¬ 
quires that the corresponding error re¬ 
sponse, defined as the input minus the 
output, must be equal to the deviation 
itself. Thus, when the error response is 


being calculated, all deviations of the 
input position curve must be aded to the 
calculated error response. 

Although it is convenient to consider 
a step approximation as a line-segment 
approximation of the lower order deriva¬ 
tive, it is not necessary to perform the 
line-segment approximation directly. As 
an example, consider Fig. 18(A) which 
shows a portion of the (n— l)st derivative 
of a function, with a line-segment ap¬ 
proximation and the corresponding por¬ 
tion of the nth derivative with the result¬ 
ant step approximation. This same step 
approximation can be obtained directly 
from the nth derivative as shown by 
making the areas between the exact curve 
and the approximating step equal. This 
area A, is equal to the maximum value 
of the deviation of the (»— l)st derivative 
from the line-segment approximation 
-X’max* The upper bound to the inac¬ 
curacy corresponding to’ this step ap¬ 
proximation is obtained by multiplying 
the area A (deviation X^ax) hy the re¬ 
mainder coefficient of tlie (w— l)st deriva¬ 
tive. 

If it were necessary to form a closer ap¬ 
proximation, two or more steps could be 
employed instead of one. Fig. 18(B) 
shows how to approximate a portion of 
the nth derivative by two steps, and how 
this approximation appears when per¬ 
formed directly upon the (n-- l)st deriva¬ 
tive. The step approximations are made 
as before so that the net area of the devia¬ 
tion is zero. However, to obtain the 
smallest inaccuracy, the second and third 
areas should be twice the size of the first 
and last, so that the magnitudes of the 
three maximum deviations in the 

equivalent approximation of the (n—l)st 
derivative, are all equal. This maximiun 
deviation is equal to the smaller 
area A of the step approximation. 

Strictly speaking, the two step approxi¬ 
mations of the acceleration curve in Fig. 8 
are not actually steps because the slopes 
of the approximation preceding and fol¬ 
lowing the discontinuities are not zero, 
except for the first segment; and, conse¬ 
quently, they correspond to parabolic 
line-segment approximations of the veloc¬ 
ity curve rather than to straight-line ap¬ 
proximations. As an illustration, Fig. 
18(C) shows a similar step approximation 
of the nth derivative and the equivalent 
approximation of the (w—l)st deriva¬ 
tive. It shows that the («—l)st deriva¬ 
tive must be approximated by parabolic 
line segments to yield, upon differentia¬ 
tion, the step approximation shown upon 
the nth derivative. Nevertheless, para¬ 
bolic line segments do not have to be 
plotted because the approximation may 


be performed directly upon the nth de¬ 
rivative as shown. 

The Remainder Tilansient 

A basic limitation to the use of the re¬ 
mainder coefficient is that the upper 
bound to the inaccuracy calculated from 
it applies for all values of time. The re¬ 
mainder transient term Rn{t) supplements 
the remainder coefficient by showing 
quantitatively the period of time over 
which the inaccuracy must be considered 
to apply. 

Assume that the nth derivative is ap¬ 
proximated in such a manner that the 
magnitude of the deviation is no greater 
than N for values of time less than ti, 
and is zero for values of time greater than 
h 

\D^Xi{t)\<N,iort<h (80) 

for t>ti (81) 

These bounds on the deviation are 
shown graphically in Fig. 19(A). Now, 
the general expression for the remainder 
associated with any approximation is 
given by equation 57 as 

(R»«) = f“dTT„-MD^Xiit-r) (57) 

As shown in Fig. 19(A), the variable r 
represents a time variable measured from 
time t in the direction of negative time. 
At values of r less than ri, the T^th-deriva- 
tive deviation D^Xt is zero; hence it is 
desirable to split the integration of equa¬ 
tion 67 into two regions 

f" drTn-i{r)D^Xt(.l-r) (82) 

The first of the two integrals is zero, 
because the wth-derivative deviation 
D'^Xi is zero for that range of r. In the 
second integral, the magnitude of the 
wth-derivative deviation^is no greater 
than N. Therefore 

|(Jl«(/)l<iVy^“<iTlr„_,(t)| (83) 

Define the integral as the T^th-deriva- 
tive remainder transient Rn(r^) 

R^(.ri)=’f°dT\Tn-i(.t)\ (84) 

Thus 

|(R»(<)l<iVi?„(ri) (85) 

A comparison of equation 84 with the 
expression for in equation 63 shows 
that, when 0, is equal to rn 

Rnm^rn ( 86 ) 

Fig. 19(B) shows a plot of a typical re¬ 
mainder transient term Rn(r), Its value 
must be fn at r=0, and its slope can 
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Fig. 20/ Comparison of approximate and 


never by positive except at t = 0'". Fig. 
19(C) is a plot of the upper bound to the 
inaccuracy obtained by applying this re¬ 
mainder transient term to the deviation 
bound of the «th derivati .’e given in Fig. 
19 (A). The plot of Fig. 19 (C) shows that 
over the region of approximation the 
upper bound to the inaccuracy is still 
Nfn but, after this region, this upper 
bound decays following the curve NR^ir). 

To calculate the remainder transient 
term Rn, expand equation 84 as follows 

-fM 

(87) 

dt\Tn-i(t)\ f88) 

The variable r has been replaced by t for 
convenience. The integral of equation 88 
can be obtained from the transient term 
Tn(jt), as was shown in Fig. 13; hence 
Rn(t) can be obtained by subtracting this 
integral from its final value, the remainder 
coefficient In Fig. 14 the remainder 
transient terms of the illustrative system 
are plotted. 

The remainder transient shows how 
the inaccuracy bound decays after the 
approximation has been ended. It is 
also desirable to know how the inaccuracy 
bound builds up at the beginning of the 
approximation. To determine this, as¬ 
sume that the magnitude of the deviation 
of the wth derivative is bounded by N 
for a definite period of time h<t<tu and 
is zero elsewhere, as illustrated in Fig. 
19(D). 

=0, for t<h, t>h ( 89 ) 

I I < iV, for t 2 <K(i (90) 

Fig. 19(D) defines the time variables 



exact responses to rapidly rising input 


n and t 2 in terms of 4, and /. The 
integral for in equation 57 may be 
expressed as the sum of three integrals 
with the limits 

•■+/^ ■■+/:■■■ («) 

Since the expressions within the inte¬ 
grals are the same as in equation 57, they 
have been omitted for brevity. The first 
and third integrals are zero because the 
derivative is zero in these regions of r, 
and the second integral yields the follow¬ 
ing upper bound for | (Sin{t)\ 

|(R««)|<iV/"ir|r„_,(r)| (92) 

This bound may be expressed as the dif¬ 
ference of two remainder transients 

I M I <N[R„(n) -i2„(n)] (93) 

The solid curve in Fig. 19(D) is a plot 
of the bound of equation 93. This plot 
shows that at the start of an approxima¬ 
tion the inaccuracy bound builds up 
proportionally to the curve [r„—jR^(r 2 )]; 
and at the end of the approximation it 
decays proportionally to Rn(ri), 

Summary of Rules 

Approximations in Differentia.tion 
Process 

Step Approximations 

The rule for making step approxima¬ 
tions of the input curve or of one of its 
derivatives is as follows: When a com¬ 
ponent of the input or of one of its deriva¬ 
tives rises more abruptly than the corre¬ 
sponding transient term for that deriva¬ 
tive,” that component should be approxi¬ 


mated by a step or if necessary, by a 
series of steps. In comparing the rate of 
rise of the two curves a convenient cri¬ 
teria is to compare the times of the two 
curves to reach 63 per cent for the initial 
rise (or decay) of the curves. 

The choice between approximating a 
given input by steps, or of differentiating 
and then approximating, is purely a mat¬ 
ter which requires the least labor. In 
either case, any required accuracy can be 
obtained by taking sufficiently small ap¬ 
proximating segments. The foregoing 
rule merely points out that, in general, if 
the derivative curve builds up faster than 
the transient term, it is easier to approxi¬ 
mate by steps; and if it builds up more 
slowly, it is easier to differentiate before 
approximating. 

The reason for this rule can be ex¬ 
plained best by an example. In Fig. 
20(A), the heavy curve A represents an 
input to the illustrative system. Since 
curve A rises in 0.0085 second, which is 
one-half the build-up time of the position 
step response of the system (shown as 
few), the curve is approximated as a step. 
The dashed curve B is the step approxi¬ 
mation to curve Ay and is made so that 
the net area between the two curves is 
zero, which requires that point 1 be half 
way between the origin and point 2. 

The exact error response to the input A 
is curve C which is the sum of the positive 
ramp response curve E, obtained from 
the velocity transient of Fig. 4, and the 
displaced negative ramp response cur^^e 
E', Curve D is the error response calcu¬ 
lated from the step approximation and is 
the sum of the error response F for the 
step By obtained from the position tran¬ 
sient of Fig. 3, and the deviation of the 
actual input A from the approximate 
input B, 

The difference between the exact and 
approximate responses, curves C and D, 
has a maximum value of only 0.02 degree, 
which is only about 3 per cent of the 
maximum value of the error response. 
In Fig. 20(B), a similar set of curves is 
plotted for an input having a build-up 
time equal to the system build-up time 
hu^ In this case the deviation between 
the exact response, curve C, and the ap¬ 
proximate response, curve D, has a maxi¬ 
mum value of 0.18 degree, which is 19 
per cent of the maximum value of the 
response. 

A comparison between Figs. 20(A) 
and (B) thus shows that the inaccuracy 
caused by the step approximation is small 
when the build-up time of the input is 
somewhat less than and that it be¬ 
comes quite large if the input build-up 
time is significantly greater than 
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Final Step Approximation of Derivative 

The final step approximation should 
be made at the lowest derivative, except 
the first derivative, where the composite 
transient term [Tn{t)+Cn] is at no time 
greater in magnitude than the linear term 
Cn-^it resulting from the coefficient Cn-\ 
of the lower order derivative. If the rule 
were expressed in terms of the error re¬ 
sponse, it would not have to specify that 
the final step approximations should not 
be made at the first derivative because, 
for the first derivative, the lower order 
error coefficient is Co', which is generally 
zero. 

Another way to express this rule can be 
developed as follows. By equation 19 

Cn-i = — I for (94) 

and by equation 23 

Tn-.i(t)^jJn(t) (95) 

Combining these two equations gives 
d I 

Cn-i^——Tn(t)\ iorn>0 (96) 

at |<=o , 

Thus, the error coefficient for the 
(tz— l)st derivative is equal to the negative 
of the initial slope of the »th-derivative 
transient term. Hence the rule for final 
step approximations can be expressed as: 
The final step approximations should be 
made at the lowest derivative, greater than 
the first derivative, for which the tran¬ 
sient term is at no time greater in magni¬ 
tude than a straight-line drawn tangent 
to the transient term at /=0. 

The final step approximation is 
achieved by making a complete straight- 
line approximation of the lower order 
derivative. For that lower order deriva¬ 
tive, the remainder coefficient will be 
found to be not much greater in magni¬ 
tude than the steady-state coefficient, 
provided the lowest frequency set of 
poles (or pole) is reasonably well damped. 
Consequently, the per-unit accuracy re¬ 
quired in the final straight-line approxi¬ 
mation is not much greater than that 
needed for the calculated error response. 
For example, for the calculated response 
to be accurate to within 10 per cent of the 
maximum error between Xt and Xo, the 
final straight-line approximation does not 
have to approximate the derivative by 
much more than 10 per cent of the maxi¬ 
mum value of the derivative curve. 

Approximations in Integration 
Process 

It has been shown that high-frequency 
components of the input should be 
integrated to determine their response. 


However, the author has not yet had 
time to investigate this process in suffi¬ 
cient detail to present definite rules of 
procedure. Preliminary results of a 
study of this problem® have led to the 
following tentative rules. 

When to Integrate a Component 

A component of the input curve or of 
one of its integrals should be integrated 
if it rises and falls (like a pulse) in a 
period significantly less than the time 
for the corresponding transient term 
^n(^) (or composite transient term 
[co+2"o(/)] for the input curve) to reach 
63 per cent of its maximum value. Com¬ 
ponents which rise and fall more slowly 
should be approximated by steps. 

When to Approximate by Steps 

Before integrating, step approximations 
should be made to subtract out any bias 
components so that the resultant curve 
to be integrated oscillates about zero 
with roughly zero net area. If this is 
not done, the bias components add lin¬ 
early increasing terms to the higher 
order integral. A convenient way to 
accomplish this subtraction is to make 
a reasonable attempt to remove the con¬ 
stant bias components and to integrate 
the remaining curve. From the integral, 
any linearly increasing bias components 
which are longer in duration than the 
time for the corresponding transient term 
to settle to a small per cent of its max¬ 
imum value are subtracted out. These 
linearly increasing bias terms are then 
differentiated and considered as steps of 
the lower order integral. 

Highest Integral Required 

If the integration process is per¬ 
formed as described in the foregoing, it 
appears that the highest integral that 
need be considered is the next one 
beyond the lowest integral for which the 
maximum magnitude of the transient 
term is its initial value. If the initial 
value is greater in magnitude than any 
other point on the transient term, the 
initial value coefficient am is not much 
smaller in magnitude than the remainder 
coefficient r^m^ provided the highest 
frequency poles of the system are rea¬ 
sonably well damped. 

The reason for stopping at this integral 
is that, for all components so high in 
frequency that they are not approximated 
by steps, when the foregoing procedure 
is followed, the response is very well 
characterized at that point by terms due 
to the initial value coefficients. The 
inaccuracy resulting from neglecting 
the higher integrals of these components 


is quite small with respect to the initial- 
value-coefficient terms already included. 

Construction of Response Curve 

The calculated response is obtained 
by summing together the following three 
portions: 

1. The transient portion is obtained by 
multiplying the magnitudes of the various 
steps of the input, its derivatives, and its 
integrals by the corresponding transient 
terms Tn{t). 

2. The steady-state portion is obtained by 
multiplying the approximated input and 
derivative curves by the corresponding 
steady-state coefficients Cn> 

3. The initial-value portion is obtained by 
multiplying by the corresponding initi^ 
value coefficients Om the complete integral 
curves minus the portions included in the 
step approximations. 

It should be emphasized that, when a 
portion of a derivative curve is not dif¬ 
ferentiated further, that portion is not 
included in the steady-state coefficient 
part of the calculated response, as is 
shown by the expansion of equation 58. 
In contrast, when a portion of an in¬ 
tegral curve is not integrated further, 
that portion is included in the initial- 
value coefficient of the response, as shown 
by the expansion of equation 68. 

Determination op Accuracy of 

Calculated Response 

If the approximation procedure is per¬ 
formed properly, the inaccuracy in the 
calculated response is automatically main¬ 
tained at a low value. A bound on the 
inaccuracy caused by the deviation at 
a given derivative or integral is obtained 
by multiplying the maximum value of 
the magnitude of that deviation by the 
corresponding remainder coefficient. The 
resultant inaccuracy bonds for the input 
curve and for the various derivatives 
and integrals are summed to obtain the 
total inaccuracy bound. Since this bound 
holds for all values of time, however, a 
more optimistic bound can be obtained 
by employing the remainder transient, 
which shows for how long the corre¬ 
sponding inaccuracy bound applies after 
a deviation has ended. 

Transient Terms Required 

It has been shown that for any given 
system the differentiation p ocess needs 
to be carried only to a certain derivative 
and the integration process only to a 
certain integral, regardless of the input 
signal. The series of transient terms 
from that derivative to that integral, 
therefore, comprise a small finite set of 
terms which completely define the system 
time response for any input to essentially 


September 1955 


Biernson—Method for Calculating the Time Response of a System 


241 
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Fig. 21, Relatioris between transient re¬ 
sponses and frequency response 


the same degree of (accuracy with respect 
to either the error response or the output 
response) as the transient terms them¬ 
selves are defined. 

To illustrate this conclusion, consider 
an automatic-tracking radar antenna. 
There are two components in the radar¬ 
tracking signal, the actual target signal 
and the radar noise. Since the tracking 
bandwidth must be relatively high with 
respect to the actual target signal for 
the antenna to follow the target, only 
the position and derivative transient 
terms are needed for calculating the re¬ 
sponse to that input. If these transient 
terms are specified to only 10 per cent 
accuracy, the tracking error response 
to the target signal can still be calculated 
to essentially 10 per cent of the maximum 
tracking error. Since the maximum 
tracking error may be less than 1.0 per 
cent of the total tracking angle, this 
can represent less than 0.1-per-cent 
accuracy with respect to the total 
tracking angle. In like manner, the 
tracking bandwidth must be low with 
respect to the radar nois^ so that the 
noise does not excessively disturb the 
tracking line; hence only the position 
and integral transient terms are required 
for calculating the response to the radar 
noise. If these transient terms are 
specified to within 10 per cent, the error 
in tracking produced by the noise can be 
calculated essentially to within 10 per 
cent of the maximum tracking error. 
This can represent a much higher per¬ 
centage accuracy in terms of the input 
noise signal, because the tradking re¬ 


sponse to the noise is considerably 
smaller than the input noise signal. 

This example illustrates that when the 
complete set of transient terms are given 
it is not necessary to specify them very 
accurately. Relatively crude approxi¬ 
mations of the transient terms are all 
that is required to yield adequate engi¬ 
neering information concerning the system 
time response to any input signal. 

Theoretically, of course, the time re¬ 
sponse of a system is completely specified 
by the impulse response, or by the step 
response, or by any transient term of the 
system because, if any one term is com¬ 
pletely specified, the others can be cal¬ 
culated by differentiation and integration. 
However, when only one transient term 
is given, it must be specified to a very 
high degree of accuracy to yield sufficient 
accuracy in the other terms. 

Relationships Between Transient 
Terms and Loop Frequency 
Response 

The application of the approach of this 
paper to the design of feedback-control 
systems is greatly enhanced by a firm 
understanding of the relationships be¬ 
tween the transient terms of a system 
and its loop frequency response. The 
major characteristics of the transient 
terms can be approximated quite readily 
merely by inspecting a plot of the loop 
frequency response. A number of these 
approximations have been described in de¬ 
tail by the author,^ and the most impor¬ 
tant of these are summarized in the fol¬ 
lowing. They are expressed in terms of 
the basic variables of feedback-control 
loops defined in Fig. 1(B). A knowledge 
of the relationships between the closed- 
loop poles and the open-loop transfer 
function given in reference 6 greatly aids 
in justifying these approximations. 

Bandwidth 

The gain-crossover frequency of a 
feedback-control loop cocff is defined as the 
frequency where the magnitude of the 
loop frequency response | G(ju) |, called 
the loop gain, crosses the unity gain axis. 
It is the best criteria for the bandwidth 
of the loop because it specifies very re¬ 
liably the fofiowdng characteristics of 
the system transient terms: 

1. The time for the step response to rise 
to 63 per cent of its final value (the rise 
time) is roughly 

2. The maximum error for a unit ramp 
(step of velocity) is roughly l/wcg. 

3. The maximum response to a unit im¬ 
pulse is roughly cacg- 

Approximations 1 and 2 hold quite 


well for all reasonably stable feedback- 
control loops. Approximation 3 also 
holds provided the loop gain attenuates 
reasonably fast above gain crossover, 
which is quite desirable for noise con¬ 
siderations. 

Low-Frequency Integrations 

The effect of a low-frequency integral 
network is illustrated in Fig. 21. Sys¬ 
tems 1 and 2 have the same asymptote- 
crossover frequency coc; hence they have 
essentially the same bandwidth because 
the actual gain-crossover frequencies 
o)co ate nearly equal to At zero 
frequency, both systems have only a 
single integration, but system 2 has a 
double integration for a significant fre¬ 
quency region below Wc, which produces 
a much higher velocity constant (lower 
Cl') than for system 1. 

The approximate error responses to a 
unit ramp (composite error-response 
transient terms) for the two systems are 
shown in Fig. 21(C). Since the cross¬ 
over frequencies are the same, the maxi¬ 
mum values of error are about the same 
and are approximately equal to l/cocg. 
Since the velocity constant of system 1 
is o)ci the unit-ramp response for system 

1 approaches a final value ci equal to 
l/o)c. However, the double integration 
in system 2, by increasing the velocity 
constant to jScoc, reduces the final value 
of its ramp response to l/pojc- Since 
the speed of the integrating action of the 
second low-frequency integration in sys¬ 
tem 2 is determined by its upper break 
frequency Wg, which defines a low-fre¬ 
quency zero of G, the tail in the ramp 
response for system 2 approximately 
follows an exponential with the time con¬ 
stant 1/cOg, 

The acceleration error-response tran¬ 
sient for system 2 is approximately a 
rising exponential with a time constant 
of 1/cog and a final value of roughly 
(ci'/wg), which is equal to (l/jSwcAJg). 

The step responses of the two systems 
are shown in Fig. 21(B). Since both 
systems have the same crossover fre¬ 
quencies, the responses rise to 63 per 
cent of the final values in essentially the 
same time l/oocg. The main difference 
between the two responses is that system 

2 has an additional exponential com¬ 
ponent which increases the overshoot and 
produces a tail. The magnitude of this 
exponential component is roughly (wg/w^), 
and its time constant is roughly l/a?g. 

Stopping Points in Differentiation 
AND Integration 

The stopping points in the differentia¬ 
tion and integration process can be ex- 
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pressed quite simply in terms of the 
as^miptotes of the loop transfer func¬ 
tion G as follows: 

1. The order of derivative at which the 
final straight-line approximations are made 
is equal to the maximum number of inte¬ 
grations of the loop transfer function at 
frequencies below gain crossover; these 
integrations do not necessarily have to 
apply at zero frequency. 

2. The order of integral at which the 
integration process should be stopped is 
one greater than the maximum number of 
integrations t>f the loop transfer function 
at frequencies above gain crossover. 

Conclusions 

Comparison with Other Methods 

What is the basic difference between the 
method presented and other methods for 
calculating the response of a system to an 
arbitrary input? Essentially all of them 
break the input down into a series of 
steps of position, integrals of position, 
and/or derivatives of position. How¬ 
ever, this method differs basically from 
the others in that it employs an optimum 
method of breaking the input down. 
Consequently, for a given degree of ac¬ 
curacy in the calculated response, far 
less segments need be employed and far 
less accuracy is needed in most of the 
calculations. The resultant analytical 
technique is therefore much quicker and 
easier to apply. 

The most important advantage of this 
method over previous methods is that it 
yields a direct means of synthesizing a 
feedback-control system for a prescribed 
response to a particular input. Since 
the response calculated is constructed 
from a relatively small number of por¬ 
tions, which are related to the derivatives 
of the input by means of the system tran¬ 
sient terns, the designer can usually 
tell what transient terms should be modi¬ 
fied to improve the response. Approxi¬ 
mations such as those presented in the 
previous section allow the designer to 
relate the forms of the transient terms 
directly to the open-loop frequency re¬ 
sponse. Thus, with this method it is 
fairly simple to determine the required 
open-loop frequency response for the 
system to yield a prescribed response to 
a particular arbitrary input. 

An important aspect of this method is 
the expression it gives for the inaccuracy 
bound in the calculated response. Since 
this inaccuracy bound is quite easily 
calculated by means of the remainder 
transient or remainder coefficient, one 
can easily determine at any stage of the 
calculation how accurately the differen¬ 
tiation should be performed, and how 


closely the approximations need to be 
made. A rough estimate of the response 
is frequently all that is necessary, and so 
it is very important that approximate 
calculations can be made with the cer¬ 
tainty that the resultant calculated re¬ 
sponse has a sufficient degree of accuracy. 
Besides, the remainder transient has 
another important use when there is 
inaccuracy in the input data, because it 
shows what the corresponding inaccuracy 
is in the system response. 

General Specification of Time 

Respoi^se of Systems 

In the past it has been very difficiilt 
to specify the time response of a system 
in a general manner. The most common 
means of specification have been the rise 
time, peak overshoot, and settling time 
of the response of a system to a step of 
position. The settling time and peaJc 
overshoot of the ramp response and some 
of the error coefficients, particularly the 
velocity and acceleration coefficients, 
have also been found quite useful. Even 
though these parameters describe certain 
important aspects of the system time 
response, there has up to now been no 
adequate means for describing the time 
response completely in a general fashion. 

To be sure, the time response of a sys¬ 
tem to any input theoretically can be 
calculated from the impulse response, 
or from the step response, or from any 
transient term of the system. However, 
this requires that the particular transient 
term be specified to a very high degree 
of accuracy, far greater than the accuracy 
needed in the calculated response. Con¬ 
sequently, it is impossible to set rough 
bounds upon the major characteristics of 
the particular transient term and define 
the time response of the system in a 
general fashion. For example, it would 
be very difficult to restrict the shape of 
the imptdse response by a few parameters 
in such a manner as to maintain a par¬ 
ticular velocity constant for the system. 

This paper shows a general method for 
specifying the time response of a system. 
The time response of a system is specified 
by the complete set of transient terms. 
If the complete set is known, each term 
need be specified only to the same degree 
of accuracy as is needed in the calculated 
response. Since there are in practice 
only a few terms in this set, it is perfectly 
feasible to specify them all. 

Relationship Between Frequency 

Response and Response to 

Arbitrary Input 

Since the transient terms are a prac¬ 
tical means of specifying the system time 


response, they provide an excellent media 
for relating the frequency response of a 
given system to its general time response. 
This is particularly true because adequate 
approximations of the transient terms 
can generally be obtained by inspecting 
the open-loop frequency response. 

For example, the system gain-crossover 
frequency determines the peak value of 
the impulse response, the rise time of the 
step response, and the peak error in the 
ramp response. An additional low-fre¬ 
quency integration increases the peak 
overshoot in the step response and re¬ 
duces the final value of the error in the 
ramp response. The upper break fre¬ 
quency of this integration determines 
the settling time of a tail in the step re¬ 
sponse, the settling time of the ramp 
error response, and the build-up time 
and final value of the error response to 
a step of acceleration. In a similar 
fashion, it is possible to relate all the 
important characteristics of the system 
open-loop and closed-loop frequency re¬ 
sponses to the forms of the system tran¬ 
sient terms. 

Thus, this method shows directly what 
it means in terms of the time response of 
a system to modify the system frequency 
response in a particular manner. For 
example, the error which results when 
a system follows a given input can be 
decreased either by increasing the band¬ 
width of the system or by increasing the 
low-frequency gain. This condition has 
often led to the belief that one method is 
as effective as the other in reducing the 
system errors, but this in general is not 
so. Additional low frequency gain re¬ 
duces constant velocity components of 
error by integrating them out after a 
period of time whereas additional band¬ 
width reduces velocity components of 
error by maintaining them small from 
the start. These effects can be deduced 
from the velocity transient term. The 
bandwidth detennines the maximum 
value of the error in the velocity transient 
term, and the low-frequency portion of 
the system transfer function determines 
the final value of the error and the settling 
time. ' 

Significance of Error Coefficients 

Many attempts have been made to 
characterize completely the time response 
of a system to an arbitraiy input by means 
of error coefficients. Some of these 
attempts have been quite successful and 
others unsuccessful. One fundamental 
difficulty is that the error coefficient term 
for a given derivative cannot strictly 
characterize a derivative which has a 
discontinuity. Consequently, it has been 
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assumed in practice that following a 
discontinuity in a given derivative, the 
error coefficient term applies only at val¬ 
ues of time later than the system settling 
time. However, the actual value of the 
system settling time has not been de¬ 
fined explicitly and it has been incorrectly 
assumed that it represents the time for 
the position step response to reach a 
given percentage of its final value. 

The error coefficient expansion has 
been derived as an infinite series which 
might lead to the assumption that the 
response to any input can be computed 
merely by employing enough terms in 
the expansion, but this is not so. In 
fact, experience has shown that only a 
very few error coefficients are significant. 

The implications of the error coefficient 
approach are explained quite simply by 
the method of this paper. The error 
coefficient expansion should be considered 
as merely a portion of the total response, 
the other portion being the sum of 
the transient terms. It is obvious, then, 
that the error coefficient portion is an 
adequate representation of the response 
only when the transient terms are rel¬ 
atively small. If there is a discontinuity 
in a particular derivative, the transient 
term for that derivative must settle out 
before the error coefficient term can be 
applied by itself. Besides, since there is 
only a finite set of transient terms which 
are significant, only a finite set of error 
coefficients are significant. 

The concept of a system settling time 
is erroneous. Rather, there is a transient 
settling time for each derivative. If 
there is a step of position one must wait 
until the position transient has settled 
out before applying the position coeffi¬ 
cient; and if there is a step of accelera¬ 
tion one has to wait until the accelera¬ 
tion transient has settled before applying 
the acceleration coefficient. For ex¬ 
ample, the step response of Fig. 3 remains 
within 5 per cent of its final value after 
0.06 second, while the time for the step- 
of-acceleration transient of Fig. 5 to 
reach 5 per cent of its final value is 0.15 
second. If the value oj 2 in the system 
transfer function, Fig. 2, wbre set much 
lower with respect to wc, the discrepancy 
between these two settling times would 
be much greater. 

Actually, the error coefficients should 
be considered as no more or no less than 
the final values of the corresponding 
transient terms. A system should not 
be designed to have a given error 
coefficient but rather to have a particular 
transient term. For instance, the veloc¬ 
ity constant of a system should not be 
specified by itself. Instead, the maxi¬ 


mum value of the velocity transient 
(roughly equal to l/oJcff), the settling 
time of the velocity transient, and, its 
final value, the velocity error coefficient 
shoidd be specified. It is obvious that 
two systems with the same bandwidth 
and the same velocity constant will 
generally behave quite differently if the 
velocity transient of one of them has a 
much longer settling time than that of 
the other. 


Appendix I. Computation of 
$teady>State and Initial-Value 
Coefficients by Long-Division 
Expansion 

The long division process for calculating 
the steady-state coefficients Cn and the 
initial-value coefficients Om is best described 
by an example. Given the transfer function 

^ 5-f5.5^ 5+5.5S 

Xi~(s+l)(s+5) 

The steady-state coefficients are ob¬ 
tained by dividing the numerator of 
Xo/Xi by the denominator in a long division 
process as follows 

1 - 0 . 15 - 0 . 0852 - 1 - 0 . 116^8 
5+6j+i® )5+6.5i 

5-f65-h52 

—0.55—52 (' 98 ) 

— 0.55 —0.652— 0 .158 
-O. 452 +O.I 58 

etc. Thus Xo/Xi is expanded to the series 


—«=! -O.I5-O.O852+O.II658... (99) 

Xi 

so that the steady-state coefficients must 
be 

co^l (100) 

~ — 0 .1 second (101) 

0.08 second 2 (102) 

c, =s -fO. 116 second® (103) 


If the order of the polynomials is reversed 
in the long division so that the numerator 
is ( 5 . 55 -f 5 ) and the denominator is ( 52 -f 
65 -f-5), the long division yields the expan¬ 
sion 


Hence, the initial-value coefficients are 


0 

)} 

0 

(105) 

^ 1 = 5.5 second”^ 

(106) 

© 2 = —28 second ~2 

(107) 

03 — 140.5 second “8 

(108) 


Appendix II. Calculation of 
Transient Terms for Illustrative 
System 


The transfer function Xt/Xi for the 
illustrative system is calculated from the 
loop transfer function G in equation 32 as 
follows 


X, 1 

Xi l-J-G 

5(54-0.0307coc)(5-H.236>c) 

“ 1.23«c2(5-h0.153wc) - 1 - 5 ( 5 -f0.0307«c) 

(109) 

By the methods of reference 6 the de¬ 
nominator can be factored to the form 
shown in equation 34. The error response 
Xe( 5 ) for a unit step input is thus 


Xe(5) 


_^1 Xe 

“J X< 

(5-t-0.0307a>c)(5-M.23a),) 

(5 -f*0.1750«c) (^* +2fWn5 -fwn®) 


( 110 ) 


Equation 110 may be expanded in terms of 
the poles as follows 


X/i)»- ^ -1-- ^ - 

54-0.1750«c S “"/wo 
X 20 '* 

^4“r«n4-iwo 


( 111 ) 


where 


«o =* \/l - r® =0.880wc = 108.8 

radians per second ( 112 ) 

Take the inverse transform of Xe( 5 ) in 
equation 111 

xe(t) 

sin (c«)of4”^o0 ( 11 ^) 

where the angle is defined as 

ZX‘2n'4-90® (114) 

Equation 113 is [i:o'4-ro'(^)I, which is 
equal to To'(/) since co is zero. The other 
transient terms have the form 


Xo^5.5 28 140.5 
Xi'’s 52 “^ 58 


(104) ZKtn'l 

sin (wo/ 4 "<? 2 n 0 (115) 


Table I. Coefficients for Illustrative System 


n 

Km' 

|2K*a'| 

Degrees 

-2. 

-1. 

. 0. 

.-0.166. 

.2.70. 

.- 67.3 

.-178.8 

.60 7 

1. 

2. 

3. 

.-3.68X10-‘second*. 

. 1.6610“6 second*,_... 

.2.120X10^-* second. 

.1.67X10-‘ second*. 

. . t . S2 V 1 n “6 fioorkn/l J 

.- 61 8 

. 176.7 

. 
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Employ equation 17 to relate Kin and 
K 2 ri to Km* and 


Km 


(-0.175a,c)^ 


(116) 


«~0. The values for other values of n 
given in Table I can be obtained from these 
by applying equations 116, 117, and 118. 


4. Principles op Servomechanisms (book), 
G. S. Brown, D. P. Campbell. John Wiley and 
Sons, Inc., New York. N. Y., 1948, p. 167. 

5. The Dbcilog: A Unit for Logarithmic 
Measurement, £. I. Green. Electrical Engineer^ 
ing, vol. 73, no. 7, July 1954, pp, 597-99. 


f _ 1^20^ _ I Zy20^—-90** 

( — fron +j<ao) “ <»« ”/ n( 180*^ — COS 

(117) 

By equation 117, <p 2 n^ is related to <p 2 o^ by 

-^' = ^o^+«{cos“"^ I*—180°) (118) 

The coefficients iiTio' and K^q* are calculated 
from the transfer function Xe/Xt in 
equation 34 by an equation equivalent to 
equation 16, and they yield the values for 
Xio', \2Km*\, and <p 2 o' given in Table I for 
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Relay Response to Motor Residual 
Voltage During Automatic Transfers 

A. R. KELLY 

ASSOCIATE MEMBER AIEE 


Synopsis: Undervoltage relays and starter 
solenoids respond to motor residual voltage. 
Test data are presented showing how such 
response can affect operation of an auto» 
matic transfer in a secondary selective 
system supplying induction motors. Sug¬ 
gestions are given for relay application. 


I NDUSTRIAL applications are found 
for power systems which automati¬ 
cally transfer motor loads from a normal 
to an alternate supply upon loss of the 
normal supply. If the motors drive 
fluid-handling equipment, it may be 
desirable to restore power very rapidly 
for two reasons: First, a shorter outage 
reduces loss of energy in liquid velocities 
and gas pressures; this decreases the 
magnitude and shortens the time of the 
reaccelerating energy demand on the 
alternate supply after transfer, thus 
decreasing system disturbance. Second, 
if the fluids are being heated, cooled, or 
chemically processed, a shorter outage 
can reduce severity of equipment over¬ 
heating and thermal shock, and the 
extent of tmdesirable or dangerous 
chemical reactions. Thus systems are 
frequently designed to complete the 
automatic transfer and to begin reac¬ 
celerating the motors before the motors 
can come to rest. 

When designing such systems, motor 
residual voltage should be considered. 
In this paper the nature of residual 
voltage, the undesirable subtransient cur¬ 
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rents it can cause, and some methods of 
preventing these currents are reviewed 
briefly. For the one of these methods 
believed most applicable to industrial 
power systems, test data are presented 
to illustrate certain requirements in the 
selection and setting of relays associated 
with the automatic transfer. 

Nature of Residual Voltage 

If the circuit supplying a running 
induction motor is opened under load, 
energy is stored in Iflie magnetic field, 
mainly in the air gap, and in the rotating 
mass. This results in a residual voltage 
at the stator terminals and an ability 
to deliver electric power to an externally 
connected load, as in regenerative brak¬ 
ing. Magnitude and frequency of residual 
voltage decrease with time, from initial 
values slightly less than system voltage 
and frequency, at rates dependent on 
several factors. 

Those affecting the frequency of re¬ 
sidual voltage are: 

1. With no electric load, frequency will 
correspond to shaft speed which drops 
because of mechanical load, friction, and 
windage. 

2. If the stator supplies an external 
electric load, the load current in the stator 
will produce braking torque which adds 
to the braking torques in factor 1. In 
addition, if the load is not capacitive, 
stator load current produces armature 
reaction which continuously shifts the 


magnetic poles in the rotor opposite to 
direction of rotation, reducing frequency to 
less than that corresponding to shaft speed. 

Factors affecting the magnitude of 
residual voltage are: 

1. With no electric load, voltage will be 
proportional to the product of two factors: 
shaft speed, which decreases with time as 
discussed in the foregoing, and an expo¬ 
nential decrease in rotor flux (of the form 

caused by rotor PR and core 

losses. 

2. If an external electric load is supplied, 
voltage is further reduced by stator-current 
impedance drop and armature reaction. 

These factors affecting residual voltage 
can be generalized and regrouped under 
the following headings: 

1. Motor characteristics: rotational inertia 
of motor, friction and windage of motor, 
and motor time constant. (The motor 
time constant referred to herein is the 
open-circuit time constant, the time for 
voltage to drop to 0.368 of the air-gap 
voltage with the shaft speed held normal 
and no electric load.) 

2. Other factors: rotational inertia of 
driven load, torque requirements of driven 
load, and external electric load, if any. 

Often several motors, each with a 
different time constant, mechanical load, 
and inertia, are connected to the same 
bus. If power to that bus is interrupted 
under load, the motors with shorter time 
constants and'faster drops in shaft speed 
will continue to “motor,” becoming 
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1 = STARTING CURRENT 
(A) FULL-VOLTAGE START 



(B) REACCELERATION UPON TRANSFER 


Fig. 1. Phasor illustration of how 
residual voltage can cause resultant 
voltage to exceed normal starting 
voltage and cause reaccelerating 
current to exceed normal starting 
current 

f* = System frequency 
a = Angular deceleration 
t = Time to complete transfer 
Z8 = System impedence 
Rm/ Xm/ Zm = motor Impedance 
at w/ws of synchronous speed 


electric loads for and being fed by the 
other motors as long as they all remain 
connected through the bus. There will 
be one bus voltage and one frequency, 
both decaying faster than the open- 
circuit voltage and frequency of the 
“generators” but slower than that of 
the “motors.” (Capacitors or over¬ 
excited synchronous motors connected to 
the bus may supply excitation current 
for the induction motors so that they 
sustain higher residual voltages than 
otherwise.) 

It will be recognized that residual 
voltage is the cause of “induction-motor 
contribution to fault current” used in 
short-circuit calculations. If not sepa¬ 
rated from the motors by appreciable 
impedance, a fault constitutes a severe 
load which dissipates the stored magnetic 
energy of the motors in a very few cycles. 
Thus, in automatic transfers occasioned 
by short circuits, residual voltage usually 
disappears before transfer is initiated. 
This paper is concerned with the less 
frequent transfers not associated with 
short circuits, wherein supply voltage 
is suddenly lost such as through switching 
error or control-circuit failure. In such 
cases residual voltage may persist several 
seconds. 

Subtransient Reaccelerating Current 

In an automatic transfer, an inrush or 
subtransient reaccelerating current flows 
when motors are connected to the al¬ 
ternate source. The value of this inrush 
is approximately proportional to the 
“resultant voltage.” Resultant voltage 
varies with the magnitude of residual 
voltage, and with the phase angle be¬ 
tween residual and somce voltage, as 
shown in Fig. 1. The symmetrical re¬ 


accelerating current, illustrated in Fig. 
1(B), will be modified by offset or initial 
asymmetry in the line current, as is the 
case for normal symmetrical starting 
current illustrated in Fig. 1(A). If the 
angle between residual and source volt¬ 
ages is less than 60 degrees, the resultant 
voltage must be less than the source 
voltage; if more than 90 degrees, the 
resultant voltage must be greater than 
the source voltage; if between 60 and 
90 degrees, the relation depends on 
relative magnitudes. If the transfer is 
not synchronized, probabilities favor a 
resultant voltage greater than the source 
voltage, with larger residual voltages 
causing larger resultant voltages. Thus, 
assuming subtransient reaccelerating cur¬ 
rent proportional to resultant voltage, 
higher residual voltages tend to cause 
higher subtransient currents. Hence, 
while faster transfers reduce the over-all 
reaccelerating demand after transfer, as 
discussed in the foregoing, they may 
increase the subtransient current at 
transfer. 

Such subtransient currents are of 
concern for two reasons. If they are 
high enough, damage to motor windings 
and excessive torque may result. Sec¬ 
ond, if the subtransient reaccelerating 
cmrent for a motor is higher than the sub¬ 
transient starting current, instantaneous 
overcurrent protection for that motor 
must be set higher than required for 
starting. Since motor time-overcurrent 
protection is usually of the long-time type 
to permit starting, instantaneous over¬ 
current setting for the largest motor on 
a bus often fixes minimum pickup for 
thfe short-time overcurrent protection of 
the feeder to the bus. Thus, increasing 
the motor instantaneous settings may 
lead to relay co-ordination problems. 


Methods of Reducing Subtransient 
Reaccelerating Current 

The subtransient reaccelerating cur¬ 
rent can be reduced by reducing the 
resultant voltage. One way would be 
to synchronize the transfer so that the 
residual voltage is within ±60 degrees 
of the altemate-soiurce voltage at the 
instant of transfer. The fluctuation in 
the bus load, hence frequency decay 
rate, found in most industrial systems 
would require extremely complex relaying 
to provide this synchronizing, if indeed 
it were possible. The alternative is to 
assure a low magnitude of residual 
voltage at transfer. A short circuit 
could be switched on and off the bus 
before connection to the alternate source, 
but this would require expensive equip¬ 
ment. Motors can be limited to high- 
slip designs to reduce time constant, also 
giving higher reaccelerating torque and 
lower starting current.. 

A simpler method of limiting the 
reaccelerating current to safe levels is to 
delay the transfer until the residual volt¬ 
age drops to a specified value. This 
value can be established on the basis of 
Fig. 1(B) as follows: Induction motors 
are guaranteed for operation at 110 
per cent of the motor rated voltage. 
The reaccelerating current may therefore 
be at least as high as that which will 
occur when the voltage at the motor 
IZm is 110 per cent. This will be 105 
per cent of the system nominal, or no- 
load, voltage for systems above 600 volts. 
This sets 105 per cent as the maximum 
desirable value of IZ^, in Fig. 1(B). 
The limiting condition is with the residual 
voltage 180 degrees from the alternate- 
source voltage. Using the approximation 
that IZrn, and IZs add algebraically to 
give the resultant voltage, the maximum 
desirable value of the residual voltage 
can be derived from the two summations 
which equal the resultant voltage 

resultant = 100-fresidual (1) 

maximum residual = 105-hZZ® —100 
=JZ,+5 (2) 

with all voltages in per cent of nominal. 
From equation 2 it is seen that the 
maximum desirable residual voltage is 
a function of the system voltage drop on 
reacceleration. If only one small motor 
is to reaccelerate, the residual voltage 
should theoretically be limited to 5 
per cent. In most cases, however, the 
reaccelerating load will cause a con¬ 
siderable voltage drop IZs through the 
system, permitting transfer at higher 
residual voltages. The ratio Zm/{Zm.+ 
Zs)y a measure of the amount of load 
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Fig. 2. Refinery 
process unit power 
system. All 440- 
volt motors have 3- 
wire control with 
time-delay under¬ 
voltage protection; 
see Table 1 for relay 
descriptions 


13.2-KV 
SOURCE I 


13.2‘KV 
SOURCE 2 



TYPICAL 440-VOLT MOTORS 


TYPICAL 440-VOLT MOTORS 


reaccelerated, will usually fall between 
0.65 and 0.9. (Note that Z-m is approxi¬ 
mately the locked-rotor impedance of 
all motors in parallel.) For the ratio 0.65 

Zm^O.65 (Zm~hZs) (3) 

Zs=‘0.54Zni (4) 

IZs^O.64: IZm (5) 

Substituting equation 5 in equation 1 

1004-residual = TZm+OM IZm = 1.54 IZm 

( 6 ) 

maximum residual = (1.54)(105) —100 

=*62 per cent (7) 

For the ratio Z,„/(Z^4-^s) = 0.9, simi¬ 
lar calculations yield a maximum de¬ 
sirable residual voltage of 17 per cent. 
A value of 25 per cent is recommended 
for the usual case. This corresponds to 
an impedance ratio of 0.84 and has been 
used successfully without trouble from 
breaker tripping. While some risk is 
taken for transfers with few motors 
reaccelerating, transfer times can become 
quite long if delayed until the residual 
voltage drops to much below 25 per cent. 

Delay in transfer, until the residual 
voltage reaches 25 per cent, can be 
achieved by means of fixed time delay; 
this requires either transfer tests or 
calculations^ to determine the operating 
condition with the most gradual decay 
of voltage. In addition, a transfer 
occasioned by a short circuit on the 
supply system would be needlessly 
delayed. 

The method recommended for in¬ 
dustrial power systems consists of sens¬ 
ing the residual voltage by means of a 
relay designed for this service, which 
holds up transfer until the voltage drops 
to 25 per cent. This scheme requires 
time-delay undervoltage protection for 
motors with solenoid-type starters if they 
are to reaccelerate automatically, since 
25 per cent is well below drop-out voltage 
of such starters. 

Description of Tests 

The power system shown in Fig. 2 
was designed for automatic transfer and 
reacceleration of all motors upon loss 
of either 13.2-kv supply. The relays 
shown are described in Table I. If 
source 1 loses voltage, e.g., circuit break¬ 
ers C and F trip when relays 1 and 6 
time out. Then, when the residual 
voltage drops sufficiently, relay 4 drops 
out and permits breaker D to close; 
similarly when relay 8 drops out, breaker 
G closes. If the voltage is restored 
before relays TD drop out, the 480-volt 
magnetic contactors are re-energized; 


if the voltage is restored before relays 
3 time out (they are set for lower voltage 
and longer time than relays 1 and 2), 
the 2,300-volt motor breakers remain 
closed. A 13.2-kv fault below breaker 
A trips breakers A, C, and F together, 
initiating transfers without waiting for 
relays 1 and 6 to time out, since it is 
certain that the voltage loss is not 
momentary. On a 2,400- or 480-volt 
bus fault it is necessary for breakers C, 
E, Fy or H to trip on overcurrent rather 
than on undervoltage so as to lock out 
transfer; this co-ordination requirement 
set the minimum times for relays 1, 2, 
6, and 7, which were different for 2,400 
and 480 volts, as shown in Table I. 

Nine test transfers, designated tests 
A through J (omitting I) were effected 
by tripping breaker A or B. In all 


but test B the simultaneous-tripping 
circuits were disconnected so that open¬ 
ing breaker A or B simulated loss of 
source voltage and transfers were ini¬ 
tiated by relays 1 and 6 or 2 and 7. 
Oscillograms were taken of the voltage 
on either the 2,400- or 480-volt de¬ 
energized bus. A 60-cycle reference 
trace, an oscillograph event marker, and 
a cycle counter were used to determine 
times at which the transformer secondary 
breaker opened and at which relays 4, 
5, 8, or 9 dropped out. Tables II and III 
show at which bus such measurements 
were made, and those motors running at 
each test. All motors drove centrifugal 
pumps except the five 60-horsepower 
motors which drove cooling tower fans, 
and all were under normal load except 
as noted in the tables. No capacitors 


Table 1. 

Description of Undervoltage Relays Shown in Fig. 2 

Relay Type 

Relay 

Number 

Drop-out Voltage Drop-out Time at 

at 60 Cycles 0 Volts, Seconds 

Induction disk General Electric fl.2. 

. 93 . . 12 

type lAV 

\ 3 . 

. 82 . 1.9 

(6. 7. 

. 93 . 1.6 


Instantaneous General Electric I 4, 5. 26 . 0 

type HGA 18,9. 32 . 0 

Durakool type BFT*. TD .215 to 255.1.8 to 2.2 


* Mercury bottle relay with restriction orifice, instantaneous pickup, and time-delay dropout, connected 
directly to 480-volt lines. Values show manufacturing tolerances. 
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Tabic 11. Data on Tests Opening Circuit Breaker A 


Test Number 

A 

B 

C 

D 

E 

Oscillograph location 

2.400-volt bus 1. 




X 

X 

480-volt bus 1. 

.X. 

..X. .. 

X 



2.300-volt motors 

450 horsepower, 3,600 rpm. \ 


/R. 

.R. 

.R. 

.N 

125 horsepower, 3,600 rpm*i 

2,400-volt bus 1 

(r. 

.R. 

.R. 

.o 

125 horsepower, 3,600 rpm. ? 

fed through breaker 

/R. 

.R. 

.R. 

. o 

100 horsepower, 3,600 rpm*i 

D from source 2 

JR. 

.R. 

.R. 

NT 

100 horsepower, 1,800 rpm*/ 


(r. 

.R. 

.R. 

.. -. M 

440-volt motors 

60 horsepower, 1,800 rpm. 


. .R. 

_o. 

n ' 


60 horsepower, 1,800 rpm. 


. .R. 

.. . .O. . . . . 

n 


50 horsepower, 3,600 rpm. 


. .R. 

_R....! 

T5 


50 horsepower, 3,600 rpm. 


. .R.... 

_o. .... 

•R 


50 horsepower, 1,800 rpm. 


..R. 

. . . .R. 

R 

DUS 1 

40 horsepower, 3,600 rpm. 


..R. 

_o.... / 

n 1 

fed through 
breaker O 

15 horsepower, 3,600 rpm. 


. .R. 

. . . .R. 

p 

from source 2 

3 horsepower, 1,800 rpm. 


. .R. 

_o ___ 

.... .R 


2 horsepower, 900 rpm. 


. .R. 

_R_* ] 

,... .N 

1 

1 horsepower, 900 rpm. 

.R. 

. .R _ 

n 

•NT 

1 

.... j 



R—Reaccelerated 
O—^Failed to reaccelerate. 

N—Not running during this test. 

♦Running with discharge nearly closed; spare, running by steam or from other bus, carrying most of load. 
These footnotes also apply to Table III. > s xoaa. 


or S 3 niclironous motors were connected. 

Figs. 3, 4, and 5 show voltage and 
frequency data obtained from the oscillo¬ 
grams. Voltage magnitudes were cal¬ 
culated from peak-to-peak amplitudes, 
neglecting any asymmetrical offset. 
Values below about 20 volts could not 
be read accurately, so the curves below 
this are extrapolated. Frequency was 
calculated, for several points in time, 
from the average frequency 2 to 5 cycles 
before and after each point. Estimated 
accuracy of the curves is ±2 cycles 
for frequency, ±3 volts above 50 volts, 
and d=4 volts from 20 to 50 volts. 

Relay and Solenoid Response to 
Residual Voltage 

Transfer in test A was made at 480 
volts only (as would occur if a potential- 
transformer fuse opened, de-energizing 
relay 6), the 2,400-volt bus 1 having 
been manually transferred before test A 
began. Fig. 3 shows that the magnetic 
starters dropped out at about 0.4 second, 
when the voltage was approximately 
50 per cent of normal, since the bus 
voltage fell abruptly to zero. One-tenth 
second later, relay 8 dropped out, point 
1, but the transfer could not be com¬ 
pleted until relay 6 times out, tripping 
breaker F at 2.01 seconds, point 2. 
Breaker G closed 0.11 second later, 
completing the transfer. Drop-out time 
of relay 6 was thus increased over its 
1.6-second dropout at zero voltage by the 
persistence of the partial voltage for 
the first half second. Table II shows all 
motors reaccelerated, so none of relays 
TD had timed out before transfer. 

In test B, the 2,400-volt bus 1 was 
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transferred with the 480-volt bus 1, 
but the simultaneous-tripping circuit 
tripped breaker F 0.13 second after 
breaker A opened. For this first 8th 
second, however, the two busses were 
connected through their transformers 
and a short length of 13.2-kv cable. 
The 2,300-volt motors, acting as genera¬ 
tors for this short time, slowed voltage 
decay at 480 volts, as shown in Fig. 3. 
Except for this, the voltage decay was 
similar to test A, with relay 8 dropping 
out 0.13 second after the voltage dropped 
to zero. Since breaker F was already 
open, breaker G could dose, completing 
the transfer at 0.75 second. Again, all 
440-volt motors reaccelerated, but note 
that the system disturbance after the 
transfer lasted only 1/2 second in test 
B compared to lYi seconds in test A, 
The motors had not slowed as much in 
test B, 


In test C as in test B, 2,300-volt 
motors were transferred with 440-volt 
motors, but circuit breakers C and F 
remained closed until tripped on under¬ 
voltage. Fig. 3 shows that the voltage 
on the 480-volt bus 1 was sustained by 
the 2,300-volt motors through the trans¬ 
former connection, even though all 
starters had probably dropped out by 1 
second, until relay 1 tripped breaker C 
at 2.2 seconds, which broke the connec¬ 
tion. The voltage fell immediately to 
zero at this point. Relay 8 had dropped 
out at 1.85 seconds, but the slow decay 
of the voltage delayed timeout of relay 
6 and tripping of breaker F until 2.55 
seconds. By the time breaker G closed 
0.1 second later, six of the relays TD had 
dropped out and the associated motors 
failed to reaccelerate; see Table II. 
Four other TD relays remained closed, 
presumably because of the manufactur¬ 
ing tolerances shown in Table I. The 
curves of test D showing a nearly iden¬ 
tical transfer viewed from the 2,400-volt 
bus 1 correlate closely with test C, in 
particular confirming within 0.05 second 
the time at which breaker C opened. 
Two TD relays which dropped out in 
test C remained closed in test D. 

Test C illustrates the difiiculty en¬ 
countered in co-ordinating unlike relays. 
The plungers of relays TD have a differ¬ 
ent equilibrium position for each voltage; 
above drop-out voltage, equilibrium is 
in the range of plunger overtravel. For 
gradual voltage drops, the plunger would 
lag behind equilibrium because of orifice 
restraints, the amount of lag depending on 
the rate of the voltage drop. If the drop¬ 
out voltage were reached in less than 5 
seconds, for the particular relays used, 
some plunger overtravel would remain. 
Therefore operating time for relays TD 
is dependent on the rate of the voltage 
drop. 


Table 111. Data on Tests Opening Circuit Breaker B 


Test Number 

F 

G 

H 

J 

Oscillograph location 





2,400-volt bus 2. 

.X. 

X 

X 


480-volt bus 2. 




X 

2,300-volt motors 





600 horsepower, 900 rpm*.... 


.N, 

. R 

R 

450 horsepower, 3,600 rpm*.... 


.R. 

_ TSf 

R 

100 horsepower, 3,600 rpm. 


.R. 

.... M 

. .R 

440-volt motors 





60 horsepower, 1,800 rpm ] 
60 horsepower, 1,800 rpm 
60 horsepower, 1,800 rpm i 
50 horsepower, 3,600 rpm* I 
50 horsepower, 3,600 rpm j 
40 horsepower, 3,600 rpm 1 
25 horsepower, 3,600 rpm 1 
15 horsepower, 3,600 rpm 

15 horsepower, 3,600 rpm i 

1 1 
480-volt bus 2 fed through 
' breaker G from source 1 ^ 

(R\ 

R 

R 

R 

R 

f R 
R 1 

, 480-voIt bus 2 fed through 
' breaker G from source 1 

1 

/R 

R 

IR 

]R 

(R 

Jr 

/ R 

R 

\R 
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Fis. 3. Residual voltase and frequency and reaccelerating voltage 
during tests A, B, C, and D. Points 1 through 7 show time when 
residual-voltage relay dropped out and incoming circuit breakers opened 


1— Relay 8 dropped out in test A 

2— Breaker F opened in test A 

3— Breaker F opened in test B 

4— Relay 8 dropped out in test B 

5— Relay 8 dropped out in test C 

6— Breaker F opened in testC 

7— Breaker C opened in test D 



Fig. 5. Residual voltage and frequency and reaccelerating voltage 
during tests F, G, H, and J. Points 1 through 8 show time when 
residual-voltage relays dropped out and incoming circuit breakers 

opened 

1— Breaker E opened in test F 

2— Relay 5 dropped out in test F 

3— Breaker E opened in test G 

4— Relay 5 dropped out in test G 

5— Relay 5 dropped out in test H 

6— Breaker E opened in test H 

7— Relay 9 dropped out in test J 

8— Breaker H opened in test J 


If the voltage were reduced abruptly 
from normal to zero, Table I shows that 
relays TD would take longer to operate 
then relay 6, yielding co-ordination. 
For slowly dropping voltage, the disk of 
relay 6 would not move until 93 volts 
were reached. If the voltage continued 
to drop uniformly, taking 5 seconds or 
more to reach the 54 to 66-volt dropout 
of relays TD (referred to 120 volts), 
relay 6 would time out before this voltage 
was reached, again yielding co-ordination. 
For intermediate rates of voltage drop, 
co-ordination is uncertain. Assuming 
that operating times of relays TD coidd 
be calculated for various shape voltage¬ 
time curves, several cases would have to 
be checked to be sure that relay 6 would 
operate j&rst under all conditions. It ap¬ 


pears that a safe expedient would be to 
choose di TD relay with drop-out time, 
for an abrupt drop from fvU voltage to 
zero, at least equal to the operating time 
of relay 6 at 50 per cent of normal bus 
voltage. (Relay 6 operates in 2.7 sec¬ 
onds at 60 volts.) 

Residual voltage relay 8 played no part 
in tests A or C. In test B, however, it 
delayed transfer to 0.75 second at which 
time the various motor residual voltages 
are estimated to have been 35 to 40 per 
cent. Without relay, 8, the transfer 
would have completed in 0.25 second 
when the residual voltage was 70 per 
cent and starters were stiU closed. 

Transfer in test E was made at 2,400 
volts only, and with only two 2,300-volt 
motors running. As shown in Fig. 4, 



Fig. 4. Residual volt¬ 
age and frequency 
during test E. Points 
1 and 2 show time 
when 

1— Incoming circuit 
breaker C opened 

2— Residual relay 4 

dropped out 


relay 1 timed out and tripped circuit 
breaker C at 2.34 seconds. The residual 
voltage held relay 4 closed, however, 
until 3.23 seconds so that breaker D did 
not close until 3.44 seconds. Meanwhile, 
relays 3 had tripped both motor feeder 
breakers, the second at 3.35 seconds, so 
that neither motor reaccelerated. As¬ 
suming that the two motor breakers 
tripped at about the same time, it is seen 
that relays 3 co-ordinated with relay 1 
as intended, liming out a full second later 
than relay' 1. Their operation under 
such slowly decaying voltage, however, 
was slightly too rapid to permit successful 
transfer. 

A conservative rule to prevent such 
failures would be to set the time of motor 
undervoltage relays at zero voltage about 
equal to the longest anticipated time for 
residual voltage to reach the drop-out 
point of the residual voltage relays. 
Assuming that these relays drop out at 
the desired 25 per cent of normal voltage, 
the tests indicate that time to reach this 
voltage can be as long as 2 V 4 seconds. 
In similar tests on power plant auxiliary 
motors, Johnson and Thompson* ob¬ 
served 2/3 second to reach 25-per-cent 
voltage, Gay* noted times as long as 
2 V 2 seconds, Tevlin and Romzick (in an 
unpublished 1952 AIEE paper) report 
times over 1 second, and Backer, Barth, 
Huse, and Taylor* indicate times over 3 
seconds. The times cited were obtained 
under extreme conditions of light load. 
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However, nothing is lost by setting motor 
undervoltage relays for long enough 
times to hold in under such conditions. 
Times to reach 25-per-cent voltage can 
well exceed those noted in the foregoing 
if synchronous motors, capacitors, or very 
large induction motors are connected to 
the system. The author knows of two 
3,000-horsepow^er induction motors, a 2- 
pole machine with a 4V2-second time 
constant, and a 4-pole machine with a 
4-second time constant. It is sug¬ 
gested that time at zero voltage for motor 
undervoltage relays be set at 4 to 5 
seconds. 

It is seen that in test E relay 4 did not 
drop out until 1^/4 seconds after the volt¬ 
age passed its tested dropout of 26 volts. 
The other tests show similar results. 
This is attributed mainly to the drop in 
frequency along with voltage. As with 
most a-c instantaneous relays, the resid¬ 
ual-voltage relays were highly inductive. 
Neglecting coil resistance, magnetic pull 
of such relays at a given armature posi¬ 
tion varies approximately as V^/P, where 
V is voltage and/ is frequency. Thus the 
voltage required to produce that constant 
pull just sufficient to hold the relay 
closed is approximately proportional to 
frequency, i.e., drop-out voltage is pro¬ 
portional to frequency. In addition, 
tests A and B show delays of about 0.1 
second for these relays to close their nor¬ 
mally closed contacts after being de- 
energized. Partial excitation remaining 
after the residual voltage passes the drop¬ 
out point would presumably delay drop¬ 
out further. The use of special residual 
voltage relays, with the drop-out voltage 
independent of frequency, will not only 
simplify determination of necessary time 
for motor undervoltage relays but will 
prevent unnecessarily long transfers with 
consequent prolonged system disturbance 
after transfer. (It is assumed that 
timing of the various induction-disk 
relays was increased because of frequency 
drop, since the torque for a given voltage 
is greater at lower frequency.) 

Caution should be used in selecting 
residual voltage relays. Experience has 
shown a tendency of plunger-type a-c 


relays in this service (as distinguished 
from clapper-type) to “hang up” after 
continuous energization at normal bus 
voltage, i.e., they have remained “picked 
up” when the voltage was reduced even 
to zero. 

It should be noted that the discussions 
of relay co-ordination were based on all 
relays responding to the same voltage. 
If single-phase relays are used, the usual 
case, they should all be connected across * 
the same phase as far as practicable, 
since a fault elsewhere on the system can 
cause asymmetrical voltages at the sub¬ 
station in question until the fault is 
cleared or the incoming circuit breaker at 
the substation trips on undervoltage. 

Fig. 5 illustrates the effect of motor- 
generator action on the decay rate of the 
residual voltage and consequent relay re¬ 
sponse. Test F was similar to test E, 
transferring only two 2,300-volt motors. 
Notice that the voltage did not drop to 
zero in test F because one motor suc¬ 
ceeded in reaccelerating; the other 
motor breaker was heard to trip just as 
the transfer was completed. As in test 
E, motor tripping resulted from relay 3 
timing out before relay 5 dropped out, 
because of the slow decay of the residual 
voltage. With the same tw'o motors run¬ 
ning at 2,400 volts, the load of the 440- 
volt motors in test G (until their starters 
ou-t) speeded decay enough so 
that relay 5 dropped out before relays 3 
operated, and both 2,300-volt motors re¬ 
accelerated , Some 440-volt motors failed 
to reaccelerate, however, indicating their 
TD relays dropped out as in tests C and 
D. Test H shows the rate of decay of a 
single 600-horsepower motor. Note the 
rapid drop in speed (frequency) causing 
rapid voltage decay. When this motor 
was transferred, in test J, with the same 
motors as in test G, voltage and frequency 
collapsed so fast that all motors reac¬ 
celerated. 

To assure reacceleration of all motors in 
the substation described in the foregoing, 
the 2-second bottles of the TD mercury 
relays were replaced with 4-second bottles 
and 2,300-volt motor undervoltage-relay 
times were increased to approximately 


4 V 2 seconds at zero voltage. In addition, 
the residual voltage relays 4 , 5 , 8 , and 9 
were replaced with relays having a con¬ 
stant dropout of 30 volts from 25 through 
60 cycles. After these changes, additional 
test transfers were made and all motors 
reaccelerated successfully. 

Conclusion 

In automatic transfers where motors 
reaccelerate, a simple means of limiting 
subtransient reaccelerating current is to 
delay transfer until the residual voltage 
drops to 25 per cent, and the following 
recommendations are made for applying 
relays: 

1. Motor undervoltage protection must 
be time-delay type. 

2. Motor undervoltage relays must have 
lower drop-out voltage and longer time at 
zero volts than undervoltage relays initiat¬ 
ing transfer. If other than induction-disk 
type time-delay relays are used for motor 
undervoltage, it is suggested that their 
operating time at zero voltage be made 
equal to or greater than the operating time 
of the induction-disk transfer-initiating 
relay at 50 per cent of normal operating 
(not pickup) voltage. 

3. The operating time of motor under¬ 
voltage relays at zero voltage should be at 
least 4 to 5 seconds, whether induction- 
disk type or not. 

4. Relays employed to determine when 
residual voltage reaches 25 per cent should 
have a drop-out voltage independent of 
frequency from about 25 to 60 cycles. 

5. To assure co-ordination, the transfer- 
initiating undervoltage relay, motor under¬ 
voltage relays, and residual voltage relay 
should all be connected across the same 
phase. 

References ^ 

1. Transfer of Steam-Electric Generating 
Station Auxiliary Busses, D. G. Lewis, W. D. 
Marsh. AIEE Transactions, vol. 74, pt. Ill, 
June 1955, pp. 322-34. 

2. Bus Transfer Tests on 2,300- Volt Station 
Auxiliary System, A. A. Johnson, H, A. Thomp¬ 
son. Ibid., vol. 69, pt. I, 1950, pp. 386-90. 

3. Discussion of reference 2 by F. W. Gay. Po. 
392-93. 

4. Transfer Tests on Station Auxiliary 
Busses, L. E. Backer, Paul Barth, R. A. Huse, 

D. W. Taylor. AIEE Transactions, vol. 74. pt. 
Ill, 1955 (^Paper 55-02). 


Discussion 

P. P, Brightman (General Electric Com¬ 
pany, Schenectady, N.Y.): Mr. Kelly's 
paper is an interesting and valuable ad¬ 
dition to our store of knowledge as to the 
manner in which both the frequency and 
the voltage of motors decay in the interval 
immediately following disconnection from 
the power source. 

The problem of how to prevent damage 


to the machine, or alternatively serious 
reduction of the supply voltage caused by 
overload when motors are re-energized 
following a power outage comes up re¬ 
peatedly: 

1. When motors are transferred from 
one power source to another to maintain 
continuity of process operation. 

2. When the power company has high¬ 
speed (15- to 20-cycle) reclosing on their 
supply lines to the industrial plant. 


The problem is a very real one because 
as much as 20 times normal shaft torques 
have been measured during tests to deter¬ 
mine the effect of re-energizing motors 
with high residual voltage out of phase with 
the power supply. Also, there have been 
reports from the field of cracked foundations 
and broken shafts resulting from the same 
cause. The term out-of-phase means suf¬ 
ficiently out of phase to make the re¬ 
sultant voltage. Fig. 1, appreciably greater 
than the source voltage. From a mechan- 
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ical-damage standpoint, induction motors 
over 200 or 300 horsepower and all syn^ 
chronous motors should be protected 
against out-of-phase re-energication with 
high residual voltage. Incideatally, it 
should be kept in mind that the machine 
may not show any signs of distress due to 
the excessive torques created by out-of¬ 
phase re-energization for several repetitions 
of the operation, even though it is being 
damaged and will eventually show it. 
From the standpoint of system voltage 
disturbance caused by the excessive current 
drawn, all sizes and voltages of motors 
should be prevented from being re-ener¬ 
gized out of phase with high residual 
voltage. 

It is theoretically possible to disconnect 
and then re-energize a motor before it has 
gotten far enough out of phase with the 
power supply to cause trouble because of 
the excessive current drawn resulting from 
the high resultant voltage created by the 
combination of the supply voltage and the 
motor residual voltage. Practically, it is 
exceedingly difficult if not impossible to do 
so in many cases, because the permissible 
outage time is less than the minimum 
possible reclosing or transfer time with 
existing breakers and relays. Granting 
this is true, it becomes necessary to prevent 
re-energization of the motors with sufficient 
out-of-phase residual voltage to make 
trouble. The scheme described in Mr. 
Kelly’s paper appears to be a very satisfac¬ 
tory solution of the problem as far as auto¬ 
matically transferred motors are con¬ 
cerned. It accomplishes the objective of 
keeping the machine and system out of 
trouble due to too much residual voltage on 
the motors when they are re-energized, and 
also insures that the motor-driven ma¬ 
chinery will be restored to service in the 
minimum safe time. 

I would like to re-emphasize Mr. Kelly’s 
statement that undervoltage relays used in 
such a scheme should be designed with the 
necessary characteristics to make them 
operate independ ently of frequency. Other¬ 
wise, they will not operate at the expected 
values of voltage. 

It is interesting to note from Mr. Kelly’s 
charts that the motors and their driven 
pumps, etc., did not slow down as much or 
as rapidly as might have been expected. 
This may be because the motors were 
driving pumps and the fluid flow in the 
system had sufficient inertia to help hold 
up the unit’s speed by driving the pump 
as an hydraulic turbine. 

Motors that are on circuits that will be 
re-energized because of high-speed re¬ 
closing of power company breakers should 
be protected by being disconnected from 
the line prior to its re-energization by high¬ 
speed (15 to 20 cycles) reclosing of circuit 
breakers. At present, the best means of 
obtaining the signal to disconnect the 
machine is from a high-speed underfre¬ 
quency relay. However, even these may 
not be fast enough in some cases. If this 
appers likely, a dead-line-check (under¬ 
voltage) relay can be used at the power 
company end of the line to prevent auto¬ 
matic reclosing of the power company 
breaker until the motor residual voltage 
has dropped to a safe value. This, of 
course, requires co-operation between the 
power company and the user. 


Mr. Kelly is to be commended for 
making this information available to the 
industry. More information on both phases 
of the subject is needed, and it is hoped that 
other people will follow his example. 

The following items of information, 
which I obtained from representatives of a 
power company in the Southwest may 
be of interest. 

In one case, an oil refinery customer with 
a 4,000- to 5,000-kw load (about 30-per-cent 
S5ntichronous motors) made some tests in 
conjunction with the power company to 
determine whether or not the plant could 
be disconnected and re-energized without 
shutting down the machines due to under¬ 
voltage caused by the excessive current 
drawn when the system was re-energized. 
The tests indicate that they could re¬ 
energize the system successfully and with 
no detected mechanical injuries to ma¬ 
chines. 

The same power company people said 
that immediate high-speed reclosing of 
power lines supplying large pipe-line motors 
was standard practice and no difficulties 
had been reported. In this particular 
case, it is possible that the inertia of the 
moving fluid in the pipe was sufficient to 
help maintain the speed of the motors by 
driving the pumps. If this surmise is 
true, it might be that the “motoring” 
effect was sufficient to keep the motors 
from getting far enough out of phase to be 
troublesome regardless of how high the 
residual voltage was. 

D. W. Taylor (Public Service Electric and 
Gas Company, Newark, • N. J.): It is 
interesting that more and more people are 
studying the problems connected with the 
transfer of load from one source to another. 
With more test data becoming available 
and more thought being given to the sub¬ 
ject, better solutions will result. 

Our experience has been entirely with 
the station auxiliaries used with large 
turbine generators. While the residual- 
voltage method of inaugurating the transfer 
was satisfactory in many cases, we were 
confronted with the necessity of reducing 
the time of transfer to 3/4th second or less 
in our latest installation and resorted to 
controlled angle reclosing at higher re¬ 
sidual voltages. This method is in satisfac¬ 
tory operation and can be applied where 
consistent bus motor loading is practical. 
However, Mr. Kelly points out that in¬ 
dustrial motor applications vary to the 
extent of exclusion of this practice for bus 
transfers. If necessary, although at ad¬ 
ditional cost, individual motors could be 
transferred by the controlled angle method. 

We have had the same difficulty with 
residual voltage relays as described by Mr. 
Kelly. Plunger-type a-c relays have failed 
to drop out even at zero voltage. They 
have been replaced by the clapper-type 
relays and these, in general, vary con¬ 
siderably on repeat operations. Relays 
set for 25-per-cent dropout resulted in 
operation at 10-, 16-, or 18-per-cent residual 
voltage. We have, therefore, set these 
relays at a higher value, namely, around 
35 per cent to accomplish a 25-per-cent 
reclosing. This, I believe, is because of an 
a-c dropout relay’s operation is inaccurate 
under about a 50-per-cent setting. We are 
now testing a d-c relay using rectifiers to 


convert the alternating current to direct 
current and hope to get more consistent 
results. 

In some installations it is not essential to 
have accuracy in the drop-out point of the 
residual voltage relay, as a zero dropout 
may be just as good as the 25-per-cent 
dropout. However, this increases the time 
of the throwover, and in several of our 
installations the time was critical and 
reasonable accuracy was desirable. 

We believe that the demands for con¬ 
tinuous power flow in connection with 
thermochemical and mechanical processes 
will increase and that the problem presented 
in this paper will be of general interest to a 
great many industries. We congratulate 
Mr. Kelly on his pursuit of this subject 
and his presentation of the problem. 

A. R. Kelly: Opinions differ on the risk 
incurred by transferring with no regard for 
residual voltage. Mr. Brightman reports 
broken shafts and foundations, and the 
discussion of reference 1 lists a winding 
failure. Yet, both Mr. Brightman and 
other discussers of reference 1 list installa¬ 
tions which successfully re-energize with 
neither intentional delay for residual 
voltage decay nor any provision for syn¬ 
chronizing. In any case, the risk of motor 
tripout is quite real. We first began using 
delayed transfer after one in which several 
motors tripped off on reaccelerating inrush 
current. Just recently a miscalibrated 
motor overcurrent relay was discovered 
after a transfer. The motor had previously 
been started a number of times with an 
instantaneous overcurrent setting of 140- 
per-cent locked rotor current; it tripped 
out on transfer, however, and the setting 
was then raised to the specified 180 per 
cent. 

Mr. Brightman points out that the same 
problems exist for industrial systems sup¬ 
plied from utility lines with reclosers. As 
Mr. Brightman implies, even starters with 
“instantaneous” undervoltage protection 
may be held in through a reclosure by the 
residual voltage of their motors, and 
artificial means are required to discormect 
them before reclosure. Mr. Brightman 
mentions high-speed underfrequency trip¬ 
ping. Since the slower induction-disk un¬ 
derfrequency relay is surely too slow for 
this purpose, the high-speed balance-arm 
type would be necessary. However, I 
believe a calibrated variable-frequency 
source is required for setting these high¬ 
speed relays, and, as Mr. Brightman points 
out, they may still be too slow. It appears 
that the utilities should take the responsi¬ 
bility for warning those customers with 
large motors if the system uses reclosers, 
unless they delay reclosure until voltage 
decays. 

Both Mr. Brightman and Mr. Taylor 
discussed the necessity of selecting residual 
voltage relays designed for the purpose. 
I can corroborate Mr. Taylor’s experience 
of drop-out voltage variation in a-c relays. 
Dropouts may vary by considerably more 
than can be explained by frequency change. 
We now use either of two relays, both d-c, 
fed from 3-phase rectifiers, which are 
offered as meeting the following specifica¬ 
tion: 

“Residual voltage relay, dropout adjust- 
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able from 30 to 46 volts, suitable for con¬ 
tinuous operation at 120 volts without 
tendency to stick in the energized position. 
For any dropout voltage setting: (1) 
dropout shall not vary more than 2 volts 
for frequencies between 25 and 60 cycles; 
(2) pickup shall not exceed 96 volts; (3) 
hot dropout (after continuous operation at 
120 volts) shall be within 4 volts of cold 
dropout (after, prolonged de-energdzation 


and then momentaary application of 120> 
volts); and (4) dropout voltage shall be 
independent of prior applied voltage or else 
the relay shall be prominently tagged 
'!Raise voltage to 115^ before calibrating 
dropout.* The relay shall be complete 
within a semi-flush mounting case. Elec- 
trolsrtic capacitors shall not be used. Nor¬ 
mally-closed contact circuit shall remain; 
closed with relay withdrawn.** 


These relays can be set easily and are 
simple in principle and construction. This 
is of prime unportance for industrial 
relays. Our newly standardized automatic 
transfer circuit, developed after experience 
with the many unsuspected misoperations 
possible with such circuits, is still rela¬ 
tively^ simple and uses no device more 
complicated than an induction-disk over¬ 
current relay. 
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Inverse z-Transformation to Obtain, 
a Continuous Response 


T he purpose of this paper is to extend 
the utility of certain synthesis tech¬ 
niques, which have proved useful in the 
design of continuous feedback systems, to 
the study of sampled-data systems. In 
recent publications,the s-transforma- 
tion has been utilized to advantage in 
simplifying the analysis of sampled-data 
systems. However, several useful tech¬ 
niques applicable to the design of con¬ 
tinuous-data systems have not been made 
available for the design of sampled-data 
systems. In this paper, by means of an 
extension of the concepts embodied in 
the z-transfonnation, the application to 
sampled-data systems of root-locus plots, 
asymptotic frequency plots, and Routh's 
criterion is shown to be feasible. Through 
the use of these techniques, a digital pro¬ 
gram giving the desired system compen¬ 
sation is readily synthesized. 

The use of the z-transformation permits 
the system response to be specified only 
at the sampling instants. Hence, to per¬ 
mit the application of the aforementioned 
design techniques, a linearized system 
response is defined which agrees with the 
actual system response at the sampling 
instants. In any specific problem it is 
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desirable to know how accurately the 
linearized system response defines the 
actual response. For this purpose, a 
simple relationship is derived for deter¬ 
mining the actual system response in any 
time region of interest. In the following 
the foregoing concepts are discussed and, 
for the purpose of clarification, these 
concepts are applied to a specific problem. 
A possible digital program is suggested as 
a means of compensation. 

Nomenclature 

Independent Variables 

^ = real variable 
transform variable 

w =transform variable =— u+jv 
z+1 

Functional Notation 

/(/)=time function 
F(5)=£/(/) ^ 

57'(/) = unit impulse train 

F*(z) for 

F*W^F*(g)forz-\±^ 

1—w 

System Parameters 

Kj, = velocity constant 
r = time constant 

dimensionless velocity constant 
T =sampling period 

WQ =: « sampling frequency 

T 

a- — «dimensionless sampling period 

T 

Terms Used to Chara.cterize System 
Stability 

decrement factor 
damped natural frequency 


The primary purpose of this section is 
to develop a process of real inversion for 
the 2-transformation that will yield a 
continuous response agreeing with the 
actual system response at the sampling 
instants. It will be shown that the de¬ 
sign of sampled-data systems can be ac¬ 
complished in terms of the location of the 
poles of the response function in the 2 - 
plane in a manner analogous to that used 
in the design of continuous systems. Al¬ 
though the continuous response so ob¬ 
tained is only exact at the sampling in¬ 
stants, it will be demonstrated later that 
it may be used to characterize the actual 
system response by a relatively simple 
analytical technique. The basic concepts 
of the 2-transfonn method of analyzing 
sampled-data systems, as presented by 
Ragazzini and Zadeh,^ will be repeated 
here to clarify the concept of a real inver¬ 
sion to yield a continuous response. The 
2 -transfonn technique will be developed 
for the system shown in Fig. 1, which is 
an open-ended linear system receiving 
pulsed data. The notation used is in 
agreement with recent publications^ and 
is listed in the Nomenclature. 

The sampling process is represented by 
a switch which closes momentarily every 
T seconds. The time during which the 
switch is closed is assumed to be short 
compared to the sampling period. Thus, 
the output of the sampler at any sampling 
instant is a finite pulse whose magnitude 
is equal to the input at the sampling in¬ 
stant t^nT. If the time during which 
the switch is closed is short compared to 
the time constants of the system receiving 
the sampled data, the finite pulses may 
be replaced by impulses whose magni¬ 
tudes equal the amplitudes of the sampled 
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RCO ^ R*OD 


S-PLANE 



H(s) 


data at the sampling instants. Thus, the 
output of the sampler can be simulated as 
a unit-impulse train, amplitude-modu¬ 
lated by the magnitude of the sampled 
signal. The unit-impulse train may be 
represented as 
«> 

«r(/)«=X^ 8(<-nr) (1) 

«=:0 

which allows the output of the sampler to 
be written as 

ra SS 00 

r*(0=K0[8i'(0] = X) (2) 

n = 0 

The Laplace transform of r*{t) may be 
obtained by transforming the infinite 
summation in equation 2, term by term, 
by the use of real translation.* This 
process gives 

n 00 

(3) 

n = 0 

Equation 3 illustrates the well-known 
fact that R^{s) may be expressed as a 
power series in 6“^® where the coefficient 
of is the value of r(t) at t=^nT. 

R^{s) may be obtained in an alternate 
form. Since hrit) is a periodic function 
it may be expanded in a Fourier series in 
exponential form as 

n = 00 

n« — 00 

where wo-27r/r is the sampling fre¬ 
quency. Therefore, r*(/) may be written 
as 

n =s 00 

n=s — CO 

The infinite summation in equation 5 
may be transformed, term by term, by 
the use of complex translation* to yield 

n= 00 

( 6 ) 

nss ~00 

From equation 6 it is apparent that 
R*{s) is periodic in 5 with period jwo. 
This periodicity may be stated mathe¬ 
matically as 

(*7) 

wffiere m is any integer, positive or nega¬ 
tive. It should be emphasized at this 


cc^ 

-T-► 

I 

i C*CO 

Fig. 1 (above). 

Pulsed linear system 


Fig 2 (right). Sym¬ 
metrical distribution 
of strips in the s- 
plane due to perio¬ 
dicity of C’^(s) 

time that r*(0 is not a true simulation of 
the output of the sampler and that the 
transfer function of the components fol¬ 
lowing the sampling process should be 
assigned on the basis that they axe re¬ 
ceiving impulses containing only the 
amplitude of the sampled signal. 

With reference to Fig. 1, the Laplace 
transform of the response may be written 
as 

C{s)^R\s)E{s) (8) 

If the response c{t) is sampled in unison 
with r(0, then an expression for C*{s) is 
obtained which is a rational fraction in 
This property will be demonstrated 
when the ^-transformation is introduced. 
Since C^{s) may be obtained as a rational 
fraction, the advantage of considering 
the response to be sampled is apparent. 

From equations 6 and 8 it is seen that 
C*( 5 ) may be written as 

n = 00 

S (9) 

n = — 00 

Since = equation 9 

becomes 

n SB 00 

C*(5)= ^^ - ^ ^ jJ(^-hjncjo) (10) 

n= —00 

which by reference to equation 6 may 
be written as 

C*{s)-^R\s){H^{s)] (11) 

Equation 11 represents one of the basic 
theorems of the algebra of pulsed linear 
systems and will be referred to in the fol¬ 
lowing section where its application to 
pulsed systems emplo 3 dng feedback is dis¬ 


cussed. Since both i?*(5) and are 

periodic functions of s with period ja>o, 
C*{s) also has a period jo)©. Thus the 
poles and zeros of are periodic in 

distribution throughout the x-plane. Fig. 

2 shows the x-plane divided into strips 
parallel to the real axis and wo in width. 
The first strip was chosen symmetrical 
with respect to the real axis to obtain a 
S3mimetrical distribution of poles and 
zeros in that strip. It must be kept in 
mind that C*( 5 ) defines the response only 
at the sampling instants and, therefore, 
the real inversion may be considered to 
be any time function which yields the cor¬ 
rect response at the sampling instants. 

At this point the z-transformation will 
be introduced as a change of the in¬ 
dependent variable given by As 

is well known,^ the utility of this trans¬ 
formation is that the sampled response 
may be placed in closed form as a ratio 
of polynomials in z. Therefore C*(z) 
contains only a finite number of poles in 
z, while C*{s) has a nonfinite number of 
poles because of its periodicity. 

With reference to Fig. 1, C*{s) is 
equivalent to C*[(l/F) In z] which will 
be referred to as C*(z) for notational con¬ 
venience. This equivalence may be 
stated in equation form as 

C*(z)-C*(5) (12) 

. where When the solution is ef¬ 

fected in the z-domain, it is convenient to 
use' the real inversion integral® expressed 
as a contour integral in the z-plane. This 
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yO*(^ 

I 



Fig 3. Basic feed- The elimination of £*(s) from equations 

back system 17 and 18 yields 




0*M 

1+G*(z) 


(19) 


It should be noted that although the 
foregoing expression for €*( 2 ) is readily 
obtained, in more complex systems it is 
necessary to resort to special techniques 
to solve for the desired quantity. In Ap¬ 
pendix II, the algebra is shown pertaining 
to a sufficiently complicated system to 
illustrate the general method of attack. 


integral is derived in Appendix I and the 
result is 

C*(z)^”^-'dz (13) 

where the contour T encloses all the sin¬ 
gularities of the integrand. 

It should be noted that in equation 13 
the response is not readily specified in 
terms of a damping ratio f and natural 
frequency The advantages in using 
i* and 03n as time-domain specifications 
are well known for linear continuous sys¬ 
tems and have served as simple relation¬ 
ships between the time and complex- 
frequency domains. Equation 13 may 
be written as 


(14) 

If mT is replaced by t in the solution 
of equation 14, a continuous response is 
obtained which will agree with the 
sampled response at the sampling in¬ 
stants. The continuous response so 
obtained will be called the linearized 
system response ci(/), where Ci{t)^c{mT) 
for t=mT. If --7r<arg t, the linear¬ 
ized system response will be defined by 
the poles of C*(s) in the first strip in the 
5>-plane, since 5=(l/r)ln2. Thus the 
linearized system response may be charac¬ 
terized by the damping ratio and natural 
frequency of the dominant poles of C*{s) 
in the first strip in the ^-plane. The use 
of this response to characterize the actual 
system response at other than the 
sampling instants will be discussed in 
detail in a subsequent section. 

AppUcation of z-Transforms to 
Closed-Loop Systems 

The material in the preceding section 
has set forth the mathematical concepts 
which serve to characterize the sampled- 
data signal. Up to this point, no mention 
has been made of closed-loop systems in 
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which the sampling process takes place 
within the loop. Since the remainder of 
this paper will be concerned with the de¬ 
velopment of techniques w’hich are useful 
in studying the stability of closed-loop 
sampled-data systems, it will be helpful to 
define a basic feedback system as shown in 
Fig. 3. Because the z-transformation im¬ 
plies the physical process of sampling, the 
desired quantity C*(z) has been shown to 
be derived from the continuous output by 
a sampling process. 

The equations defining the block dia¬ 
gram in Fig. 3 are given by 

C(s)^G(s)E*is) ( 15 ) 

R(s)-C(s)^E{s) (16) 

To obtain C*(s) and, hence, C*(z), use 
is made of the theorem stated by equation 
11. This gives 

C*(s )« [C?(5)E*(j)] ( 17 ) 

Similarly 

R\s)-C*(s)^E*{s) (18) 

Jtt> 


Root Loci in the z-Plane 

Application of root-locus techniques to 
sampled-data systems serves a unique pur¬ 
pose in the sense that, in addition to focus¬ 
ing attention on the effect of gain varia¬ 
tions upon the system dynamics, it fur¬ 
ther serves to emphasize the effect of 
variations in sampling period upon the 
dynamic response. In this section the 
means by which root-locus techniques can 
be applied to sampled-data systems will 
be discussed. The procedures by which 
the locus of the roots can be derived will 
be seen to be identical in principle to the 
case of continuous systems and will not be 
considered herein. However, certain fea¬ 
tures of the root-locus plots peculiar to 
sampled-data systems are deserving of 
comment and these will be discussed w'ith 
reference to an example in a subsequent 
section. 

With reference to Fig. 3, the response 
ratio is given in terms of the z-transform 
variable as 
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the open-loop frequency plot directly 
from the closed-form expression of G*(s) 
by plotting the G*{z) locus for |s| = 1, cor¬ 
responding to s=jco. Neither of the fore¬ 
going methods can utilize the asymptotic 
plotting techniques which so greatly sim¬ 
plify the construction of the frequency- 
response characteristics. 

Consider a change of independent varia¬ 
ble given bys==(l+w)/(l—w). The use of 
such a bilinear transformation preserves 
G*(w) as a ratio of polynomials. How¬ 
ever, the unit circle in the s-plane corre¬ 
sponding to s —joj transforms into the en¬ 
tire imaginary axis in the plane, as 
shown in Fig. 6. Thus the open-loop 
frequency locus may be constructed for 
G*(w) by letting w=jv. The equiva¬ 
lence of the loci obtained by all three 
methods is shown in equation form where 
by definition 

G*(z)^G*(w)=^G*is) 

where 


( 20 ) 

R*(z) 1+G*(a) 

Since G*(z) is the quotient of two poly¬ 
nomials in z with an associated gain fac¬ 
tor, it follows directly that, for a given 
sampling period, the zeros of l+G*(z) as 
a function of the gain factor can be deter¬ 
mined by finding the values of z which 
make G*(z) = -“1. For the purposes of 
design procedure, it is convenient to con¬ 
sider only the poles of C*(^) within the 
first strip as characterizing the so-called 
linearized system response Ci(t). Fig. 4 
show^s the conformal mapping of the first 
strip in the 5 -plane into the unit circle in 
the z-plane. 

By transforming contours of constant f 
(damping ratio), constant <r (decrement 
factor), and constant oj (damped natural 
frequency) from the 5-plane into the z- 
plane, the system performance as related 
to Ci{t) can be determined directly by in¬ 
spection of poles in the z-plane. The 
graph in Fig. 5 illustrates the significant 
features of such a plot, with the associated 
defining equations for cr, and w. 

Application of the root-locus method to 
the design of a more complex system than 
represented in Fig. 3 will be illustrated in 
a subsequent section. 

Application of Conventional 
Techniques Through the Use of 

a Bilinear Transformation 

With reference to Fig. 3, it was demon¬ 
strated that the closed-loop transfer ratio 
in terms of the values of the signals at the 
sampling instants may be written as 


C*(s) G*(s) 


( 22 ) 


R*is) 1+G%s) 


( 21 ) 


Thus by plotting G*(5), for s=jo3, a 
closed-loop frequency response may be ob¬ 
tained from which system stability may 
be determined. Two methods have been 
developed^'^ from which G^ijcS) may be 
plotted. LinviU^ plots the G’^ija) locus 
by letting s = jw in the infinite summation 
for G*(s). Thus the number of significant 
terms in the summation is dependent on 
the filter characteristics of any specific 


1—w 

A few of the immediately apparent ad¬ 
vantages to be gained by making the w- 
transformation are as follows: 

1. Use of asymptotic plotting techniques 
to obtain a frequency response from which 
relative stability may be predicted by use 
of the Nichols chart. 

2. Design of digital compensation in terms 
of lead and lag networks in the w-plane. 

3. Application of Routh’s criterion to 



Fig. 6. Conformal mapping according to the relationship w^z-1 /i+1 
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determine absolute stability of sampled- 
aata control systems. 


Each of the foregoing statements will 
be clarified in a later section by applica¬ 
tion of the w;-transfomiation to a specific 
example. An abbreviated listing of w- 
transforms is shown in Table I. 


Study of More Complex Systems 

In the previous sections pertaining to 
root-locus and frequency-locus plots, ref¬ 
erence was made to the basic system 
shown in Fig. 1. As in stability studies of 
continuous systems, both of the afore¬ 
mentioned techniques may be used to ad¬ 
vantage in stability studies of more com¬ 
plex systems involving sampled data. 
To clarify this point, it is simply necessary 
to recognize that the loop stability is 
specified by the zeros of the characteristic 
equation, namely (1-f-loop transmission). 
As is customary in the study of con¬ 
tinuous systems, stability can be specified 
in terms of a damping ratio f or in terms 
of the magnitude of the resonant peak in 
the closed-loop frequency response {Mj, 
criterion), where it is tacitly assumed 
that the loop stability is characterized 
by a dominant pair of quadratic roots. 
By the use of the linearized system re¬ 
sponse, the foregoing concepts may be 
applied to more complex sampled-data 
systems. 

The possibility exists of introducing a 
pole in the closed-loop transfer function 
which is not specified by the zeros of 
(1+loop transmission). This situation 
is a special case which can arise in more 
complex continuous- or sampled-data 
systems. As a simple illustration, con¬ 
sider the closed-loop transfer function 
given by 

C G 
R 1+GH 

To apply the Mj, criterion by use of the 
Nichols chart, it is necessary to rewrite 
equation 23 in the form 


given by l/ZZ-[G/r/(l+GJ3)]. Similarly, 
when using root-locus techniques in 
evaluating the system dynamics, the poles 
of C/R that result from the 1/H factor 
must also be considered when such perfect 
cancellation occurs. 

Though experience may well justify the 
application of these concepts to a specific 
system study, it is wise to be aware of the 
possible sources of error. One source of 
error is caused by the approximation in 
assuming the complex system response 
to be characterized by a dominant quad¬ 
ratic mode. This assumption is by direct 
analogy related to the restraints imposed 
upon continuous systems which are well 
known in the field of automatic control 
and, as such, will not be considered further 
here. The second source of error is 
caused by the inexactness in representing 
the actual system response by a linearized 
system response. Since a method of 
evaluating this source of error is im¬ 
portant in any system study, whether 
simple or complex, the following section 
will be concerned with a general method 
for evaluating the degree of accuracy ob¬ 
tained. 

Exact Response Between Sampling 
Instants 

A relatively simple analytical tech¬ 
nique is outlined that will allow the 
evaluation of the exact system response 
during any sampling period. It is to be 
pointed out, however, that such a tech- 
nique will not lend itself readily to syn- 
tdiesis procedures but will merely serve to 
indicate the validity of the use of the 
linearized system response to charac¬ 
terize the actual system response between 
sampling instants and thus allow root- 
locus and frequency-response techniques 
to be used in the S 3 mthesis of sampled- 
data control systems. 

With reference to Fig. 3, it is seen that 
the Laplace transform of the actual sys¬ 


tem response may be written as 

C{s) = E%s)G{s) ( 25 ) 

from which c{t) may be obtained by the 
process of real convolution as 

^*MsO-r)dr (26) 

where i(t) Equation 26 may 

be written as 

W = 00 

»=*0 

»r)gO-T)ir]} (27) 
which in turn may be expressed as 

»*=0 

for mT^t^(m+l)T, 

With reference to equation 28, r(nT) 
is immediately available from the form of 
the excitation function and cCnT) may 
be determined by the use of z-transforms. 
Thus, c(t) may be determined during any 
sampling period by effecting the finite 
summation represented in equation 28, 
It should be pointed out that in practice 
c(t) only needs to be calculated for a 
relatively few sampling periods to deter¬ 
mine how accurately the linearized system 
response characterizes the actual system 
response between sampling instants. For 
instance, if peak overshoot in step-func¬ 
tion response is used as a criterion for sta¬ 
bility, the actual system response need 
be calculated only during one sampling 
period as will be demonstrated in the fol¬ 
lowing section with respect to a specific^ 
example. 

Example 

The techniques developed in the pre¬ 
ceding sections will now be demonstrated 
with respect to a specific example. The 
block diagram shown in Fig. 7 represents 
the system to be used for illustrative pur- 


C^l GH 
R H l+GH 

Normally, the poles of C/R will be 
given by the zeros of l+GH. However, 
if a zero of H is identical to a pole of G, a 
perfect cancellation in the numerator of 
equation 24 will occur and a correspond¬ 
ing pole will appear in C/R because of 
the factor of 1/H. Therefore, although 
the Mp criterion can be used to specify 
rile loop stability by referring to GH/ 
(l+GH)t the Mp criterion can be relied 
upon to specify the transient response of 
the system only by referring to the exact 
expression for the frequency response 



Fig. 7. System used as an illustrative example 
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poses. With reference to Fig. 7, Gi{s) 
and € 2 ( 5 ) represent the conventional 
linear transfer functions of the con¬ 
tinuous portions of the system where G^is) 
includes a zero-order hold circuit. D*{z) 
represents a linear digital program that 
will be used as a means of compensation. 

The blodc diagram algebra associated 
with this system is developed in Ap¬ 
pendix II where it is shown that the 2 - 
transform of the response function may 
be written as 


RGi*(z)G2*{z)D*(z) 
' l^GiG2*(z)D*(z) 


(29) 


where Giy G^ and D are defined in Fig. 7. 

For the case where r(t)—U{t)y C\z) 
may be written in dimensionless form as 


C\z) = 




i+A' 








) = 


D*{z) ( 30 ) 


where 


ol^TIt 

Ku^Ktr 


The system shown in Fig. 7 will now be 
analyzed by the root-locus and frequency- 
response techniques so that a desirable 
system stability may be selected. A 
simple digital program will be synthesized 
to typify a method of compensation. ^ 


Root Locus Study of Uncompensated 
System 

Having derived the expression for the 
response C*( 2 ), the root-locus plot in the 
z-plane can be derived directly by plotting 
the zeros of the characteristic equation 
1 + G\G^{^z) since for the uncompen¬ 
sated system these zeros alone character¬ 
ize the transient response. It is of interest 
to plot the root loci in the conventional 
manner where the system gain is the in¬ 
dependent variable, and the dimensionless 
sampling period a is a fixed parameter. 

As is well known, the zeros and poles 
of are the terminal points of 

the closed-loop roots. For the system 
under consideration, G\G^{^z) is given 
by 

gjg 2 \ z ) * (a -1+€-«)X 

( 31 ) 

\ (^~1)(2~.-) / 

' It can be shown that in the foregoing 
expression, the zero of GiG^^iz) falls 
between 0 and —1 for 0<a<«>. The 
root loci plotted in Fig. 8 for a = l are 


seen to originate as two positive real 
roots becoming complex conjugates, and 
ultimately turning into a pair of negative 
real roots. It is of interest to note that 
the locus of the complex roots describes 
a circle with a center at the zero of 
GiG2*(z). 

The root loci as plotted in Fig. 8 char¬ 
acterize the linearized system response 
as a function of Ku for a given a. For 
any given dimensionless sampling period, 
the gain can be determined which gives 
rise to a desired damping ratio for the 
oscillatory roots. In this example, for 
a=l, a value of A^m = 0.63 results in a 
damping ratio f=0.4 as shown. The 
damped natural frequency of the roots 
so obtained is seen to be o)= (0.22)(ajo/2). 
Hence the optimum bandwidth of the 
system, namely wo/2, has not been realized 


and compensation is required if the speed 
of response is to be improved. 

In the following, the foregoing results 
will be correlated with those obtained by 
application of conventional asymptotic- 
frequency plotting techniques, and a digi¬ 
tal program will be S 3 mthesized as a possi¬ 
ble means of compensation. 

Application of Frequency Response 
Techniques 

By the use of the transformation 2 = 
(l+w)/(l—w)f it has been shown that 
the real-frequency plot of G*(jc»)) = G*(jv), 
where a>=(2/r)(tan"‘^t/), can be obtained 
by the use of standard as 3 rmptotic plotting 

I 

Z-PLANE 


Fi's. 8 (right). Root- 
locus plot of uncom¬ 
pensated system force»1 


Fig. 9 (below). At¬ 
tenuation and phase 
plot for uncompensated 
and compensated sys¬ 
tems 


oc- 1.0 



DIMENSIONLESS FREQUENCY V 
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techniques. Using this transfonnation, 
and letting a = l, equation 31 yields 


UiU,*(«;) = 


2 w(l+w/0.46) 


(32) 


ing D^{z), and hence D^{z ^). From 
equation 33 


= 0.1041 


/ l>-0.9l2-^ \ 

\1-0.992-V 


(34) 


The log-modulus frequency plot of 
equation 32 for w=jv is shown in Fig. 9. 
Note that the foregoing transfer function 
is nonminimujn phase in w, though this 
offers no serious obstacle to the plotting 
technique. Application of the 45-degree 
phase-margin criterion for stability yields 
a gain of irtt=0.63, consistent with that 
obtained previously from the root-locus 
plot. This in turn is found to result in 
an Mj,=2.5 decibels, and a bandwidth 

0)771,= (0.186) (^o/2). 

It is now of interest to consider possible 
means of compensation by synthesizing a 
digital program D*(w), as shown in Fig. 7. 
Since the digital program is in itself a dis¬ 
crete filter, it is permissible to write the 
compensated loop-transfer function as 
GiG 2 *(w) D*(w), It should be noted 
that, if D*(w) has no poles in the right- 
half plane or on the jv axis, it will corre¬ 
spond to a stable computer program since 
| 2|<1 maps into the left-half zez-plane. 

For the purposes of illustration a lag 
network is employed as a means of com¬ 
pensation to realize an improvement in 
system gain. A conventional passive 
lag network in w results in 


1 + 


D*(w)-- 


0.046 


1 + 


w 


0.0046 


(33) 


The compensated asymptotic frequency 
locus is plotted in Fig. 9. For the same 
value of phase margin as used previously, 
the system gain has now been increased by 
17 decibels, with no appreciable change 
in bandwidth. Lead-network compensa¬ 
tion could be employed in a similar man¬ 
ner to increase the bandwidth if this were 
desirable. 

The actual computer program repre¬ 
senting D*(w) is made apparent by deriv¬ 


Equation 34 represents a linear computer 
program requiring a storage for one sam¬ 
pling period of each input and output 
sample. 

Results of Root-Locus and 
Frequency-Response Techniques 
Correlated by Means of a Transient 
Analysis 

In order to validate the results of 
the root-locus and frequency-response 
techniques, the step-function response of 
the uncompensated system will be com¬ 
puted by means of a 2 -transform analysis. 
For the uncompensated system in which 
D*( 2 ) = 1, Ku=^0M, and a=1.0, C*iz) 
as given by equation 30 can be written 
as 


^ ^ “0’-2.136z2+1.671z-O.536 

As is well known^ if C*(z) is expanded 
as a power series in 2 “"^, the coefficient of 
the 2 "” term wiU equal c(nT). Since 
C*(z) is a ratio of rational polynomials, 
the power series is most easily obtained 
by the simple process of long division, 
resulting in 

C*(2)=0.3982-2-1-0.8482“*+1.1452-^-1- 

1.2332-*+.. . 


The response between sampling instants 
may be obtained for this system by 
merely connecting the values at the 
sampling instants by straight lines since 
the output of the clamper goes through a 
process of integration to produce the 
actual system response. The corre¬ 
sponding linearized system response was 
calculated for this case and may be 
written as 

c,(t) = 1 - 1.37«-«-5»‘/’’sin(o.681 ^+0.816^ 


(36) 



Conclusions 

A method of real inversion for the 2 - 
transfoimation has been developed to 
3 deld a linearized system response that 
agrees with the actual system response at 
the sampling instants. The response so 
chosen can be related to the poles of the 
2 -transform of the response function in a 
manner analogous to that for continuous 
systems. A technique is outlined which 
allows a ready evaluation of the validity 
of the use of such a response to charac¬ 
terize the actual system response between 
sampling instants. The application of 
root-locus techniques to the design of 
sampled-data systems is developed where 
the system stability is selected in terms 
of the damping ratio of the dominant 
closed-loop poles that typify the linearized 
system response. 

A bilinear ze;-transfonnation is intro¬ 
duced which allows the application of 
Routh’s criterion to sampled-data sys¬ 
tems and also permits the use of asymp¬ 
totic plotting techniques to simplify the 
construction of the closed-loop frequency 
locus by use of the Nichols chart. The 
synthesis of digital computer programs to 
compensate and improve system perform¬ 
ance is easily effected in terms of the de¬ 
sired shaping of the asymptotic frequency 
locus. Thus the procedures for com¬ 
pensating sampled-data systems are 
placed on a par with the synthesis of ana¬ 
logue compensation for continuous sys¬ 
tems. 

A specific sampled-data system is ana¬ 
lyzed for a dimensionless sampling period, 
and a dimensionless velocity constant is 
specified for a desired degree of stability 
as determined by root-locus and fre¬ 
quency-response techniques. A linear 
digital-computer program is synthesized 
to allow an increase in system gain with 
no appreciable change in system stability. 
The foregoing system study is introduced 
for the purpose of illustration, and should 
serve as a guide to the designer when uti¬ 
lizing the techniques outlined in this 
paper. 


Appendix I. Derivation of 
Inversion Integral 

If C(s) is the Laplace transform of c(t), 
then the value of c(t) at the sampling 
instants t — mT may be obtained from the 
inversion integral as follows 

1 /•o-O+joo 

c(mr)=-^. asy^^^ds (37) 

(TO-jOi 

When the range of integration is broken 
up into intervals of length wo» where 
2 %, the following result is obtained 
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Table I. Abbreviated Table of Laplace, z, and w-Transforms 


c{m T) 


j ^ /'<ni+(n+D"i)y 

2'irj Am, J J <ro+(n — 


C^sy^'^ds 


( 38 ) 


With s replaced by 5+i«wa 


becomes 

;«o 


c{sy”^^ds 


^ar(i+- 

I i 

«/ <ro- 




( 39 ) 


From equations 38 and 39 there results 

71 = 00 




c{mT) = 

n= —w 2 

Using the standard notation 


re — w 

c*w=i/r;^ C(i+i«<oo) 


n*= —« 

this becomes 


c{mT) 


=ii r ^ 




( 40 ) 


As has been pointed out before, C*(j) is 
a rational fraction in in the problems 
under discussion. Hence the transforma¬ 
tion = for — «o/2<w<<oo/2 gives 

<^i^'T) = -^.^^C*{z)z”^-^dz ( 41 ) 

where T is a circle of radius with the 
center at the origin, and C*(s) is a rational 
fraction in z. 

This transformation maps the semi¬ 
infinite strip ~ajc/2<6j<ojo/2 into the 
region |«|< Since there are no 

singularities in C*is) on or to the right of 
<r —(TO, all singularities of C*{z) lie inside 
the circle ls;|=€<^^. Therefore the path 
of integration in equation 41 may be any 
closed contour enclosing all the singular 
points of C’^(s) when m>\. 


Appendix II. Illustration of the 
General Method for Solving for 
C(s) and C*(s) 


In the more complicated systems it is 
not always obvious how to solve for the 
response or its s-transform. The general 
method for doing this is illustrated in the 
following. 

Consider the system represented in 
Fig. 7 for which 

C = [(Cii?) * - (Gi C) *] (42) 

To solve for C or C*, it is necessary to 
eliminate {GxCy from equation 42. To do 
this, multiply both sides of equation 42 by 
Gi and take the 2 -transform of both sides. 
This procedure gives 

( 43 ) 


m 

F(s) 

F*( 2 ) 

F*(w) 

Kt-nT) . 

£ -nTs 

. 3 -». 





Kl+w) 

U{t) . 

1 

Z 

1+w 


5 

2—1 

2w 

t . 


Tz 

T(1 -w 2 ) 



(,-!)» 

4 w 2 

. 

1 

z 

1 •/ 1+w \ 

.j-|-6 

.. 



b 

2 sin bT 

tan ~ (1 —w*) 



2* —2(cos bT)z-\-\ 

2^tan2 

cos hi 

s 

2(2 —cos bT) 

(l-|-w)^tan2 


.^24-62. 

— (2 cos 5r)s-l-1 

2^tan2y-)-w2^ 

e . 

. F(s-{-b). 






\ 1-I-1W tanh ^ 1 

Kt-nT) . 

.. 

.2 -«F*(z) .. 

. 

Elimination of {GiC)* from equations 42 two greater than the degree of the numer- 


and 43 gives 


ator. 


{GiR)*D‘^G^z 


References 


and hence 

(.GxR)*D*G i* 

l+D\GiG^)* 


( 45 ) 


Appendix III. Initial- and Final- 
Value Theorems and Inversion 
Integral in w 


The following theorems are easily ob¬ 
tained from the corresponding theorems 
in z: 

1. Initial value theorem 


1. The Analysis op Sampled Data Systems, 
J. R. Ragazzini, L. A. Zadeh. AIEE Transactions, 
vol. 71, pt. II, 1952, pp. 226-32. 

2. Transients in Linear Systems, Volume I. 
M. F. Gardner, J. D. Barnes. John Wiley & 
Sons, Inc., New York, N. Y., 1942, Lumped- 
Constant Systems. 

3. A General Theory of Sampling Servo- 
Systems, D. F. Lawden. Proceedings^ Institution 
of Electrical Engineers, London, England, vol. 98. 
pt. IV, Oct. 1951, pp. 31-36. 

4. Samplbd-Data Control Systems Studies 
Through Comparison of Sampling With Ampli¬ 
tude Modulation, W. K. Linvill. AIEE Trans¬ 
actions, vol. 70, pt. II, 1951, pp. 1779-8j2. 

5. Samplbd-Data Processing Techniques for 
Feedback Control Systems, A. R. Bergen, J. R. 
Ragazzini. AIEE Transactions, vol. 73, pt. 11, 
Nov. 1954, pp. 236-47. 


c(0)= lim C*{w) 


2. Final value theorem 

lim c{mT)— lim [2«;C*(w)] 
m—► oo 

if all poles of C*{w) are in the left-half plane. 

3. Inversion integral 

where for <ro7^0, T is the circle 

described in the clockwise direction when 
<ro>0 and counterclockwise when <ro<0. 
When <ro = 0, the path will be the imaginary 
axis from —j <» to j <». This path may be 
closed either to the left or to the right 
when the integrand is a rational fraction 
in w with the degree of the denominator 


| (w+l) 

,(w-l) 


Discussion 

Eliahu I. Jury (University of California, 
Berkeley, Calif.); This paper adds con¬ 
siderable information to the s-transform 
method and its application for synthesis of 
sampled-data control systems. The use of 
the linearized-system response mentioned 
in this paper for design at the sampling in¬ 
stances is very useful and informative. 
However, the use of this method for syn¬ 
thesis between sampling instants seems to 
have certain pitfalls, for one has to check, 
using equation 28, to find the discrepancy be¬ 
tween the final results and the original as¬ 
sumptions on the overshoot and peak time. 
This procedure requires the evaluation of 
the quantities in equation 28, which will 
complicate the design procedures. Further¬ 
more, even at the sampling instants the de¬ 
sign information obtained from this method 
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SAMPLER 


Z- PLANE 



Fig. 11. Sampled-data control system with a 
fictitious delay to obtain response between 
sampling instants 


is not exact, for it is not always that the 
peak overshoot and peak time coincide with 
the sampling instants; indeed, in most 
cases they do not. 

In recent years, few articles have been 
published in which the s-transform method 
has been modified to yield information be¬ 
tween sampling instants^"^, but none has 
discussed any synthesis method utilizing 
these procedures for the actual design of 
sampled-data control systems. Extending 
the method described in reference 4, one can 
obtain a design procedure which utilizes the 
extended-z-transform method. To obtain 
the actual response of a sampled-data con¬ 
trol system one may include a fictitious de¬ 
lay in the forward path and a negative one 
in the feedback path as shown in Fig. 11. 
The output-input z-transform is given^ as: 

C*(z,m) ^ G%z,m) 

R*(z) 1+G*(2) 

where m = 1—S, 5 is the delay. 

If equation 46 is compared with the sys¬ 
tem without the delay as seen in equation 
19, then one can deduce the following ob¬ 
servations: 

1. The poles of are the same as 

the poles of C*(z) in equation 19. 

2. The zeros of C*(z,m) in number and 
location, are different than the zeros of 
C*izl 

The fact that only the zeros of C*(z,m) are 
different than the coiresponding zeros in 
equation 19 facilitates considerably the de¬ 
sign procedures using the z-transform 
method. 

To obtain the actual response C(«,w)r, 
the following contour integral can be used: 

(47) 

where A is a path of integration in the z- 
plane that includes all the poles of the inte¬ 
gral in equation 47. This integral can be 
easily evaluated using tables® for m is con¬ 
stant in the integration, and to cover the 
whole response m continually varies from 
zero to unity, and when m equals unity, one 
obtains C(jiT), the response at the sam¬ 
pling instants. In conclusion, one can notice 
that the design procedures for a second- 
order system, using the mentioned modified 
z-transform, can be readily effected. For a 
higher order system when dominance holds, 
the design criterion as to overshoot and 
peak-time can be easily obtained by vary¬ 
ing m from zero to unity to find the most 
severe condition on these response quanti¬ 
ties. 

The application of this analysis to the 
root-locus method mentioned in the paper 



will yield a constant overshoot, Mp, curve 
which can be used as a design criterion for 
the second-order system mentioned in this 
paper. This overshoot is for the actual 
response between sampling instants, and it 
is seen to differ from the linearized response. 
This constant overshoot curve still be 
used for a higher order system when domi¬ 
nance holds, and it can be shown® that the 
efpoles of other poles and zeros, besides the 
dominant pair, on this overshoot can be 
easily determined. The constant f curve 
plotted in Fig. 8, yields only the complex 
roots of 1 -|“6!*(z) for the linearized response. 
However, for the system to have the same 
constant overshoot, the roots can also lie on 
the negative real axis as seen from Fig. 12. 
This part of the locus seems not to appear 
in the linearized-response method of this 
paper. 

The bilinear transformation is a useful 
tool in, the frequency domain design, as 
indicated clearly in the paper, especially 
when digital compensation is used. How¬ 
ever, if linear network compensation is 
utilized, the value of the transformation 
diminishes considerably. Furthermore, this 
bilinear transformation can be extended to 
cover the response between sampling in¬ 
stances as well, using the afore-irientioned 
modified z-transforra. 

As a point of interest, it can be noted 
that the method of obtaining the actual re¬ 
sponse from the linearized response is the 
same as the impulsive response approach 
indicated in reference 3. 

In conclusion, it should be mentioned 
that the linearized response method indi¬ 
cated in this paper is a straightforward pro¬ 
cedure in the digital computer design of 
sampled-data control systems with certain 
limitations indicated, and the consolida¬ 
tion of this method with other methods of 
design will add substantially to the field of 
sampled-data control systems. 


6. Analysis and Synthesis op Sampled Data 
Control Systems, Eliahu I. Jury, AIEE Trans¬ 
actions, vol. 73, pt. I, Sept., 1954, pp. 332-46. 

6. Synthesis and Critical Study op Samplbd- 
Data Control Systems, E. I. Jury. Electronics 
Research Laboratory Research, University of Cali¬ 
fornia, Berkeley, Calif., issue 136, series 60, 1955. 

George A. Biemson (Massachusetts Insti¬ 
tute of Technology, Cambridge, Mass.): 
The authors should be strongly congratu¬ 
lated for developing a technique of plotting 
and analyzing sampled transfer functions 
which enables the designer to use the same 
techniques that have proved so useful in 
dealing with continuous transfer functions. 
However, they should be criticized for not 
presenting it better. In spite of the obvious 
pains that were taken to prepare a good in¬ 
troduction, curiously enough the paper uses 
only one small paragraph and one equation 
(equation 22) to present the fundamental 
contribution of the paper, the z to w trans¬ 
formation. Because of this, I feel that the 
meaning of the paper is essentially lost to 
all but the very conscientious readers. 

The paragraph of the paper preceding 
equation 32, states that ‘*it has been shown 
that the real-frequency plot of G*(J<a) = 
G*(Jv), where ca^(2/T) tan but I have 
been unable to find where this has been 
shown. After painstaking effort, I finally 
realized that this proof that was supposed 
to have been shown, but strangely enough 
appears to have been lost, represents the 
key for explaining the basic concept of the 
paper. Since I feel that the conclusions 
of the paper are very important, I am tak¬ 
ing the liberty to present my own develop¬ 
ment of that proof, which I finally stumbled 
upon. 

The fundamental transformation of equa¬ 
tion 22 in the paper can be expressed as 
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This transformation has the convenient 
and well-known property that it works 
both ways: 


te; 




(49) 


We are interested in plotting the frequency 
response of G*(5), so that we would like to 
know the values of G* for s—jo). Setting 
j equal to jo in equation 49 gives 

_ 1 - _ 1 - (cos « T-j sin aT) 

1 1 +(cos wT—j sin oiT') 

Rationalize the expression by multiplying 


i 


1 
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numerator and denominator by the conju¬ 
gate of the denominator, which is (1 +cos 
o)T)-\-j sin wT. Multiply the expression 
out and use the substitution 


cos^ <aT + sin^ wT‘= 1 
This gives the simple expression 
sin (aT 


w^j 


1-1- cos (aT 


(51) 


(52) 


There is a well-known trigonometric iden¬ 
tity that 


tan («/2) = 


1-h cos X 


(53) 


Hence equation 52 can be expressed as 
w —j tan {(aT/2) (54) 


Equation 54 shows that for real frequencies, 
or imaginary values of s, the variable w 
has, like s, a pure imaginary value. Thus, 
for real <a frequencies, one can express w in 
the form 


w^^jv (55) 

where v may be considered to represent a 
pseudo frequency and is related to the actual 
frequency w by the simple relation 

v—tSLTi (<aT/2) (56) 

The implication of this transformation 
is that the sampled transfer function G*(s), 
which represents an infinite sum when ex¬ 
pressed in terms of real ca frequencies, has a 
convenient closed form when expressed in 
terms of the pseudo-frequency variable v. 
Because of this, standard asymptotic tech¬ 
niques can be used for plotting G*(j<a) in 
terms of the pseudo-frequency variable v. 
This creates a plot which is the same as the 
actual frequency plot of G*(j(a) except that 
the horizontal frequency scale is distorted, 
and one has to use the relationship of equa¬ 
tion 56, in the form 

co=(2/r)tan-i» (57) 

to determine what a given value of the 
pseudo-frequency v represents in terms of 
the actual frequency ca. This distortion of 
the horizontal frequency scale represents 
no real problem any more than is the very 
common scale distortion of plotting the 
logarithm of the frequency instead of the ac¬ 
tual frequency. 

This transformation from to «, is 

very simple (after it has been discovered) 
and the inherent simplicity may lead many 
to disregard it. However, the reader should 
recognize that some of the most important 
and practical techniques in the field of feed¬ 
back control are extremely simple. The 
technique for plotting frequency responses, 
as log magnitude and phase plots versus a 
log frequency scale, and the accompanying 
asymptotic plotting techniques, is almost 
naive, yet it has proved a tremendous asset. 
There are, of course, those who refuse to 
use anything but the polar locus (under the 
theory that it contains the same informa¬ 
tion as the logarithmic plots), and there are 
others who believe that the painfully plot¬ 
ted root locus is the only technique to use. 
However, if, hypothetically, the field should 
have to choose between the polar-locus and 
root-locus techniques, on the one hand, and 
the logarithmic techniques on the other. 


there would be no question as to which 
would be the more practical and useful 
choice, and would yield more basic insight 
into the problems of feedback control. 

In order to place the sampled-data tech¬ 
niques into the proper frame of reference, 
along with the well-known techniques for 
designing continuous systems, the reader 
should be reminded that the main dynamic 
effect of sampling in a feedback control loop 
is to add phase lag which limits the loop 
bandwidt h. Unfortunately the vast amount 
of high-powered literature recently pub¬ 
lished on sampled-data systems has left the 
average engineer with an inspired feeling 
but a rather chaotic appreciation of the prac¬ 
tical aspects. However, one paper^ deserves 
commendation for presenting a good prac¬ 
tical analysis and discussion of the effects 
of sampling. It shows that the action of 
the clamper, which converts the sampled 
data back into continuous data, is the 
source of the main dynamic effect of the 
sampling process. By considering the clam 
per alone, it derives frequency-response 
plots which are good approximations for 
frequencies below 1/4 of the sampling fre¬ 
quency. The frequency response has es¬ 
sentially a fiat magnitude characteristic 
and a phase lag proportional to frequency, 
with 45 degrees phase lag occurring at 1/4 
of the sampling frequency. 

A discussion of this paper criticizes the 
analysis as being approximate and valid 
only when the sampling frequency is high 
enough to permit the replacement of the 
sampled data device by a continuous one. 
This is, of course, true but the important 
point that is not generally recognized is 
that the gain-crossover frequency, or “band¬ 
width,** of a feedback control loop with 
sampled data must be less than 1/4 of the 
sampling frequency to achieve adequate 
stability. 

The manner in which sampling limits the 
bandwidth can be readily shown by assum¬ 
ing that a sampler and ideal clamper is 
added to a feedback control loop with the 
simple open-loop transfer function 

Gi=- (58) 


- li7r/2)-^((aT/2)] (63) 

Comparing this with the original loop 
transfer function Gi, which was simply 
cdc/s, shows that the sampling and clamping 
increases the magnitude by 


I c,* I (6,r/2) 

sin {(aT/2) 


(64) 


and it increases the phase lag as shown 
by 


jLGi^^ /.Gi-{(aTI2) (65) 


Thus the sampling process adds a linearly 
increasing phase curve, which cannot be 
compensated for by a lead network because 
the sampling creates a rising rather than a 
falling magnitude curve. 

From equation 60, the closed-loop trans¬ 
fer function for real frequencies is 


G%^ _ (acT 

1-1-^2* -\"(acT—\ 

_ (acT _ 

cos (aT 4*y sin (aT-^(acT— 1 


( 66 ) 


Setting the derivative of the magnitude of 
this function equal to zero, shows that the 
magnitude peaks where 

sinwr—0 (67) 


For the lowest frequency above zero, this 
occurs at cor® T, so that 

coscdT*—1 (68) 


Thus, at the resonant frequency, the closed- 
loop frequency response of equation 66 re¬ 
duces to 


(acT 

14‘G’2* 2 —(acT 


(69) 


The magnitude of this is the value of fre¬ 
quency-response peaking Mp. 


Mp 


(OcT 

2--(acT 


Solving for (acT gives 


(70) 


where wc is the gain-crossover frequency 
which is the frequency where the magni¬ 
tude of Gi passes through unity. The re¬ 
sultant loop transfer function with the idea 
clamper is 

<^-7 (^') 

The ideal clamper holds each pulse until the 
next one appears. The sampled transfer 
function G^* can be found readily by ap¬ 
plying z-transforms to equation 59. This 
gives 




(OcT (acT 


(60) 


z-1 ^^"-1 

For real frequencies, this is 

(acT (acT 

1 (cos wT—1)+^ sm wT) 

( 61 ) 

The magnitude and phase are 
(acT 


I G 2 *{j(a) \ 


2 sin {(aT/2) 


(62) 


_2 Mp 

"* r i+Af, 


(71) 


The frequency tac is the gain-crossover fre¬ 
quency, or bandwidth, of the unsampled 
system, and is approximately equal to that 
of the sampled system. For an Mp of 1.3, 
this gives for the crossover frequency fe in 
cycles per second. 


/c=«c/27r«/,/5.5 (72) 

where is the sampling frequency. If the 
gain is increased above this value by only 
the factor 1.75, the loop is unstable, which 
indicates that 1/5 of the sampling frequency 
is about the upper practical limit to the 
crossover frequency. 

Generally, of course, the loop transfer 
function is nowhere near as simple as has 
been assumed in the foregoing example. 
Consequently, the gain-crossover frequency 
generally is much lower than the limit stated; 
but, on the other hand, other dynamic fac¬ 
tors in the loop cannot allow the gain- 
crossover frequency to exceed this limit. To 
achieve reasonable gain in the loop, the 
loop transfer function must have at least one 
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net integration for a significant frequency 
region near gain crossover. If there are 
niore integrations, or lags, this can serve 
only to lower the bandwidth. Lead net¬ 
works can be added to counteract the effect 
of these other lags, but they cannot increase 
the bandwidth above the value that was 
achieved in the example, because of the ris¬ 
ing magnitude characteristic produced by 
the sampling. An integral network can in¬ 
crease the low-frequency gain, so as to in¬ 
crease the velocity constant, but it lowers 
rather than raises the bandwidth. 

The sampler that was considered in the 
example was termed “ideal.’* However, a 
sampler characteristic can be achieved that 
has less phase shift at low frequencies by 
modifying the slope of the clamper output 
between samples according to the change in 
the values of the previous samples; but 
such a sampler characteristic merely adds 
the effect of a lead network, and like any 
other type of lead network it cannot raise 
the gain-crossover frequency above the 
value a.cHeved by the example. Similarly, 
any digitally programmed compensation 
technique operating on the sampled data has 
the same basic limitations as continuous 
compensation techniques. 

It should be emphasized that the criteria 
for bandwidth I have used, the gain-cross- 
over frequency (the frequency where the 
niagnitude of the open-loop is unity), is quite 
different from the criteria for bandwidth 
used in the paper, the resonant frequency 
(Jim- The gain-crossover frequency gener¬ 
ally corresponds closely to the frequency of 
60 degrees phase lag of the closed loop ( C/R) 
and. as shown in reference 2 its value in 
radians per second is roughly equal to the 
reciprocal of the step-response rise time, 
which is the time for the step response to 
rise to 63 per cent of its final value. In 
contrast, the resonant frequency is a rather 
poor criteria for bandwidth, particularly 
for sampled-data systems, because it de¬ 
fines the closed-loop magnitude curve rather 
than the phase curve, which may give in¬ 
formation as to how much the system is 
disturbed by high-frequency noise, but give 
little information as to how much error the 
system has when following an input. Sam¬ 
pled-data systems often have resonant 
peaks at 180 degrees phase lag of the closed 
loop, whereas many systems have resonant 
peaks at around 45 degrees phase lag. If 
two systems, one of each type, are set so 
that the frequencies of 60 degrees closed- 
loop phase lag are the same, the values of 
step-response rise-time and the values of 
maximum error to a ramp input will be es¬ 
sentially the same for the two. However, 
the resonant-frequency criteria will indicate 
a much wider “bandwidth” for the sampled- 
data system. This may mean that the 
sampled-data system is more noisy, but it is 
no faster. 

The foregoing simplified analysis should 
serve to illustrate the basic limitation that 
sampling places on bandwidth, so as to 
provide a frame of reference whereby the 
more rigorous techniques can be applied 
intelligently. 

I believe that much more can and should 
be written to explain in simple, physical 
terms the practical aspects of sample data. 
The frequency-response approach of the 
paper, employing the pseudo-frequency 
variable v, should prove invaluable in mak¬ 
ing such a presentation. 
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R. D. Ormsby (Minneapolis-Honeywell 
Regulator Company, Minneapolis, Minn.): 
The authors have presented an interesting 
new method for the design of sampled-data 
control systems. The method is clearly 
outlined, and an example is presented illus¬ 
trating the design principles for a system 
which has available a means for digital 
compensation. 

Unfortunately, the authors have failed to 
show that the additional complication of the 
zu-transformation 3 nields any compensating 
advantage. 

The “three apparent advantages” listed 
in the paper cannot mean with respect to 
the root-locus plot in the 0 -plane. The first 
and third advantages listed in the paper refer 
to much less information than is available 
in a root-locus plot, and the information is 
considerably more difficult to obtain from 
the ^^-transformed system function than 
from the root locus. 

The design of digital compensation to 
shape the root locus in the s-plane is com¬ 
pletely analogous to the design of compensa¬ 
tion networks for continuous systems in the 
5-plane. To illustrate this fact, the root- 
locus plot for the compensated system used 
as an example in the paper, is shown in 
Fig. 13. 

Curves may be derived for sampled-data 


Fig. 13. Root-focus plot of compensated 
system a:=1 



Ffg 14. Per cent overshoot in step re¬ 
sponse versus zero location 


systems which relate the transient response 
to pole-zero configuration in the 0 -plane 
(just as is done for a continuous system pole- 
zero constellation in the 5-plane). An exam¬ 
ple is presented in Fig. 14 where the per cent 
overshoot in the step response is plotted as a 
function of the relative position of a pair of 
conjugate complex poles and a single real 
zero. The system is shown in Fig. 3 of the 
paper. Although more profound methods 
have been used to obtain this informa¬ 
tion,^ a very simple procedure may be de¬ 
rived from the principles outlined by G. V. 
Lago.® 
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G. W. Johnson, D. P. Lindorff, and C. G. A. 
Nordling: We appreciate the many interest¬ 
ing comments and suggestions made by the 
discussers and hope that the paper under 
discussion will prove to be of interest to 
many others who are confronted with the 
design of sampled-data control systems. 

Dr. Jury has noted that the linearized 
continuous response as used in the paper un¬ 
der discussion does not give the exact system 
response between the sampling instants, and 
he has cited an interesting and useful meth¬ 
ods for deriving the actual response between 
the sampling instants. However, we feel 
that the following two points justify the use 
of the linearized system response as a cri¬ 
terion for design: first, the vast majority of 
control systems employing sampled data are 
well characterized as to a margin of stability 
by the linearized continuous response; 
second, the several methods that have been 
proposed in the paper and elsewhere,^ for 
evaluating the exact response between 
sampling instants are primarily useful as 
methods for analysis, rather than for syn¬ 
thesis. It is believed that the w-transform 
offers to the designer a synthesis technique 
in the real frequency domain heretofore 
restricted to the realm of continuous data 
systems. 

It is of interest to examine Fig. 12 as pre¬ 
sented in Dr. Jury's discussion. This figure 
plots the locus of roots of the second-order 
system for a constant peak overshoot in 
response to a step function. With refer¬ 
ence to Fig. 8 of the paper it is seen that a 
contour of constant damping ratio, f, cor¬ 
responds essentially to the locus cited here¬ 
tofore for bandwidths less than a>o/4. How¬ 
ever, the departure of the constant f and ntp 
contours for larger bandwidths is not a 
serious discrepancy. It should be remem¬ 
bered that a system design based on the 
damping ratio of the dominant closed-loop 
poles is only useful in specifying a range of 
relative system stability and does not in 
general uniquely specify the step response 
overshoot. Thus, for the appropriate sys¬ 
tems a 40-per-cent response overshoot 
might correspond to many different damp¬ 
ing ratios usually in the range 0.2<f<0.5. 
Dr. Jury also states that “for the system to 
have the same constant overshoot, the roots 
can also lie on the negative real axis as seen 
from Fig. 12.” However, only a portion of 
this region, it should be observed, accounts 





Johnsoriy Lindorff, Nordling — Continuous-Data System Design 


262 


September 1955 



for a dominant root, namely — 0.4<z< —0.2 
which defines a range of damping ratios of 
0.28<0.46. Hence, for this region of 
greatest discrepancy the constant f locus is 
still a reasonable criterion of relative system 
stability. 

The concepts put forth by Dr. Jury are 
of considerable interest and serve to clarify 
the ideas embodied in the paper. 

Mr. Biemson states that the paper uses 
only one equation (equation 22 ) to present 
the z to w transformation and as such a 
painstaking effort was required to obtain 
the relationship between dimensionless fre- 
frequency v and radian frequency co given in 
the paper as w = ( 2 /r) tan*“^ v. However, 
the s to w transformation may be written as 


^-1 




(w) 


where for i = 7(0 

■m=U +jv ==i tan — (74) 


which is a well-known trigonometric identity. 
Solving for <*> in equation 74 results in w=s= 
(2/r) tan"^?; as stated in the paper. The 
authors feel that such a straight forward 
derivation does not require any further 
clarification. 

Mr. Biernson further states that the 
bandwidth of a feedback control loop with 
sampled data “must be less than 1/4 of the 
sampling frequency in order to achieve ade¬ 
quate stability” and as such the describing 
function simulation for sampling and clamp¬ 
ing proposed by Brown and Murphy^ will 
serve as an adequate design procedure. 
We would like to correct this apparent mis¬ 
conception since in many practical situations 
the bandwidth of a sampled-data control 
system may be made as high as 1/2 the 
sampling frequency which is the funda¬ 
mental bandwidth limitation due to the 
sampling process. As an illustration the 
authors will outline the analysis of one such 
system where the approximate technique of 
Brown and Murphy erroneously indicate 
absolute system stability for all values of 


loop gain. When an exact analysis is made 
utilizing the ^-transform the system is 
found to be unstable for an interval of finite 
loop gains. Consider a unity feedback sys¬ 
tem employing error sampling, as defined in 
Fig. 3 of the paper under discussion, where 
G{s) included a clamper and single dominant 
time constant as may be typical of a pulsed 
regulator. Thus G{s) may be expressed as 


G{s)^ 




K 

ts4-1 


(75) 


which readily results in a pulsed loop trans¬ 
fer function as follows: 


G*(w) — 


K(l-w) 


(76) 


wherer' = (lH-e“^/’’)/(l —e”^/’’). The closed 
loop poles are the roots of the equation 
1 H-G*(w )=0 which may be written as 


(r'-r)w4-(l+i^) = 0 (77) 

This equation is seen to have a zero in the 
right half 7 £>-plane for K>r* w'hich indicates 
system instability. However, by contrast, 
when the describing function approach is 
used the approximate loop transfer func¬ 
tion becomes 


Geq(Joi)—GdM 


K 


(78) 


where G^ (Jco) is the frequency variant de¬ 
scribing function for the sampling and 
clamping process defined as follows®: 


Gdijoi) 


osT 

sin~ 

cor 


—juT 
•e 2 


2 


(79) 


With reference to equations 78 and 79 it 
may be seen that Geq 0 *«) has a phase lag 
of less than 180 degrees for all co < tt/ T. Thus 
no encirclement of the — 1 H-JO point by the 
Geq (Jw) locus is possible and the designer is 
misled into thinking that the system is 
stable. 

Although the use of approximate tech¬ 


niques may be justified in some instances 
they must be carefully applied in order to 
avoid conflicting results. However, we feel 
that the application of conventional real 
frequency techniques through use of the w- 
transform eliminates the need for approxi¬ 
mate analysis of sampled-data control sys¬ 
tems. 

We agree with Mr. Ormsby where he 
states that “the three apparent advantages 
listed in the paper cannot mean with re¬ 
spect to the root-locus plot in the z-plane,” 
as the w-transform does not extend the exist¬ 
ing techniques for a root locus analysis of 
sampled-data systems. However, in con¬ 
trast, as clearly stated in the paper the three 
advantages listed pertain to synthesis in the 
real frequency domain. The synthesis of 
digital compensation to effect the desired 
shaping of the logarithmic frequency locus 
cannot readily be accomplished in terms of 
the z-transform variable. Although the 
root locus technique is extremely useful 
for many aspects of system design it does 
not provide in itself an adequate general 
technique for system synthesis. In many 
instances system design must be performed 
to meet real frequency specifications such 
as for the case where system excitations are 
described in terms of their statistical 
properties. 

We feel that a general system design 
procedure requires an understanding of the 
correlation among the real frequency do¬ 
main, complex frequency domain, and time 
domain techniques and in this regard it 
would appear that these discussions have 
served to emphasize and clarify this view¬ 
point, as relating to sampled-data systems. 
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Modernizing Service Controls on 
Rapid Transit 

GEORGE KRAMBLES 

NONMEMBER AIEE 


E VER-increasing street traffic conges¬ 
tion has directed renewed interest in 
rapid transit railroads as the most effec¬ 
tive means for bringing large numbers of 
people swiftly across the broad expanse 
of modem urban areas. However, the 
staggering capital outlays required for 
this kind of facility demand that auto¬ 
mation be applied to keep the price of 
service within range of the market. 
Fortunately, these same mechanical and 


electrical aids produce an improved con¬ 
trol over the quality of the service offered. 

Line supervision is a collective term for 
new methods developed by the Chicago 
Transit Authority (CTA) to provide 
evenly spaced, equally loaded rapid tran¬ 
sit trains to maintain service according to 
schedule, to restore service following de¬ 
lays, and to increase system capacity. 
About $125,000 has been invested in it, 
from which there have been obtained 


savings in rolling stock, manpower, and 
operating costs which easily return the 
entire investment in 1 year. For example 
it was estimated that at least 28 to 30 
additional cars, worth nearly $1,500,000 
at today’s prices, are saved through the 
ability to fit capacity more closely to de- 


Paper 55-565, recommended by the AIEE Land 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Summer General 
Meeting, Swampscott, Mass., June 27-July 1, 
1955. Manuscript submitted March 24, 1955; 
made available for printing June 1, 1955. 

George Krambles is with the Chicago Transit 
Authority, Chicago, Ill. 

The special nature of the application required 
almost all detailed engineering to be done by the 
Chicago Transit Authority personnel. Planning 
of the project was directed by L. M. Traiser, staff 
engineer, while engineering and installation of this 
work was under the supervision of C. A. Butts, 
signal engineer, and W. C. Janssen, electrical 
design engineer. Techniques of application were 
developed under the supervision of J. F. Higgins, 
assistant superintendent of rapid transit operation. 
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mand and by reductions in running time 
and recovery time allowed at terminals 
to protect return service against delays. 
Brief consideration of the background of 
the problem may help to bring out this 
point. 

Background of the Problem 

Rapid transit schedules are designed 
on the basis of the number of passengers 
requiring service in each 15-minute period 
of the day and night. Headways be¬ 
tween trains and number of cars per train 
are varied to obtain a balance between 
economy and passenger convenience that 
yields the maximimi over-all benefit. Al¬ 
though service demands change through¬ 
out the day, the transition is gradual and 
there are long periods of practically con¬ 
stant headway. 

Running time is allotted on the basis of 
average performance, but there are times 
when a train does not move as fast as 
it should. Delays are caused by bad 
weather, variations in car makeup, heav- 
ier-than-average trafiSc, mechanical diffi¬ 
culties, slow crews, or slow passengers. 
Chicago’s rapid transit lines are particu¬ 
larly vulnerable to delays resulting from 
conflict with other trains at junctions, 
practically all of which involve track 
crossings at the same grade. Other times 
a train can get ahead of time because of 




Fig. 1. Starting of trains is initiated from a 
prepunched tape which carries schedule 
information for a 26.hour period 


lighter-than-average traffic, extrafast 
train, extrafast crew, etc., being in its 
favor. 

In peak hours, on CTA’s principal 
rapid transit line, trains are scheduled as 
dose as 2 minutes apart and each picks 
up about 800 passengers. Capadty of a 
crowded train is 1,000, so that a devia¬ 
tion in headway exceeding 25 per cent 
results in overloading that slows a train 
up, thus aggravating the gap. A train 
only 1 minute or 2 ahead of time can miss 
most of its load, leaving the following 
train a nearly impossible job. Likewise, a 
train only 1 or 2 minutes late will have 
much more than its share of work to do 
if trains ahead have gone through on time. 

Uneven service is objectionable to the 
passenger because he may have to wait 
longer for his train, he may miss connec¬ 
tions at transfer points, and he may find 
the train following the gap too crowded 
for comfort. Uneven service is trouble¬ 
some to the employee because he finds it 
difficult to work an overloaded train, he 
finds train congestion at terminals, and 
he is rushed by shorter time at the end of 
the line before beginning his return trip. 
Accumulation of passengers in peak hours 
is so rapid as to present potential for com¬ 
plete breakdown of service in the event of 
a delay of only 5 or 10 minutes. Bunch¬ 
ing of trains may lead to power failure by 
concentrating too much rolling stock for 
the available substation capacity. 

Line supervision deals with small serv¬ 
ice irregularities by controlling the spac¬ 
ing of trains, and with major service in¬ 
terruptions by centrally directed, quickly 
executed reroutes or turnbacks. It in¬ 
cludes modem tools for dispatching 
trains, for recording train movements, and 
for direct communication to operating 
personnel and passengers. 

Supervisory Equipment 

Automatic Train Dispatching 

Line supervision requires accurate time, 
furnished by a high-quality pendulum 
master clock. This dock doses a control 
circuit momentarily every 15 seconds to 
operate a set of schedule controllers. 
Each controller determines, by means of 
a rolled paper tape, when trains are to 
leave the assodated terminal or time 
point. Holes have been punched into 
this tape at the exact time that each 
train is to leave throughout the 24-hour 
day, with different tapes for w^eekday, 
Saturday, Sunday and, in some cases 
Monday operation. Fig. 1 shows a 
schedule tape being adjusted in a con¬ 
troller. 

Each time a punched hole in a tape 


comes into register with the probing 
finger of the schedule controller, an asso¬ 
dated automatic train dispatcher puts on 
the starting lights at the distant station 
platform through a low-voltage d-c con¬ 
trol sent over the telephone cable. As 
soon as conditions permit acceptance of 
the starting signals, the conductor doses 
the doors and the motorman starts his 
train. As it passes over an insulated 
section of track, another circuit is op¬ 
erated over telephone lines to the auto¬ 
matic train dispatcher putting out the 
starting lights. Fig. 2 is a simplified 
schematic diagram of the basic automatic 
train-dispatching circuitry. 

Three manual control keys above the 
recorders at the office permit introduc¬ 
ing an extra train, annulling a train, 
annulling the entire schedule, and ad- 
vandng or retarding the schedule 
tape. This gives the flexibility needed 
for dealing with various routine problems 
as well as with major disruptions. For 
Congress terminal in the Milwaukee sub¬ 
way, the automatic train dispatcher not 
only provides the starting signal impulse 
but also initiates the operation of an un¬ 
attended automatic interlocking plant 
to provide a track line-up for the proper 
trains at starting time. 

Graphic Train Records 

A continuous graphic record is made 
of the operation of automatic train dis¬ 
patchers and of the passage of trains at 
sufficient intermediate points to provide 
adequate remote supervision. Fig. 3 
shows a sample section of a graphic train 
chart and, in map form, the locations 
where supervisory indication or control is 
taken. Six operation recorders of 20- 
pen capacity each are arranged in one 
desk at the central office. An auxiliary 
desk with three recorders that can dupli¬ 
cate any of the main recorders gives an 
extra operating position for peak periods. 

At the instant a starting signal is given, 
a record is made on the recorder charts. 
Similarly, when the train actually leaves, 
a record is made and as it proceeds along 
the line its progress is recorded by suc¬ 
cessive pens so that a series of chart pips 
from lower left to upper right is made by 
each train. Fig. 4 is a closeup of one of 
the recorders. 

At certain junctions the graphic indi¬ 
cation is modified so that a single recorder 
pen shows not only the passage of a 
train but also its route. This is done 
by pulsing the pen magnet feed if the in¬ 
dication is for the secondary route so that 
the resultant chart pip is inked in soHd. 
Evenly spaced service shows on the re¬ 
corder charts as evenly spaced pips. 
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Conversely, irregular spacing resulting 
from late or early trains is clearly visible 
on the charts as irregularly spaced pips. 
Although the system is primarily intended 
for providing immediate correction to road 
difficulties, the charts provide much 
valuable reference material for service im¬ 
provement studies, complaint analysis, 
and other by-product uses. 

Train Interval Timers 

Since there are about 90 check points 
spread over the recorders, it would re¬ 


quire extreme concentration for the opera¬ 
tor (only one is on duty during lighter 
hours) to be sure of observing any devia¬ 
tion that might occur. Therefore, train- 
interval timers are used to provide auto¬ 
matic supervision of key check points. 

The train-interval timer is an adjusta¬ 
ble process timer connected with the 
train-passing indication circuits in such a 
way that the timer mechanism is reset 
and its motor restarted each time a train 
passes the associated check point. If 
successive trains fail to pass within the 


timer setting, the unit energizes an an¬ 
nunciator light upon reaching its limit. 
Fig. 5 shows one type of timer unit used. 

Diagram Board and Other 
Supervisory Lights 

On a wall map are shown all main line 
tracks, crossings, crossovers, and turn¬ 
outs with colored lamps set at positions 
corresponding to the field check points. 
Illumination of the colored lights de¬ 
scribes the nature of deviation which the 
automatic supervision has detected: 
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• TRAIN DESPATCHING POINTS 

(Automatically controlled by line supervisors- equipment) 

• TRAIN DETECTOR LOCATIONS 

(Train passing automatically recorded in line supervisors' office) 

• GAP TIMER LOCATIONS 

(Delays automatically recorded in line supervisors' office) 



Fig. 3. Typical section of train graph and 
map showing locations where indication or 
control is taken 
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Fig. 4 (left). Close- 
up of train sraph 
recorder and auto¬ 
matic dispatching 
controls 


Fig. 6 (above). 
Colored lights on 
the diagram board 
indicate the status of 
train dispatching at 
each terminal and 
locations where de¬ 
lays are developing 


Steady green, starting lights are on. 

Plashing green, outbound track lineup is 
being called for at an automatic terminal 
preparatory to a train departure. 

Yellow, train has left automatic dispatching 
point without central office authority. 

Green and yellow, train due to leave is 
more than 1 minute late. 

Steady red, schedule controller is stopped. 

Flashing red, interval between trains is 
excessive. 

A glance at the diagram board shows 
the location where delays may be de¬ 
veloping, but it is necessary to refer to 
the recorder charts to determiae the na¬ 
ture and extent of disruption, the number 
of trains available ahead of or behind the 
gap in service, and other factors that de¬ 
termine the proper course of action. 
There is a duplicate switchboard lamp 
directly above the recorder pen for the 
associated check point. Thus, when a 
delay occurs, the diagram board lamp 
indicates the geographic location, track, 
and direction of the gap, and the recorder 
annunciator lamp spots the chart line 
which has recorded train operation at 
that check point. Fig. 6 shows the 


general arrangement of the diagram board 
as seen by the line supervisors. 

Train Detector Devices 

In many cases, track circuits which 
existed for the operation of railway sig¬ 
nals w^ere utilized to give line supervision 
indications at little cost. At check points 
in nonsignalled territory an inexpensive 



Fig. 5. One type of process timer adapted 
for checking intervals between trains 


track circuit was installed, using only 
one rail length, a cheap annunciator 
transformer, and a telephone-type relay. 

Telephone Cable Circuits 

Connections between field and office are 
provided by the railway telephone cable. 
This cable reached all points that were to 
be checked with the installation of rela¬ 
tively short drop wires. By a fortunate 
coincidence, cable capacity became availa¬ 
ble because of the closing of a number of 
uneconomical local passenger stations, 
each of which had had a phone. Some re¬ 
search is now being done on methods of 
multiplexing indications to increase the 
amount of information which can be trans¬ 
mitted over the existing cable plant. 

Communications Equipment 

The rapid transit lines of CTA have 
been covered by a modem private-branch- 
exchange phone system for many years. 
However, in cases of service deviations, 
the busy lines, wrong or forgotten num¬ 
bers, and delays in response of conven¬ 
tional telephones were such a handicap 
that it was usually not practical to take 
action for minor delays and it often was 
impossible toco-ordinate action for major 
delays. A new private communication 
system was therefore developed for line 
supervision. 

Line Supervision Intercom System 

Fig. 7 is an organization diagram of the 
special intercom system. At present, it 
links the central office with 34 key field 
locations of which 27 are part-time or 
full-time field supervisor or towemian 
posts. These locations are distributed 
over three party-line channels radiating 
from the main office. Each party-line 
channel consists of two pairs of line wires, 
one carrying messages toward and the 
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Fig, 7 (above). Simplified organization diagram of line supeivisor*s private communication 

system 

Fig. 8 (right). Paging loudspeakers and dispatching starting lights are located overhead along 

edge of platform 


other carrying messages away from the 
central office. 

Each station is connected to its channel 
through a selective call unit which permits 
central to contact individually any de¬ 
sired station upon dialing a 2- or 3-digit 
code. Way stations can initiate a call by 
merely pressing a momentary contact 
key. Stations not called are not dis¬ 
turbed with messages which do not con¬ 
cern them. Certain stations are so coded 
that they may be called in a group for 
simultaneous reception of a main office 
directive. 


The 2-pair channel arrangement auto¬ 
matically makes the central line super¬ 
visor one party of all calls and prevents 
conversation between 2-way stations. 
This reduces loading of the system and 
directs all calls with the desired chain of 
command. The channel arrangement 
also permits loudspeaker reception with¬ 
out manipulation of talk-listen switches. 
This saves precious seconds and reduces 
the possibility of missing parts of mes¬ 
sages. Loudspeaker reception permits 
voice calling and eliminates the delays 
and expense involved in ringing systems. 
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Line supervisors’ private intercommunication 
system stations in towers, booths, or offices. 

Present and recommended platform paging 
systems operated by line or local supervisor. 


Fig. 9. Intercom and platform paging speaker 
locations on the system 
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Fig. 10. Automatic operation of junction switch is initiated by car- 
borne hoop-shaped coil passing wayside transceiver at Lake-Paulina 

junction 


Whenever the line supervisor is using a 
channel, a red pilot light is displayed at 
each station on that channel so that a 
station desiring to initiate a call will not 
unintentionally interrupt a conversation. 


Fig. 1 1, Each 6-car train represents a capital outlay of more than $300,- 
000; keeping it in continuous smooth production of transit service is 
the responsibility entrusted to modem electronic controls 


However, if necessary, any station may 
break in to reach the central office with 
an urgent message. 

Amplifiers feeding intercom loud¬ 
speakers have automatic limiter action to 
insure a readable signal through normal 
variations of voice timbre and volume 
without readjustment of controls. This 
feature also permits monitoring the way 
station and in most cases makes it un¬ 
necessary to be especially close to the way 
station microphone to be clearly heard. 

Paging System on Station Platforms 

Some 42 train platforms at 30 stations 
are equipped with paging loudspeakers. 
These are used to reach train crews and 
the public with announcements. Each 
such platform layout includes at least one 
speaker opposite the berthing position of 
every car. Fig. 8 shows the location of 
speakers at a train in a typical installation. 
The speakers are operated at a relatively 
low volume level, which provides a dear 
signal along the entire platform and inside 
each car without producing excessive 
sound spillage onto abutting property. 
Automatic limiter amplifiers are used for 
platform work also to minimize the varia¬ 
tions in voice quality without requiring 
continual readjustment of controls. 

At most of the stations the platform 
speakers can be operated by a local field 
field supervisor working from a booth 


within view of the area covered. At all 
stations the line supervisor can make an¬ 
nouncements directly onto these plat¬ 
forms when no local supervisor is on duty. 

9 shows, in map form, the locations 
which are equipped with the new com¬ 
munication equipment. 

Application of Supervisory Devices 

By knowing that there is a gap in serv¬ 
ice and just how much it amounts to, the 
line supervisor takes action to protect or 
advance the delayed train. Assistance is 
rendered and correction of the unevenness 
is accomplished by: 

Respacing—holding leaders of a delayed 
train at points ahead of the delay, to pick 
up additional load. 

Running—ordering a seriously delayed 
tram ^ to pass certain stations without 
stopping and thus recover all or part of its 
delay. This is usually done when a delay 
approaches the scheduled headway so that 
a second train is immediately following. 
Runs are required if delays occur during 
peak hours when trains are loaded nearly 
to capacity. They are often needed to 
get defective trains out of the way. 

Rerouting—sending trains to stations or 
destinations other than scheduled to provide 
alternate service in the event of major 
delay or total blockade of a track or line. 

In cases where car equipment trouble is 
suspected, the line supervisor sends the 


first available supervisor to meet the de¬ 
fective train to assist crews in clearing 
trouble or limping into terminal. When 
he has sufficient information he also ar¬ 
ranges with terminals to replace trains 
and, if necessary, to provide substitute 
crews so that “kickback” delays on return 
trips can be minimized. 

Respacing is done accurately when a 
delay is spotted on the charts by noting 
the total tune lost by the delayed train 
and dividing this among the number of 
leaders known to be between the delay 
and a control point ahead of the delay. 
The first of these leaders is held a small 
amount of time, the next a little more and 
so on until the delayed train appears on 
an even, though retarded interval. This 
technique is only effective when the spac¬ 
ing can be accomplished without over¬ 
loading, the trains held. 

At Grand and Roosevelt in the State 
Street subway, complete automatic train- 
dispatcher installations have been made, 
even though these are not terminals. 
In case of delay in the lines back of these 
points, the respacing operation can be 
carried on through manipulation of the 
automatic train dispatcher controls by 
the line supervisor himself. In case of 
delay along the line which would make a 
train so tardy arriving at a terminal as to 
be unable to begin its return tip on time, 
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Table I. Chicago Transit Authority Line Supervision Data Sheet 


Rapid Transit System 

In 

Service 

1-1-55 

To Be in 
Service 
12-1-SS 

Central Line Supervision Office Coverage: 

..138 .... 

.138 

Locations from which trains are started by automatic train dispatching: 

.. 9 - 

. 9 

Selective: one of three routes using a certain terminal, obtained by towerman 

.. 1 .... 

. 1 

A/Ti/llinA . 

.. 2 .... 

. 2 


.. 12 .... 

. 12 


.. 14 .... 

. 14 


. . 9. 

. 9 


Indications recorded on charts: 

Pens indicating trains standing or passing. 90 

Pens indicating movable bridges. « 

Pens indicating train starting signals.. ^. *2 

Above pens on which a second item of information is obtained by pulsing. 20 

Train interval timers used to indicate gaps in service at midline points..35 

Supervisors’ locations connected to line supervisor’s loudspeaking intercom 


system. 


27 


Stations equipped with platform loudspeakers. 27 

Platforms equipped with loudspeakers.. 

Approximate number of platform loudspeakers used.360 

Distance to most remote intercom and station speaker installation, miles. 14 

Number of amplifiers on a>ntinuous 24-hour duty. 54 

Operators on duty weekday rush periods. ® 

Operators on duty Saturdays and base periods. 2 

Operators on duty Sundays and midnight periods. 1 

Outlying Line Supervision Coverage: 

Recorder locations in addition to Central Office. 2 

20-pen operation recorders used. 2 

Indications recorded on these charts. 


Present 
. 1 ... 
. 1 ... 


Surface System 

Gas bus routes supervised. 

Trolley bus routes supervised. 

Mileage of routes supervised: 

Motor bus. 

Trolleybus.. 

Indications recorded on chart of buses passing: 

Motor bus. 

Trolley bus.. 

20-pen recorders used. 

Bus interval timers used. 

Schedule controllers used for comparative purposes. 

200-kc transmitters used on motor buses for activating wayside indicating receivers 
Wayside receivers used for motor bus indications. 


6 


1 . 
4 . 
X*. 


. 93 
. 3 
. 12 
. 25 
. 35 

. 27 
. 30 
. 42 
.442 
. 14 
. 56 
. 3 
. 2 
. 1 


,... 18 

Proposed 
.... 1 


6 

43 

6 

8 

1 

10 

2 

20 

6 


♦ Temporarily being recorded on present rapid transit recorders. 


the respacing technique is applied to the 
service starting at the remote terminal. 
This operation can be carried out accu¬ 
rately without assistance of any local per¬ 
sonnel and within minutes the charts 
provide proof of the effectiveness of the 
spacing job done. 

Application of Communications 

Running trains express past scheduled 
station stops, even though it is the only 
practical way to break up long delays, has 
been a dreaded ^therapy because of the 
possibility of carrying, passengers by their 
destinations. Before the advant of plat¬ 
form loudspeakers it was seldom done 
when there were more than a few passen¬ 
gers on a train, but now it can be suc¬ 
cessfully accomplished under ahnost any 
conditions if circumstances warrant. The 
procedure begins with an announcement 
before the train concerned arrives, so that 
waiting passengers will not attempt to 
board a train which cannot serve them. 
Stations with paging speakers also have 
track indicators. Thus, by watching the 
train graph, the line supervisor sees when 
a train has arrived. The monitoring fea¬ 
ture of his intercom enables him to listen 
to background noises at the station and 
thereby to estimate when the train has 
stopped. The announcement is then re¬ 
peated until it seems reasonable that it 
has been heard. New car equipment 
added in the last 3 years is equipped with 
interior loud speakers over which the 
conductor of a train makes regular station 
announcements or repeats special infor¬ 
mation he hears on the platform loud¬ 
speakers. 

Other New Developments in 
Automatic Transit Controls 

Automatic Junction Control 

Some rapid transit routes share com¬ 
mon trackage over the inner or downtown 
portion of their routes and then diverge 
to cover wider areas in the outlying parts 
of the city. Given a general knowledge 
of railway signalling methods, it is under¬ 
standable that control and protection of 
junction operation can be made inherent 
in au all-relay interlocking system to pre¬ 
vent conflicting inbound and outbound 
moves when these tracks cannot be sepa¬ 
rated in elevation. In the Lake-Paulina 
junction between CTA’s Lake and Doug¬ 
las routes, all the converging as well as 
diverging, conflicting, and nonconflicting 
moves are made fully automatic and on a 
first-come-first-served basis. New in this 
installation are the identification of diver¬ 
gent trains and the sequential identifica¬ 


tion storage system. 

Identification of all convergent trains is 
obtained from the track circuits approach¬ 
ing the junction. Identification of di¬ 
vergent trains is established from radio¬ 
frequency circuit actuated only when a 
car-borne tuned coil passes the wayside 
transmitter receiver. Fig. 10 shows the 
identification installation. 

Above the relay case are positioned the 
transmitting and receiving antenna coils. 
An 80-kc signal is continuously beamed 
across the track at this point and, when 
intercepted by a tuned doughnut-shaped 
car-bome coil, resonance is produced. 
When amplified, this actuates momen¬ 
tarily a relay which encodes the track 
circuit information produced by that 
train, identifying it for the Douglas route. 
An approaching train not carrying the 
coil actuates the same track circuit but, 
in the absence of the encoding, it is ac¬ 
cepted for the Lake, route. This sytem 
was developed by the Union Switch and 
Signal Company. Other systems of train 
identification are under study. 


Line Supervision of Surface Vehicles 

Automatic supervisory systems for 
surface transit operation are a desperate 
need. Street car companies pioneered in 
such devices 40 years ago using trolley- 
actuated recorders, but the high cost of 
line wires needed to bring supervision to 
a central point stymied real development. 
Conversion from street cars to motor 
buses eliminated the physical contact as a 
means of vehicle detection. As street 
traffic problems become greater and the 
economic facts of transit life press for 
fewer men and vehicles with less super¬ 
visory manpower, the demand for im¬ 
proved control becomes more imperative. 

The CTA has had research on this prob¬ 
lem in progress for several years. A light¬ 
weight, compact 200-kc transistorized 
transmitter has been developed which 
offers promise as one type of link between 
the bus and the fixed check point. Line 
supervision will be extended to surface 
operations as rapidly as techniques can 
be found. 

Table I shows a line supervision data 
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sh^et for both the rapid transit system 
and the surface system. 

Conclusion 

With the control system which the CTA 
is now operating, central line supervisors 
team up with relatively few field super¬ 
visors to keep rapid transit trains rolling. 
It has resulted in savings in operating 
costs through closer scheduling with less 
reserve capacity retained as insurance 


against overloading caused by service de¬ 
viations. It has released manpovrer from 
train-starting and checking functions for¬ 
merly scattered over the line. 

The fact that a record chart is auto¬ 
matically made impels the supervisor to 
do his best in dealing with each delay as 
his work is put on record. It also helps 
him prove the soundness of his technique, 
which encourages even better future work. 
Likewise, the train crews who seldom see 
the details of the line supervision system 


respond to the knowledge that an accurate 
record of their work is made and that 
they will receive assistance promptly 
when troubled conditions arise. An¬ 
nouncements made calmly and clearly 
over loudspeakers elicit passenger co¬ 
operation rather than opposition even 
when the announcement conveys news 
that will inconvenience some people. 
Messages delivered the old way by train¬ 
men or platform men invariably led to 
arguments and further delay. 
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Optimum Switching Criteria For Higher 
Order Contactor Servo With 
Interrupted Circuits 

S. S. L. CHANG 

MEMBER AIEE 


I N A contactor serv^o, the controlling 
elements determine only the instants 
of time at which the contactor operates. 
In between these moments the controlled 
system is left alone to follow its own 
equations of motion and is not in any 
way affected by the error and the time 
derivatives of the error. This is also 
true for continuous control systems with 
saturable elements in response to a large 
reference input. For optimimi'operation 
of a second-order system of this nature, 
Hopkin^ and McDonald^ showed that 
the switching criterion can be expressed 
as a nonlinear relationship between the 
error and its first time derivative. Their 
analyses were in terms of the phase- 
plane technique and the optimum switch¬ 
ing boundary was shown to be a tra¬ 
jectory on the phase plane. Bogner and 
Kazda^ generalized the phase-plane cri¬ 
teria for second-order contactor servos^'^ 
to a phase-space criteria for higher order 
contactor setv^os. An implicit but basic 
assumption of their analysis is that in 
an w-order contactor servo the error and 
its derivatives up to the w-1 order are 
continuous at the moment of switching. 
What does this assumption imply 
physically? 

This assmnption would be universally 
true in a second-order position control 
system; for as the torque is limited to 
its saturation value, the error and its 
first derivatr/e must be continuous at 
all times. However, in higher order 
contactor servos, continuity of the second 
or higher derivative of the error implies 
uninterrupted circuits during switching, 
i.e., the circuits remain closed while 
at the moment of switching the applied 
electromotive force jumps from a definite 
value of zero or reverses in value. While 
switching this way is not only possible 
but also desirable from the point of view 
of contactor life, it is by no means the 
only possibility. An alternative is for 
the contactor to open the circuit com¬ 
pletely at the moment of switching. 
Because of the large momentary counter 
voltage at the instant of open-circuit 
switching, the values of the higher 


derivatives drop to zero in a negligible 
time; hence zero initial values for these 
derivatives may be assumed as regards 
subsequent operation. 

The optimum open-circuit switching 
criteria for a high-order contactor servo 
is investigated in this paper by an exten¬ 
sion of the phase-space method. It is 
found that for contactor servos of the 
same order the ones with open-circuit 
switching require less time and less 
steps to reach a steady state. The com¬ 
puter, which is the counterpart of the 
controller in a linear servo, is considerably 
simpler in construction in contactor 
servos with open-circuit switching than 
that with closed-circuit switching. 

Nomenclature 

)\ Qr{ )\ H )= functions of the pa¬ 
rameters or variables in paren¬ 
theses 

5 = sd= 1 represents contactor positions 
field time constant 
i=time after each switching 
J=inertia of motor and load 
Tm—motor saturation torque 

= servomechanism input variable 
00 = servomechanism output variable 
TV = order of contactor servo 

number of nonvanishing initial values 
of the error and its derivatives 
jE=0i—00 

motor field current 
rerunning index 

An Illustrative Example 

The foregoing discussion can be 
exemplified by solution of a typical 
problem using the circuit of the third- 
order contactor servo given as an example 
by Bogner and Kazda.® Referring to 
Fig. 1, the field current i will remain 
unchanged at the instant of switching 
only if the computer keeps the motor 
field circuit closed while reversing or 
removing the field voltage V, If the 
computer is to cause the operation of an 
ordinary contactor with reverse and 
neutral positions, i must cease to flow 
at the instant the circuit is opened. 
While the energy stored in the field 
inductor has to be disposed of, generally 


this can be accomplished with an interval 
of time equal to approximately 1 or 2 
per cent of the field time constant by 
various antiarcing means. For practical 
purposes, therefore, i can be considered 
as discontinuous and starting from zero 
at the beginning of each switching. The 
interruption of i also makes a difference 
in the final balanced state. With closed- 
circuit switching, the final state must 
be such that the error, error velocity, 
and torque are zero simultaneously. 
With open-circuit switching, it is only 
necessary that the error and velocity 
be zero. The torque will be reduced to 
zero the moment the switch is opened 
anyhow. 

The equation describing the system 
in the intervals between switchings is 


dm dm Tra 


(1) 


The derivation of equation 1 is straight¬ 
forward. It is given in detail in Ap¬ 
pendix I. 

Let the phase-plane variables Ui and 
U 2 be defined by Z7i=E, and U 2 = 
(dE)/{dt). Continuity of the phase 
trajectories implies the preser\"ation of 
position and velocity at the moment of 
switching. The open-circuit switching 
condition is 


dj^ 

dt 


0 at 


( 2 ) 


Under the condition of equation 2, 
equation 1 reduces to 


d^U^ dU'2 Tm 


(3) 


Sohing equations 2 and 3 yields 


Integrating equation 4 gives 


dJJ2 ^Tm, 


(4) 


\2r^2 T 4 , / 




u^a+Uio ( 6 ) 


Plot of Ui and Ui in equations 5 and 6 
as the ordinate and abscissa respectively 
yields a phase trajectory for each pair 
of values of Uio and Uio- t is a parameter 
with the physical meaning of time which 
a point representing a state of the system 
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takes to traverse from the initial point 
on the phase plane to the point (Uu U 2 ) 
in question. As some of the trajectories 
pass through the origin at some values 
of 5, these trajectories form a group and 
their initial points may be called critical 
initial points. According to equations 
7 and 8, the pair of equations defining 
the locus of the critical initial points are 






I “~H-* 

\t4, 


i) 


Uio- 




J \2t^ 




(7) 

• Uict 

( 8 ) 


Equation 8 may be rewritten as 




(9) 


curve defined by equations 7 and 9, a 
phase trajectory will pass through the 
origin. 

Fig. 2 shows the critical ctirves on the 
phase plane. Curve 1 is obtained by 
setting 5 = 1, and curve 2 is obtained by 
setting 5= —1. The two curves join 
at the origin and divide the phase plane 
into two regions A and B, The optimum 
switching criterion is simply that 5 = — 1 
in region A and 5 = 1 in region B. 

Any large initial disturbance can be 
considered as a combined step input 
in both position and velocity, and 
corresponds to an initial point P on the 
phase plane. Suppose that this initial 
point falls in region A, The contactor 
operates to accelerate the motor (5= — 1), 
and the system follows the trajectory 
P-P' until it crosses the boundary at some 


point on curve 1. There is no question 
that the phase trajectory will intersect 
with curve 1. As seen from equation 6, 
any phase trajectory will remain a phase 
trajectory on translating left or right. 
Starting at any point on curve 2, a phase 
trajectory would pass through the origin. 
Consequently, starting at any point to 
the right of curve 2, it will pass the Ui 
axis at a point to the right of the origin, 
and subsequently intersect curve 1. 

As soon as the phase trajectory crosses 
into region B, the contactor operates to 
decelerate the motor, and the system 
arrives at a steady condition following 
the phase trajectory P'-P" of Fig. 2. 
Following approximately the same argu¬ 
ments as given in reference 1, it can be 
shown in general that along the two 
phase trajectories P-P' and P'-P" the 
time required to reach the steady condi¬ 
tion is a minimum. 

Thus it follows that the optimum 
open-circuit switching criteria for a 
third-order system is a curve on the 
phase plane. In many ways it is similar 
to the second-order system described in 
reference 1. However, it differs from 
the latter in the following ways: 

1. The critical boundary is not a tra¬ 
jectory. 

r 

2. For either value of S, there are an in¬ 
finite number of phase trajectories passing 
through a given point on the phase plane. 
The underlying reason for such is that 




Starting from any point on the critical 


\ 

\ 



Fi’s. 2. Phase-plane illustration of function of computer with 
typical trajectories, curves P-P' and P'-P".0 


Fig. 3. Phase trajectories subsequent to step function position inputs 
curves 3 and 4 , and to step function velocity input, curves 5 and 6 

U. is in units of amVVJ Uj is in units of (T^r*)/J 
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the d 3 niainical state of a second-order 
system is completely defined by the position 
and velocity, while that of the third order 
system depends also on the torque which, 
in turn, is a function of the time after 
switching. Therefore, not only the point 
on the phase plane but also the time it 
takes to arrive at that point define a phase 
trajectory. 

Curves 3 and 4 of Fig. 3 constitute the 
path on the phase plane which the system 
would follow with an initial step input 
of 0.2 unit in position. Similarly, curves 
6 and 6 describe the system with an 
initial step input of 0.2 unit in velocity. 
The errors as a function of time are 
plotted in Figs. 4 and 5 for the respective 
cases. Compared with those for the 
same system described in reference 3, 
the present case takes about 20 per cent 
less time to reach a steady condition. 
Physically, the reason for such is quite 
clear. By quenching the field current 
with momentarily open-circuit switching, 
the time for reversing the field current 
is made shorter. However, more signi¬ 
ficant is the simplification in switching 
arrangements. The open-circuit switch¬ 
ing requirement can be closely approxi¬ 
mated by a circuit similar to that used in 
proportion plus derivative control, but 
with some nonlinear elements. Much 
more complicated arrangements would 
be necessary for optimum closed-circuit 
switching for the same system. 

The General Case 

While a contactor serv'o of fourth- 
order or higher is rarely met in practice, 
it may be of interest to study the general 
problem in its broader aspects. Suppose 
that in an iV-order contactor servo the 
error E and its time derivatives up to 
the M-1 order are continuous (M ^ N— 1), 


2.0 


Jl 

T4 


Fig. 4 (left). Error 
versus time with 
step function posi¬ 
tion input 

Solid line—open- 
circuit switching 
Dashed I i n e— 
closed- circuit 
switching (reference 
3) 

Error E is in units 
of (T„» V)/j 


Fig. 5 (right). 
Error velocity versus 
time with step func¬ 
tion position input 

Solid line—open- 
circuit switching 
Dashed I i n e— 
closed- circuit 
switching (reference 
3) 

dE/dt is In units of 
amr^VJ ■ 



and its derivatives from the M-order to 
the iV--1 order are zero at the moment of 
switching. The differential equation de¬ 
scribing the system between switching 
intervals is 

( dE d^E\ 

Generally, equation 10 can be solved 
if the initial values of E and its time 
derivatives up to the iV—1 order are 
known. Since only M of these values 
are nonvanishing, the system can be 
described in an M-dimensional phase 
space. The co-ordinates of the phase 
space are defined as 

The equations describing a trajectory 
can be obtained by solving equation 10; 
subject to prescribed initial conditions 
they are 

Ut — Pt(S, t, U}c, UiQ, ...» Um(,) 

r-1,2, ... M (12) 

The time variable t can be considered 
as a parameter. Each set of values of 
Uio, ... Um'o defines a distinct phase 
trajectory. For a given point Un in 
phase space, there are an infinite number 
of trajectories which pass through the 
given point at one time or the other. 
The initial points of these trajectories 
‘can be obtained by solving equation 12 


for UrQ with Ur I = Ur. The solution 
can be written as 

UrQ=^Qr(B, t, Uiu Uiit ...» Umx) 

r = l, 2, ... M (13) 

The starting points from which a phase 
trajectory will eventually pass through 
the origin are given by 

C^roo(^0t fo)”Q7'(5o» 0, 0, 0, . . .0), 

r«l,2, ...,M (14) 

As there is only one variable parameter, 
the M equations embodied in equation 
14 specify a curve in the phase space. 
The two curves, with 5o equal to ±1, 
join at the origin and form the final 
switching boundary. 

The starting points from which a phase 
trajectory would pass through a point on 
the final switching boundary are given by 

Ur^iiKt ht h)^QT['^ht hi UmCSoto), 

...UifAfo)] r*l,2, ...M (IS) 

As there are two variable parameter 
to and h, equation 15 describes a surface 
starting from which a system can reach 
a steady condition with one switching 
operation. The surface forms that next- 
to-final switching boundary. 

The foregoing method is repeated with 
the result that the points requiring two 
switching steps to reach balance form a 
3-dimensional continuum, and the points 
needing three switching steps to reach 
balance form a 4-dimensional continuum, 
etc. Generally, the points taking M—1 
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switching steps would cover the entire 
M-dimensional phase space. 

It has not been shown in this paper 
that solutions 12 and 13 exist and are 
unique. However, such follows from 
physical reasoning provided that the 
open-loop system is stable. 

It may be concluded generally that, 
in a contactor servo of the iV-order with 
the controlled variable continuous up to 
its ilf—1 derivative at the moment of 
switching, ikT—1 switching steps will be 
necessary to reach balance. The opti¬ 
mum switching criterion can be de¬ 
termined by successively applying equa¬ 
tion 15. Compared to a high-order 
contactor servo with closed-circuit switch¬ 
ing, its counterpart with open-circuit 
switching is faster in response and 
simpler in computer construction. 

Appendix I. Derivation of 
Equation 1 

The derivation of equation 1 is sub¬ 
stantially the same as that given in ref¬ 


erence 3. Referring to Fig. 1, the motor 
armature current Ig is assumed to be a 
constant, and the reversal of the torque is 
accomplished by reversing the field current 
i. Assuming that the field flux is propor¬ 
tional to i, the motor torque is 


T^Ki 

Neglecting friction 




dt^ 


(16) 

( 17 ) 


Let the parameter S be so defined that 
it is — 1 if positive V is applied to the field 
circuit and vice versa, the field current i 
can be represented as 


Substituting equation 17 iii equation 19 


d^6o d^do Tm 


( 20 ) 


To evaluate the response of the system 
to an initial step input of position or velocity 
or any combination thereof, it may be 
assumed that no new disturbance is intro¬ 
duced before the first step change is fully 
compensated. Mathematically the assump¬ 
tion can be written as 


df 


0 n>2 


( 21 ) 


Equation 1 is obtained by combining 
equations 20 and 21. 


di 

at 


( 18 ) 
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Short-Circuit Currents in Low-Voltage 

Systems 

JOINT SECTIONS COMMIHEE ON AIR CIRCUIT BREAKERS OF NEMA 


O NE of the aims of the Joint Sections 
Committee on Air Circuit Breakers 
of the National Electrical Manufacturers 
Association (NEMA) is to propose 
standards of satisfactory performance 
for low-voltage (Iv) air circuit breakers 
under short-circuit conditions. To de¬ 
termine the requirements for satisfactory 
circuit-breaker short-circuit performance, 
it' is necessary to obtain information 
about the various short-circuit conditions 
that exist in electric power systems where 
the circuit breakers may be installed. 
Sponsored by the NEMA Joint Sections 


Paper 55-442, recommended by the AIEE In¬ 
dustrial Power Systems Committee and approved 
by the AIEE Committee on Technical Operations 
for presentation at the AIEE Summer General 
Meeting, Swampscott, Mass., June 27-July 1, 
1955. Manuscript submitted March 24, 1955; 
made available for printing April 8, 1955. 

Personnel of the NEMA Joint Sections Committee 
on Air Circuit Breakers: W. H. Edmunds, Chair¬ 
man, C. Bangert, Jr., B. S. Beall III, W. Deans, 
L. W. Dyer, H. J. Lingal, and J. W. May. 

W. O. Huening, Jr., assisted in preparation of 
material for the joint sections committee, although 
not a member. 


Committee, studies have been made to 
permit the maximum probable short- 
circuit duties to be determined at nearly 
any point in a wide range of low-voltage 
electric power systems. This paper gives 
the basic assumptions and procedxures 
used in the calculations and presents the 
results as a series of curves that can be 
used to determine short-circuit duties in 
Iv systems. 

The study covers the most common Iv 
systems, which are radial, 3-phase sys¬ 
tems operating at 60 cycles per second 
and supplied through transformers. 
Network systems and systems with local 
generation are not included in the 
general evaluation because they are 
usually special cases and require indi¬ 
vidual consideration. 

Fig. 1 shows the radial circuit employed 
in investigating Iv short-circuit duties. 
Solutions for the symmetrical current at 
the point of short circuit are based on 
the methods described in AIEE Standard 
C37.5^ and in the supplement to AIEE 


Standard C37.133 To be conservative, 
maximum probable short-circuit current 
values are calculated by selecting circuit 
impedances that are minimum probable 
values, as described later, and all cal¬ 
culations are based on bolted faults. 

Physically, as Fig. 1 indicates, the 
short-circuit duty depends on the follow¬ 
ing items: available primary short- 
circuit duty, transformer size and im¬ 
pedance, system voltage, sizes and 
effective impedances of motors contribut¬ 
ing to the short-circuit current, and the 
size, length, and cross-section geometry 
of the feeder conductors connecting the 
Iv source bus to the point at which the 
short-circuit duty is being investigated. 

Eight curve sheets, Figs. 2 through 9, 
present tlie results of the calculations, 
one for each of the following transformer 
kilovolt-ampere (kva) sizes: 150, 225, 
300, 500, 750, 1,000, 1,500 and 2,000. 
The independent variable plotted on the 
horizontal scale of each graph is the 


TRANSFORMER 


PRIMARY 

SOURCE 

AVAILABLE 


O CONTRIBUTING 
MOTORS 


CIRCUIT 

CONDUCTORS 




LOW VOLTAGE 
SOURCE BUS 


POINT OF 
SHORT 
CIRCUIT 


Fig. 1. Circuit investigated and results 
obtained 
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DISTANCE FROM TRANSFORMER TO POINT OF FAULT- FEET 
A. ISO KVA TRANSFORMER — 208 VOLTS 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT- FEET 
B. ISO KVA TRANSFORMER -■ 240 VOLTS 



C. ISO KVA TRANSFORMER-480 VOLTS 


D. ISO KVA transformer —600 VOLTS 


Fis. 2. Symmetrical short-circuit current and power factor versus distance from a 1 SO-kva liquid-filled power transformer; X/R«3.24; 

R =31.23 per cent; X = 4.0 per cent/ and Z = 4.19 percent 


ength in circuit feet of the feeder con¬ 
ductors connecting the Iv source bus 
and the point of short circuit. Five 
different sizes and feeder conductor cross- 
section arrangements have been selected 
and investigated. 

The five conductor arrangements, 
originally chosen to be at least 115 
per cent of the size normally required for 
the standard frame sizes of Iv air circuit 
breakers are given in Table I. The 
meaning of these designations is explained 
by example; Four 750,000 circular mils 
(CM) indicates that the feeder con¬ 
ductors consist of four 3-conductor 
750,000-CM cables operating in parallel 
with one conductor of each cable carrying 
one-fourth of the total current of each 
phase. Feeder arrangements that have 
essentially the same short-circuit duties 
for equal length of conductors can be 
substituted, as shown in Table II, for 
feeder arrangements in the fourth and 
fifth lines of Table I respectively. 

Approximate short-circuit current and 
power-factor values for other feeder 


conductor sizes and arrangements can 
be obtained by interpolating between 
the lines on any curve sheet, using 
impedance values as a rough basis for 
the interpolation. The results of the 
calculations displayed graphically permit 
determining at any point in a given Iv 
system two factors that will define the 
short-circuit duty at that point. One is 
the magnitude of the a-c rms S 3 rmmetrical 
component of the short-circuit current 
and the other is the power factor of the 
short-circuit current. The total asym¬ 
metrical short-circuit current may be 
determined from the plotted symmetrical 
short-circuit current by using a multiplier 
that is a function of short-circuit power 
factor, as shown in Fig. 10. 

Basic Impedance Data and System 
Conditions Used for Calculations 

As mentioned previously, the equiva¬ 
lent circuit investigated consists of im¬ 
pedances that are considered minimum 
values. These are described here. 


Primary Source Circuit 

It is assumed that a 500-megavolt- 
ampere (mva) short-circuit duty is 
available at the primary of the trans¬ 
former, and that the source circuit 
reactance-resistance (X/R) ratio is 25. 
This X/R ratio corresponds roughly to 
the standard multiplier of 1.6 used to 
obtain maximum phase rms total currents 
in primary circuits from calculated S 3 m- 
metrical current values. 

It is believed that very few primary 
circuits have an available short-circuit 
duty that is greater than 500 mva with an 
X/R of 25. Even if the available pri- 


Table I. Conductor Arrangements 


Rating of 
Circuit, 
Amperes 

Conductor Sire 

Type of 
Conductor 
Insulation 

50..., 

.. .no. 4. 

. R 

100.... 

... no. 0. 

. 'R 

225.... 

...250,000 CM. 

. RH 

600.... 

...two 500,000 CM.... 

. RH 

i,qoo.... 

...four 750,000 CM.. 

. RH 
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DISTANCE FROM TRANSFORMER TO POINT OF FAULT —FEET 
A- 225 KVA transformer-208 VOLTS 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT - FEET 
B. 225 KVA TRANSFORMER - 240 VOLTS 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT—FEET 
C. 225 KVA TRANSFORMER-480 VOLTS 

Fig. 3. Symmetrical short-circuit current and 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT-FEET 
D. 225 KVA transformer-600 VOLTS 


power factor versus distance from a 225-l<va liquid-Pilled power transformer: X/R = 3.35; R = 1.19 
per cent; X=4.0 per cent; and Z-4.17 per cent 


moxy duty exceeds this, it is probable that 
the plotted results would still prove to 
be conservative because there are other 
impedances in the circuit, also selected 
at minimum values, and the probabilities 
are very slight that any one system will 
have all impedances at the minimum 
possible values concurrently. 

Transpormbr Impedances 

To determine the transformer charac¬ 
teristics, nominal standard transformer 
impedances of 4 V 2 per cent for trans¬ 
formers having ratings up to and in¬ 
cluding 600 kva, and 5 V 2 per cent for 
transformers having ratings above 500 
kva are assumed. The allowable stand¬ 
ard tolerance of - 7 V 2 per cent is then 
applied to select a minimum preliminary 
value for the impedance Z of each trans¬ 
former size. From data on liquid-filled, 
seh-cooled transformers supplied by nu¬ 
merous transformer manufacturers, X/R 
ratios are selected for each transformer 
size. From the minimum preliminary 
impedances and the X/R ratios, values 
of X are calculated and then slightly 


rounded off. From the rounded off 
values of X and the X/R values, new 
values of R and Z are calculated for each 
transformer. Table III shows a tabula¬ 
tion of the impedance information for 
sizes of transformers investigated in the 
study. 

Feeder Conductor Data 

Resistance and reactance are computed 
for 3-phase cables, having only the 
minimum allowable thickness of insula¬ 
tion aroimd each conductor, installed in a 
magnetic duct or having a magnetic 
binder such as steel-interlocked armor. 
The values as calculated are almost 
exactly equivalent to those for 3-phase 
cable with minimum insulation plus a 
braid around each conductor installed 
in nonmagnetic duct or in free air. 

The impedance as computed is almost 
the minimum possible impedance for 
the conductor sizes considered and is, 
therefore, conservative. Reactances 
would be higher with insulation thicker 
than the standard minimum or with 
three single conductors instead of a 3- 


conductor cable pulled into a conduit 
because, in both cases, the average inter¬ 
conductor spacing is greater. Therefore, 
the curves may be used for circuit con¬ 
ductors having the same wire size, but a 
different arrangement. Table IV shows 
the impedance information for the cable 
circuits investigated and, in addition, the 
standard minimum insulation thickness. 

Motor Impedances 

It is assumed that the short-circuit cur¬ 
rent includes contributions from a group 

Table II. Substitute Feeder Arrangements 
for Which Short-Circuit Current and Power 
Factor Values May be Read from the Curves 


Conductor Substitute Conductor 

Arrangement per Arrangement per Phase for 
Phase for Which Which Curve Values May 
Curve Is Drawn Be Used 


Two 500,000 CM.three no. 4/0 American Wire 

Gauge 

four no. 2/0 American Wire 
Gauge 

Four 760.000 CM.three 2,000,000 CM 

five 400,000 CM 
six 300,000 CM 
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A. 300 KVA TRANSFORMER “ 208 VOLTS 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT-FEET 
B. 300 KVA TRANSFORMER— 240 VOLTS 




DISTANCE FROM TRANSFORMER TO POINT OF FAULT—FEET DISTANCE FROM TRANSFORMER TO POINT OF FAULT-FEET 

C. 300 KVA TRANSFORMER-480 VOLTS D. 300 KVA TRANSFORMER—600 VOLTS 

FiS. 4. Symmetrical short-circuit current and power factor versus distance from a 300-kva liquid-filled power transformer: X/R —3.50; R»1.t4 

per cent; X — 4,0 per cent; and Z=4.16 per cent 


of motors connected to the transformer 
secondary bus, and that the total kva 
of the group of motors is equal to the 
transformer kva. The group of motors 
is assumed to have an equivalent re¬ 
actance of 25 per cent and an X/R of 6.' 
These values are approximately correct 
for terminal short circuits of individual 
30-horsepower induction motors, are 
conservative for groups of smaller horse¬ 
power motors, and satisfactorily repre¬ 
sent larger motors with short lengths of 
cable circuit connecting the motors to 
the transformer bus. 

Using the Curves to Find 
Short-Circuit Duties 

The curves, Figs. 2 through 9, are 
used directly to find the short-circuit cur¬ 
rent duties and power factor. To find 
a short-circuit current at the end of the 
given length of a given size feeder 
originating at the Iv bus of a given 
kva substation; on the appropriate graph 
and on the short-circuit current curve 


marked with the feeder size, find a point 
corresponding to the length of the feeder 
as read on the horizontal scale, then find 
the short-circuit current corresponding 
to that point on the vertical current scale. 
Power factors are found in a similar 
manner. 

Where the circuit from the substation 
Iv bus includes two sections of different 
wire size, an estimate of the duty can 
be obtained considering only one wire 
size. First, find the short-circuit current 
corresponding to the length and size of 


Table III. Assumed Transformer Charac¬ 
teristics for all Applicable Voltages 


Trans¬ 

former, 

Kva 

X/R 

R, 

Per Cent 

X, 

Per Cent 

Z, 

Per Cent 

150... 

..3.24. 

...1.23... 

...4.0... 

...4.19 

225... 

..3.35. 

...1.19... 

...4.0... 

...4.17 

300... 

..3.60. 

...1.14... 

...4.0... 

...4.16 

600... 

..3.84. 

...1.04... 

...4.0... 

...4.12 

750... 

..5.45. 

...0.94... 

...5.1... 

...5.19 

1,000... 

..5.70. 

...0.89... 

...5.1... 

...5.19 

1,600... 

..6.15. 

...0.83... 

.‘..5.1... 

...5.18 

2,000... 

..6.63. 

...0.77... 

...5.1... 

...6.17 


the section having the smaller wire. 
Then find the short-circuit current cor¬ 
responding to the wire size of the other 
section, but using a length equal to the 
total distance, i.e., the sum of the two 
section lengths. Since the actual duty 
is less than either of the two short-circuit 
currents thus determined, use the smaller 
current value. 

Alternative Method to Find 
Short-Circuit Duties 

As an alternative, the short-circuit 
current and power factor for any length 
of feeder at any system voltage may be 
computed from the curves for one 
voltage by using the following procedure. 
Take the curves for the 480-volt system 
as a base (lower left-hand curves on 
Figs. 2 through 9). 

1. Short-circuit current I sc at any system 
voltage Vs at feeder length L may be found 
on the 480-volt curves as follows: 

a. Choose the 480-volt curve of the 
proper kva transformer under study. 

b. Select a distance along the abscissa 
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DISTANCE FROM TRANSFORMER TO POINT OF FAULT-FEET 
A, 500 KVA TRANSFORMER - 208 VOLTS 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT-FEET 
B. 500 KVA TRANSFORMER ~ 240 VOLTS 




assess 



Fig. 5. 


Symmetrical short-circuit current and power factor versus distance 

per cent; X = 4.0 per cent; 


from 
and! 


DISTANCE FROM TRANSFORMER TO POINT OF FAULT-FEET 
D. 500 KVA TRANSFORMER-600 VOLTS 

a SOO-kva liquid-filled power transformer: X/R = 3.84; R = 1.04 
Z=4.12 per cent 


whicli will be Lmyoiu^L (at system 
voltage) X(480/75)2. The factor (480/75)2 
for common service voltages is given in 
Table V. 

c-1. Read the short-circuit current on the 
480-volt curve for the proper feeder at the 
distance found in step 2. 

c-2. The short-circuit current at the de¬ 
sired system voltage will then be Igc (at 
system voltage) =755 (from c-1)X(480/7,). 
The factor (480/75) for common serv¬ 
ice voltages is given in Table VI. 

2. The short-circuit power factor can be 
read directly from the 480-volt curve corre¬ 
sponding to the proper feeder size at a dis¬ 
tance as found in step 1-b. 


and the short-circuit current calculation 
in a feeder system involving two sizes of 
conductors. 

Asymmetrical Current Values 

The currents read from the graph and 
computed in accordance with the methods 
and equations used in the previous 
paragraph are all symmetrical currents. 
To find the asymmetrical values corre¬ 
sponding to the symmetrical values, the 


curve shown as Fig. 10 is used. As 
previously explained, the degree of 
asymmetry can be related to the power 
factor of the short circuit. 

In present-day usage, the asymmetrical 
current value compared with Iv circuit- 
breaker ratings is computed by averaging 
the three total rms asymmetrical currents 
at 1/2 cycle of a 3-phase bolted short 
circuit. This average short-circuit asym¬ 
metrical current can be found by imtlti- 


TablcIV. Cable Data 


Sample calculations for a bus short- 
circuit duty and for short-circuit current 
and power factor are given in Appendixes 
I and II respectively. 

Sample calculations and examples illus¬ 
trating the use of the curves will be found 
in Appendix III. The examples in 
Appendix III show how the full set of 
curves is used directly, the alternative 
method of computation for any system 
voltage from the set of 480-volt curves, 


Rating of 
Circuit, 

Amperes Wire Size 


Characteristics per Conductor 


. Thickness of 

Resistance Reactance Insulation, 

per 100 Feet* per 100 Feet Inches 


50.No. 4. 

100.No. 0. 

225.250,000 CM. 

600.Two 500,000 CM 

1,600.Four 750,000 CM 


0,0312 .0.00362 

0.0125 .0.00340 

0.00547 .0.00322 

0.00292t.0.002951 

0.00208t.0.00284t, 


,4/64 

5/64 

6/64 

6/64 

7/64 


x(.esisxance corresponds to 75 degrees centigrade corrected for 60 cycles a-c, 600- volt cable. 

Calcalations for 600- and 1.600-ampere circuits (2 and 4 
Swe STn^uS^ ^ paralleling these values without consideraLn oTmore than ont 
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SYMMETRICAL SHORT CIRCUIT CURRENT- 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT-FEET 
A. 750 KVA TRANSFORMER - 208 VOLTS 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT—FEET 
B. 750 KVA TRANSFORMER - 240 VOLTS 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT-FEET 
C. 750 KVA TRANSFORMER-480 VOLTS 



Fig. 6. Symmetrlcai short-circuit current and power factor versus distance from a 750-kva liquid-filled power transformer: X/R-5.45; R—0.94 

per cent; X = 5.1 per cent/ and Z = 5.19 per cent 


Table V. Distance Factor (480/Va)* for 
Common Service Voltages 



/480\* 

Voltage 

V Vs / 

ona ..*5.34 

9An 

.4.00 


.1.00 

KKn ..0.76 

600. 

.0.64 

Table VI. 

Short-Circuit Current Factor 

(480A'.) for 

Common Service Voltages 


/^N 

Voltage 

\ Vs / 

208 .2.31 

240 .2,00 

480 . . 100 

Ritn .0.87 

600. 

.0.80 


plying the symmetrical current deter¬ 
mined from the graphs by the multiplier 
Ma, shown in Fig. 10, corresponding to 
the short-circuit power factor. If it is 
desired to find the maximum possible 


rms asymmetrical current among the 
three that are averaged for the value 
found previously, then use the multi¬ 
plier Mm found in Fig. 10 correspond¬ 
ing to the power factor. 

Appendix I. Sample Calculation 
for a Bus Short-Circuit Duty 

A sample per-unit calculation for the 
bus short-circuit current and for the 
equivalent impedance to the bus is given 
for the 750-kva transformer size; note 
that the bases are 1 mva=* 1,000 kva, 480 
volts, 1,203 amperes. 

Source equivalent impedance (500 mva, 
X/i?==25), Zs «0.00008+j0.0020 (1) 

Transformer impedance 

0.94 per cent . 5.1 pe r cent \ 1,000 
100 100 ) 750 ’ 

Zjr=0.01253+7*0.0680 (2) 

Sum of source+transformer impedances, 

Zr-H5=0.01261+70.0700 (3) 

Motor impedance (760 kva, X =25 per cent. 


A-/JJ-6) =^(l/6+yi).0.26, 

=ZM=0.0655+i0.333 (4) 
Source and transformer admittance, —- 

^T^-S 

= per-unit current contribution ^ 
(r+5)= Fr+5*2.493-7l3.81 (5) 

Motor admittance, ^=per-unit current 
Zm 

contribution, (ilf)= Fjif=0.486—7*2.92 

( 6 ) 

Total per-unit symmetrical current, bus 
short circuit = Fr 4 .s+ Fjif=2.979—7*16.73 

(7) 

Reciprocal of equation 7 Z(bu8) =0.01029+ 

7*0.0579 (8) 

Polar form of equation 7=per-unit Jsc(bua) 
= 17.00 Z-79.91® (9) 

Short-circuit power factor(per cent) 

=cos0®X 100 = 17,5 per cent (10) 

Symmetrical lu (bus) at 480 volts 

=* 1,203( i) =20,450 amperes (11) 
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Fis. 7. Symmetrical short circuit current and power factor versus distance from a 1 ,000-kva liquid-filled power transformer: X/R = 5.70; R=0.89 

per cent; X = 5,1 per cent; and Z = 5.19 per cent 


Symmetrical Isc (bus) at 208/120 volts 

=2.31(^)=*47,200 amperes (12) 

Symmetrical/sc (bus) at 240 volts =2.00(jfe) 
=40,900 amperes (13) 

vSymmetrical/sc (bus) at 600 volts = 0.80(ife) 

= 16,360 amperes (14) 

See Table VI for multiplier used in equations 
12, 13, and 14. 

Appendix il. Sample Calculation 
of Short-Circuit Current and 
Power Factor 

Here is a sample calculation of the short- 
circuit current and power factor on a 225- 
ampere feeder, 320 feet from a 750-kva 
480-volt transformer substation. 


Total impedance to fault, Z(bus)+^(feeder) 

=Zt= 0.0863 +i0.1026 (17) 

Per-unit short-circuit current = 1/Zr 

=Jsc ^1?“=7.46 Z -49.93 ° (18) 

Short-circuit power factor cos 0®X1OO 

=64.4 per cent (19) 

Symmetrical short-circuit current (in am¬ 
peres) 1,203(d) =8,970 amperes 

( 20 ) 


Appendix III. Sample Calcula¬ 
tions and Examples Illustrating 
the Use of Curves 

Example 1 

Determine the short-circuit current avail¬ 
able and the power factor orf a system 
voltage of 208 volts, connected to a liquid- 
filled transformer of 1,000 kva with 100 
feet of 250,000-CM feeder conductor to the 


Table VII. Bus Equivalent Impedances and Bus Short-Circuit Current Duties 


Equivalent Per-TTnit 
Trans- Impedance to Bus, 
former. Including Motors, Z 
Kva Bus (1,000-Kva Base) 


Short- 

Per-TJnit Circuit 

Symmetrical Power 
Short-Circuit Factor 
Current (All 
(1,000-Kva Voltages), 
Base) Per Cent 


Symmetrical Short-Circuit Current, Amperes 
with System Voltages of 

208 Volts 240 Volts 480 Volts 600 Volts 


System impedance to low voltage 
transformer bus (from Table VII) 

=^(bus) =0.01029-f-i0.0579 (15) 

Impedance of 320-foot feeder (3.2 X 
value from Table VIII)=Z(feeder) 

=0.0760+7*0.0447 (16) 


150.0.066-1-70.2315 . 

225.0.0428-1-70.1551 . 

300.0.0308-1-70.1164 . 

500.0.01712-h70.0706. 

750.0.01029-1-70.0579. 

1,000.0.00736 +70.0436. 

1,500.0.00467 +70.0296. 

2,000.0.00332 +70.0226. 


.... lO... 

.... 6.21... 

...26.6... 

.... 8.30... 

...25,6... 

....13.76... 

...23.6... 

....17.00... 

...17.5... 

....22.60... 

...16.62.. 

....33.33... 

...15.57.. 

....43.90... 

...14.54.. 


.. 11,500_ 9,980. 

.. 17,220- 14,940. 

.. 23,000_ 19,970. 

.. 38,200_ 33,100. 

.. 47,200_ 40,900. 

.. 62,700_ 54,400. 

.. 92,400_ 80,100. 

..121,800_105,600. 


. 4,990. 

.. 3,990 

. 7,470. 

.. 5,980 

. 9,985. 

., 7,990 

.16,550. 

. .13,230 

.20,450. 

. .16,360 

.27,200. 

..21,750 

.40,050. 

.,32,050 

.52,800. 

..42,200 
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DISTANCE FROM TRANSFORMER TO POINT OF FAULT -FEET 

A. 1500 KVA TRANSFORMER-208 VOLTS 




Fig. 8. Symmetrical short-circuit current and power factor versus distance 

per cent; X = 5.1 per cent; 



DISTANCE FROM TRANSFORMER TO POINT OF FAULT— FEET 
D. 1500 KVA TRANSFORMER-600 VOLTS 

from a 1,500-l<va liquid-filled power transformer: X/R^d.l 5; R*0.83 
and Z — 5.18 per cent 


point of fault. In Fig. 7(A) enter at 100 
feet and read 15,400 symmetrical amperes 
at 75-per-cent power factor. 

Example 2 

Determine the short-circuit current avail¬ 
able and the power factor on a system 
voltage of 208 volts connected to a liquid- 
filled transformer of 1,000 kva with 100 
feet of 250,000-CM feeder conductor to 
the point of fault, from the alternative 
method, using the 480-volt curves. 

1. Refer to Fig. 7(C). 

2. L(48o volts) = 100X5.32- 532 feet. The 
5.32 factor is taken from Table V. 

3. Enter curve at 632 feet and read 
6,700 amperes on the 250,000-CM curve. 

4. The short-circuit current at 208 
volts will then be I sc (at 208 volts) — 
6,700X2.31 = 15,400 amperes (symmetrical). 
The 2.31 factor is taken from Table VI. 

5. The short-circuit power factor can 
be read directly from the same curve. 
Enter at 532 feet and read 75-per-cent 
power factor for the 250,000-CM conductor. 

Example 3 

Determine the short-circuit current avail¬ 
able on a system voltage of 480 volts con¬ 


nected to a liquid-filled transformer of 500 
kva with two sections of different size 
conductor to the point of fault, the first 
section nearest the transformer consisting 
of 10 feet of two 500,000-CM conductors, 
and the other section beyond consisting of 
50 feet of no. 0 wire. An estimate of the 
available short-circuit current can be ob¬ 
tained by considering only one conductor 
size. 

1 . From Fig. 6(C) read the current 
at 50 feet (length of the smaller conductor 
only) for the no. 0 wire. This is 13,600 
symmetrical amperes. 

2. Next, from Fig. 6(C) read the current 
at 60 feet (combined length of the two con¬ 


ductors) for two 500,000-CM conductors. 
This is 15,500 symmetrical amperes. 

3. Since the actual duty will be less 
than either of these figures, use the smaller 
one, or 13,500 symmetrical amperes. 


References 

1. Methods for Determining the Rms Value 
OF A Sinusoidal Current Wave and a Normal 
Frequency Recovery Voltage and for Simpli¬ 
fied Calculation of Fault Current. ASA 
Standard C37.5, American Standards Association, 
New York, N. Y., Dec. 1963. 

2. Low-Voltage Air Circuit Breakers 
(including Application Guide). 454 Standard 
C37J3, Ibid., Aug. 1964. 


Table VIII. Per-Unit Impedances of 100-Foot Feeder Circuits/ Base Kva = 1,000, Base Line- 
to-Line Voltage=480, Base Line Current=1,203 


Rating of 
Feeder 
Circuit, 
Amperes 


Conductors per Phase 


Ohms per 100 Feet 


Per-TJnit Impedance per 
100 Feet 


50.no. 4 American Wire Gauge. 0.0312-j-j0.00362 .0.13534‘iO,01671 

100.no. 1/0 American Wire Gauge. 0.0125-i-;0.00340 .0.0542-1-iO.01476 

225 250 000 CM. 0.00547 -fjO. 00322 .0.02375 +i0.01397 

600..... .two 500,000 CM.1/2(0.00292-f-jO.00295).0.00633-fiO.00640 

1 600. four 750,000 CM.1/4(0.00208-hiO.00284).0.002255-hjO.00308 
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Fig. 9 (above). Symmetrical short-circuit cur¬ 
rent and power factor versus distance from a 
2,000-kva liquid-filled power transformer: 
X/R = 6.63; R«:0.77 per cent; X = 5.1 per 
cent; and Z =* 5.17 per cent 


Discussion 


Dan Clark (Bureau of Reclamation, Denver, 
Colo.): The data presented in this paper 
are complete, interesting, and believed to 
include all the material necessary to formu¬ 
late a very siinple guide for determining 
the short circuits available at any point 
in an Iv system. A guide of this type would 
be very useful in determining the proper- 
size circuit breakers required for a system, 
The^ basic impedance data and system 
conditions used for the calculations are 
believed to be more applicable to industrial 
plant power systems than to station service 
systems for hydroelectric power plants. 
The assumed total kva connected motor load 
which is equal to the transformer kva 
capacity appears to be too high for power- 
plant systems. Therefore, the assumed 
motor contribution to the fault current is 
too high. The transformer impedances 
used in the calculations are minimum 
probable values. The use of these conserva¬ 
tive data may possibly make the cost of the 
switchgear for a power plant more expensive 
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than necessary, provided the circuit breakers 
were larger than actually required. For 
some power-plant station service systems, 
depending on the transformer capacity, 
it is more economical to purchase additional 
impedance in the transformer than to 
purchase the larger size switchgear. In 
addition to a considerable savings in the 
cost of the switchgear, the savings in space 
requirements of the gear must also be 
evaluated. 

It would be interesting to see a few com¬ 
parative tables and curves based on more 
nearly average conditions for power-plant 
station service systems using unit sub¬ 
stations with radial feeders. 


Arnold R. Kelly (Esso Research and Engi¬ 
neering Company, Linden, N. J.): The 
authors allow for motor contribution to 
fault by assuming an equivalent motor, 
equal in size to the transformer kva, and 
with a reactance of 25 per cent, an X/R of 
six, and no subtransient decay of a-c 
contribution. Equivalent impedance would 
be 25.3 per cent. 

Traditional allowance for induction motor 
contribution during the first half-cycle of 
fault, when the size and number of motors 
justifies, consists of assuming an equivalent 
motor with admittance equal to the sum of 
the individual motor locked-rotor admit¬ 
tances and no subtransient a-c decay. 
Although connecting cable admittance may 
be included and the sum for all motors 
added as a phasor quantity, the resulting 
X/R ratio is traditionally ignored in the 
final computation. In this final step, after 
motor and source admittances are added, a 
traditional multiplier of 1.5 (for maximum 
phase, or the equivalent 1.25 for average 
phase) is used for d-c offset; this implies an 
assumed weighted-average power factor 
for source and motors of 8 per cent, or an 
X/R of 12.5. 

As illustrated by the authors’ numerical 
examples, this traditionally assumed X/R 
of 12.5 is high and therefore conservative. 
The authors’ method reduces this conserva¬ 
tism and therefore results in a more eco¬ 
nomical application of switchgear. 

However, it appears that the authors’ 
method still retains elements of conserva¬ 
tism which should be reviewed before 
applying the curves of Fig. 2 to 9: 

1. Primary source capability is assumed to be 
600 mva. Many times it is actually as low as 30 
mva. 

2. X/R of the source, as seen from the Iv bus, 
may be reduced if the transformer is cable-con¬ 
nected to the bus. 

3. X/R of motors at locked rotor is usually 
half or less of the value of six assumed, for the size 
involved on most Iv systems, and as seen from the 
bus is further reduced by cable connections. 

4. For an a-c time constant of 2 cycles (range; 
1 to 3 V 2 cycles for Iv motors!) the a-c contribution of 
an induction motor would decrease to 78 per cent 
in the first half-cycle. 

When motor contribution forms an 
appreciable part of total short-circuit 
current (i.e„ low-mva primary source), 
and if substation load consists predomi¬ 
nantly of a few large motors, recognition of 
these factors will often permit switch-gear 
economies in borderline cases, provided 
allowance is made for the effect on short- 
circuit level of future expansion. 


Two other assumptions made by the 
authors relative to motor contribution 
deserve comment. First, the assumed 
motor equivalent impedance of 25.3 per 
cent may be high. If the bus is heavily 
loaded and motors are of designs with high 
starting current, typical of totally enclosed 
fan-cooled desig^ns, equivalent impedance 
may be as low as 12 or 14 per cent. Second, 
the use of Fig. 10 recommended by the 
authors is based on three questionable 
premises: 

1. That prefault and postfault motor and 
source currents are in phase, so that the same 
degree of asymmetry or initial d-c contribution 
would occur in each. 

2. That the d-c decay of the source and motors is 
equal, based on a weighted average X/R, and is not 
afifected by the interaction of the two flowing 
through common circuit elements such as feeder 
cables. 

3. That theoretical maximum initial d-c con¬ 
tribution from motors is equivalent to a multiplier 
of 1.73 for a fully offset wave; it would appear that 
this would occur only at no load and that the post¬ 
fault current of a loaded motor, with a prefault 
current Vs to »/* of symmetrical postfault, could be 
more than fully offset by an amount up to Vs to 
*/ 4 , depending on prefault power and postfault 
X/R SLS seen from the motor. 

Fig. 10 is captioned ’‘Multiplying factors 
to obtain short-circuit asymmetrical current 
from symmetrical values, at an instant 
V 2 cycle after initiation of a fault.” It is 
wondered whether the curves are based on 
the decrement in d-c component reached 
after a full half-cycle, or whether they are 
for the decay in the fost quarter-cycle and 
thus represent the average over the first 
half-cycle. 

Reference 

1. Time Variation op Industrial System 
Short-Circuit Currents and Induction Motor 
Contributions, W. C. Huening, Jr. A2EE 
Transactions, vol. 74, pt. II, May 1955, pp. 90—101. 


W. C. Huening, Jr. (General Electric Com¬ 
pany, Schenectady, N. Y., on behalf of 
Joint Sections Committee on Air Circuit 
Breakers of NEMA); We wish to express 
our appreciation to the discussers. Both 
are apparently interested in seeing how the 
material presented might be useful to them. 
Both have mentioned that there are par¬ 
ticular cases where the short-circuit duties 
are lower than those given in the paper. 
This is true, but it is also true that there 
are other cases where the possible short- 
circuit duties are equal to those given. 
It is the purpose of the paper to present 
the maximum probable short-circuit cur¬ 
rents for Iv systems; therefore, it is not 
surprising that certain systems may have 
lower duties. 

Engineers of the caliber of Mr. Clark and 
Mr. Kelly are quite capable of computing 
short-circuit duties in particular systems. 
Although it was hoped that such engineers 
might find the graphs useful for reference, 
the results were not compiled originally with 
that in mind. Instead, it was intended 
that the material should serve as the basis 
for a simple circuit-breaker selector guide 
which would be useful in determining 
applicable sizes of circuit breakers. It was 
expected that the guide would provide a 
way for men not skilled in the details of 
short-circuit calculations to select adequate 
circuit breaker equipment. 

Mr. Clark will probably agree that each 


power-plant-station service Iv switchboard 
should be checked individually for short- 
circuit duty before circuit breaker ratings 
are selected. Average curves would prob¬ 
ably be only of passing interest. 

Mr. Kelly mentions that the method of 
calculation used for the study eliminates 
some of the conservatism of the traditional 
simplified calculating procedures. It should 
be noted that this introduces complica¬ 
tions, and the advantage of simplicity is 
lost. The traditional methods are still 
the easiest way to calculate an answer that 
will permit the selection of an adequate 
circuit breaker. 

Mr. Kelly also lists some ways in which 
the results obtained might be excessively 
conservative. This listing might be useful 
to an engineer interested in checking 
whether his particular system has lower 
duties than those given in the paper. 

There is an area, as noted by Mr. Kelly, 
where the method of the paper may be non¬ 
conservative. There are possible cases 
where motor contributions might be greater 
than those computed. Mr. Kelly mentions 
two such situations: when the substation 
load consists predominantly of a few large 
motors, and when the load includes many 
motors that have high starting currents, 
typical of totally enclosed fan-cooled 
designs. It was decided not to treat 
cases like these when the method of calcula¬ 
tion was selected, because overemphasized 
motor contributions would probably not be 
suitable for a general survey. It was con¬ 
sidered unlikely that extreme types of 
motor loads would be found in systems 
where circuit breakers were selected by 
means of a simplified selector guide. 

Some additional observations on the 
calculation of motor contributions might be 
made. The method of the paper employs a 
motor reactance higher than that corre¬ 
sponding to locked rotor current. Use of 
this higher reactance for the motor makes 
the effective motor short-circuit current 
contribution lower than locked rotor 
current. This lower current is intended to 
represent a motor contribution a-c com¬ 
ponent after it has decayed for V 2 cycle from 
its initial value, which is theoretically equal 
to locked rotor current. 

The use of an increased equivalent motor 
reactance introduces a slight error into the 
calculations when the point of short circuit 
is separated by appreciable cable impedance 
from the Iv bus, and makes the results 
slightly inaccurate when multipliers taken 
from Fig. 10 are employed. The inac¬ 
curacies introduced are not appreciable. 
Other approximation having the same order 
of inaccuracy are also involved, not only 
in this but in other methods of making 
short-circuit calculations. 

To comment on the “questionable” 
premises for Fig. 10, as listed by Mr. 
Kelly, it may be noted that prefault currents 
need not be considered in calculating short- 
circuit currents by methods such as the one 
used (unless saturation effects are to be 
included), and that any error introduced as 
described in Mr. Kelly’s second premise is 
negligible until after the first cycle of 
short-circuit current flow. The short- 
circuit currents of the paper are first cycle 
rms values. 

The multiplying factors of Fig. 10 do 
correspond to an average over one full 
cycle. 
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As a supplement to the paper, and aside 
from commenting on the discussion, men¬ 
tion should be made of other ways in which 
the results presented in the paper can be 
useful. Although marked for “liquid-filled” 


transformers, each curve should also apply 
to dry-type transformers, because they have 
similar impedances. Furthermore, each of 
the separate curves may also be used for 
other numbers of the same size conductors 


per phase, by employing the principle that a 
length of feeder with one conductor per 
phase has the same impedance as have 
two feeders in parallel each of which twice as 
long. 


Cleveland Transit System Gets New 
Rapid Transit Cars 


C. A. KOCH 

ASSOCIATE MEMBER AIEE 


C LEVELAND’S problems of transpor¬ 
tation parallel, to some extent, those 
of her larger sister cities in the United 
States. The rapid growth of the popula¬ 
tion, the shift of population to suburbs, 
and the concentration of ofldces and trades 
in the downtown area made a new ap¬ 
proach to the passenger transportation 
problem necessary. Early public trans¬ 
portation in Cleveland was almost entirely 
by surface street cars. This gradually 
was changed to a combination of street 
cars and buses, and finally led to a com¬ 
bination of trolley coaches and buses. In 
Cleveland there is now one single rapid 
transit line from the downtown section 
to Shaker Heights, operated by the City 
of Shaker Heights. It runs on its own 
right-of-way, using street cars equipped 
for multiple unit service. It is of more 
than national significance that Cleveland 
has recently inaugurated the first part of 
a rapid transit line which is designed to 
provide mass transportation, from east to 
west, parallel to Lake Erie. The part 
which is in operation now runs from E. 
142nd Street, the Windermere Station in 
eastern Cleveland, to the Public Square 
in Cleveland. 

General 

Cleveland’s is the third installation in 
the United States of a rapid transit line, 
with President’s Conference Committee 
type of light-weight cars. The other in¬ 
stallations are in Chicago and in the East 
Boston Tunnel. The Philadelphia and 
New York rapid transit cars are of a dif- 
ftrent type. The complete installation 
will cost in the vicinity of $60,000,000. 

The rapid transit line is centered at the 
PubHc Square in the Cleveland Union Ter¬ 
minal Building. It runs east to E. 142nd 
Street through six stops, a distance of 8 
miles from the Square with a scheduled 
running time of 18 minutes. A branch 
line is contemplated along Euclid Heights 


I H. MURPHY 

MEMBER AIEE 


Boulevard later. The western branch is 
to run from the Square to W. 117th Street, 
a distance of about 5 miles with three inter¬ 
mediate stops and a schedule of 12 minutes 
for the run. An extension of approxi¬ 
mately 2 miles beyond W. 117th Street is 
planned. The line is laid out to connect 
with trolley coach and self-propelled bus 
lines at every stop and, thereby, forms 
the backbone of an integrated transit 
system. New facilities were installed 
including tracks, signals, rectifier substa¬ 
tions, catenary overhead power lines, and 
car maintenance shops. 


Car Equipment 

So far, 68 cars have been purchased. 
An effort was made to obtain light weight 
by the use of Cor-ten steel in all struc¬ 
tural members of the body and by the use 
of a new light-weight truck and by special 
arrangement of the equipment. Signifi¬ 
cant dimensions of the cars are as follows: 

Car length over end sills—single units 
48 feet 6 inches. 

Car length over end sills—double units 
97 feet 2 inches. 

Car width, 10 feet. 

Car width at doors, not over 10 feet 4 inches. 

height (pantograph in the down posi¬ 
tion), 13 feet 3 inches. 

Car height (rail to roof), 11 feet 9 inches. 
Truck center distance, 31 feet 2 inches. 
Truck wheel base, 6 feet 6 inches. 

Wheel diameter, 28 inches. 

Door openings, 4 double doors, 2 on each 
side. 

Door opening width, 4 feet 2 inches. 

Door opening height, 6 feet 3 inches. 

Seating capacity, 56 (single car). 

Car weight—single units, 66,500. 

Car weight—double units, 106,200. 

The cars have a motorman’s cab at 
each end of the single units, but only at 
the extreme ends of the semipermanently 
coupled units. Headlights and train ac¬ 
cessories are provided in the same manner. 
Car bodies are insulated against tempera¬ 


ture and sound. A smooth exterior con¬ 
tour permits easy cleaning of the cars. 
Silver-gray and blue colors were chosen 
as an attractive interior and exterior color 
scheme. 

Trains 

Cars are designed in two types—single 
and double unit. There are 12 cars ar¬ 
ranged as single units and 66 cars ar¬ 
ranged in 28 double units. The double 
units are connected semipermanently by 
a noncoupling draw bar. This arrange¬ 
ment of single and double units facili¬ 
tates the adjustment of the train size to 
suit traffic conditions. The scheduled 
speeds, exclusive of layover, average ap¬ 
proximately 28 miles per hour, with top 
speeds over 40 miles per hour. 
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Passenger Comfort 

Special attention was given to pas¬ 
senger comfort and eye appeal in the in¬ 
terior, door arrangements, and quietness 
of operation. Platfonn loading is used at 
every station. The seats are fixed and 
face the nearest exit door. A seated pas¬ 
senger is never over 11 feet from the near¬ 
est exit. The seats are upholstered with 
flame-resistant fabric on foam rubber. 
Tubular stainless-steel bars are arranged 
across the tops to fonn grabhandles. 

Heating and Ventilation 

The cars are equipped with an elab¬ 
orate heating and ventilating system, 
thermostatically controlled, for maximum 
comfort. The panoramic windows are 
glazed with safety heat-resistant glass to 
keep out excess heat from the sunlight. 
There are four fans located symmetrically 
in the ceiling. These fans will deliver a 
total of 14,000 cubic feet of air per minute, 
taking air from the outside through a 
plenum chamber located in the roof. 
For control of the temperature, a system 
of dampers in the plenum chamber per- 
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Fig. 1. Rush-hour service handled by two to six car trains 



Fig. 2. The motorman’s position, ceiling fans, fixed window, and seats 


mits partial recirculation of the air. The 
fans start operating at 66 degrees Fah¬ 
renheit and reach their maximum speed 
at 85 degrees Fahrenheit. The car-heat¬ 
ing equipment uses the heat from the ac¬ 
celerating and brahing resistors. Two 
fans mounted on the underside of the 
car floor ventilate these resistors. They 
take the air from the car plenum chamber 
down through a structural post of the 
car. Additional auxiliary heaters are 
located in this air stream. If the tem¬ 
perature drops below 50 degrees Fahren¬ 


heit, ^these auxiliary heaters are ener¬ 
gized. The auxiliary heaters are cut off 
above 58 degrees and modulated heat is 
used up to 65 degrees Fahrenheit. Above 
65 degrees Fahrenheit, the cooling air for 
the resistors is all passed to the outside. 

Lighting 

Lighting is furnished by fluorescent 
tubes mounted end to end in two diffusion- 
type channels at the ceiling, one row on 
each side. The intensity of the lighting 
is 20 foot-candles minimmn at the reading 


level. Emergency lights operated from 
the battery are located inside the fluores¬ 
cent light fixtures and at the doors. Des¬ 
tination signs and marker lights are also 
provided at the car sides and front. 

Safety 

The four double doors are interlocked 
with the motorman’s controls so that the 
train cannot be started if any door re¬ 
mains open. A signal light in the motor- 
man’s cab indicates when all doors are 
closed. 



MOTOR OPERATED RESISTOR 
PBC« POWER BRAKE CHANGEOVER SWITCH 
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Rg. 4. Lfghtwersht pantograph, fuse, and lightning arrester 


Automatic trips are provided at each 
color light signal which engage a braking 
control lever on the forward car and 
bring the train to a stop in case the motor- 
man should pass a red signal. A “dead 
man s control stops the train automati¬ 
cally if the motorman should fail to hold 
down the control lever on the master 
power controller. 

Quietness of Operation 

The floor covering is marbleized black 
rubber in the aisles and dark blue under 
the seats on plywood. The equipment 
itself is designed for quiet operation by 
using automotive-type hypoid gears be¬ 
tween the motors and axles, and four 
shock absorbers on each truck—two of 
which control lateral movement and two 
of which control lengthwise movement. 
Comfort of passengers during acceleration 
and braking is obtained by making thpse 
functions fully automatic and by produc¬ 
ing accelerating and braking rates which 



Fig. 5. A new design of a truck with two 55-hoisepower motois 


tions to the car body. The body air in¬ 
take is located at the end of the car, along¬ 
side the sliding door. There is an air 
duct at each end of the car, serving one 
pair of motors or one truck. The two 
motors are mounted longitudinally on 
each side of the bolster, securely sup¬ 
ported by the cross members. They are 
connected to the hypoid gear unit through 
universal joints. This contributes also 
to quiet operation and smooth riding 
because the motor weight is not carried 
directly by the axles. The motors are 
equipped with removable covers on the 
commutator end for ease of inspection of 
the commutator and for brush replace¬ 
ments. 

Power circuits are remotely controlled 
by either magnetic or electropneumatic 
means. The control wiring itself is a 2- 
wire system operated on 40 volts d-c. 
Control of the train is centered at the mo¬ 
torman’s cab. These cabs are equipped 
with a sliding window, convertible 



do not disturb the feeling of security of 
the passengers. 

The motorman has a change window 
adjacent to the fare box for use during 
hours of light traflic when fare are not 
paid at the station. The station plat¬ 
forms are well lighted by continuous rows 
of fluorescent lights and escalators are 
or will be installed in major stations. 

Electric Equipment 

All axles are motorized, each by a 55- 
horsepower motor. The motors are 
connected two in series at all times. Ac¬ 
celeration is provided by an accelerating 
resistor with constant-current control. 
At higher speeds, the motor fields are 
shunted in two steps. The motors are 
self-ventilated by a shaft-mounted fan 
which draws air from the car body 
through duct work with flexible connec¬ 
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seat, Polaroid visor, electric heaters, glass 
windows on all sides, and a change win¬ 
dow to the car interior. Other accessories 
include an air windshield wiper, a de¬ 
froster fan, pantograph control buttons, 
door control buttons, sander and horn 
control, a fire extinguisher, and a master 
power and brake controller. 

Acceleration and braiding are automati¬ 
cally controlled through the master con¬ 
troller to provide uniformity and pas¬ 
senger comfort. The accelerator is op¬ 
erated by a fractional horsepower motor 
under the influence of a current-limiting 
relay which operates both in the advance 
and return directions. Acceleration is 
obtained by moving the master-controller 
handle to the left. Acceleration rates 
from 1 to 2.3 miles per hour per second 
may be selected. Coasting is produced 
by moving the master-controller handle 
to the central position. Moving the 
master-controller handle to the right sets 
up braking which starts with d)mamic 
braking. Dynamic braking fades out at 
about 4 miles per hour where the air 
brakes take over the braking function. 
Braking rates range from 2.8 miles per 
hour per second to a minimum vrhich 
occurs with the controller handle in the 
coasting position. Emergency braking 
is available when the controller handle 
is moved to the extreme right position and 
provides both dynamic and air brakes 
simultaneously. The master controller 
has a separate handle to operate the re- 
verser. All cars are equipped with a 
load-weighing control device which re¬ 
calibrates acceleration and deceleration 
depending on the load in the car so as to 
provide uniform acceleration and de¬ 
celeration rates regardless of loading 
conditions. 

Power is taken from the overhead line 
by pantographs, one for each single unit 
and one for each double unit. The 
pantograph on a double unit is on the 
forward car. The pantographs are 
mounted on the roof at the center of a 
truck. They are of light tubular con- 
stniction with single contact shoes, spring- 
raised and air-lowered. The single shoes 
have a pan extending the width of the 
framework with lightweight aluminum 
horns on the ends. The pan carries tw'o 
strips of copper for its full length. Gra¬ 


phite lubricant is carried in the pan be¬ 
tween the copper strips to minimize wire 
and copper strip wear. The working 
range of the pantograph is 4 feet. Opera¬ 
tion is effected by two extra long coil 
springs which give a uniform working 
pressure over the operating range. Two 
air pistons mounted on the base are used 
either to lower the pantograph against 
the action of the springs or to release a 
mechanical latch which holds the panto¬ 
graph in the down position. If air pres¬ 
sure is not available, the latch can be re¬ 
leased by a pull cord. Maximum current 
per pantograph is approximately 1,000 
amperes for a 2-car train including light¬ 
ing and heating load. Pantographs are 
protected by a fuse against overload. 
Lightning arresters are installed on the 
roof adjacent to the pantographs for pro¬ 
tection against lightning currents. 

Auxiliary power for the control func¬ 
tions is furnished by a 40-volt battery 
system. The battery is charged by a 
generator from an auxiliary motorrgen- 
erator set. Main control panels and 
auxiliary control panels are mounted on 
the underside of the car with sliding or 
hinged doors for easy access during main¬ 
tenance and inspection. 

Wiring from car to car is carried by 
control receptacles on the single units 
which are incorporated in the couplers, 
and by a junction box with flexible jump¬ 
ers between the double units. The 600- 
volt power circuit jumpers and air lines 
between the cars of a double unit are 
clamped to the draw bar. 

Mechanical Equipment 

Compressed air for operation of the air 
brakes and auxiliary devices is furnished 
by a 2-stage motor-driven air compressor 
of 25-cubic-foot-per-minute capacity. 
This compressor is also mounted on the 
underside of the car floor. It supplies air 
pressure to operate the brakes. Each 
truck has one cylinder and one brake shoe 
per wheel. This results in a very simple 
brake rigging. The compressed air is 
also used for operating some of the con¬ 
tactors and for operating the doors. 

New light-weight trucks were designed 
for these cars. The trucks are of the in¬ 
side frame pedestal type, cast steel, with 


tapered roller bearings and a spring-sup¬ 
ported bolster. As mentioned previously, 
a silent right-angle hypoid gear drive 
and the use of shock absorbers contribute 
materially to riding comfort. 

Maintenance and Shop Facilities 

Shop facilities have been provided at 
Windermere for complete maintenance 
and inspection operations. One inspec¬ 
tion pit has been equipped with eight 
hydraulic jacks so that the two bodies of 
a double unit can be supported simul¬ 
taneously for truck removal. The four 
trucks then can be lowered to a working 
area one floor below the track level. In 
this manner, the cars can be returned to 
service with a minimum delay. In addi¬ 
tion, tracks are provided over pits to serv¬ 
ice and inspect two double units. These 
pits are 4 feet deep and extend 2 V 2 feet 
beyond the side of the rails so that a 
quick inspection can be made of the ap¬ 
paratus panels which face toward the sides 
of the car. 

Conclusions 

Cleveland is providing a rapid transit 
system which will restore the downtown 
area as the center of all activities in com¬ 
merce and permit planning on a large 
scale for the future of the downtown area. 
The rapid transit line will carry pas¬ 
sengers quickly, efficiently, and comfort¬ 
ably. It forms the backbone of a co¬ 
ordinated transit system with feeder lines 
to the rapid transit stations, and transfer 
privileges from and to the rapid transit 
line. Parking areas will make the rapid 
transit system also available to individual 
car drivers. 

The present rapid transit operation is 
only the first step in a complete rapid 
transit system. The western portion of 
the line also will soon be in operation. 
The downtown loop which is a part of the 
original plan cannot be completed for 
several years. Only when this portion 
is finished can the full benefits be ob¬ 
tained. There is no doubt that Cleve¬ 
land’s rapid transit system will achieve 
the same degree of success which is 
characteristic of these developments in 
other large cities. 
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T he first 10,000-ainpere 60-cycle me¬ 
chanical rectifier installed in the 
United States has now completed 32 
months of operation. Anticipated high 
conversion ejQBlciency has been confirmed. 
The current supplied the isolated elec¬ 
trolytic load has been controlled well 
within the required limits. Contact life 
remains the major maintenance problem. 
However, recent developments in contact 
design have increased contact life and 
give promise of still ftirther increase. 

In May 1951 a 10,000-ampere 267-volt 
d-c mechanical rectifier manufactured by 
I-T-E Circuit Breaker Company was 
placed into service at the Wyandotte, 
Mich., plant of the Pennsylvania Salt 
Manufacturing Company. 

Description of Equipment 

The rectifier unit, controls, d-c switch- 
gear, and the air conditioning unit were 
installed in a separate building attached 
to the main cell building, with the trans¬ 
former located out of doors on a concrete 
platform. See Fig. 1. The a-c oil drcuit 
breaker is located inside the power plant 
approximately 200 feet from the rectifier. 
Inverse time overcurrent relays with in¬ 
stantaneous attachment are installed on 
this 8-cycle breaker. 

The power transformer is Askarel-filled, 
self-cooled, sealed, and rated for a 45- 
degree-centigrade temperature rise. Lo¬ 
cation of the transformer near installa¬ 
tions representing high investment dic¬ 
tated the selection of a noninflammable in¬ 
sulating liquid. Two 2V2-per-cent no- 
load taps above and two 3 V 2 “per-cent 
taps below the normal system voltage of 
13,800 volts are available as required. 
The no-load tap changer is controlled by 
an operating handle in the rectifier com¬ 
partment. 

Voltage regulation is provided down 50 
per cent of maximum rated voltage for 
starting purposes only and down 15 per 
cent of maximum voltage on each trans¬ 
former tap for continuous operation. 

Primary and secondary windings of the 
main transformer are concentrically 
wound. The secondary is wound be¬ 
tween two halves of the primary to keep 
the reactance to a minimum and the pri- 
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mary taps are at the center of each phase. 
No surge protection is needed for me¬ 
chanical rectifiers. The interphase trans¬ 
former is located outside the transformer 
tank on the d-c side of the rectifier and it 
is air-cooled. 

The commutating reactors are mounted 
in the same tank with the transformer 
windings. Three control windings are 
used on the commutating reactors. One 
winding, that on the “break” core, com¬ 
pletes the flux change in the reactor after 
the contact opens so that the recovery 
voltage on the contact is delayed until 
the contact is separated sufficiently to 
withstand it. This winding is connected 
to the break pre-excitation supply. 

One winding on the “make” core com¬ 
pensates for the magnetizing current in 
the reactor by providing exciting cunent 
to it before the contact closes so that there 
is negligible inrush current at the instant 
of contact closure. The second winding 
on the make core is used to prevent the 
parallel resistor circuit from operating 
during the make step. This resistor cir¬ 
cuit acts as a load on the reactor during 
the break step to prevent inductive peaks 
on the contact as it is opened. 

The rectifier d-c breakers are of the 
high-speed type to permit future parallel 
operation with other power conversion 
equipment. The d-c breakers are single¬ 
pole, high-speed, reverse-current trip, 
typt-FB circuit breakers rated at 6,000 
amperes, 750 volts d-c maximum. • Trip¬ 
ping by reverse current limits the current 
rise within 6.25 X10 seconds. Complete 
interruption of the current occurs within 
12.5X10"’^ seconds. There is no maxi¬ 
mum interrupting capacity established 
for the FB breaker. The latching mech¬ 
anism consists of a spring-loaded holding 
magnet which provides the means for 
reverse current tripping when reversal of 
flux in the magnet releases the latch. A 
shunt trip and an emergency hand trip 
are also provided. 

The a-c and d-c short circuiters are ac¬ 
tuated by shifting the flux of a permanent 
magnet which latches the short circuiters 
in the open position. A flux-shifting coil 
is wound on the magnet and this coil is 
energized by the impulse transformer 
when an unbalance occurs between the 


a-c and d-c systems of the rectifier. The 
closing time is 1.25 X10 seconds from 
initiation of the pulse. See Fig. 2. 

Controls may be divided into three 
groups: startup and shutdown sequence, 
load, and piotective devices. 

Startup and Shutdown Sequence, 
These are automatically controlled by 
electrically operated relays and starters. 
Startup is initiated by the a-c breaker 
control switch which closes the a-c breaker 
and energizes the rectifier transformer. 
Oil and water pump motor, regulator 
motor, and exhaust fan motor starters 
close and, when the oil pressure switch 
closes, the drive motor starter is closed. 
Voltage is applied to the rectifier after a 
time delay by starters, first through a re¬ 
sistor circuit and then directly. The 
motor-driven secondary disconnect is 
closed after the full secondary voltage has 
been applied to the rectifier directly 
through this starter stage. The auto¬ 
matic sequence stops here. Load is con¬ 
nected by closing the hand-operated d-c 
disconnects in the negative bus and then 
operating the d-c breakers electrically by 
a control switch. Shutdown procedure 
is the reverse of startup and it is auto¬ 
matic after the d-c breakers have been 
opened by operation of this control switch 
and the a-c breaker control switch is 
turned off. After the transformer second¬ 
ary voltage is disconnected from the 
rectifier in the secondary resistance 
stage, the a-c breaker opens and the unit 
is shut down. 

Load. No-load (base load) voltage 
control and load current control are 
achieved by the hydraulic regulator which 
is sensitive to voltage before the d-c 
breakers are closed and to current after 
the load is connected. The hydraulic 
regulator rotates the drive motor stator 
to maintain a fixed voltage or current 
which is determined by hand-operated 
rheostat controls. 

Protective Devices. Immediate tripping of 
the a-c breaker is effected by short-cir- 
cuiter tripping, transformer tap changer 
latch movement, instantaneous overload 
relay sin the transformer primary circuits, 
or emergency trip button. The overload 
relays are combination time delay and 
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Fig. 1 (above). Rectifier station general layout 

Fig. 2 (right). Rectifier basic circuit diagram 


instantaneous. Normal sequence shut¬ 
down including automatic opening of the 
d-c breakers is effected by a master moni¬ 
toring relay which is tripped if any motor 
starter fails to operate or opens while the 
rectifier is in operation. An alarm system, 
including a bell and red lights, is energized 
if transformer pressure or temperature ex¬ 
ceed rated limits, if the transformer sec¬ 
ondary load is greater than 1.5 times rated 
for a time in excess of 1 minute, or if the 
oil pressure falls below a low limit. The 
alarm system operates also on any fault 
shutdown. 

Two continuous strip-recording type 
of instnunents are flush mounted on the 
door of the auxiliary compartment. One 
instrument records the total direct cur¬ 
rent output. The second unit records 
and integrates the total d-c power output 
of the rectifier. Total current values to 
these instruments are measured from a 
common shunt in the main bus run to the 
load. 

Automatic control is incorporated 
to maintain direct current output within 
+ 1 per cent. Setting of current to dif¬ 
ferent values is accomplished by adjust¬ 
ing the position of a rheostat mounted on 
the control cubicle. Infinite step current 
control is provided at each setting. 

Initially, a water spray type of air 
washer was installed to reduce the amount 
of corrosive fumes in the air and to pro¬ 
vide cooling air for the rectifier equip¬ 
ment. Under certain circumstances, how¬ 
ever, corrosive gases from nearby process 
areas were pulled through the air washer, 
mixed with the highly humid air, and cir¬ 
culated through the rectifier room. 
Rapid corrosion took place on exposed 
metal parts such as relay contacts, wire 
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terminals, rheostats, etc. To prevent 
possible damage to a major piece of 
equipment by improper relaying or im¬ 
proper operation of controls caused by 
this corrosion, the air-washing equip¬ 
ment was replaced by a commercial air- 
conditioning unit operated in a closed 
system thereby eliminating the need for 
make-up air. 

The current-carrying portion of the 
contacts for the machine are of a silver 
alloy with the movable part spring- 
loaded and were originally unguided. 
These component parts are mounted in 
a plastic body. The contacts are at¬ 
tached to the a-c and d-c bus bars and 
thus are cooled by the liquid cooling sys¬ 
tem serving these bus bars. This is a 
closed system with a water-to-air heat 
exchanger. Opening of a contact is ac¬ 
complished through movement of a ver¬ 
tical push rod with an insulated head 
driven by a cam arrangement. 

A-c power for the rectifier is obtained 
from the plant generation system bus. 
This 46,000-kva system includes two 
9,375-kva generators paralleled on a 
13,800-volt bus and five generators, rang¬ 
ing in size from 3,125 kva to 7,500 kva, 
operated at 2,300 volts in a synchronizing 
bus an-angement. The 13,800-volt sys¬ 
tem is tied .through transformers to bus 
sections of the 2,300-volt system. Syn¬ 
chronous converters are operated on both 
systems and paralleled on the d-c side. 
This places the rectifier in parallel opera¬ 
tion on the a-c side with synchronous 
rotary converters and mercury arc recti¬ 
fiers delivering d-c power to electrolytic 


loads. To date the mechanical rectifier 
has not been operated in parallel with 
other conversion equipment on the d-c 
side. A manually operated thiowover 
switch has been provided to transfer the 
load served by the mechanical rectifier 
to the main d-c bus in event of a rectifier 
shutdown. 

When placing the rectifier in service, 
individual units of the electrolytic load 
are connected to the rectifier one at a 
time. Under this procedure, the rectifier 
output current is regulated to the value 
required for that portion of connected 
load and then is raised to approximately 
meet the load demand of the next incom¬ 
ing unit. By following this practice, the 
value of inrush ciurent to the rectifier is 
limited to a maximum of 15,000 amperes. 

Contact Life 

Since this rectifier was the first 
10 ,000-ampere unit to be operated on 60 
cycles in the United States, contact life 
was an unknown factor. It was neces¬ 
sary, therefore, during the early stages of 
the rectifier operation to keep the rectifier 
running until one or more contacts failed 
to obtain contact performance data. 
The program of studying the behavior of 
coni acts consisted of noting the condition 
of each contact during the break step 
portion of the commutating period as 
instructed by the manufacturer. By 
means of a selector switch, the voltage 
wave shape of the break step of each con¬ 
tact was observed hourly on the cathode- 
ray oscilloscope and the condition re- 
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corded. This condition was expressed as 
“good,” “bouncing or irregular break,” 
or an “arcing” contact by comparison 
with sample voltage wave drawings sup¬ 
plied by the manufacturer. Since these 
checks were made every hour, the inter¬ 
pretation of the oscilloscope picture as to 
contact condition was done by the process 
operators. 

After compiling records for 3 months, 
an approximate average life of a set of 
contacts had been determined and the 
program was discontinued. However, 
contact failure still could not be accurately 
anticipated. Contacts that appeared 
to be in good condition would change to 
show signs of a poor condition, run this 
way for a number of hours and then show 
a good condition again. At other times, 
contacts that appeared to be operating 
favorably would suddenly fail. Contact 
failure is considered to have occurred 
when the surfaces of the contact have 
roughened to the extent that continued 
operation is not possible. 

Because of the uncertain remaining life 
of the contacts of a set in which failure of 
several contacts has occurred, it was 
found desirable to initiate a practice of 
replacing all contacts after any were 
damaged. From the accumulated rec¬ 
ords an average operating life of 300 
hours between backfires for a set of con¬ 
tacts was established. It was then 
decided to institute a program of replac¬ 
ing all contacts after 275 hours of opera¬ 
tion. 

Procedure for Contact Replacement 

To replace a complete set of 12 con¬ 
tacts and return the rectifier to service 
requires an average of approximately 3 
hours. Work is accomplished by the best 
electricians in the plant normally during 
the regular day shift. Should the recti¬ 
fier trip out of service at any other time, 
contact replacement is postponed imtil 
the next day shift. The pi ocess operators 
perform the job of transferring the recti¬ 
fier load to the main d-c bus to maintain 
production. 

No attempt has been made to decrease 
the time of contact changing because of 
the available stand-by power for the cell 
load, thus allowing time for proper train¬ 
ing of all qualified electricians, general 
inspection of control equipment, and 
checking the progress of electrolytic at¬ 
tack on the cooling-water system. Any 
other reqmred maintenance is perfoimed 
during the downtime of the rectifier for 
contact replacement. 

Contact replacement procedure begins 
by loosening 18 single bolt bar clamps to 


remove the old contacts. Each contact is 
marked as to the time installed and the 
time removed, using readings from the 
time meter provided. The position of the 
contact on the mechanism also is re¬ 
corded. This information is forwarded 
to the manufacturer to assist in the pro¬ 
gram for improved contact life. 

The top of the contact mechanism is 
cleaned of all minute particles of contact 
material that were deposited when the 
backfire occurred. Loose pieces of con¬ 
tact material in countersunk screw holes 
in the push-rod heads are removed to 
eliminate the possibility of a piece being 
caught between the push-rod head and 
the movable contact during normal 
operation. Should this happen, it could 
affect the timing of the contact. 

Now the new set of contacts is clamped 
in place and the contact drive motor is 
energized from an external source of 
auxiliary power for the initial adjustment 
of contact timing. The auxiliary power 
circuit is provided in the control cubicle. 
This timing is accomplished by rotating 
an external screw geared to each individ¬ 
ual push-rod. The adjustment is set to 
obtain a predetermined steady direct 
voltage across the contacts. Most of 
the time consumed in replacing contacts 
is at this stage. Usually two to four con¬ 
tacts are difficult to time properly. At 
times, by driving the contacts for a short 
break-in period, the poor timing will 
clear up. Should this fail, the contact 
will need to be replaced. Running the 
contacts at no load for a 30-minute period 
or longer after initial timing is beneficial 
because much of the contact flaking takes 
place at this time. After all the contacts 
have been properly timed by the forego¬ 
ing voltmeter method, the rectifier is 
shut down and the auxiliary power dis¬ 
connected. 

The a-c circuit breaker is then closed 
and the rectifier components are placed 
in operation by automatic selective relay¬ 
ing. Provision is made, however, to in¬ 
terrupt this automatic sequence for check¬ 
ing contact operation before continuing 
the automatic starting. By means of 
manual-automatic selector switches, a 
fused starting resistor is shunted across 
the secondary disconnect switch on all 
phases and in series with the contacts. 
The operation of each contact is then 
viewed in turn on the oscilloscope to de¬ 
termine whether it is opening within the 
break step. This operation requires 
only a matter of seconds for each contact. 

A quick check of the contacts is com¬ 
pleted using the oscilloscope for timing 
of mechanical break, correct amount of 
pre-excitation voltage, and contact opera¬ 


tion. When all contact conditions are 
satisfactory, the two contactors are placed 
on automatic position, thereby removing 
the starting resistors from the circuit and 
permitting the secondary contactors to 
close in proper sequence for continuous 
operation of the rectifier. At this time 
the unit is available for service. 

With the machine running on base load, 
the process operators assume control of 
the rectifier and perform all switching 
operations diuing the application of elec¬ 
trolytic load to the rectifier. The voltage 
control rheostat is adjusted to provide 
proper voltage output of the rectifier for 
application of the first unit of load. The 
current control rheostat is turned back to 
a point that corresponds to the amperage 
drawn by this unit. Once the rectifier 
d-c breakers are closed, the voltage con¬ 
troller becomes ineffective and the cur¬ 
rent controller is used to load the rectifier 
as the load units are individually con¬ 
nected to the d-c output bus. All the 
available load is applied to the rectifier by 
the operators in a matter of 2 to 3 minutes. 
When this operation is completed, the 
electricians make final adjustments as 
required on the contacts. Some of the 
contacts that show a bouncing condition 
or signs of arcing are cleared of the diffi¬ 
culty by a slight change in time of me¬ 
chanical break. This is successfully done 
while the contacts are carrying load. 

An hourly check of the contacts is per¬ 
formed by the process operators during 
their regular process inspections and a 
record is made of any irregularity in con¬ 
tact performance. A check on the con¬ 
tacts once a day is maintained by a quali¬ 
fied electrician. 

Efficiency 

Calculations based upon the readings of 
the a-c induction watt-hour meter and the 
d-c potentiometer type of watt-hour 
meter with mechanical integrator have 
established an efficiency of the rectifier 
and transformer of 97 per cent when 
operated at 85-per-cent load. Accuracy 
of these two meters has been maintained 
within 1/2 of 1 per cent under this load 
condition. 

Power Factor 

Operation with minimum phase control 
is practiced to obtain the best power fac¬ 
tor. With no phase control, power factor 
is 0.88 to 0.90, dependent upon the trans¬ 
former tap being used. With phase con¬ 
trol the power factor drops off directly as 
the percentage reduction in d-c output 
voltage. 
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Other Maintenance Problems 

Leakage currents cause electrolysis in 
the cooling-water system. Various types 
of fittings are being experimented with 
for interconnecting the plastic hoses of 
the cooling system to the bus headers. 
The intent is to control the location of 
the points of electrolysis and thereby 
reduce time in changing the eroded fitting. 

Design Improvements 

Short nonuniform contact life is caused 
by the mechanical failure of the contact 
to maintain a predetermined length of 
closure time for each operation. Material 
transfer between contact surfaces causes 
surface irregularities. The closure time 
is altered if the matching surfaces do not 
mate in exactly the same position on each 
closing operation. If the contact re¬ 
mains closed too long, it is forced to open 
while carrying a reverse current which 
will destroy it. 

Roughening is caused by mechanical 


Discussion 

Otto Jensen (I-T-E Circuit Breaker Com¬ 
pany, Philadelphia, Pa.): As of January 
1954 the rectifier was in operation for 32 
months. A this time the rectifier has now 
been operating 50 months. The change of 
the cooling system has been made and the 
expected improvement in maintenance has 
made in the contact construction and con¬ 
siderable longer life is now experienced with 
this machine. 

The mechanical rectifier is constantly 
being improved and, as this device is a rela¬ 
tively new one compared with other con¬ 
version means, it is to be expected that 
improvements will be continued for some 
time to come. In the meantime, machines 
already delivered and currently being de¬ 
livered can be looked upon as a practical 
means of supplying d-c power. The 
following improvements have taken place. 

Circuits 

The so-called 6-coil connection in which a 
commutating reactor is connected in series 
with each contact of a 6-phase system is 
now universally used. This circuit permits 
closing of the contacts at voltage zero, at 
which time there is no voltage across the 
contact. This eliminates one annoying 
source of material transfer between the 
mating contact surfaces. The commutating 
reactors are now used tor voltage or current 
regulation of the rectifier giving a voltage 
regulation of from 30 to 40 per cent in 
downward direction against the 15 per cent 
permissible by the mechanical phase shifts 
previously used. 

On the low-voltage machines, i.e., in the 
range of 50 to 250 volts, the star connection 
of the rectifier transformer is used resulting 


friction at the contact surfaces. Bounc¬ 
ing, which results in light arcing, and dis¬ 
charge of the voltage across the contact 
as it approaches the closed position cause 
material transfer. 

The contact material is a silver alloy 
because of the need for high conductivity 
since the contact area is small. When 
new, the contacts tend to flake heavily 
and there is evidence of galling in most 
contacts after about 100 hours of me¬ 
chanical operation. Indium plating of the 
contacts shows a marked decrease in the 
tendency to flake or gaU while very high 
conductivity is preserved. 

Contact constiuction has been altered 
to provide a method for guiding the 
moving contact into the same position on 
the stationary contact on each closing 
operation. Material transfer is mark¬ 
edly reduced in this type of construction 
and, when irregular contact surfaces de¬ 
velop, the contact closure time is not af¬ 
fected in an amount sufficient to cause 
failures. The use of the new contact de¬ 
sign on a limited scale on this unit prom- 

-^- 


ises periods of successful operation of at 
least IV 2 times those experienced with 
the original contacts. 

The use of water cooling for the bus 
structure upon which the contacts operate 
and the lubrication system have been 
discontinued by the manufacturer of this 
rectifier. Newer units are equipped with 
forced-air-cooling systems in which the 
air-circulating fan replaces the water 
pump and water heat exchanger and the 
lubricating oil is cooled by a small heat 
exchanger at the intake of the circulating 
fan. This design is more compact than 
the water-cooled one and a complete as¬ 
sembly of the air-cooled mechanical recti¬ 
fier mechanism and bus work is inter¬ 
changeable with the water-cooled type. 
Replacement of the present water-cooled 
unit in this rectifier with the air-cooled 
type is under way. Since the atmos¬ 
phere in which this installation is located 
is well controlled, a considerable saving in 
maintenance costs because of elimination 
of repairs to the water-cooling system is 
expected. 


in doubling the current output of the 
machine. Ten thousand amperes for a 
6 -contact machine and 20,000 amperes for a 
12 -contact machine can now be realized. 
This increase in the current-carrying ca¬ 
pacity of the machine results in a lower 
overall cost to the customer. 

The use of the 6-coil connection has raised 
the voltage level of the bridge-connected 
mechanical rectifier from the former 400- 
volt limitation to 1,000 volts d-c. In 
Europe one mechanical rectifier is now 
operating at 880 volts d-c. 

Contacts 

The contact life is still not predictable 
but improvements have been made. Some 
installations report contact life of more than 
1 year, others are not so fortunate. It 
can, however, be said that better guiding 
means of contacts are now available which 
reduce the mechanical wear materially, 
thereby eliminating the flaking effect men¬ 
tioned in the paper. Furthermore, better 
and easier mounting means have been 
provided permitting simpler ways of chang¬ 
ing the contacts. Contacts in a 12-phase 
machine can be changed and the machine 
placed back in service in 10 to 15 minutes. 
It is not necessary to run the contacts in 
before placing the machine on load. Fur¬ 
ther work is being done in regard to contact 
life and we will not be satisfied until 6- 
month contact lie is obtained as a minimum 
in the 6-coil connected machine. 

Protection 

As the mechanical rectifier will backfire 
when the feeding a-c system is subjected 
to severe voltage dips, and perhaps also 
from internal trouble, it is necessary to 
protect the contacts from being destroyed 
by the resulting electric arc. This is done 


by furnishing a better path around the 
contact for the fault current. This path 
is provided by a short-circuiter, also called 
a contact protector. This device must be 
fast in its action as the damage done to the 
contact increases with the square of the 
operating speed of the short-circuiting 
device. Installation is now being made 
on an improved short-circuiter which is 
approximately 100 times faster than the 
short-circuiter it replaces. This increase in 
speed will result in so little damage being 
done to the contact during a backfire that a 
machine can be restarted without bothering 
to change the contacts. 

In some installations consisting of more 
than one machine, sympathetic backfires 
occur if one of the machines gets into 
trouble. One installation consisting of 
three 5,000-ampere mechanical rectifiers 
has been equipped with the so-called d-c 
step reactor which prevents parallel ma¬ 
chines from feeding into the faulted machine 
before its d-c breaker has been opened and 
cleared the defective machine from the bus. 
Therefore, the parallel machine is not 
severely overloaded on the d-c side and 
cannot backfire because of overloaded 
conditions. This is in contrast to the 
conditions which existed before the step 
reactor was installed when all three ma¬ 
chines were invariably lost. It must, how¬ 
ever, be pointed out that sympathetic 
backfires may also be experienced when the 
feeding a-c network is weak. In this case 
the backfire of one machine will depress the 
alternating voltage to the extent where 
sympathetic backfires will occur because of 
severe voltage dip on the a-c side. 

Synchronous Drive Motor 

The exact timing of the contacts in the 
machine is obtained from the synchronous 
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drive motor. If this motor falls out of step 
or if a great phase shift occurs between the 
stator and rotor, the exact timing is lost 
and the machine will backfire. I-T-E has 
now completed tests on a motor where the 
motor will stay in step during severe 
alternating .voltage dips and it is expected 
that when this motor is available it will 
materially reduce the number of unexplained 
shutdowns which have been experienced 
in the past. 

The mechanical rectifier cannot as yet 
claim the connected capacity that the 
mer^y arc rectifier enjoys but there was a 
time not so long ago when the mercury arc 
rectifier was considered new and unproven 
and it took a good many .years for the 
mercury arc rectifier to get general accept¬ 
ance in this country. The mechanical 
rectifier, however, is doing a creditable job 


in the electrochemical industry. For the 
first time the user of d-c power does not 
have to employ high direct voltage to 
obtain high efficiency. Therefore, today 
low voltage and high currents can be used 
in such processes as production of hydrogen 
chlorine, aluminum, peroxide, and others. 
The soundness of the I-T-E pioneering 
work in this field is amply illustrated by 
the other manufacturers now joining us in 
our endeavors. 


J. Chamulak, W. C. McCullough, and 
J. W. Tracht: Since the paper was first 
presented an additional 18 months* operat¬ 
ing experience has been obtained, making a 
total of over 4 years* successful operation. 
Developments in contact design have sub¬ 
stantially increased the contact life, which 


now averages 800 hours. The unit has 
been operated up to full load with efficiency 
of 97 per cent still being realized. The 
problems of leakage current causing elec¬ 
trolysis in the cooling-water system have 
been eliminated by substitution of air 
cooling of the bus structure and lubricating 
oil systems. 

Mr. Jensen’s discussion very adequately 
summarizes the more recent developments 
in design of the mechanical rectifier which 
still further increased the range of applica¬ 
tion and improved the reliability of this 
high-efficiency equipment. It is encourag¬ 
ing to note the progress being made in 
combating the problem of sympathetic 
backfires in installations of more than one 
machine and in minimizing contact damage 
during backfires through the use of higher 
speed protectors. 


Analysis and Design Principles of Second 
and Higher Order Saturating 
Servomechanisms 
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Synopsis: This paper presents an extension 
and generalization of the phase-plane 
method to automatic control systems 
governed by high-order nonlinear differen¬ 
tial equations. A unified procedure of 
analysis is outlined. It is based on linear 
transformations in the phase space, corre¬ 
lated with the partial-fraction expansion 
of transfer functions to separate natural 
frequencies, and makes use of the root- 
locus method for the qualitative study of 
closed-loop stability. The analysis leads 
to replacing a high-order system with a 
second-order system which closely approxi¬ 
mates the former. Excellent insight is 
obtained into difficult problems. The 
method is applied to a study of control 
systems subject to saturation. Appendix 
II summarizes the current state of knowl¬ 
edge concerning second-order optimum 
saturating systems. 

S INCE about 1950, there has been an 
awakening of serious interest in the 
problems of analysis and design of non¬ 
linear automatic control systems, i.e., 
systems where the principle of super¬ 
position is not applicable. Already, 
considerable clarification of such problems 
has been possible by the use of the power¬ 
ful phase-plane (topological) method.i~i« 
It is generally believed at present that 
the phase-plane method is suitable only 
for the analysis of second-order systems. 
As will be seen, however, the advantages 


of the method may be retained even in 
the analysis of high-order systems, pro¬ 
vided that simple means can be found for 
approximating in a plane the cardinal 
features of trajectories in w-dimensional 
phase space. The purpose of this paper 
is to outline such an approximation tech¬ 
nique, and to illustrate it by numerous ap¬ 
plications to the problem of saturation. 
This paper covers the second stage of a 
long-range study of nonlinear control 
systems. 

Essentials of the Saturation Problem 

The engineer is vitally and urgently 
interested in developing a good theory of 
nonlinear dynamic systems because he 
wants to understand fully the effects on 
system performance of the various inevita¬ 
ble physical limitations and imperfection 
of practical equipment. The most ob¬ 
vious limitation may be termed “satura¬ 
tion.** It is ever 3 rwhere present. For 
example, the voltages in a transformer are 
limited by magnetic saturation; the 
amplitudes of signals handled by elec¬ 
tronic amplifiers are always finite; the 
flow-rate through a hydraulic or pneu¬ 
matic valve, imder constant pressure 
conditions, reaches limits when the valve 
is fully opened or closed; no one may 


work for more than 24 or less than zero 
hours a day, etc. Thus saturation may 
be defined as an upper or lower limit or 
both on a physical quantity. In control 
systems, saturation in the output element 
will always limit the speed of response. 

What is the physically realizable maxi¬ 
mum speed of response of a system for a 
given level of saturation and how can 
optimum performance be attained or ap¬ 
proximated? These questions are being 
answered by the recently developed opti¬ 
mum relay servomechanism theory dis¬ 
cussed in Appendix II. The realization 
of optim.ally fast transient response, if at 
all possible, requires nonlinear compensa¬ 
tion. Such compensation may present 
grave engineering difficulties, and it is 
important to know how closely the 
optimum can be approached by use of 
standard linear compensation methods. 
In this paper, the capabilities of some 
such methods (gain adjustment, tachom¬ 
eter feedback, cascaded lead or lag 
networks, etc.) will be explored in par¬ 
ticular cases. This will be done so as to 
obtain as much insight as possible about 
various aspects of transient behavior with¬ 
out explicitly solving the nonlinear dif¬ 
ferential equations. 
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Principles of Analysis 

The ensuing discussion rests on the fol¬ 
lowing fundamental considerations: 

1 . To represent all solutions of an autono¬ 
mous (time-invariant) ordinary nonlinear 
differential equation of the nth order, it is 
necessary to use an ^-dimensional space, 
called the phase space. Each point in the 
phase space corresponds to a particular 
set of initial conditions and therefore 
determines a unique solution (trajectory) 
of the differential equation. 

2. The trajectories of a nonlinear differen¬ 
tial equation may be approximated with 
arbitrary accuracy by breaking up the 
phase space into a sufficiently large num¬ 
ber of regions, such that within each re¬ 
gion the trajectories obey a linear differen¬ 
tial equation with constant coefficients. 
This is equivalent to approximating non¬ 
linear characteristic curves by straight-line 
segments. In particular, it will be con¬ 
venient to describe saturation, from the 
start, by the idealized curve of Fig. 3. 

3. To be able to deal with linear systems 
in w-dimensional phase space, as required 
by the scheme of the foregoing point 2 , 
a further approximation is essential. It 
consists of replacing an wth-order linear 
system by a second-order one which ac¬ 
counts for the dominant (slowly-decaying) 
transient terms; the same idea is frequently 
used in linear servomechanism theory. If 
this approximation were carried out at the 
beginning of the analysis, all the interesting 
properties of high-order nonlinear systems 
which are not possessed by second-order 
systems would be lost. But if the approxi¬ 
mation is postponed until the end of the 
analysis, the error committed will be very 
small and, as will be shown, the distinguish¬ 
ing features of high-order systems can be 
preserved. 

It is necessary to develop a fairly elab¬ 
orate mathematical apparatus for this sec¬ 
ond type of approximation. The central 
idea is the linear normal co-ordinate trans¬ 
formation, discussed in the following. 

It should be emphasized that the results 
of this paper concerning the practical de¬ 
sign of saturating control systems will be 
primarily qualitative, revealing phenom¬ 
ena but not usually supplying numerical 
answers. Such is the proper task of the 
phase-space method. Even though all 
the phase-space analysis will be carried 
out in precise, quantitative terms, for 
the point-by-point calculation of tran¬ 
sients various specialized graphical or 
munerical techniques may prove more 
suitable. 

Nomenclature 

vSymbols in Text 

e=actual (physical) phase space 
^ = saturation-region normal co-ordinate 
phase space 

linear-region normal co-ordinate phase 
space 


"W = arbitrary phase space 
At Buf Bv, system matrices 
c; Cl, C 2 , C 8 = output variables, i.e., a vector 
in e and its components 
e \ e, error and its time derivatives 
/ or/(at) = saturation function 
Ki, Ki, iir 3 *=gain parameters 
Pv, Pz, Py,, PuT^, Pv^\ Pm, linear trans¬ 
formations or their matrix repre¬ 
sentations 

T, Ti, r 2 , r 3 =inputs, i.e., the forcing-function 
vector in Q and its components 
5 =Laplace-transform variable 
Si = eigenvalue (natural frequency) 

T, Tc, rr*=time constants 
u; Ui, U 2 , «3 = a vector in ‘U and its com¬ 
ponents 

v; vi, V 2 , 2/3 == a vector inX) and its components 
w; Wi, W 2 , Wi—SL vector in and its com¬ 
ponents 

a, w=real and imaginary parts of 5 
damping ratio 

Symbols in Figures 

linear region in phase plane 
+» — = saturation regions in phase plane, 
corresponding to /» ±1 
JV+j JV’"=stable, unstable node 
P"’ = stable, unstable focus 

Properties and Representation of 
Linear Systems 

The following will be the principal tools 
of analysis: 

1. Theory of second-order nonlinear 
differential equations in the phase 
plane. J 3 . 17-19 particular, the terminology 
of reference 13 will be followed throughout 
and its contents assumed familiar. For 
convenience, a review of the phase-plane 
trajectories of standard second-order linear 
differential equations is given in Appendix I. 

2. The root-locus method for studying 
the variation of the eigenvalues (roots 
of the characteristic equation) as a function 
of loop gain or other parameters.*®’*! 

3. Vector representation of linear differen¬ 
tial equations in the phase space.*^’*^ A 
comprehensive discussion of this technique, 
interpreted with the aid of the signal-flow 
graphs, is the subject of the present section. 
Basic concepts of vector algebra, vector 
spaces, and linear transformations are 
treated from the modern point of view by 
Halmos*^ and Birkhoff and MacLane.*® 

Standard Form Related to Signal- 
Flow Graph 

Every ordinary, nth-order, linear dif¬ 
ferential equation system with constant 
coefficients can be written in the standard 
form 


dci 

dt 

or 


'=Ci= aijCj-\-ri (i=l, 2, .. .n) 




dc dc ^ , 

--=- 7 -—.4c+r 
dt dt 


( 1 ) 


where c = \\ci, C 2 ,.. .Cn|| denotes the com¬ 


ponents of a vector, drawn from the origin, 
locating a point in relation to an orthog¬ 
onal Cartesian co-ordinate system in the 
n-dimensional phase space 6; 
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is annXn matrix with real constant ele¬ 
ments; the vector r=||ri, r 2 ,...r»|| de¬ 
notes the forcing terms. 

For the servo engineer, it is natural to 
visualize equations 1 by means of a signal- 
flow graph*®’^^ (generalized block diagram), 
as shown in Fig. 1(A), where 1/s sym¬ 
bolizes integration. The signal-flow 
graph may be regarded as an abstract 
picture of the interconnections in an ana¬ 
logue computer^® set up to simulate solu¬ 
tions of equations 1. Each little circle 
(node) represents one of the variables in 
equations 1. The r/s are the independent 
variables and correspond to function 
generators in the analogue computer. 
The c/s and c/s are dependent variables 
and correspond to the output of adders 
and integrators respectively in the ana¬ 
logue computer. Branches directed to¬ 
ward a circle mean that the variable above 
the circle is a linear combination of those 
variables w^here the branches originate, 
each of the latter variables being weighted 
by the constant (or the operator I/ 5 ) 
which appears along the branch. Thus in 
Fig. 1(A) 

ds = 0. Ci“\-ai2C%"\‘CL^Cz‘^ 1 . rz 

Note that it would be superfluous and 
even confusing to have branches connect¬ 
ing the d/s among themselves. 

Eigenvalues and Eigenvectors 

It is well known that particular solu¬ 
tions of equations 1 have the form Cf = 
constant What are the permissible 
values of s? Substituting in the differen¬ 
tial equation shows 

sc=Ac (2) 

The n homogeneous linear algebraic equa¬ 
tions 2 have a nonzero solution if and only 
if their determinant vanishes 

|^-ij|=0 (3) 

where 1 is the unit matrix. 

Expanding the determinant leads to an 
nth-degree algebraic equation in s. The 
n (not necessarily distinct) roots Si of this 
equation are called the eigenvalues of the 
matrix A . Equation 3 is called the eigen¬ 
value equation (or characteristic equa¬ 
tion, or secular equation). Alternately, 
the Si will be called the natural frequen¬ 
cies of the dynamic system represented 
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Fis. 1. SiSnal-flow graph representation 
of linear systems 

A—A particular third-order system 
B—Third-order system with real, distinct 
eigenvalues shown in normal co-ordinate 
phase space 


by A ; this is a plausible generalization 
of the fact that if the Si are pure imag¬ 
inary, the terms give rise to sinu¬ 
soids with angular frequency [^i|. In 
the past, the concept of the eigenvalue 
has frequently been referred to also by 
the names characteristic value or root, 
latent root, proper value, etc. 

Substituting the eigenvalues Si given 
by equation 3 into equations 2, it is seen 
that any set of « — 1 components of c may 
be expressed in terms of the remaining 
nth component of c. If Si is real, the re¬ 
sulting expressions are simply the equa¬ 
tions of a line through the origin in the 
phase space. This line is called the eigen¬ 
vector of the matrix A. The names 
characteristic or proper vectors, principal 
axes or directions, eigenmodes, or princi¬ 
pal modes have also been used in the past. 
Note that the eigenvector is a trajectory 
since equations 2 satisfy the original dif¬ 
ferential equations 1. 


Linear Transformations 

What happens to the eigenvalues under a 
linear transformation (change of variables, 
change of co-ordinate system)? A linear 
transformation may be written as 

C = P«,l£7 


or 


(4) 

where Fa is annXn matrix with real ele¬ 
ments and its inverse, FaPw’^^—I- 
A simple calculation shows 


p -1 dw 

dt~ dt ~1I 


-‘Pv,-^Ac 


= Pu-^APyJP„-^c - Pu, -^AP„w 

^BwW (5) 


that the matrix A transforms as Bw = 
FvT^APa^ Then 

= I P„-KA = I P„->| 'I A -^I| 1 P„| 

= U - j /|=0 ( 6 ) 

Thus the eigenvalues of A are the same 
as the eigenvalues of B^, and A and B^ 
are therefore called similar matrixes. Two 
dynamic systems whose matrixes are A 
and Ba differ only superficially; they 
represent the same equations of motion, 
referred to different co-ordinate systems. 
It may also be said that A and B^ de¬ 
scribe the motion of the system in two dif¬ 
ferent phase spaces 6 and 'W, in each of 
which a point is described by its orthog¬ 
onal Cartesian co-ordinates. Of course, 
if a point in 6 is given, the corresponding 
point in may be calculated by means 
of equations 4, and vice versa. The lat¬ 
ter point of view will be used throughout 
the paper. 

A particularly simple phase space is 
one whose matrix Bu contains only di¬ 
agonal elements; it is the normal co¬ 
ordinate phase space 11. The corre¬ 
sponding linear transformation P^ is 
called the normal co-ordinate or diagonal¬ 
izing transformation. The signal-flow 
graph corresponding to It has n disjoint 
parts, as shown in Fig. 1(B). The diag¬ 
onal elements of Bu are the eigenvalues, 
and the differential equations in It have 
the simple form (off-diagonal elements 
of Bu being zero) 

=«i(4)/‘*', t>U 2, ... w) (7) 

The initial conditions and the forcing 
function transfonn according to 

u(^o) = Ptt“*c(/o) 
and 

rV) = Pu-^r(t) ( 8 ) 

In other words, a separate differential 
equation may be written along each of the 
co-ordinate axes in It, with initial condi¬ 
tions and forcing function determined by 
equations 8. This means that in any m- 
dimensional subspace of It, formed by 
picking out m<n co-ordinate axes, the 
trajectories are governed by an w-dimen- 
sional linear differential equation. Thus 
it is possible to isolate convenient sets 
of eigenvalues and define thereby smaller 
phase spaces which are contained in ‘U. 

In particular, assume that the transient 
behavior of the linear system may be ap¬ 
proximated after some time by two 
dominant eigenvalues. Then all the 
trajectories in % may be approximated by 
the trajectories in that plane of OL which 


^ I I 

*^3 I Ts S s T 
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(A) 




(C) 


Fig, 2. Example of computation of trans¬ 
formation matrix 

A—Original system 

B ^System in normal co-ordinate phase space 
C—^System in another phase space 


contains the two eigenvalues. The tra¬ 
jectories in this plane, being governed by 
a second-order linear differential equa¬ 
tion, are easily calculated. Finally, by 
projecting on some convenient plane in 6, 
by means of P^, an approximate but 
physically meaningful 2-dimensional pic¬ 
ture of the transient behavior is obtained. 
This procedure represents one of the con¬ 
tributions of the present paper. 

Note that if the eigenvalues are all real, 
then the eigenvectors in C are simply the 
co-ordinate axes of U transferred into 6. 
If the dominant eigenvalues are real, then 
the trajectories in a suitable plane of 6 
are determined uniquely by the eigen¬ 
values and the projections of the corre¬ 
sponding eigenvectors on the plane; com¬ 
putation of Pu, etc., is unnecessary. 

Only very little use has been made so 
far of normal-co-ordinate transformations 
in studying nonlinear systems in the phase 
space. 'Xhis is partly because of 
the difficulty of obtaining the transforma¬ 
tions by standard computational methods. 
A new point of view is necessary. This is 
developed next. 

Diagonalization Process Related to 

Transfer Functions 

Complete diagonalization of the matrix 
A may not be possible or desirable. The 
process fails if A has multiple eigenvalues. 
Also, if any eigenvalues of A are complex, 
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Fig. 3. Defini¬ 
tion of saturation 


then the diagonalizing transformation Pu 
may contain complex elements. For 
reasons of simplicity, it is best to work 
exclusively with real numbers. Complex 
numbers may be avoided if 2X2 sub¬ 
matrixes (with complex eigenvalues but 
real elements) are permitted to remain 
along the diagonal. The same device 
also allows consideration of double eigen¬ 
values; eigenvalues of multiplicity three 
or higher are excluded in this paper. 

The foregoing requirements are readily 
met and the computational steps for ob¬ 
taining the matrix Pu are very much 
simplified by the following considerations. 
Notice that the diagonalizing transforma¬ 
tion decomposes a complicated system 
into its natural frequencies (cf. equation 
7). This is analogous to expanding a 
transfer function into partial fractions. 
The expansion can always be carried out 
if the natural frequencies are known; to 
compute Pu by any method, the natural 
frequencies must always be known also. 
As before, the process is considerably 
clarified if it is related to signal-flow 
graphs. 

The following example illustrates the 
steps required in determining the com¬ 
ponents of Pu- Consider the transfer 
function G( 5 ) = lA^(r5+l). The transfer 
function is represented by the signal-flow 
graph of Fig. 2(A), which defines the 
variables in 6. Since G{s) has a double 
eigenvalue at 5 = 0, complete diagonaliza- 
tion is not possible and only the eigenvalue 
^= — 1/7' may be separated. This leads 
to Fig. 2(B). 

A check on whether or not Fig. 2(B) 
was set up correctly is the verification of 
the known theorem 

trace = trace — 

i i 

= eigenvalues 

Expanding the transfer functions relat¬ 
ing Cl, C 2 , and cz to rz leads to 

_ I T 

Ez{s) s%Ts-\-l) 52 5 “^75+1 
1 _1_ T_ 

Pzis) 5(75+1) 5 75+1 ^ 

a(5) _1_i_ 

Pzis) 75+1 75+1 

The coefiicients in equations 9 make up 
the transformation matrix 


c — PuU — 


1 

-7 

2-2 



0 

1 

-7 

a 

(10) 

0 

0 

1 




The foregoing result may be checked by 
computing the identity APu—PuBu, where 
A and Bu are the system matrixes in Figs. 
2(A) and (B) 



0 

1 

0 


A = 

0 

0 

1 



0 

0 

-1/7 



0 

1 

0 


0 

0 

0 


0 

0 

- 

1 /r 


It is useful to have also the inverse Pu~^, 
which is readily obtained by rearranging 
equations, since Pu is triangular 



1 

7 

0 


U = Pu~‘^C^ 

0 

1 

7 c 

(11) 


0 

0 

1 



In general, an analytic form of Pu"^ 
can always be obtained directly by re¬ 
versing the process of the partial fraction 
expansions shown in equations 9, which 
leads to equating of coefiicients of powers 
of 5 . If Pu is given numerically and is of 
moderate order (up to about the fifth or 
sixth), a recent method advanced by 
Andree^^ is recommended for the compu¬ 
tation of as particularly quick and 
simple. 

A short calculation reassures that 


Pu ^APu—Bu 

In setting up the signal-flow graphs in 
the phase spaces 6 and fll, care must be 
taken to select the variables Ci and ut 
so that all transfer functions approach 0 
as 5 -^ 00 . Otherwise, the partial-fraction 
expansions will contain impulsive terms 
which would complicate the algebra. 

This procedure for calculating the 
transformation matrix is obviously ap¬ 
plicable not only to the signal-flow graph 
of Fig. 2(B) but to any other graph which 
contains the same natural frequencies, 
e.g., Fig. 2(C). The corresponding trans¬ 
formation matrix is 


1 

-7 

0 

0 

1 

0 

0 

-1/T 

1/7 


The following is a semirigorous justifi¬ 
cation of the transformation process de¬ 
scribed. First observe that a step input 
is equivalent, as far as the computation 
of trajectories is concerned, to a transient 
generated by some initial condition co(fo), 
provided no degeneracy is involved, i.e., 
a step input excites all of the natural fre¬ 
quencies of the system. Since the trans¬ 
formation c=P«a decomposes one par¬ 
ticular forced solution co{t) (not identi¬ 


cally zero) in terms of its natural frequen¬ 
cies, it will decompose all others because 
of linearity. The proof of the last asser¬ 
tion follows easily by noting that solu¬ 
tions of equations 1 form a vector space. 

Idealizing Assumptions 

Definition of Saturation 

Saturation is represented by an ideal¬ 
ized curve; see Fig. 3. The saturation 
levels are normalized at =b 1; the gain in 
the linear region is Ki, The letter f in 
the signal-flow graphs symbolizes the 
functional dependence depicted by Fig. 3. 

Phase-Space Regions 

In view of the foregoing definition, and 
in accordance with the author’s general¬ 
ized method of phase-plane analysis, it 
is logical to subdivide the phase space 
into two distinct types of regions: 

1. Saturation Regions, The trajec¬ 
tories are governed by the differential 
equations of the output element, excited 
by =b 1. The poles and zeros of the trans¬ 
fer function of the output element are 
assumed to be known. The regions are 
labeled by =b signs according to the 
saturation polarity; their boundaries 
are shown by dash-dotted lines. 

2. Linear Region, The trajectories are 
governed by the linear closed-loop dif¬ 
ferential equations; it is in each case 
necessary to determine approximately 
the closed-loop eigenvalues. The linear 
region is labeled L; its boundaries are 
shown by dash-dotted lines. 

Permissible Inputs 

The simplest and presently only worka¬ 
ble method of introducing forcing func¬ 
tions in phase-plane analysis is by con¬ 
sidering them as initial conditions.^® In 
general, .combinations of step and ramp 
inputs r+ft (/>0) are considered, al¬ 
though frequently the ramp component 
is set identically zero to simplify the 
discussion. 

To identify step or ramp inputs with 
initial conditions, the following procedure 
is used: Investigate the dependence of 
critical points in 6 on r and r, and then 
translate the co-ordinate system so as to 
leave the critical point always at the 
origin, if possible. For instance, if for a 
step input Ci = r in the steady state, the 
variable Ci is changed to r—ci-e; the 
steady-state equilibrium point is then 
always at e=0. This process is possible 
only if the error in 6 remains finite, which 
is not the case, e.g., when a nonzero posi¬ 
tion-error servomechanism is subjected 
to a ramp input H, The method pre- 
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Consisting op a Saturating Torque 
Source Driving Pure Inertia 

Consider an idealized system with the 
following parts: a torque source (motor, 
etc.) whose dynamics are negligible but 
which is subject to saturation with a trans¬ 
fer function /, and a purely inertial linear 
output element with a transfer function 
G(s) = l/s^, To assure stability, it is 
necessary to introduce some form of com¬ 
pensation, for instance, a lead network or 
velocity (tachometer) feedback. Any 
physical lead network possesses not only 
a zero but also a pole which makes the 
system third-order; discussion of the ef¬ 
fect of the pole is postponed until Exam¬ 
ple 4. If velocity feedback is chosen, 
the signal-flow graph for the system is as 
shown in Fig. 4(A). 

In the saturation region, the feedback 
is not effective; the system is simply a 
double integration excited by ± 1 . The 
trajectories are parabolas. The optimum 
reversal curve for both steps and ramps 
is 2^= — e\^\\ see Appendix II. 

In the linear region, the system is 
governed by the following differential 
equation, written down by inspection 
from the graph 


dc _ 
Tt 


0 1 
-Ki 


c+ 


0 

Kir 


^Ac+ 


constant 


The eigenvectors of A are the straight 
lines 


SiCi = 


Ki 


KiK2-hsi 


Ci = C2 (i-1, 2 ) 


( 12 ) 


The locus of the eigenvalues $i, i.e., the 
locus of the closed-loop poles, is shown in 
Fig. 4(B). Increasing the gain Ki re¬ 
sults first in two complex and then in two 
real roots; one of the real roots goes to 
the zero and the other to — oo as Ki-^ oo. 

The boundaries of the linear region are 
the straight lines 


To eliminate dependence on the input, 
set f—= e and r—C 2 = e; then 


dzl/Ki-{-rK2 


r = o 


(C) 


(13) 


With this change of variables, the critical 
point in the linear region will remain at 
the origin for all step and ramp inputs. 

With the knowledge of the optimum 
reversal curve, the eigenvectors, the root 
locus, and the eigenvalues and boundaries 
of the linear region, a complete solution of 
the problem is possible. Restrict the 
input to steps (ra^), and consider first 
the case of real eigenvalues. Noting 
that the slope of the slow eigenvector, 
defined in Appendix I, is always larger 
than the slope of the linear region, i.e., 

— ^I>l/ir2 (^1>52) 

it is clear that, for sufl&ciently large K 2 , 
the situation in the (e, e) phase plane 
must be as depicted in Fig. 4(C). A tran¬ 
sient trajectory will remain in the linear 
region and go to zero without overshoot 
if it moves sufficiently close to the slow 
eigenvector after entering the linear re¬ 
gion. The largest such trajectory is de¬ 
noted by A in Fig. 4(C). Trajectory A 
may have resulted from a step error es 
or a combination of step and ramp errors 
62 and 62 . If the error is larger ( 64 ), the 
resulting trajectory B may still reach the 
origin without overshoot if it re-enters the 
linear region in the segment between the 
two eigenvectors (a and a' in the figure), 
in which case it will become asymptotic to 
the slow eigenvector from the other side. 

If the magnitude of the error is further 
increased, the response will deteriorate as 
the trajectories enter and leave the linear 
region more and more times. This is be¬ 
cause the effective reversal of saturation 
takes place later and later than required 
by the optimum reversal curve. The 
question arises as to how such poor per¬ 
formance can be minimized by proper 
selection of K 2 ^ 


Fig. 4(C) shows that the largest error 
for which the trajectory still remains in 
the linear region is roughly proportional 
to 60 , the intersection of the slow eigen¬ 
vector with the boundary of the linear 
region. From the geometry and equa¬ 
tions 12 and 13 

’•~eQ — l/Ki(l-\-K2Si) — l/Ki'K 




’UK,\ 


2 4 


Ki^K 2 '^ 

Hence if 4 ./K 2 ^<Ki< 00 
6o«ir22 


(14) 


Equation 14 reveals the dilemma of the 
situation: to have a good step response to 
large errors, 60 should be made as large 
as possible; on the other hand, since 
— ^i»l/A’ 2 , this would result in very slow 
response of the system after it leaves 
saturation, or for small inputs. The de¬ 
signer must compromise between the re¬ 
quirements of nonoscillatory response to 
large and sufficiently fast response to 
small errors. For a previous treatment 
of the same problem, see Kendall and 
Marquardt.^^ 

When ramp inputs ^2 7*^0 are also ad¬ 
mitted in addition to steps, the location 
of the linear region in the ( 6 , e) phase 
plane will shift. This represents a fur¬ 
ther departure from the optimum rever¬ 
sal curve requirements. The shift can 
be eliminated only by measuring the 
derivative of the input, i.e., using a lead 
network which operates on the error 
signal. The ensuing analysis is similar 
to the foregoing. 

The discussion becomes somewhat less 
straightforward if the eigenvalues in the 
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a >1 


JO) 

cr 


(A) 


s-plane 




JO) 


(B) 

Fis. 5. Example 2 

A—Signal-flow graph in Q 
B—^Signal-flow graph in % 

linear region are complex. Then the 
simplest representation of the trajectories 
is a logarithmic spiral, see Appendix I, 
which has to be transformed from the 
normal co-ordinate system to the actual 
phase plane (e, i). In the present exam¬ 
ple, however, the root locus shows that 
the time of response will decrease with the 
gain until about critical damping is 
reached. Hence it is not desirable in this 
case to keep Ki so small that complex 
eigenvalues result. 

The most important aspects of non¬ 
linear system design are now apparent. 
It is meaningless to attempt to formulate 
hard and fast criteria for the adjustment 
of the parameters Ki and such as the 
Mp criterion, phase margin, etc., used in 
linear systems, because the whole design 
must be predicated on some compromise 
between the desired responses to particu¬ 
lar classes of signals. At the present 
state of the theory, only step or ramp- 
type signals can be treated and this re¬ 
stricts the analysis to consideration of 
signal magnitudes only. Moreover, linear 
compensation may be inadequate alto¬ 
gether and a better approximation to the 
optimum reversal line may be necessary. 

Example 2. Servo with Zero in Open- 

Loop Transfer Function 

Consider the same type of system as 


Fig. 6. Example 2; root loci 

A—a>1 
B—a<1 


tion of the output element is now G(s) = 
(o!Ts+1)/s(T 5+1) ; see Fig. 5(A). It 
will be convenient to carry out the entire 
analysis in terms of the normal co-ordi¬ 
nates of the saturation region. The appro¬ 
priate transformation is obtained by ex¬ 
panding into partial fractions the trans¬ 
fer functions 

±l/s Ts+l 

and 

_, a(s) i-« 

Fig. 5(B) is the revised signal-flow graph 
showing the old variables ci and C 2 in 
terms of the new variables «i and U 2 . 

The dependence of the critical points in 
the linear region of the {ui, U 2 ) phase 
plane on the inputs may be deduced from 
steady-state considerations as follows. 
For steps, r—ci-e-0 implies r—wi = 0, 
U2=0. For combinations of steps and 
ramps, r—C 2 =e=0 together with e = f/Ki 
implies r—Ui^r[T{a — l)+l/Ki] and r— 
2 ^ 2 =0. Hence it is logical to work in the 
(r—uiy r—« 2 ) phase plane which is similar 
to the usual ie,e) phase plane. For sim¬ 
plicity, the following discussion is limited 
to step inputs, feO, since then the critical 
point is always at the origin. 

The trajectories in the saturation re¬ 
gion are given by W 2 ==t:[l=F constant 
exp(=FMi/r)] and have the same qualita¬ 
tive shape as in case 2, Appendix II. 

The boundaries of the linear region are 
the straight lines 

(r—Wi) —T(a— 1 )(--«^ 2 ) = =t:l/-fi^i (15) 


Two distinct types of root loci are pos¬ 
sible, depending on whether a>l or a<l, 
and are shown in Figs. 6(A) and (B). As 
in the previous example, only real roots 
will be of interest, and thus the critical 
point at the origin will always be a stable 
node Nl'^, Assuming first a>l, con¬ 
sider the effect of gain adjustments on the 
transient behavior in the linear region. 
The equation of the eigenvectors is 

(l+Si/K,){r-Ui)^-na-lX-U2) 

(^•= 1 , 2 ) ( 16 ) 

As the eigenvalues vary in accordance 
with the root locus, the eigenvectors ro¬ 
tate around the origin. The slow eigen¬ 
vector starts on the (r—Ui) axis, swings 
into the second and fourth quadrants, and 
approaches the line (r—Ui) = —T(a — l) 
(—W 2 ) as The fast eigenvector 

starts on the (—W 2 ) axis, swings into the 
first and third quadrants, and approaches 
the line (r—Wi) = r(— U 2 ). See Fig. 7 (A). 

It is also necessary to know whether the 
intersection A of the slow eigenvector with 
the line — W 2 ==l=l falls inside or outside 
the linear region. Using equations 15 
and 16, the condition a<b becomes 

(^SiKsi) (17) 

Since from the eigenvalue equation 
1 /Ki+(xT=Ti+T 2 , where ri= —l/Ti, 
and S 2 — — I/T 2 are the closed-loop poles 
in Fig. 6(A), inequality 17 becomes 

r- r2>0 

In view of the root locus, the inequality 
is satisfied for all Kv It is now possible 
to sketch a typical trajectory by inspec¬ 
tion, as had been done in Fig. 7(A), with¬ 
out the danger of having omitted any 
important details. 

If a<l, the only essential difference 
from the previous case is because of the 
new root locus, Fig. 6(B). By carrying 
out simple calculations, analogous to the 
foregoing, the phase-plane sketches shown 
in Figs. 7(B) and (C) are arrived at. As 
00 , the eigenvectors first swing to¬ 
ward one another in the second and 
fourth quadrants as in Fig. 7 (B) and coin¬ 
cide when Ki==Kii. If Ki is further in¬ 
creased, the eigenvalues become complex 
conjugate, which case is not analyzed. 
When K^Ki 2 , the eigenvectors again co¬ 
incide, this time in the first and third 
quadrants and separate with Ki increas¬ 
ing still further, as shown in Fig. 7(C). 

Note that in all the computations which 
determine the qualitative features of Fig. 
7 and, in particular, the location of the 
point A and the position of the eigen¬ 
vectors, it is only necessary to use the 
eigenvalue equation and the qualitative 
form of the root locus No explicit com- 
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FAST , 
EIGENVECTOR^*^ 


SLOW / Z®"" 

EIGENVECTOR 

fsO, K,2<K|<<», <i<I 
(C) 


(r-U|) 


Fig. 7. Example 2; 
phase-plane trajec¬ 
tories 

A— 

B— aK'i; 0<Ki<Kii 
C-^a<1; Ki2<Ki< 


<a>l and q'< 1, and a meaningful optimum 
reversal curve may not even exist. 

Example 3. Nearly Optimally 
Compensated Third-Order 
Saturating Servomechanism 


putation of either the eigenvalues or the 
corresponding value of Ki is necessary. 

The end results of the analysis shown 
in Fig. 7 contain few surprises. The opti¬ 
mum relay servomechanism theory is not 
applicable in this case because of the pres¬ 
ence of the zero in the transfer function ; 
see Appendix II. The large-signal re¬ 
sponse in Fig. 7(A) is acceptable and quite 
insensitive to wide variations in Ki or a. 
The response in Fig. 7(B) is very poor; 
it may be improved by increasing Ki 
which leads to Fig. 7(C). The transient 
in this figure will always overshoot, but 
the effect is easily minimized by choosing 
a large value of Ki. 

As a final point, notice the intrinsic 
difference between putting the term 
otTs+1 before or after the saturation. In 
the first case, the servo has error-rate feed¬ 
back and the linear region may be ad¬ 
justed so that it will contain the entire 
optimum reversal curve between the lim¬ 
its c=±l. As shown by Kendall and 
Marquardt^^ this is equivalent to set¬ 
ting /w 2 = 0.307. In the second 

case, discussed in the foregoing, the re¬ 
sponse may be entirely acceptable for both 


Analogue Computer Study 

The following is a summary of an ana¬ 
logue computer study of the optimum 
control of a saturating third-order 
servomechanism, carried out by J. L. 
Preston. The problem is charac¬ 
terized by a transfer function G(s) = 
lA2(r5+l). Such a problem may arise 
when it is impossible to reverse instan¬ 
taneously the torque in the system of 
Example 1 because of the unavoidable 
energy storage in the torque source. 

As pointed out in Appendix II, the op¬ 
timum nonlinear compensation scheme 
calls for three reversals of the signal to 
the output element: the first occurs when 
the trajectory intersects a reversal sur¬ 
face, the second when the trajectory mov¬ 
ing in the reversal surface intersects a re¬ 
versal line, and the third on reaching the 
origin of the (e, e, e) phase space. The 
equations of the reversal surface and line 
may be derived by utilizing a normal co¬ 
ordinate transformation^^ comput¬ 

ing the solutions of the output-element 
differential equation backwards in time, 
using the substitution 

The reversal surface was approximated 


(B) 

on a real-time analogue computer^by 
means of a function generator and a servo 
multiplier. A typical step response of 
the optimally compensated system and 
the corresponding signal to the output ele¬ 
ment (control effort) are shown by the 
solid curves of Fig. 8(A). A striking fea¬ 
ture of these curves, supported by de¬ 
tailed investigation of the author, is that 
at the second reversal the output is very 
near its steady-state value. In other 
w^ords, the second reversal is of negligibly 
small significance as far as in-the-large 
behavior of the transient is concerned. 
Moreover, in any practical system it is 
necessary to provide a small linear region 
near zero error since otherwise small in¬ 
accuracies in the reversal surface and/or 
noise would seriously impair the steady- 
state performance. The second reversal 
will then be brought about while the 
system behaves linearly. 

In view of these considerations, a sim¬ 
plified compensation was arrived at. It 
consists of: 1. a small linear zone, of 
width 2/Ki = 2r; and 2. a reversal curve 
in the {e, e) phase plane, which is simply 
the intersection of the reversal surface 
with e=--l in the fourth quadrant and 
e = + 1 in the second quadrant. 

Step 2 is based on the assumption that 
e has reached its steady-state value at the 
time of the first reversal; this is certainly 
an excellent approximation for large sig¬ 
nals and is of no interest for small signals 
since then the trajectory stays in the 
linear region. The dash-dotted curves in 
Fig. 8(A) show the response obtainable 
with this nearly optimum compensation. 
The response follows the optimum tran¬ 
sient curve until entering the linear re¬ 
gion, when a slight oscillation (somewhat 
exaggerated in the figure) develops. The 
last part of the transient is approximately 
the same for all magnitudes of the input. 
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The reversal curve in the (e, e) phase 
plane is shown by the solid curve in Fig. 
8 (B). It is seen that the signal to the 
third-order output element must be re¬ 
versed much earlier than in the case of 
the second-order transfer function 1 / 5 ^ 
(dash-dotted line), since the actual re¬ 
versal of the acceleration ’-e — c^ takes 
place with a lag 1 /(T’ 5 + 1 ). The signal- 
flow graph of the nearly optimum system 
is shown in Fig. 8 (C) where the equation 
g{e)+K 2 e -0 represents the reversal 
curve. 

Finally, the dashed curves in Fig. 8 (A) 
show the response of a saturating linear 
system, with the parameters adjusted ex¬ 
perimentally so as to minimize the per¬ 
formance-criterion expression®^ 

in response to a step during entirely 
linear operation. The following optimum 
values were found: loop gain Ki = 
O.lSG/r^ and velocity-feedback gain K 2 
= 3.76r. Notice that while the nearly 
optimum controleffort, dash-dotted curve, 
is quite different from the optimum con¬ 
trol effort, solid curve, the output re¬ 
sponses are very nearly the same.. By con¬ 
trast, although the dash-dotted control 
effort closely resembles the dashed one, 
the corresponding output responses are 
very different as the linear saturating sys¬ 
tem has large overshoot and effectively 
twice as long speed of response, because 
the acceleration is reversed too late. 

Simplified Analysis and Design 

Procedure 

The preceding discussion show's that 
very nearly optimum response may be 
achieved by using an appropriate reversal 
curve for the first reversal, and satisfying 
the need for a second reversal near the 
origin by leading the trajectory into a 
small linear region. This suggests the 
following simplified derivation of the re¬ 
versal curve which at the same time 
lends excellent insight into the principal 
quantitative questions involved. It is 
simply the implementation of the ap¬ 
proximation stated under point 3 in the 
section entitled “Principles of Analysis.” 

First, calculate the normal co-ordinate 
transformation for the transfer function 
(S:(^) = 1 / 52 ( 7 ’^^+!). This was discussed 
in the foregoing in connection with Figs. 
2(A) and (B). The transformation ma¬ 
trix Pti is given by equation 10 . 

In ‘U, the plane (ui, U 2 ) containing the 
transfer function l/s^ is optimally com¬ 
pensated in the usual fashion, while along 
the ^^saxis the transient is assumed to have 
reached its steady-state value at the time 
of the first reversal. The assmnption 



Fig. 8. Example 3 


A—^Transient responses 
B—Reversal curves 

C—Sisnal-flow sraph of nearly optimally 
compensated system 


concerning M 3 was also implicit in deriving 
the first reversal curve from the reversal 
surface in the analogue computer study. 
Optimum compensation in the (mi, M 2 ) 
plane is not identical with optimum com¬ 
pensation in the (e, e, e) phase space; the 
error involved in the procedure, however, 
is only the neglection of the second re¬ 
versal and, as mentioned in the foregoing, 
this is'totally unimportant. 

The optimum reversal curve in the (mi, 
M 2 ) plane consists of two half-parabolas 

2Mi*--M2|M2i (IS) 

Substituting the transformation equa¬ 
tion 11 into equation 18 and M 3 ==hl 
leads to two equations in Cu ^ 2 , and ^3 
from which cz may be eliminated. Finally, 
a shift in the origin yields the analytic ex¬ 
pression of the reversal curve in the (e, e) 
phase plane 

2e^-(\e\^+4:T\e\+V‘)\i\le ( 19 ) 

Geometrically, the foregoing calcula¬ 
tion is equivalent to projecting the re¬ 


versal curve from fll onto the (^:i, plane 
of e. Equation 19 is shown by the 
dashed curve in Fig. 8 (B); agreement 
with the solid reversal curve, which is the 
intersection of the exact reversal surface 
with C 3 = + li is very close. 

Application of the normal co-ordinate 
transformation eliminates the necessity 
of computing the reversal surface. The 
first reversal curve is determined very 
quickly from the well-known second- 
order cases. It is not even necessary to 
express the reversal curve in the (e, 
plane analytically; by means of it 
may be transferred from the (mi, M2) 
plane point by point. 

Other relevant information is equally 
readily calculated: 

1. Time of response: This must be roughly 
the time of response of the optimum second- 
order system in the (mi, M 2 ) plane, plus the 
time required to reduce M 3 from rbl to 
zero on reversing the relay polarity, about 
T seconds. Hence the approximate time 
of response to step r is 

2VR+r (20) 

2 . Error at first reversal: In the (jti, «j) 
phase plane the reversal occurs when 
(r—Mi) = r/2, M 2 = —Hence 

\en\ =|r-Ciil =lr|/2+r Vkl 

These results also agree closely with 
Fig. 8 (A). 

Examples of Third-Order Saturating 
Control Systems 

General 

Example 3 showed that the crucial dif¬ 
ference between the analysis of second- 
and high-order systems lies in determin¬ 
ing how the trajectories enter and leave 
the two different saturation regions. 
When there is also a linear region, the 
following further considerations arise: 

1. The transformation from 6 to the 
saturation-region normal co-ordinate phase 
space fll is not the same as from e to the 
linear-region normal co-ordinate phase 
space V- Hence, while all the approxi¬ 
mations concerning the neglect of fast 
transient terms must be carried out in the 
normal co-ordinate phase spaces, to have 
a complete picture of the solutions the 
results of the approximations are to be 
projected onto some one phase plane in 
any of the spaces *11, “0, and C. It will be 
usually convenient to refer everything to 
the (Ml, M 2 ) or (e, e) phase planes. Thus, 
the analysis leads to an approximately 
equivalent second-order nonlinear system, 
defined in any convenient phase plane. 

2. The linear region in the equivalent 
phase plane will have two different types 
of boundaries: 

a. Points where trajectories leave one 
of the saturation regions and enter the 
linear region, derived under the assumption 
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(B) 

Fig, 9. Example 4 

A—^Sisnal-flow sraph In Q 
B—^Signal-flow graph In V 


that the fast transients in ^ have reached 
their steady states. 

b. Points where trajectories leave the 
linear region and enter one of the saturation 
regions, derived under the assumption that 
the fast transients in *0 have reached their 
steady states. 

A geometric picture is helpful here. 
During saturation, all trajectories in C 
tend asymptotically to a certain plane 
which corresponds to, say, the (ui, 
plane in The intersection of this 
plane with that boundary plane of the 
linear region in 6 where the trajectories 
enter is a line. The projection of t his 
line on the equivalent phase plane is the 
bounds of type a. During linear op¬ 
eration, the trajectories in 6 tend to a dif¬ 
ferent plane which corresponds to, say, 
the {vx, vi) plane in V. The intersection 
of this plane with that boundary plane of 
the linear region in 6 where the trajectories 
leave, projected on the equivalent phase 
plane, is the boundary of type b. 

The following examples have been 
chosen to illustrate these considerations 
and also to reveal some of the peculiar dif¬ 
ferences which distinguish higher order 
systems from their second-order counter¬ 
parts. 

Example 4. Velocity Feedback in 

Third-Order Servo 

This is the problem of the preceding sec¬ 
tion, but here the interest centers on the 
effect of linear velocity feedback. The 
signal-flow graph is shown in Fig. 9(A). 
The appropriate transformations from 6 
to % and vice versa have already been 
derived in equations 10 and 11 . The 


boundaries of the linear region referred 
to *11 are 

r-Ci-' K2(h = r— ui-\- Tu^ — T^Uz — K2{u2 — 

Tuz)^±l/Kx ( 21 ) 

Assuming that Uz is very near its steady- 
state value, i.e., substituting W 3 =±l in 
equation 21 .gives the approximate bound¬ 
ary lines (type a) where the trajectories 
enter the linear region 

(r-«:)4-(it2-r)(r-«^ 2 ) = =F r(ir 2 -r) db 

l/Kx+{K2-T)f ( 22 ) 

To find the boundaries where the tra¬ 
jectories leave the linear region (type b), 
it is necessary to have the transformation 
between 6 and *0. For convenience, the 
co-ordinates in D are selected as shown 
in Fig. 9(B). The quantities Try T^y and f 
are to be determined from the root locus 
for any particular value of Kx\ if all the 
eigenvalues are real, -\/Tr will denote 
the most negative eigenvalue. The trans¬ 
formation matrixes are 


C = jPbV — -y 



T,‘‘ -2^TrTc -TrTc 

Tr2 


Tr Tc 

-Tr 

V 

-1 TrfTc- 21 : 

1 

(23) 

and 



II1 IV 0 



V = JP„->C= 0 Tc TrTc c 


(24) 

II1 2fr. r.2 




From equation 23, the boundaries of 
the linear region referred to V are 

r—Cl—iC2C2= dbl/iri=sr— 

[Tc^-h Tr(K2-2tTc)]vx+ TciKz- r.)«;2+ 

___ Tr{ Tr — K2)vz 

Tr^+Tc^-2^TrTo 

(25) 

Using the linear transformation v = 
and the assumption that 
when the trajectories leave the linear 
region, equation 25 may be referred to ^ 
and Uz eliminated. Thus the equation 
of the boundaries of type b in the (wi, 
phase plane is 

(^2-2^ TTcH- T^Xr-Ux)^ TcKKz- 

r)(r-« 2 )=h(r 2 ~ 2 i'rrc+TcWi 

= TcXKz-T)t 

Using the eigenvalue equation, Tc and 
f may be eliminated by introducing Tr 

(Tr^Kx+lXr-Ui)+aK2-TXr-U2)± 

ll/Kx-{-(T+Tr-K2)Tr]:^(K2-t)r 

(26) 

During saturation, the situation in the 
{r—uiy r—uz) phase plane is similar to 
that in the (c, e) phase plane of example 1 , 
but now Kz is replaced by (Kz^T) in 
equation 13. If 1/Ki^Q, i.e., the linear 



T<K2<9T 

(A) 

s-plane 



Fig. 10. Example 4; root loci 


A—T<K2<9T 
B—K2>9T 

region is very small, the system becomes a 
relay servo. The condition for this relay 
servo to be stable for all inputs is a nega¬ 
tively sloping reversal line in the (r—wi, 
r—uz) plane 

K2>T (27) 

Now examine the linear region. If 
P^ 2 /T>ly two qualitatively different root 
loci are possible depending on the magni¬ 
tude of KzITy as shown in Figs. 10(A) 
and (B). In both cases, the eigenvalues 
remain in the left-half plane for all 
values of iri> 0 . Hence inequality 27 
which guarantees the stability in the 
saturation region also implies stability 
in the linear region. Conversely, if 
ir 2 /r<l, i.e., the pole and zero in Fig. 
10(A) are interchanged, which is equiva¬ 
lent (approximately) to reflecting about 
the ju axis the root loci starting at the 
double pole at the origin, there will be 
two complex eigenvalues in the right- 
half plane for any Ki>0. Thus violation 
of inequality 27 implies instability in 
both the saturation and linear regions. 

Since equation 26 was derived by the 
assumption 1 / 3 = 0 , it is valid only if the 
real eigenvalue -l/Tr represents a tran¬ 
sient which can be neglected in compari¬ 
son with the other two poles. This is 
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Fis. 11 (left). Ex¬ 
ample 4; phase- 
plane trajectories 


study guided by the foregoing considera¬ 
tions. 


Example 5. Lead-Network 
Compensation 


Fig. 12 (above). 
Example 5; sisnai- 
flow graph in 6 


Now consider the lead-network com¬ 
pensation of the servomechanism of exam¬ 
ple 1. The development of the analysis 
is similar to but not identical with the 
preceding example. The lead network is 


true in Fig. 10(A) for iri>0 and in Fig. 
10(B) for 0<Ki<Ki2. 

If, however, Ki>Ki 2 in Fig. 10(B), the 
obvious assumption would be vi = t; 2 = 0 . 
If the assumption is correct, it means 
that the trajectories will have syn¬ 
chronized to the slow eigenvector before 
leaving the linear region. But if the tra¬ 
jectory has already synchronized to the 
eigenvector, it will move along the eigen¬ 
vector closer and closer to the origin, and 
therefore cannot leave the linear region. 
It should be remembered that the bound¬ 
ary of the linear region here is a plane; 
if it were a more complicated surface, the 
conclusion would not necessarily hold. 
In reality, if the trajectories start suf¬ 
ficiently far from the origin, however, 
they will not synchronize to the eigen¬ 
vector before leaving the linear region, 
so that the assumption z;i=t; 2=0 is un¬ 
tenable and a more detailed analysis is 
necessary. The latter case is too com¬ 
plicated to be considered in this paper. 

Fig. 11 shows the boundaries of the 
linear region in the (r—wi, r—W 2 ) phase 
plane. As in example 3, the usual opti¬ 
mization theory for the transfer function 
1 / 5 ^ applies in this plane. 

To appraise the situation in the linear 
region, it is necessary to project the domi¬ 
nant eigenvector from 6 into the {r—Ui, 
r-U 2 ) plane. In 6 the eigenvectors are 
defined by the equations 

SiCi = Ci 
SiC2 = Cz 

Hence, making use of Pu 
Tui-i- Thiz) = W2 — Tuz 

Si{i4>2—'Tuz) — uz (2^) 

Eliminating uz from equation 28 gives 
the projection of the eigenvector on the 
{r—uu plane 


The fact that this equation is the same in 
both the and (e, e) phase 

planes is merely an accident. 

It remains to investigate the quantita¬ 
tive effects of changes in Ki and K^/T, 
If the root locus of Fig. 10(B) applies, 
the complex roots which arise when 
0<A'i<i^ii are of no interest, for the same 
reason as in example 1. If Kn < A'i<jK’i 2 , 
the simplified analysis is admissible. Let¬ 
ting Ki—Kii for convenience (r=l) and 
bearing in mind that manip¬ 

ulation of the eigenvalue equation shows 

Kz/Z<Tc<K 2/2 and l<\+Tr^Ki<4:/Z 

(30) 

Comparing equations 22, 26, 29, and 
30 shows that the relative slopes of the 
boundaries of the linear region and of the 
dominant eigenvector must be as sketched 
in Fig. 11. Even large variations of K^/T 
cannot affect the situation. The result¬ 
ing transient response is not very good. 
Some improvement might be had by in¬ 
creasing Ki beyond K 12 , but too large a 
value of Ki would result in the trajec¬ 
tories cutting across the linear region be¬ 
cause of more and more poorly damped 
complex poles, and transients caused by 
large errors may overshoot several times. 
Thus it appears that too much velocity 
feedback is not beneficial. 

If the root locus of Fig. 10(A) applies, 
the analysis may be carried analogously, 
although the spiral trajectories in the 
linear region corresponding to the com¬ 
plex eigenvalues are not as readily handled 
quantitatively. In this case again, if Ki 
is increased indefinitely, more and more 
trajectories will be leaving the linear re¬ 
gion; see Figs. 15(D), (E), and (F). 

With a moderate value of Ki, fairly 
satisfactory large-signal performance can 
be expected. The precise optimum rela¬ 
tion between Ki and K 2 /T is probably 
best obtained by an analogue computer 


inserted before the saturation; it is neces¬ 
sary to eliminate the zero by expanding 
the transfer function (ar54-l)/(2^5+l) 
into partial fractions, as shown in Fig. 12. 

If the co-ordinates in ^ are again de¬ 
fined by Fig. 2(B), the transformation 
from e to U is 

1 0 0 

c=P^u= 0 1 0 u (31) 

-1 T -P 

The saturation-region trajectories in 
the {r—ui, f—u^) phase plane are pa¬ 
rabolas as in examples 1 and 3. 

The root lod are the same as in the 
previous example, with aT replacing Z' 2 - 
The co-ordinates in V being again defined 
by Fig. 9(B), the transformation from 0 
to *0 is given by 

v=Pr'c- 

1 Tr'-'aT —aT{TT—cxT)Ki 
0 Tc. .Tc{Tr-aT)Ki c 

1 2^To-olT [Tc^^anaT-2^Tc)]Kx 

It is readily verified from equation 31 
and Fig. 12 that the eigenvector equation 
in % is again the same as in 6 

Si(r—Ui) — r—U2 (32) 

When entered from saturation, the 
boundaries of the linear region are 

(r—«i)+(a—l)r(f—■M 2 ) 

= d=[l/i^i+P(l-«)]+(«-l)^ (33) 

More interesting are the boundaries of 
the linear region for trajectories leaving it 

la-l+aiT/Tr+aTTrKMr-’Ui)- 

(a-i)(f~M2)==F(i/iCi-f«rr2)r/rrH- 

(l-a)r (34) 

It is now easy to run down the various 
cases of interest as far as the variation of 
both Ki and a is concerned: 

a>9. If 0<iiri<irii, the transient response 
in the linear region is too slow. Increasing 
the gain to iCii<i^i<jK'i 2 makes the domi¬ 
nant eigenvalues real; by equations 32 


November 1955 


Kalman—Second and Higher Order Saturating Servomechanisms 


303 



through 34 they always remain inside the 
linear region and therefore the transient 
never overshoots regardless of the magni¬ 
tude of the input. If Ki>Kn, not only 
does the linear region contract but the 
spirals corresponding to the complex 
eigenvalues may leave it. Hence Ki^Ki 2 
is a practical limit on the gain. Note 
also that a large a tends to slow down the 
response in the linear region. 

1<«<9. No matter how small iri>0 is 
chosen, the spiral trajectories correspond¬ 
ing to the dominant complex eigenvalues 
will not lie entirely within the linear region. 
This imposes a limitation on large signal 
performance since beyond a certain input 
magnitude the trajectories will overshoot. 
On the other hand, reduction of a permits 
somewhat faster response in the linear 
region. 

«<1* This corresponds to a lag network; 
the system is totally unstable. 

Example 6. Roll-Control of Missile 

As a concluding example, consider a 
missile roll-control problem where the 
influence of saturation is not immediately 
clear from physical reasoning. The aero- 


jVELOCITY-UMITED 

ISERVOMECHANISM 



(A) 


dynamic relationship between the control 
surface deflection Cz and the actual roll 
angle Ci is given approximately by the 
transfer function l/5(r5+l); in turn, Cz 
is governed by a high-gain hydraulic 
servomechanism whose input is propor¬ 
tional to the roll-angle error e. To con¬ 
serve hydraulic fluid, the servomechanism 
must be velocity-limited; this effect is 
the nonlinearity to be analyzed. The 
signal-flow graph is shown in Fig. 13(A). 

The transformation from 6 to ‘U is 
similar to that used in examples 3 and 4; 
it is 

0 1 -r \\u 

0 1 0 II 

provided the co-ordinates in % are again 

selected in accordance with Fig. 2(B). 

Since this is a regulating system, it is 
proper to use the («i, U 2 ) phase plane 
where initial conditions correspond to dis¬ 
turbances which the system is de¬ 

signed to counteract. The boundaries 
of the linear region for trajectories enter¬ 
ing from saturation are 

KzUi-{‘(l^KzT)u2^1^(l/Ki+KzT^) 

Assume now that Ki»l/T, as is 
generally the case in practice. The linear 
zone is then very narrow and, for large 
inputs, the system behaves as a relay 
servo in the (mi, U 2 ) phase plane with an 
open-loop transfer function 1/s^ and a re¬ 
versal line of slope T- 1/Kz. If the slope 
is positive, i.e. 


Kz>l/T 

the relay servo may be made completely 
unstable by a large, sudden disturbance. 
However, unlike in examples 4 and 5, the 
foregoing inequality does not imply in¬ 
stability in the linear region. Since 
1 /A’i=0, the eigenvalue equation is ap¬ 
proximately 

(35) 

Setting Kz—l/T leads to a damping 
ratio r=0.5 for the eigenvalues of equa¬ 
tion 35. Even for any Kz> l/F, the tran¬ 
sients in the linear region will be stable, 
provided that Ki is sufficiently large. 
Thus small trajectories will converge to 
the origin while large trajectories diverge 
to infinity, revealing the presence of an 
unstable limit cycle. The limit cycle will 
be composed of half-parabolas and may 
be calculated exactly in the {ui, u%) phase 
plane by the graphical construction shown 
in Fig. 13(B). The reversal curve bends 
toward the origin as indicated, since 
|z^3|<l if the reversal takes place near the 
origin. 

The unstable limit cycle defines a sta¬ 
bility boundary in as follows: Move the 
origin of the (wi, plane along the uz 
axis, maintaining the orthogonality of the 
axes. The limit cycle will generate the 
surface of a cylinder. All trajectories 
starting within the cylinder will converge 
to the origin, and all others will diverge 
to infinity. For very large values of uz, 
the cylinder will become distorted since 
the approximation nz=^l used in deriv¬ 


ing the reversal point will no longer be 



A—^Sisnal-flow graph in e 
B—Determination of limit cycle 


Fig. 14 (above). Example 6/ 
Ki, with Ks i 


f root locus as a function of 
as parameter 
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Comparison With Describing- 
Function Method 


It is interesting to consider the question 
of establishing the existence and of cal¬ 
culating the approximate period and am¬ 
plitude of the unstable limit cycle by the 
describing-fimction method. Johnson^^ 
has calculated the amplitude and phase of 
the fundamental harmonic component of 
cs as a function of the amplitude and fre¬ 
quency of a sinusoidal forcing signal e, 
thereby obtaining a describing function 
for the velocity-limited servomechanism 
in Fig. 13(A). He, too, concludes that 
an unstable limit cycle exists for suffi¬ 
ciently large Ks. An equivalent but con¬ 
ceptually simpler way of proceeding is 
this.“ Write the eigenvalue equation 
for the linear region of the system as 


Ki 


s(Ts’^l)+Kz 

sKTs^l) 


+ 1=0 


(36) 


much recent effort,^ this fundamental 
weakness of the describing-function 
method has not been overcome. 

By contrast, the phase-space analysis 
outlined in the foregoing is not dependent 
on any a priori assumption. The only 
approximation, concerning uz, is made in 
the time domain and is very easily checked 
in any particular case. 

Conclusions 

All of the examples of this section were 
governed by the same saturation-region 
differential equations, and yet the effect 
of saturation was quite different in each 
case. These differences were caused by 
the manner in which saturation was in¬ 
cluded in the systems; they were revealed 
by a detailed consideration of how the 
trajectories entered and left the linear 
region. 


Equation 36 represents a root locus as 
a function of Ki, The zeros of the root 
locus in turn depend on Kzy as shown by 
the dash-dotted line in Fig. 14. For non¬ 
linear operation, Ki is to be interpreted as 
some equivalent gain. Thus Ki will be 
very large for linear operation (x small) 
and approach zero for highly nonlinear 
operation (x large). Now if Kz is fairly 
small (Kzi), the root locus will not cross 
over into the right-half plane, and the 
system will be stable for all values of Ki. 
If Kz is sufficiently large (Kz 2 ), however, 
the root locus will cross and instability 
will result whenever Ki is small. Hence, 
there will be an unstable limit cycle, with 
its approximate amplitude and frequency 
being given by the intersection of the root 
locus with the axis, as in Fig. 14. 

Notice that the foregoing arguments 
depend crucially on what is meant by 
equivalent gain. If the a priori assump¬ 
tion is made that a stable or unstable limit 
cycle exists, then Ki may be defined as the 
ratio of the first-harmonic components in 
and Xf justified by noting that 
the higher harmonics are attenuated by 
the transfer function between Cz and x. 
If the limit cycle actually exists and is ap¬ 
proximately sinusoidal, the root locus 
must necessarily intersect the jo) axis. 
But intersection of the axis is not suffi¬ 
cient to infer the existence of a limit cycle. 
Thus the success of the describing-func¬ 
tion method may depend on whether a 
limit cycle actually exists—^the very fact 
that the method is expected to prove. In 
fact, Nichols®® has pointed out that the 
describing-function method applied to a 
backlash problem indicates the presence 
of an unstable limit cycle whereas exact 
analysis shows that none exists. Despite 


Summary 

This paper presents, apparently for the 
first tune in the engineering literature, a 
simple approach to high-order nonlinear 
systems based on linear transformations 
in the phase space and closely linked to 
the very useful transfer-function concept 
in the theory of linear transients. In the 
present form of the theory, detailed quan¬ 
titative calculations may be quite la¬ 
borious. But only a simple analysis of 
the type discussed is needed to discover 
characteristic features of the nonlinear 
system; for this task, the phase-space 
method is admirably suited. 

The author is convinced that the com¬ 
bination of the phase-space representa¬ 
tion of nonlinear differential equations, 
linear transformations linked to the famil¬ 
iar partial-fraction expansion of transfer 
functions, and the root-locus method of 
stability study together provide a power¬ 
ful and modem mathematical apparatus 
for the study of nonlinear control prob¬ 
lems. Much further progress may be ex¬ 
pected from the exploitation of these 
ideas. 

Appendix I. Trajectories of 
Second'Order Linear Systems 

For quantitative work in phase-plane 
analysis, it is very useful to have a set of 
standard curves of the response of second- 
order linear systems. A series of such 
scale plots are reproduced here for ready 
reference; see Fig. 15. All curves were 
obtained by means of a real-time analogue 
computer; accuracy is about ±2 per cent. 

The curves represent solutions of the 
equation often used in servo work 


dH ^ ^ dx ^ 


(37) 


where ^ is a real parameter, the viscous 
damping coefficient. The qualitative fea¬ 
tures of Fig. 15 are best discussed in terms 
of the eigenvalues Si of equation 37. In 
view of the diagonalization theorem, this 
will also take care of the general case where 
A is a 2X2 matrix. 

Case 1. Stable Node: 1 <{■<»; or 
5 i, 52 are real, negative. The solutions in 
normal co-ordinates are 
(t = l, 2). From these, the equation of 
the trajectories is readily obtained by 
eliminating the time 


tt 2 = constant 52<5i<0 (38) 

Equation 3S represents a family of pa¬ 
rabolas symmetrical around the uz axis. 
Transformation to the («, x) phase plane 
distorts the trajectories, but does not affect 
the nature of the critical point. Thus in 
Figs. 15(A) and (C) the trajectories start 
out as straight lines parallel to the eigen¬ 
vector corresponding to 52 (the Uz axis), 
and they approach as 5 nnptotically the 
eigenvector corresponding to 5i (the Ui 
axis). This means that the initial rise 
time of a 2-lag system in response to a step 
depends primarily on the smaller st whereas 
the final settling time is governed by the 
larger 5 t, as is well known. Bearing these 
simple physical notions in mind, it is very 
natural to approximate the trajectories 
in Fig. 15(A) by two straight lines, as shown 
in Fig. 15(B), one running parallel to the Uz 
axis (the '‘fast” eigenvector) and the other 
being the Ui axis itself (the “slow” eigenvec¬ 
tor). Because of the much smaller separa¬ 
tion between the eigenvalues, the approxi¬ 
mation is less accurate if applied to Fig. 
15(C). 

Case 2. Stable Focus: 0<i'<l or Su 
Sz are complex conjugate, <r<0. Here 
it is best to regard one of the solutions 
in normal co-ordinates 

«i(0=«i(0).“'=(39) 

as a first-order differential equation defined 
over a 1-dimensional complex space, i.e., 
the ordinary complex plane. The other 
solution is merely the complex conjugate 
of equation 39. The complex quantity 
Uiit) is to be regarded as a rotating vector 
with U being the angle of rotation in radians 
and the attenuation of the noiagnitude 
of the vector. The curve described by the 
tip of the vector, a logarithmic spiral, is 
the trajectory in the {Re[tii], Jm[«i]) 
plane. When translated into the {x, 
phase plane, the logarithmic spirals appear 
as in Figs. 15(D). (E), and (F). 

It is unfortunately not possible to make 
use here of the asymptotic behavior of the 
trajectories as in the case of the node; 
however, explicit computation of the 
trajectory is not too difficult in view of the 
convenient form of equation 39. 

Case 3. Center: f=0, or si, St are pure 
imaginary. In equation 39, o is set to zero 
and therefore the rotating vectors describe 
a circle. The trajectories consist of con¬ 
centric circles. The system is said to be 
conservative. 

The qualitative difference between para¬ 
bolic, spiral, and circular trajectories is 
indeed striking; this is the motivation for 
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Ffs. 15. Trajectories 
of the second-order 
linear differential 
equation 


dx 


A—f=2.0 
B—Approximate re¬ 
presentation with 
the help of eigen¬ 
vectors 


C—i- = 1.2 
D—i-=0.7 
E—^=0.4 
F—r=0.2 



(c^ 




(F) 


the insistence in phase-plane theory on 
sharply differentiating node, focus, and 
center type of critical points and trajectories. 

The case of the saddle point, i,e., si, 
real, .Si< 0 <^ 2 , is not treated; it has 
not been important up to the present in 
servomechanism theory. Since the eigen¬ 
values are real, the trajectories are easily 
visualized using the eigenvector concept, 
as in the case of a node. The degenerate 
cases when one or both eigenvalues vanish 
have been treated at some length in con¬ 
nection with optimum relay servos.® 

All the trajectories in Fig. 15 represent 
stable systems, i.e., the trajectories tend to 
be the critical point as t * { - oo; hence the 
superscript -f* over the abbreviation of the 
critical point. Unstable trajectories may 


be obtained by reflection about the x axis, 
which corresponds to changing the sign of 

Appendix II. Optimum Relay 
Servomechanism Theory 

Second-Order Systems 

The problem of how a relay-controlled 
or saturating servomechanism is to be 
designed for optimum speed of response 
may be completely solved by use of the 
phase-space approach. The correct solu¬ 
tion may be discovered by the following 
intuitive argument: 


To have optimally fast response, it is 
necessary to exploit fully the power (or 
torque, etc.) capabilities of the system; 
hence, the signal into the output element 
must be maintained at either forward or 
reverse saturation, corresponding to the 
two nonzero positions of a polarized relay. 
This suggests that the signal (forcing 
function) applied to the output element 
should be idealized as having only three 
distinct values: +1, —1, and 0. There 
will be two different families of trajectories 
in the phase plane corresponding to the 
two signs. The problem is to bring the 
system to rest at zero error as quickly as 
possible. In the (e, e) phase plane this is 
achieved by leading the trajectory into the 
origin. 
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Clearly, the transient can reach the 
origin only by following a trajectory which 
goes through the origin. There exists one 
and only one such trajectory in each family 
since the origin is not a critical point. 
These trajectories are called reversal curves. 
They subdivide the phase plane into two 
regions. In each region the signal polarity 
is so specified that the resulting trajectories 
will always intersect the reversal curve, 
at which instant the signal polarity is 
reversed. The transient then proceeds 
along the reversal curve. At the instant 
of reaching the origin, the signal to the 
output element is set to zero and the 
system remains at rest. 

This scheme was first proposed and 
demonstrated with simple examples by 
McDonald® and Hopkin® and many other 
contributions have been recorded since 
then.®'i®‘®®“^® In a doctorate thesis, 
Bushaw^^ has rigorously proved that the 
intuition which led to the formulation of 
the theory is indeed correct. 

In view of the significance of the optimum 
relay servomechanism concept in the 
analysis of saturating systems, the various 
important special cases of second-order 
transfer functions are now briefly reviewed. 
A detailed discussion is given by Tsien.^^ 

Case 1. G{s)^l/s^, e.g., ideal torque 

source driving pure inertia.®*®® The trajec¬ 
tories are families of parabolas, with 
vertexes on and S3nmmetrical with the e 
axis. Representative transient trajectories 
are sketched in Fig. 16(A). Regions in the 
phase plane are labeled with + and — 
signs according to the signal polarity 
required. The equation of the reversal 
curve is 


2e= —e|e| 


( 40 ) 


Case 2. G(s) = 1A(5+1), e.g., annature- 
controlled d-c motor.®*®® For small veloci¬ 
ties, the trajectories are similar to case 1. 
Ultimately they become asymptotic to the 
dashed lines c==bl; see Fig. 16(B). 
Note that the trajectories may approach 
the dotted lines also from the outside. 
The equation of the reversal curve is 


e /^(l+lc|) 


( 41 ) 


Case 3. G(j) = l/(i=+2fs+l),/>!, e.g., 
2-capacity temperature regulation prob¬ 
lem.*® The trajectories tend to the stable 
nodes (iV~+) and (iV++), depending on 
whether they originate above or below the 
reversal ciurve; see Fig. 16(C). Only the arc 
A+OA^ on the reversal curve is of practical 
interest, since all large-signal trajectories 
having converged to the slow eigenvector 
of will intersect the reversal line 

at A +. Similary for .<4 -. 

Case 4. Gis)==l/is^+2^s^l), f<-l, 
unstable open loop. The trajectories be¬ 
long to the unstable nodes (N+ and (iV- ") 
respectively. Connecting {N+~) with tra¬ 
jectory V- to (iV-“) and (iV~~) with r+ to 
(iV’+”), Fig. 16(D), it is easily seen that all 
trajectories originating outside the closed 
curve r+r~ will diverge to infinity. If the 
reversal curve is again made up of tra¬ 
jectories going through the origin and 
terminating at the nodes, stable operation 
is assured everywhere inside the curve 
r+ T-. For any other choice of the reversal 
curve, say, a straight line through the 



(C) 

origin realizable by linear velocity feed¬ 
back, the stable region will be necessarily 
smaller. The boundary r+T- is analogous 
to an unstable limit cycle. 

In the foregoing cases, optimum control 
is achieved by a total of two polarity 
reversals, including in the count the fact 
that the signal must be set to zero on 
reaching the origin. The case of a second- 
order transfer function with complex roots 
is in a sense exceptional since only a part 
of the optimum reversal curve is a tra¬ 
jectory; more and more reversals are 
necessary as the magnitude of the initial 
error is increased. 

Case 5. 0<f<l, 

e.g., aircraft regulation problem.*® The 
trajectories are spirals, belonging to the 
stable foci (F++) and (F-+). The two 
trajectories leading into the origin intersect 
one another an infinite number of times; 
moreover, they do not subdivide the phase 
plane into two distinct parts. The prob¬ 
lem requires serious mathematical in¬ 
vestigation. 

According to Bushaw’s solution,*® the 
reversal curve consists of arcs of trajectories 
constructed as follows: Take a trajectory 
belonging to (F+ +) and follow it backwards 
in time from the origin until it intersects 
the c axis at Cp where /> = !. Now magnify 
the arc so obtained by the factor exp 
^( 7 rf/Vl —f®) and displace it; Cp units 
to the right, continuing the process with 

p-l, 2, 3, _ In other words, that 

trajectory of (F-+) which goes through the 
origin is cut at each intersection with the 
c axis, and the arcs so obtained are placed 
side by side. The reversal curve for c<0 




Fig. 16. Reversal curves for optimally 
compensated second-order systems classified 
according to output element transfer function 

A—1/s® 

B—1/s(Ts-M) 

C—1/(s®-l-2rs+1), r>i 
D—1/(s®+2rs+1),f<~1 
E~i/(s^+2rs+i),o<r<i 


is determined similarly; see Fig. 16(E). 
If the initial point lies on the c axis between 
Cp-~i<\c\<Cp, the number of reversals will 
be 

It is difficult to approach optimum per¬ 
formance in this case by linear compensa¬ 
tion. A thorough treatment of the many 
phenomena encountered in relay servos 
with velocity feedback and this transfer 
function is given by Fliigge-Lotz.^® 

Remark on Inputs 

Because of considerations of steady-state 
error, if the locations of the optimum 
reversal curves are to be independent of 
the input, only the following types of 
inputs are admissible to servomechanisms 
(follow-up systems) incorporating the trans¬ 
fer functions discussed in the foregoing: 

Case 1. Steps and/or ramps. 

Case 2. Steps only. 

Cases 3 through 5. Neither steps nor 
ramps. 

The axes in Fig. 16 have been labeled 
accordingly. 

Since arbitrary inputs may be approxi¬ 
mated by means of steps and ramps, the 
response of systems of the type 1 and 2 
may be regarded as generally acceptable 
though not always optimum, provided 
that in the steady state the inputs behave 
as listeS in the foregoing. In cases 3 
through 5, only inputs which are identically 
zero in the steady state are allowed; hence 
these cases are of interest mainly in con¬ 
nection with regulating systems. 

On the other hand, system 1 is capable 
of following both step and ramp inputs with 
zero steady-state errors and nonovershoot¬ 
ing transients. This contrasts with the 
well-known fact that a linear servo which 
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has zero steady-state error to a ramp input 
necessarily overshoots in response to a step. 

Remark on Zeros 

A further unexpected difficulty appears 
when the transfer function is allowed to 
have a zero. The reversal curve, composed 
of the trajectories leading into the origin 
of the normal co-ordinate phase plane, 
depends only on the poles and not on the 
zero. On the other hand, the transforma¬ 
tion which takes the reversal curve back 
to the (e, e) phase plane is a function of 
the zero. By proper selection of the zero, 
the reversal curve may be rotated by an 
arbitrary angle in (e, e); in particular, it 
may be made to intersect the line e = 0 so 
that the transient will overshoot once. 
Under such circumstances, the response 
cannot be regarded as optimum and it may 
be mandatory to introduce a linear zone. 
The foregoing statements are easily checked 
by considering an optimum relay servo 
with the transfer function 
which will have an overshooting step re¬ 
sponse if r>0. These remarks should 
emphasize the fact that, while an optimum 
response may always be defined, the exist¬ 
ence of meaningful optimum system de¬ 
pends on both the nature of the transfer 
function and of the inputs. 

Systems of Arbitrary Order 

If the concept of second-order optimum 
relay servomechanisms is thoroughly under¬ 
stood, there is no basic difficulty in extend¬ 
ing it to arbitrarily high-order systems. 
Bemuse of the unpleasant complications 
which have arisen in connection with case 
5, only open-loop transfer functions with 
real poles have been considered so far. ^ 2 , 14,43 
The argument proceeds backwards: In 
^-dimensional phase . space, the d= tra¬ 
jectories through the origin constitute the 
reversal curve. Each point on this reversal 
curve may be reached (is intersected) by a 
trajectory of the opposite polarity; the 
latter trajectories generate a 2 -dimensional 
reversal surface. This process may be 
continued until the trajectories intersecting 
the last (« —l)-dimensional reversal surface 
fill the entire ^-dimensional phase space. 
Hence n reversals are necessary in the «- 
dimensional case. Take a third-order sys¬ 
tem such as in examples 3 and 4. The 
ffist reversal occurs when the trajectory 
intersects the 2 -dimensional surface; after 
that, the trajectory remains in that surface 
until intersecting the trajectory through 
the origin, when the polarity is again 
reversed. By definition, the third reversal 
occurs when the signal becomes zero on 
reaching the origin. 

The equations describing the reversal 
surface may be readily obtained by means 
ol the normal co-ordinate transformation. 
The problem has been worked out for the 
transfer function lA2(rr-f 1 ) by Bogner.i* 

A more general treatment is due tc^Rose.-** 

The incorporation of a reversal surface 
in a practical system is cumbersome be¬ 
cause of the necessity of simulating the 
1 , 2 , ... (»—l)-dimensional reversal sur¬ 
faces. Moreover, it would be necessary to 
measure accurately the first (w- 1 ) deriva¬ 
tives of the error. Herein lies the im¬ 
portance of the approximation scheme 
discussed in the foregoing. Still, in a 
difficult control problem, crude simulation 


ot a reversal surface by a diode network 
may well be the only adequate method of 
compensation. 

Notice also that the optimum compensa¬ 
tion assumes precise knowledge of an un¬ 
changeable transfer function. The optimum 
system is a calibrated system. Much 
further work is necessary before practical 
equipment can be built which will reliably 
approach optimum performance even when 
subjected to noise, slight changes in pa¬ 
rameters, etc. 
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Discussion 

J. M. Loeb (wSchlumberger Instrument 
Company, Ridgefield, Conn.): The author 
should be commended for having given a 
rigorous approach to an approximation 
method used by some other authors. Since 
higher order nonlinear systems are dealt 
with, a constant need for a kind of “phase 
plane approach” has been experienced. 

The existence of computers has changed 
the aim of theoretical calculations. For all 
particular problems, i.e., derivation of the 
solution of a set of nonlinear differential 
equations being given the necessary limit 
conditions, no special mathematical concept 
is necessary. A good analogue or digital 
computer does the job. As a matter of fact, 
the phase plane approach, introduced by 
Cauchy to drive his “unicity theorem,” is 
rarely used for practical computation. 
However, the control engineer has equally to 
perform S3mthesis of equipments and a 
general visualization becomes necessary. 

Mr. Kalman has showed very well how 
matrix algebra leads to the discovery of 
independant variables particularly suitable 
for a phase plane approximation, i.e., that 
are related by differential equations con¬ 
taining largest time constants. The concep¬ 
tion of “projection” of the phase space upon 
this particular plane is the key to a good 
understanding of a whole class of interesting 
systems. 

It remains, however, very difficult to 
cross the gap that separates linear problems 
from nonlinear ones. All the problems 
treated in the paper belong to the so-called 
“piecewise linear” field. 

Many systems are devised to supply in 
due time the best “switching” that changes 
the configuration of the system. In more 
complicated diagrams, is it not to be fore¬ 
seen that the decomposition, or the author’s 
"near-diagonalization,” would lead to a 
different couple of principal variables? If it 
is so, one would have to operate the inverse 
transformation each time the representing 
point crosses the boundary between differ¬ 
ent configurations of the system. 


K. Klotter (Stanford University, Stanford, 
Calif.): I share the author’s opinion (as 
expressed in the summary) that the “com¬ 
bination of the phase-space representation 
of nonlinear differential equations, linear 
transformations linked to the familiar par¬ 
tial-fraction expansion of transfer functions, 
and the root locus method of stability study 
together provide a powerful.... apparatus 
for the study of nonlinear control problems,” 
and think that the author did a commend¬ 
able job in presenting that technique of 
investigation. 

However, in order to keep the limitations 
of the procediure in the reader’s mind, I 
would lie to underline, and also to imple¬ 
ment, a few statements in the paper which 
are apt to become lost in the technical de¬ 
tails: 

1. The nonlinear systems investigated 
are replaced by piecewise linear ones. Al¬ 
though it is true that such an approximation 
may be achieved “with arbitrary accuracy,” 
it is equally true that increased accuracy 
entails highly increased labor. 

2. The driving terms are replaced by 


constants; they, in turn, by a transforma¬ 
tion of co-ordinates, can be eliminated 
completely. In this way homogeneous linear 
equations result. 

3. The system of »th order finally is 
replaced by one of second order. Hence, 
intrinsically, no “extension of the phase 
plane method to high-order nonlinear dif¬ 
ferential equations” is involved. The 
method is as good as the replacement is. 
Furthermore, all examples given are re¬ 
stricted to third order. 

The author, in presenting his case, makes 
extensive use of the parlance within some 
circles of communication engineers, includ¬ 
ing the use of signal flow graphs in lieu of 
differential equations. In using, and even 
coining, new expressions for familiar alge¬ 
braic and analytical concepts, the author at 
one point, however, transcends the permis¬ 
sible limits: In the paragraph following 
equation 1 the quantities Ci and d are re¬ 
ferred to as “dependent variables” and the 
quantities as “independent variables.” 
Such a usage is at variance with well-estab¬ 
lished mathematical terminology. The d 
are the dependent variables; however, the 
Ti are the “driving terms” (or “forcing 
terms” or “perturbation terms,” etc.) but 
certainly not the independent variables. 
Independent variable is the time / exclu¬ 
sively and throughout. 


Y. H. Ku (Moore School of Electrical Engi¬ 
neering, University of Pennsylvania, Phila¬ 
delphia, Pa.): This paper is a serious at¬ 
tempt to generalize phase-plane methods of 
dealing with nonlinear systems and appears 
to pinpoint a promising area of future re¬ 
search. To represent the solutions of non¬ 
linear differential equations of the »th 
order, it is necessary to use an w-dimensional 
phase space, in which an ^-dimensional 
space trajectory representing the solution is 
located.^’* The author is to be congratu¬ 
lated for giving a simplified method of 
approximating the actual trajectory by 
breaking up the phase space into a number 
of regions, such that within each region the 
portions of the approximated trajectory 
represent the solutions of linear differential 
equations. However, it may be pointed out 
that in the general phase-space method, it is 
not absolutely necessary that such linear 
approximations are made. It is a straight¬ 
forward procedure to find the actual tra¬ 
jectory if it needs be found.Thus the 
phase space of ^-dimensions offers a seat 
to the actual trajectory as well as to the 
approximated portions of the actual tra¬ 
jectory. In fact, while the junctions of the 
approximated portions have multivalued 
slopes, the actual trajectory has continuity 
of slopes at all points. It would be of inter¬ 
est to compare the actual trajectory (with 
nonlinearities as originally specified or ex¬ 
perimentally determined) with the portions 
of the approximated trajectory. The simpli¬ 
fied method would be especially useful in 
synthesis and design of nonlinear servo¬ 
mechanisms. 
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Herbert K. Weiss (Northrop Aircraft, Inc., 
Hawthorne, Calif.): This paper represents 
a definite contribution to the understanding 
of nonlinear systems. The brief section on 
co-ordinate transformations and the several 
examples are particularly helpful. 

Since most interesting nonlinearities can 
be adequately represented by the saturation 
function shown in Fig. 3 of the paper, the 
methods developed appear to be of con¬ 
siderable generality. It is not clear, how¬ 
ever, that examination of the latter phases 
of the transient motion only, as accomplished 
by use of the two dominant eigenvalues, 
will yield a sufficiently complete picture for 
all servo analyses. This is a question of the 
value function by which one defines the 
performance objectives to be sought in the 
servo design. One might imagine, for ex¬ 
ample, a servo subjected to continued and 
rapid disturbances, or one attempting to 
follow a signal in the presence of rapidly 
fluctuating noise. In these cases the long 
period response to a single step or ramp in¬ 
put might be of minor importance compared 
with the initial response gradient to signal 
change. 

It is hoped that Mr. Kalman will find time 
to extend the methods of his present paper 
to the examination of all stages of servo 
response. 


R. E. Kalman: I wish to thank the dis¬ 
cussers for their serious interest in the paper. 
Indeed, most of the comments deal not with 
the specific results of the paper, but with 
the broader questions of motivation and 
general framework of analysis. These 
questions are of the greatest importance, 
especially in a new field such as nonlinear 
control system analysis, where a well-chosen 
initial approach is often the key to success. 
I would like to summarize in some detail 
the mathematical and intuitive background 
from which the paper arose. In so doing, I 
will express some perhaps intensely personal 
points of view, which can only be justified, 
strictly speaking, by their apparent success 
as far as the present paper is concerned. 

In linear control system analysis, the task 
is clear: (a) Decide whether the system is 
stable, i.e., whether all the real parts of the 
roots of the eigenvalue equation are nega¬ 
tive ; (6) examine in more detail the response 
to some prototype input, such as a step, 
calculating initial rise time, settling time, 
etc.; (c) determine the response of the sys¬ 
tem to broad classes of signals to which the 
system will actually be called upon to re¬ 
spond and which are defined perhaps only in 
statistical terms. These questions are 
readily agreed upon and interest centers 
mainly on expedient mathematical methods 
to answer them. 

With nonlinear systems, the situation be¬ 
comes vastly more complicated. Parallel¬ 
ing the approach to the linear case, the diffi¬ 
culties may be outlined as follows: 

1 . To start, a way must be found of 
classifying nonlinear systems from the sta- 
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bility point of view. A linear time-invariant 
system is either stable or unstable, regard¬ 
less of the input signals. In nonlinear sys¬ 
tems, stability depends directly on the in¬ 
puts (or initial conditions) and many phe- 
nonema occur: several different types of 
critical points, limit cycles (steady-state 
oscillations), regions of completely stable 
and completely unstable operation, regions 
in which the character of transient response 
depends strongly on the amplitude of the 
input signal, systems which appear docile 
when subjected to a certain class of signals 
(steps and ramps) but behave very queerly 
in response to another class of signals 
(sinusoids), etc. The list is probably in¬ 
complete and much more remains to be dis¬ 
covered. 

Clearly then, nonlinear systems should be 
distinguished according to their peculiari¬ 
ties. If they have no peculiarities, they are 
not, basically, much different from linear 
systems and should be studied in much the 
same way as the latter. The situation is 
similar, though much more complicated, 
to that in function theory: Functions are 
classified according to their singularities; if 
a function has no singularities, it is very 
“uninteresting.”^ 

To discover these peculiarities, it is es¬ 
sential to be able to visualize the qualita¬ 
tive features of the behavior of a nonlinear 
system over its entire operating range. The 
appropriate mathematical tool for this task 
is the phase-plane method. Dr, Loeb em¬ 
phasizes, as was insisted on also in an earlier 
paper, 2 that the phase-plane method is pri¬ 
marily an analytical tool. This basic point 
has been much obscured in the past since 
the phase-plane idea is often used for con¬ 
structing graphical methods of solution. If 
the phase plane is used for such purposes, it 
competes merely with the already highly 
developed techniques of machine computa¬ 
tion without offering any significant ad¬ 
vantages over the latter except for those who 
have no access to computers. Only rarely 
does a graphical method also give insight 
into a problem. These exceptions are, as 
far as I know, the Li^nard^ construction and 
a recent generalization of it by G. Cahen.'* 
In these methods, the ideas underlying the 
graphical constructions also aid significantly 
in the analysis. 

Concentrating on qualitative aspects of 
nonlinear systems is not only useful but 
absolutely essential. A well-known mathe¬ 
matical theorem® states that the charac¬ 
teristics of a nonlinear system are invariant 
under any bicontinuous sense-preserving 
transformation (0-homeomorphism). In¬ 
tuitively, this means the following: If the 
trajectories of a system are drawn on a 
rubber sheet, any deformation (stretching) 
of the rubber will (nonlinearly) distort the 
trajectories, thereby leading to a super- 
fically new system, which, however, differs 
in no essential way from the original one. 
Thus, for any given nonlinear system there 
are an infinite number of others which have 
basically the same properties but are de¬ 
scribed by different equations, contain dif¬ 
ferent nonlinearities, etc. The theorem 
certainly agrees with common sense for it 
would hardly be expected that the dynamic 
behavior of a control system containing a 


saturating amplifier will be altered sub¬ 
stantially by replacing the saturating am¬ 
plifier with another one having a somewhat 
different saturation curve. For this reason, 
it is very naive to try to obtain quantitative 
analytic solutions for most nonlinear prob¬ 
lems. The matter of a quantitative solution 
should and must be left up to a computer or 
to measurement on a model, and mathe¬ 
matical investigations should be directed 
toward obtaining general qualitative insight. 
As a result of these considerations, even 
crude approximations of nonlinear differen¬ 
tial equations will be satisfactory, provided 
that the approximation retains all the quali¬ 
tative characteristics of the original system. 
This idea may be called “approximation in 
the large.” 

Discussers have commented on the ap¬ 
proximation by straight-line segments. 
This method stems from the arguments just 
mentioned, and has been considered in a 
broader setting in an earlier paper.^ 

Professor Klotter’s comment that “in¬ 
creased accuracy entails highly increased 
labor” is of little significance. The purpose 
of the straight-line (in-the-large) approxi¬ 
mation is to capture in as simple a manner as 
possible significant aspects of system be¬ 
havior. Determining the minimum number 
of segments needed to do this will require 
further serious mathematical investigation; 
however, in simple cases, such as the satura¬ 
tion-type nonlinearity (Fig. 3 of the paper), 
it seems intuitively clear that three seg¬ 
ments are adequate. This is not a question 
of accuracy in the ordinary sense since that 
problem, as pointed out, should be taken 
care of by means of a computer. 

Professor Ku*s remark about the con¬ 
tinuity of the trajectories in 3-dimensional 
phase space should be kept in mind when 
applying the approximation by dominant 
terms since otherwise some apparent con¬ 
tradictions may be thought to occur. But 
in analytical work the precise shape of the 
trajectories matters little and consideration 
of the dominant terms in the manner and 
under the assumptions stated in the paper is 
quite adequate. For this reason, no check 
on the accuracy was made, with the excep¬ 
tion of the indirect check on the derivation 
of the quasi-optimum reversal curve in 
example 3 in the paper, nor is such a check 
thought to be of particular significance. 
The conditions under which a dominant- 
term approximation may be logically used 
was discussed in some detail in connection 
with example 4. Again, the guiding prin¬ 
ciple of the approximation is to retain all 
essential qualitative features of the original 
system. 

Dr. Loeb’s observation that in different 
regions of the phase space different pairs of 
principal variables may arise and therefore 
different normal-co-ordinate transformations 
are needed, pinpoints a major difficulty, or 
rather inconvenience, of the analytical pro¬ 
cedure as presented. In such a case, e.g., 
examples 4 and 5 of the paper, it is necessary 
to resort to much more computation and the 
interpretation of the approximations may 
become somewhat delicate. Further im¬ 
provements can probably be expected as 
more experience is gained in applying the 
method to real problems. 


Professor Klotter’s opinion that “intrin¬ 
sically, no extension of the phase-plane 
method to high-order nonlinear differential 
equations is involved” should not be ac¬ 
cepted. The logical criterion by which 
such a question can be judged is whether the 
method is capable of explaining problems 
and phenomena which cannot be predicted 
or solved on the basis of second-order con¬ 
siderations. Examples 3 and 6 certainly 
represent inherently higher order systems 
whose behavior is correctly revealed by the 
method. The fact that the examples in the 
paper were all of the third order was in¬ 
tended merely to save algebraic labor. 

3. Dr. Weiss brings out many basic and 
unfortunately unsolved problems. The 
idea of examining the “latter phases of 
transient motion,” and particularly ex¬ 
ample 3, was motivated by trying to assess 
and improve the stability properties of sys¬ 
tems subjected to very large signals. By 
analogy, this means considering the sluing 
mode of operation of a gun-director (moving 
from one target to the next), whereas Dr. 
Weiss’s question refers to the tracking mode 
of operation. These are many practical 
cases when both modes of operation are 
equally important. 

If the signals in the tracking mode are 
small, approximately linear operation may 
be assumed, since any continuous non¬ 
linearity may be considered linear over a 
small range. This argument merely dodges 
the problem, although it sometimes closely 
approximates the practical situation. If the 
nonlinearity is discontinuous (such as an 
on-off device), or if the signal, perhaps aided 
by superposed random noise, makes excur¬ 
sions into the saturation region, the situa¬ 
tion becomes very difficult to analyze. 
Principally, the trouble is that in dealing 
with a piece wise-linear (in-the-large) ap¬ 
proximation of a nonlinear system, it is es¬ 
sential to know when the transient crosses 
^ the boundaries of the linear regions. This 
poses a major problem even when the input 
is analytically defined (say, a sinusoid). 
When the input is random the crossing can 
only be defined in a probabilistic sense, which 
greatly increases the difficulties. In fact, 
I am unaware of the existence of a single 
paper dealing with a probabilistic model of 
the phase plane. 

Much of further success in the nonlinear 
field depends on vigorous interchange of 
knowledge about solved or analyzed prob¬ 
lems. I would be grateful for any account 
of instances where the method was applied 
or where it led to difficulties. 
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Cathodic Protection Circuits 
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B efore discussing the present state 
of investigation and proposed future 
considerations of cathodic protection 
circuitry, it may be profitable to review 
briefly the problems posed by the ob¬ 
served phenomena of corrosion, in par¬ 
ticular the corrosion of metallic surfaces 
in soils and solutions with which this 
paper will be primarily concerned. Such 
a review should be helpful to investiga¬ 
tors actively engaged in corrosion studies 
by emphasizing the actual corrosion prob¬ 
lems under consideration as well as pres¬ 
ent methods of approach. Such a state¬ 
ment of the problem helps in clarifying 
and unifying much of the apparently 
disassociated work being done in the par¬ 
ticular field and will provide a starting 
point for investigating corrosion phenom¬ 
ena. Most of the available literature 
pertaining to corrosion assumes that 
everyone is quite familiar with the sub¬ 
ject and therefore needs no further intro¬ 
duction or explanation. Such an assump¬ 
tion, of course, can frequently be er¬ 
roneous and, for this reason, it was felt 
that a brief review of this subject matter 
would be appropriate. 

Statement of the Problem 

To give a statement of the corrosion 
problem, it is necessary to discuss the 
phenomena that are observed in the 
physical system. It is found that a 
metallic surface when placed in a soil, or 
other chemical environment, acts in two 
principal ways: the surface becomes 
anodic—^in this case the metallic ions are 
said to migrate from the surface, combine 
chemically with ions within the solution, 
and irreversibly form compounds having 
no useful metallic characteristics; or, 
the surface becomes cathodic—in this 
case it is said that the ionic action pre¬ 
vents metallic ions from leaving the sur¬ 
face although some chemical action may 
take place, such as production of hydro¬ 
gen. The anode areas are observed to 
corrode; the cathode areas are observed 
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to have no appreciable corrosion in most 
cases. 

Any given small segment of a bigger 
submerged surface may be either all 
cathodic or all anodic, or may be divided 
microscopically into many smaller areas 
of both classes. The only restriction is 
that of a whole submerged surface; some 
of both classes of areas must be present at 
a given time. A simple example of this 
type of corrosion is found in the chemical 
cell of Fig. 1. 

As an example of the so-called galvanic 
cell, electrode 1 may be of copper, elec¬ 
trode 2 of zinc, the solution a wet soil, and 
the conducting connection may be a wire 
connecting the copper and zinc; all four 
of these items must be present in one form 
or another to have galvanic corrosion at 
the anode. In many cases items 1 and 2 
may be simply different portions of the 
same metallic area, small differences in 
metal structure or in solution being the 
apparent determining factor of corrosion 
or no corrosion. 

The principal physical observations are, 
then, that the areas identified as anodes 
corrode, and other cathode areas do not. 
The economic implication of the anode 
area action is tremendous. It has been 
said that the deterioration in underground 
metal structures caused by galvanic cor¬ 
rosion is in the magnitude of billions of 
dollars per year in this country. Ob¬ 
viously, the problems of corrosion and 
corrosion control are of sufficient eco¬ 
nomic importance to demand that some¬ 
thing should be done from the standpoint 
of engineering. The question of what to 
do is important. 

The present state of technology is such 
that many different approaches to a prob¬ 
lem are available, any one of which may 
be as fruitful as any other. It is desirable 
to use the approach having the best 
chance of solving the problem in the least 
amount of time and by the least amount 
of effort. Unfortunately, it is not always 
possible to determine beforehand which 
approach will accomplish this solution in 
the optimum manner. In the corrosion 
problem, two methods which have been 
used are the empirical approach and the 
theoretical approach. Other names might 
be used for these two methods, but the 
foregoing names will be used herein. 

Briefly, the empirical approach con¬ 
sists of the following procedure: A large 


amount of observational field data are 
taken and recorded pertaining to the cor¬ 
rosion of metallic surfaces. It is then 
hoped that, by the accumulation of large 
amounts of these data, empirical rela¬ 
tions can be evolved such that corrosion 
can be predicted, reduced, and perhaps 
eliminated. This approach has been used 
in many branches of science and has been 
quite useful. If the phenomena being 
investigated are not too complicated, the 
empirical approach is usually foimd to be 
practical and useful. The method does 
not require a large number of highly 
trained personnel, and the accumulation 
of data is generally a quite routine proc¬ 
ess. It is only the interpretation of the 
results, for the purpose of deriving em¬ 
pirical relations, that requires highly 
trained personnel. 

Despite the widespread use of the em¬ 
pirical method, there are, nevertheless, 
certain disadvantages attached to its use. 
If the problem is relatively complicated, 
it is found that an abnormally large 
amount of data must be accumulated be¬ 
fore solutions can be obtained at all. 
Such accumulations of data may lead to 
large expenditures of time and money. 
Hence an empirical approach may become 
undesirable if the problem is highly 
complicated. Apparently the corrosion 
problem is complicated to such an extent 
that the empirical approach gives results 
of limited, although perhaps useful, levels. 
The alternative, then, may be the theo¬ 
retical approach for increased knowledge 
in the area, as will be now considered. 

The theoretical approach consists first 
of duplicating, in the laboratory, the 
various conditions existing in the physical 
system. That is, the corroding system is 
set up in the laboratory where certain of 
the variables may be more carefully con¬ 
trolled. The data obtained in the labora¬ 
tory are analyzed and use is made of 
existing knowledge in other branches of 
science. The attempt is made to develop 
from these laboratory measurements a 
mathematical formulation, usually in 
equation form, of the phenomena ob¬ 
served. By mathematical manipulation 
and extrapolation, predictions may be 
made involving the laboratory phenom¬ 
ena under varied conditions and, even¬ 
tually, predictions applicable to the field 
situations. The end result should be 
increased knolwedge of the phenomena, 
explanations, mathematical relations, 
valid predictions, better measurement 
techniques, and other improvements in 
engineering which will be of economic 
gain in field operations on corrosion con¬ 
trol. 

This approach, of course, requires the 


November 1955 


Schwarz^ Wainwright—Cathodic Protection Circuits 


311 



y>C-4)CC0NDUC TIhJG CONNECTION) 

(2)(ANODE)CcORRODE6) 
)(CATHODE) 

'' (3)(SOIL, OR SOLUTION) 

Fig. 1. The simple galvanic cell 



use of more highly trained personnel 
than the empirical approach. However, 
the theoretical approach has more possi¬ 
bilities of solving a complicated problem, 
as indeed the corrosion problem seems to 
be, than the former. It has also been 
found that the theoretical approach will 
generally provide a solution to a particu¬ 
lar problem in a shorter length of time 
than the more time-consuming empirical 
methods. This time gain, in fact, forms 
a major portion of the advantages of the 
theoretical method. 

The Equivalent Electric Network 

One of the extremely useful techniques 
used in the theoretical approach to many 
physical problems has been the equiva¬ 
lent electric network. Since the area of 
electric circuit analysis is a highly de¬ 
veloped area with many useful ways of 
analyzing and predicting behavior, the 
electrical analogue or model of the physi¬ 
cal system under study gives useful re¬ 
sults with a minimum of time and effort. 
This paper is concerned, therefore, with 
the implications and use of this equiva¬ 
lent circuit method, and some of the prob¬ 
lems and requirements of its use are out¬ 
lined to increase the knowledge of corro¬ 
sion and corrosion control. 

One of the problems today in the field 
of transistors is to obtain equivalent elec¬ 
tric networks which enable the electrical 
engineer to apply presently developed 
analysis methods to the new situation 


involving semiconducting materials. 
When such a network or series of networks 
is eventually developed, it must never be 
assumed that the parts of the network 
have any exact counterpart among the 
components of the physical system. In 
fact, the resistors, capacitors, inductors, 
switches, source voltages and currents, 
measured voltages and currents, etc., of 
the equivalent network should not be 
assumed to have physical reality at all. 
The best that can be said is that by the 
use of these concepts the external charac¬ 
teristics of the physical device have been 
approximated to some useful end. 

One subject frequently misunderstood 
and overlooked by many corrosion en¬ 
gineers today is the formulation of mathe¬ 
matical equations as derived from the 
networks. The concept of reference 
marks for all currents and voltages, for 
example, is of prime importance. Both 
of these quantities have sense, or orienta¬ 
tion, as well as magnitude. The real 
number system has the property of giving 
more information than simple magnitude, 
i.e., algebraic signs are available to divide 
the magnitude information into two 
classes; + and —, Thus, if four voltages 
are arranged circuitally, as shown in Fig. 
2(A), without knowing the actual voltages 
involved, Kirchhoff's voltage law (KVL) 
cannot be expressed by using the S 3 mibols 
given. However, if reference polarity 
marks are placed on the diagram, as 
shown in Fig. 2(B), the KVL equations 
can readily be stated as 

= 0 ( 1 ) 

or 

72 - 73 + 74=0 ( 2 ) 

Either equation 1 or 2 is equally cor¬ 
rect here. Now, it may be foimd that a 
standardized center-zero voltmeter placed 
with its =b terminal at the reference mark 
will give, for example, numbers as follows 

7i=*+10 volts 

72 =+15 volts 

78= —25 volts 



Vab 


A 



Fig. 3. Current and voltage reference notation 


subscript notation, a and h of Fig. 3 are 
equivalent. Reference marks can be 
placed on a circuit without any considera¬ 
tion being given for any actual polarities 
of voltage or actual directions of current 
already known or surmised. Similar 
notation should be used in discussing 
energy transfer and, in fact, any quantity 
possessing both magnitude and some 
other sense or orientation property. 

After a network has been formed, and 
mathematical relations written through 
the use of KVL and Kirchhoff's current 
law (KCL), analysis can go forward using 
established techniques of mesh equations, 
node equations, and various network 
theorems. Roughly speaking, mesh equa¬ 
tions involve writing a series of KVL 
equations around certain circuit paths, 
and node equations involve writing a set 
of KCL equations about («— 1 ) voltage 
measuring terminals within the network. 
Network theorems used may include 
Thevenin’s theorem, Norton^s theorem, 
and so forth. Other techniques such as 
transformation of variables, Laplace's 
transforms, nonlinear methods, and the 
like may be used as needed. The over-all 
objective will be to make deductions con¬ 
cerning the equivalent network which may 
be valid in the laboratory model and, 
consequently, in the original field case. 

Duplication of Field Conditions in 
the Laboratory and Derivation 
of the Equivalent Electric 
Network for the Corroding Cell 



B 

Fig. 2. KVL illustration 


74=—20 volts 

The + numbers signify, for instance, 
right-hand deflections of the meter, and — 
numbers left-hand deflections. KVL is 
seen to be satisfied by either equation 1 or 
2 after placing the numbers in the equa¬ 
tions. 

A similar situation exists for currents. 
No equation can be correctly written in 
S 5 mibols only or partly without the refer¬ 
ence marking system. In this paper a + 
mark is used for voltage references and 
an —► for current reference. In a double- 


For the theoretical approach discussed 
previously, it is necessary to set up in the 
laboratory the conditions that exist in 
the physical system under examination. 



Fig. 4. Th« laboratory galvanic cell 
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cell 

The easiest way to accomplish this is by 
placing a metallic surface in a container 
holding a soil or solution. A simple 
example is shown in Fig. 4. When a cell 
is set up in this manner, it is found that 
under certain conditions the metallic sur¬ 
face can be classified into anode and 
cathode areas, with corrosion taking 
place at the former. By the use of this 
arrangement, the problem of the field has 
been transferred to the laboratory. 

Two questions now arise: Does this 
laboratory model reproduce with suffi¬ 
cient accuracy the field conditions in 
which the engineer is interested?; and 
how can an equivalent electric network be 
derived? 

For the purposes of this paper it will 
be assumed that the behavior of the lab¬ 
oratory model does correlate with the 
field observations for the areas of in¬ 
terest—actually this assumption would 
have to be proved more conclusively at 
some later date—and the question of how 
the network is to be constructed follows 
immediately. 

Electric network theory assumes that 
voltage and current measurements and 
energy transfers are an inherent part of 
the analysis picture, and that current and 
voltage behavior patterns associated with 
a 2-terminal network are important. 
This leads to a necessity for making cur¬ 
rent and voltage measurements on the 
laboratory model or finding other types of 
measurements which are analogous to 
these. Fortunately for the galvanic cell 
of Fig. 4, certain electrical measurements 
are possible, but not without some modifi¬ 
cation of the cell. For example, voltages 
could be measured between points 1 and 2 
of Fig. 4, but, since these points are 
found in practice to have extremely small 
voltage values, such measurements are 
not too useful. Measurements of voltage 
between points 2 and 3 are possible, but 
only with some change in the cell. Since 
point 3 represents merely a point in the 
solution, it is not available as a conduct¬ 
ing terminal for a meter. Any strip of 


metal introduced at point 3 as a terminal, 
develops itself voltages which are ex¬ 
traneous to the desired voltages. 

There is no immediate answer to this 
problem of finding a suitable terminal for 
the meter but, fortunately, a permanent 
and useful modification of the original 
cell can be made which does not appear to 
destroy the validity of the original cell. 
This modification takes the form of a 
physical arrangement called a half-cell, as 
shown in Fig. 5. 

This half-cell consists of solution Y in 
contact with the original soil or solution 
X. Metal N then contacts the new 
solution which is prevented from diffus¬ 
ing into A' by a porous membrane or plug. 
The total voltage measured is, then, 
Viz+Vu—Vu* The advantage of this 
scheme is that Vu is a relatively constant 
or known voltage and, therefore, 
varies in a known relationship to 
which condition is sufficient for analysis 
purposes. The modified cell of Fig. 5 
can now be thought of as a 2-terminal 
network between terminals 2 and 4. 
Half-cells for this purpose include the 
saturated calomel cell, usually used in 
the laboratory, and the copper-copper 
sulphate cell usually used in the field. 

Suppose now that the situation por¬ 
trayed in Fig. 5 is changed to include a 
third electrode having points of interest at 
5 and 6. Point 2 has been eliminated for 
simplification here, and the modified cell 
is shown in Fig. 6. Assume that Ecp is a 
source voltage which can be varied at will. 
Relationships involving Icp, and Ecp 
could be determined for example. These 
relationships and other more compli¬ 
cated experimental work^»^ done by 
various scientists suggest that the corrod¬ 
ing cell can be represented by the follow¬ 
ing circuit map of Fig. 7. Here Ri and 
R 2 represent resistances within the piece 
of corroding metal, and may be con¬ 
sidered approximately zero. The volt¬ 
ages within the left-hand dotted enclosure 
represent the surface film voltages for the 
cathode area, and the voltages in the 
right-hand enclosure are those for the 
anode area. Rc and Ra represent solu¬ 
tion or soil resistances. The current asso¬ 
ciated with the corroding circuit is called 
ig(t), and it is seen that ig{t) -idt) =4(^) 
for the references given. Based on pre¬ 
vious work^"""* the surface film voltages 
are considered representable by a constant 
source voltage in series with a source volt¬ 
age <A which depends upon current density 
and time. 

The addition of a voltmeter to the fore¬ 
going circuit of Fig. 7 gives an added com¬ 
plication, as shown in Fig. 8. The circuit 
elements for representing the half-cell 



Fis- 6. Galvanic cell with third electrode 


have been constructed^ based on certain 
experimental work, and deductions there¬ 
from, and are shown in the figure by the 
elements within the dotted enclosure of 
Fig. 8. The voltmeter, reading Vmy oi 
Fig. 8 obviously gives a voltage which 
varies as Vn, even though the meter does 
notread Fndirectly. 

Examining now the diagram of Fig. 7 
or Fig. 8, it could be assumed that corro¬ 
sion would cease if iait) were reduced to 
zero. This assumption is based on the 
presumpition that ia{t) is analogous to the 
anode current in the laboratory cell. If 
no metallic ions leave the anode, pre¬ 
sumably there will be no current and, 
hence, no corrosion. 

The next question is: How should 4(0 
be reduced to zero in the equivalent net¬ 
work? By previous experience with such 
networks, one possibility would be the 
introduction of a current 4(0» Q-s shown 
in the the diagram of Fig. 9. is the 
source of this current, therefore, 4(0 will 
correspond to what it usually termed the 
cathodic protection current. 

The complete equivalent network is 
now available for the corroding and 
cathodically protected cell, with voltage¬ 
measuring devices added, and the situa¬ 
tion is now ready for an application of 
circuit analysis methods. 

Analysis of the Equivalent Network 

As previously stated, two general 
methods of analyzing the behavior of a 
network such as is shown in Fig. 9 are 
available in the mesh and node equation 
methods. For the type of circuit being 
considered here, both methods may be 
equally applicable. 

An application of the node method with 
one equation written at terminal 1 with 
terminal 7 as reference node, results in 
the following 

4(0+Fi7(l/Ea+l/Ec)~ 

Ea+4>a/Ra-(Ec+4>c)/Rc^0 (3) 

This equation assumes that Ri and R 2 
resistances are negligibly small, and that 
im is approximately zero since Rm+ 
Egm, »R\+Rc* 


November 1955 


Schwarz, Wainwright—Cathodic Protection Circuits 


313 




The next step is to write a mesh equa¬ 
tion involving the anode branch of the 
circuit and V 17 as follows 

Vi7^Ea'h<f^a-i-^aW^a (4) 

Now, if 4 >a = 0, when = from 
previous writings,then for 4(/) =0 

Vi7 — Ea (5) 

This equation 5 is then a criterion for 
cathodic protection, under the simplify¬ 
ing assumptions as stated. By substitut¬ 
ing the results of equations 4 and 5 back 
into equation 3, it will be found that 

[(•2c“-Sa)"i“fl^cI/i?e (d) 

Equation 6 gives the value of cathodic 
protection current for no corrosion in the 
previously anodic branch. The voltage 
{Ec'-Ec) will be recognized as the open- 
circuit driving voltage of the corroding 
cell, and <f>c as the cathode polarization 
function. Note again here that the pluses 
and arrows forming the reference system 
of marks are not to be interpreted as 
having significance in determining actual 
polarities and directions until numbers are 
used in the equations. 

The voltmeter, -whose reading is 
proportional to Vis, still does not read 
Vi 7 by the difference voltage V 37 . A KVL 
equation involving the voltmeter can be 
written as 

( 7 ) 

Here, if and are considered zero 
as before, is very small, and = 0, 
as in the freely corroding case, this equa¬ 
tion reduces to 

Vm—R‘a‘\'<f>a-\'ia{i)Ra^Em ( 8 ) 

After cathodic protection is applied with 
ip{t) as in equation 6, the voltmeter now 
reads 

*= Ea— t)Rs7 —f Em, 


The net change in voltage from no corrosion should be substantially reduced 
protection to full protection is now to zero if the voltage Vvj is made equal to 

a7„- V„- V,nc=Hmr,+<l>a+ia{t)Ra open-drcuit potential. 

If there should be many such arcuits in 
parallel, representing more closely the 
If the term ipifyRsrt is made as small as field case, the reduction in corrosion as 
possible and is reduced, correspond- measured by a change in Fw should be a 
ing in the physical case to moving the statistical problem based on a distribu- 
reference half-cell closer to the corroding tion of values for £« as derived from field 
metal, the change in voltage is approxi- and laboratory experiments, 
mately 

AF„=,i«-f-ia(/)2?a (11) Conclusion 

immediate conclusion of this analy- A statement of the corrosion problem 
sis is that the anode polarization function has been presented along with the present 
may be of considerable importance in methods of attack—empirical and theo- 
detennining the change in potential-to- retical. The advantages and disadvan- 
soil reading which should accompany com- tages of these methods have been briefly 
plete cathodic protection in the field, discussed. The purpose and implications 
Further deductions along this line will be of the equivalent electric network as used 
^®ft to the interested reader. in the theoretical approach were shown, 

The analysis as shown verifies that in addition to a discussion of how such an 
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equivalent network may be evolved for 
the corroding cell. Once having deter¬ 
mined the network, the present-day 
methods of circuit analysis were employed 
to establish the criterion for cathodic pro¬ 
tection . One important argument for the 
use of such a theoretical approach results 
from the fact that the criterion for ca¬ 
thodic protection could have been deduced 


directly from consideration of the equiva¬ 
lent network without resort to further 
field research. It is likely that the prob¬ 
lem of the so-called remote-earth reference 
could also be considered in quite an analo¬ 
gous manner by the use of a multimesh 
planar resistance network which will ap¬ 
proximate the field distribution of cur¬ 
rents and voltages. 
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T he chemical industry, because of its 
continuous processes, has always de¬ 
manded reliable performance from its 
electrical power system. Observation of 
electrical practices will show that care 
has been exercised in the selection and 
application of electrical equipment. The 
scope of this paper is to review the in¬ 
fluence which system neutral grounding 
has on the performance of electrical ap¬ 
paratus, something of the history of 
grounded and ungrounded systems and 
why they have been selected, and a dis¬ 
cussion of the methods of system neutral 
grounding with suggestions on how the 
over-all performance of the power system 
and the connected equipment can be im¬ 
proved by the operation of some form of 
system neutral grounding. 

History of Industrial Grounding 

System neutral grounding has always 
been applied to some voltage level in the 
industrial power field. In the low-volt- 
age class, the 208-volt (or better known 
as the 120/208 F-volt) system has, for all 
practical purposes, been exclusively oper- 
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ated as a grounded system. For the 
medium-voltage class, i.e., from 601 to 
15,000 volts, the voltage levels of 4,160, 
and 13,800 volts have predominantly 
been operated with the system neutral 
grounding. The voltage levels of 480 
volts and 2,400 volts have experienced a 
considerable degree of ungrounded opera¬ 
tion in the past. The last 10 years have 
seen a great increase in the application of 
system grounding at the 480-volt level 
with a decidedly noticeable increase at 
2,400 volts in the last 3 years. In retro¬ 
spect, the most frequent reason given for 
the ungrounded operation of these two 
voltage levels has been the claim for 
greater service reliability because there 
will not be a tripout for a single line-to- 
ground fault. Years of experience in 
many industrial fields have shown that 
ungrounded systems are not as reliable as 
grounded systems. Such an example is 
the experience cited by Arberry,^ After 
stating the importance of continuous 
service for the glass industry, he notes, 
“With continuous process operations the 
hunting of ground faults is very difficult, 
and two grounds on the same phase but on 
two different feeders are exceedingly dif¬ 
ficult to trace. This is because all the 
feeders must be opened at once and 
closed one at a time to find the trouble. 
Our experience is that the first ground 
fault remains on the system because we 
cannot open the feeder breakers to hunt 
it. The result is that the system oper¬ 
ates with two phases at line-to-line volt¬ 
age-to-ground and the operating elec¬ 
trician hopes that no other ground occurs 
before he has the opportunity to find the 
first one. It was because of our experi¬ 
ence such as I have mentioned, and the 


need in our operations for the highest 
possible service continuity, that we be¬ 
gan to seriously consider the use of 
grounded neutral low-voltage distribution 
systems. “ 

Arberry’s paper continues with a dis¬ 
cussion of how he applied system neutral 
grounding and concludes with the follow¬ 
ing paragraph: “Our experience with 
these [neutral grounded] systems has 
been very satisfactory. There is no 
question that the service reliability has 
greatly improved. The majority of the 
faults occur on branch feeders and are 
cleared by the local branch protection de¬ 
vices such as fuses. Troubles are local¬ 
ized and promptly repaired. As the 
electricians become used to the new sys¬ 
tems they are more enthusiastic and 
quickly learn, for instance, that a single 
blown fuse promptly indicates a ground. 
None of them have expressed any desire 
to return to non-grounded systems.” 

It is the authors* opinion that the most 
complete and useful information dealing 
with the causes and the results of ab¬ 
normal overvoltages in industrial sys¬ 
tems has been given by R. H. Kauf- 
mann.2 Kaufmann’s 1952 paper conven¬ 
iently summarized the various causes of 
over-voltages and pointed out actual case 
histories of damage to a power system 
from the causes given. The overvoltages 
discussed in the paper were: 1. lightning, 
2. static, 3. physical contact with a higher 
voltage system, 4. resonance effects in 
series inductive-capacitive circuits, 5. 
repetitive restrike (intermittent grounds), 
6. switching surges, 7. forced current zero 
interrupting, and 8. autotransformer 
connections. Kaufmann states, when 
discussing repetitive restrike on low- 
voltage systems, “Intermittent ground 
fault conditions on low-voltage un¬ 
grounded neutral systems have been ob¬ 
served to create overvoltages of five or 
six times normal quite commonly. An 
unusual case involved a 480-volt un¬ 
grounded system. Line-to-grotmd poten¬ 
tials in excess of 1,200 volts were meas¬ 
ured on a test volt meter. The source of 
trouble was finally traced to an inter- 
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Fig. *1 (dbove). Syst«m-neutral circuits and methods of grounding 

Xg— reactance of generator or transformer used for grounding 
Xn— reactance of grounding reactor 
Rn— resistance of grounding resistor 


Fig. 2 (above right). Low-voltage solid-grounding and medium-volt¬ 
age solid-grounding for a small system 


Fig. 3 (right). Double line-to-ground fault on ungrounded system 
results in outages of two circuits and high-level fault currents which 
can cause severe damage to equipment 
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mittent ground fault in a motor starting 
autotransfonner. About two hours 
lapsed while the source was being located 
during which time between 40 and 50 
motors broke down/’ 

An excellent comparison of a power sys¬ 
tem, part of which operated ungrounded 
and the other part grounded, is included 
in a 1953 AIEE conference paper by 
C. L. Eichenberg. 

In his comparison between the un¬ 
grounded and grounded sections of his 
6,900-volt system Eichenberg says, “The 
operating record of the system since the 
grounded neutral was installed is most 
gratifying. The ground faults experi¬ 
enced show a marked reduction in number 
and severity. For instance, during the 
year 1944 the number of ground indica¬ 
tions recorded totaled 34. Of these 34 
indications, 19 resulted in equipment 


failures such as grounded motor coils or 
flashed-over bushings. During the year 
1951 (with the system groimded) there 
were two ground relay operations result¬ 
ing in one equipment failure, and the 
first fifty weeks of 1952 show a similar 
record. Particular attention has been 
paid to the severity of the damage caused 
by these ground faults. In each instance 
it appears that the relaying has been fast 
enough to clear the fault before any de¬ 
structive burning resulted.” 

These examples show that it has taken 
actual field experience to indicate that 
improved system continuity and reli¬ 
ability can be obtained from the grounded 
over the ungrounded systeiii. This is 
very important to the chemical industry 
since such a substantial percentage of the 
utilization equipment is now supplied by 
480- and 2,400-volt ungrounded systems. 


Description of Various Grounding 
Methods 

Many different means have been em¬ 
ployed in the chemical and other indus¬ 
tries to ground the system neutral. The 
various methods of grounding, as well as 
ungrounded operation, are shown in Fig. 
1. The general trend in industry is to¬ 
ward solid grounding for low-voltage 
systems and resistance grounding for 
medium-voltage systems. 

Ungrounded Operation 

The operation of the system with the 
neutral ungrounded. Fig. 1(A), has been 
proposed as a method of maintaining 
service to essential loads on the occur¬ 
rence of the first line-to-ground fatdt. 
This desire for not tripping on the oc¬ 
currence of the first line-to-ground fault 
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TABLE I* SySTEM CHARACTERISTICS WITH VARIOUS 
GROUNDING METHODS 


High Resistance Low Resistance 

On^n-oui^d Grounding Grounding _ Solid Grounding 

ProTjerties during faults 

Current for a phase-to-ground 
fault in percent of 3 phase 
fault current 

Less than 0.1^ 

% to 

1-1/2 to 2 times nor 

About IOO5& 

mal 

Transient overvoltages 

Automatic segregation of 
faulty circuit and equipment 

up to o times 1 more o 

No 

Yes 

Outage 

cirfiult out- One ph.to ground 
age for 

various types phase-to-phase ) 
of system Two ph.to ground) 
faults ThTee phase ) 

No outage 

Outage 


Multiple Faults 

Many case studies 
reported showing 
multiple failures 

Report of Insignificant number or raiiures snowing 
outages. 

Power System Properties 
Transformer; winding connection 

Delta 1 Wye or delta wi 

th grounding transformer 

System does not have to be taken out of 
service because the faulty equipment has 
been automatically isolated _ _ 

Fault Location Method 

Have to take part or all of the system 
out of service or use groiuid fault locator 
t,o around faults 

If ground fault is not removed, may lose two 
ri-r/^iHts due to another ground fault 

Ground faults are local 
off immediately 

izecL ana xrip 

Low voltage 
systems 

TP 4 ^ 

Delta Connected Sub¬ 
station with ground 
detector generally 
costs more than vye 

Slightly higher due to 
hi^ resistance resis¬ 
tor and ground 

Indicator 

Not generally applied, 
but would be slightly 
hi^er 

Lowesx, in xnax 
wye and delta 
transformers cost 
about the same 

Medium voltage 
system 

Maintenance cost 

Rating of lightning arresters 

Including ground de¬ 
tector equipment 
delta is slightly 
lover In cost 
rakes time and equlpmer 

Somewhat higher due 
to hi^ resistance 
grounding equipment 

Lt to find grounds 

Ungrounded neutral ty 

Somewhat higher due 
to low resistance 
grounding equipment 

Ground faults are easil 
pe 

Wye connected 
substation 
slifiptitly higher 
than delta 
y located 
Grounded-neutral 
t}^ . 

Application of grounding 
method 

Less and less fre¬ 
quently applied 

Applied on low or me¬ 
dium voltage systems 
when system not per¬ 
mitted to be tripped 
for first ground fault 

Applied on medium-volt¬ 
age systems i.e., 2.4, 
4.l6, 6.9, or 13.8 KV 

Appiiea on xow- 
voltage systems 
i.e., 208, 240, 
480, or 600-Y 

Some application 
on small medium 
voltage systems 


has resulted in a wide variety of ground- 
fault locating equipment to locate more 
freely and to remove the fault from the 
system. Experience has indicated that 
ungrounded operation permits abnorm¬ 
ally high transient overvoltages which 
may cause damage to the connected 
electrical apparatus. 

Solid Grounding 

Low-voltage services, 600 volts and 
below, are more and more frequently 
solidly grounded; see Fig. 1(B). Such 
services are generally supplied from load- 
center unit substations, of which the cir¬ 
cuit breakers employ direct-acting trip 
devices. Solid grounding provides ap¬ 
proximately the same amount of ground 
fault current for a 3-phase fault or a line- 
to-ground fault; thus, the phase-con¬ 
nected protective devices can provide 
proper protection. The medium-voltage 
system might be solidly grounded if the 
line-to-ground fault current is fairly low, 
in the order of 3,000 amperes. Methods 
of solid grounding are shown in Fig. 2. 
Reactance Grounding 

The most frequent application of re¬ 


actance groxmding, Fig. 1(D), has been 
for low-voltage generators. A generator 
is usually braced to withstand only its 3- 
phase fault current. Generally its zero- 
phase sequence reactance will be less 
than the positive- or negative-phase se¬ 
quence reactances resulting in a line-to- 
ground fault current greater than the 3- 
phase fault current if the generator is 
solidly grounded. A reactor may be em¬ 
ployed in the system neutral to provide 
sufficient reactance to limit the line-to- 
ground faul t current to the 3-phase fault 
current. Generally speaking, if a small 
impedance is desired in the neutral, a 
reactor will be found most economical and 
if a large impedance is required, a resist¬ 
ance will be used, 

Ground-Fault Neutralizer 

The ground-fault neutralizer, Fig. 1(E), 
has been applied in a very limited number 
of cases; principally it has been in sys¬ 
tems where the plant operator does not 
desire to trip a circuit on the occurrence 
of the first ground fault. Another ap¬ 
plication has been where a degree of 
ground-fault protection was desired in 


large existing systems having only two 
current transformers per circuit, making 
the application of the residually connected 
ground relay difficult. The ground-fault 
neutralizer has also been applied where 
the zero-phase sequence charging current 
has been high. 

Resistance Grounding 

The general trend in industries is for 
all of the voltage classes of medium-volt¬ 
age systems, such as 2.4, 4.16, 6.9, and 
13.8-kv, to apply a resistance grounded 
system. Fig. 1(C). These systems usu¬ 
ally incorporate power circuit breakers 
and relays, and can include a residually 
connected ground relay which can pro¬ 
vide much faster and more sensitive pror 
tection than a phase-connected device 
for a Hne-to-ground fault. This is par¬ 
ticularly important in the medium-volt¬ 
age system because it will have a higher 
level of 3-phase fault kva as compared 
to the low-voltage system. It is im¬ 
portant to realize that the additional 
equipment used to ground a power sys¬ 
tem is a very small percentage of the 
electrical system cost. Further, the least 
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expensive way of substantially limiting 
line-to-ground fault current is by use of a 
resistor. 

Reference has been made to resistance 
grounding for the industrial system. 
Nearly all of the published information^ 
dealing with this form of system neutral 
grounding will apply a resistor to limit the 
line-to-ground fault current from 6 to 20 
per cent (%) of the 3-phase fault current. 
This type of system will be so arranged 
that the ground relays will trip the circuit 
if a fault should occur. This type of re¬ 
sistance grounding will now be referred to 
as ‘low-resistance grounding.** A recent 
type of resistance grounding, called 
“high-resistance grounding** will apply to 
the system when the largest practical 
value of resistance is applied in the system 
neutral. This will result in a line-to- 
ground fault current of less than 0.1% 
of the 3-phase fault current. No means 
are provided for removing a faulted cir¬ 
cuit for a single line-to-ground fault. 

High-Resistance Grounding 

High-resistance grounding, defined as a 
resistance nearly equal to, but not greater 
than, the zero-phase sequence capacitive 
reactance of a system, 1/3 Xco, may be ap¬ 
plied in the chemical or any other in¬ 
dustry where it is desired to limit tran¬ 
sient overvoltages and not trip out a cir¬ 
cuit or a piece of equipment upon the oc¬ 
currence of a single line-to-ground fault. 
The range of zero-phase sequence react¬ 
ance for the typical chemical industry 
power system may be from 50 to 500 
ohms for a 480-volt system and from 500 
to 10,000 ohms for a 2,400-volt system. 
Since the high-resistance grounded sys¬ 
tem does not have all the properties of the 
low-resistance grounded system, such as 
being able automatically to isolate faulty 
equipment, it is desirable to state the 
characteristics of this additional form of 
system-neutral grounding. Simply stated 
this means that continuous process in¬ 
dustries, such as the chemical industry, 
may propose that an attempt be made to 
keep a faulted circuit in service, but that 
such a fault should not cause damage to 
the other connected apparatus or cause 
s^ous overvoltages that may cause mul¬ 
tiple circuit failures. Kaufmann, pre¬ 
viously mentioned, explains the many 
possible ways that transient overvoltages 
may occur on the ungrounded system. As 
evidence is kept and accumulated on the 
operation of ungrounded systems, it soon 
becomes apparent that multiple failures 
frequently occur on ungrounded systems. 

It has been shown that transient over¬ 
voltages, in the neighborhood of six 
times normal, can be sustained on the 


ungrounded system. This stress is im¬ 
posed on all the insulation of all motors, 
cable, and other electrical apparatus con¬ 
nected to the same metallic circuit for the 
duration of the fault. High-resistance 
grounding moderates to ineffective values 
these transient overvoltages for a single 
line-to-ground fault. 

Comparison of System Properties 
During Faults for Various 
Grounding Methods 

A comparison of system characteristics 
with various grounding methods is given 
in Table I. The first group of data in 
this table deals with the properties and 
perfonnance of the system during a fault. 
It should be noted that although tran¬ 
sient overvoltages are eliminated with 
high-resistance grounding, as against an 
ungrounded system, neither of these 
systems provides automatic segregation 
of the faulty circuit and equipment. Auto¬ 
matic segregation would occur for two 
feeder services in the case of a second 
line-to-ground fault as shown in Fig. 3. 
Experience has indicated that the most 
frequent type of fault occurring in the 
industrial system is the line-to-ground 
fault. Neither the high-resistance 
grounded nor ungrounded system will re¬ 
move the first faulted circuit, should a 
fault occur in an electrical equipment. 
Should any other type of fault occur, such 
as a phase-to-phase or 2-phase-to-ground 
or a 3-phase fault, the faulty equipment 
will automatically be isolated. 

Comparison of Power System 
Properties for Various Grounding 
Methods 

Under the section in Table I dealing 
with power system properties, a com¬ 
parison is given of the various fault loca¬ 
tion methods for the four types of system 
operation. Low-resistance grounding or 
solid grounding automatically isolates the 
faulted equipment. Determining the 
circuit on which the fault occurs can be 
very time-consuming and costly when 
some methods of operation are used. 
This is particularly true if a fault should 
occur on the same phase of two different 
services for that voltage level. 

For low-voltage systems, the com¬ 
parison of first cost shows that the solidly 
grounded neutral is lower because the 
delta- and wye-connected transformers 
axe nearly the same price and the delta- 
connected transfoimer requires the addi¬ 
tional expense of ground indicator equip¬ 
ment to tell when a ground fault exists on 
the system. High-resistance grounding. 


with a ground resistor and a ground in¬ 
dicating relay, may cost a few dollars 
more than an ungrounded system with 
ground indicators; see Fig. 4. In com¬ 
paring the various methods of grounding 
for a medium-voltage system, the un¬ 
grounded, or delta-connected system 
may be slightly lower in cost because of 
the fourth bushing required for the 
wye-connected transformer. When high- 
resistance grounding is applied on the 
medium-voltage system, two methods 
should be checked to determine the low¬ 
est first cost. A medium-voltage high- 
resistance resistor may be inserted di¬ 
rectly in the neutral of the wye-connected 
transformer, Fig. 5, or, and this may be 
more economical, a small distribution 
transformer may be applied in the neutral 
circuit and loaded with a resistor to pro¬ 
vide an equivalent resistance in the 
neutral circuit; see Fig. 4. In the case 
of both low- and medium-volt age ex¬ 
isting ungrounded systems high-resist¬ 
ance grounding may be economically ap¬ 
plied by the use of a 3-phase 2-windiDg 
transformer or three single-phase 2- 
winding transformers. This is shown in 
Fig. 6. Indication of a line-to-ground 
fault is provided by the voltage relay ap¬ 
plied across the resistor. Protection of 
the transformers can conveniently be 
provided by the delta-connected current 
transformers. This current transformer 
connection will circulate zero-phase se¬ 
quence currents, as appearing during 
ground faults, and permit the detection 
of positive- or negative-phase sequence 
components of current by the time-over¬ 
current relays. It should be emphasized 
that the slight additional cost for equip¬ 
ment used in providing system neutral 
grounding is a very small portion of the 
total cost of the electrical system and is 
small in proportion to the benefits of 
added service reliability obtained from it. 

An important comparison will be that 
of maintenance costs. The high-re¬ 
sistance grounded system has the very 
great advantage over an ungrounded 
system of reducing transient overvolt¬ 
ages, thus lengthening the life of all the 
apparatus connected at that voltage level, 
but still requiring the same time and 
equipment to find ground faults as does 
the ungrounded system. The elimination 
of multiple failures caused by transient 
overvoltages inherently means that less 
apparatus is damaged, resulting in much 
lower maintenance and replacement costs. 

Application of High-Resistance 
Grounding Method 

One of the most important comparisons 
in Table I deals with the application of 
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grounding methods. There is every in¬ 
dication that ungrounded operation is 
rapidly declining in usage. When a por¬ 
tion of an operation in a chemical plant, 
or other such industry, will not permit 
tripping on the first ground fault, a high- 
resistance grounded system may be em¬ 
ployed. In general, the preferred ap¬ 
plication is for low-resistance grounding 
on medium-voltage systems and solid 
grounding on low-voltage systems to 
isolate a fault automatically, which saves 
hunting for it. 

Line-to-Ground Current for High- 

Resistance Grounding 

Investigation has shown that there is a 
very limited amount of information deal¬ 
ing with the zero-phase sequence charg¬ 
ing current of motors^ A good deal of in¬ 
formation® is available on the charging 
current for transformers, autotrans- 
fonners, high-voltage potential trans¬ 
formers, high-voltage current transform¬ 
ers, induction regulators, current-limit¬ 
ing reactors, power circuit breakers and 
bushings, insulators, and lightning ar¬ 
resters, as well as other apparatus, be¬ 
cause of the extensive amount of work 



Fij. 6. Use of S-winding transformeifs) for 
low- or medfum-voltage high-resistance 
grounding when system neutral is not available 


Fig. 4 (left). Use of 2-wmd- 
ing transformer for medium- 
voltage high-resistance ground¬ 
ing when system neutral is 
available 


Fig. 5 (right). Low-voltage 
high-resistance grounding and 
medium-voltage low- and 
high-resistance grounding 
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done in the investigation of recovery 
voltages. Data are currently being ac¬ 
cumulated to determine parameters deal¬ 
ing with the charging current for motors. 
This is particularly important in the ap¬ 
plication of high-resistance grounding be¬ 
cause motors are the major contributor 
of charging current in the modern indus¬ 
trial power system. 

Table II, showing the results of the in¬ 
vestigation of the zero-phase sequence 
capacitive property of the industrial 
system, may be used as a general guide 
for high-resistance grounding. It deals 
with the application of high-resistance 
grounding, and is based on the operation 
of a load-center type of distribution sys¬ 
tem with approximately 100% connected 
motor load. An extensive amount of 
cable would decrease the zero-phase se¬ 
quence capacitive reactance (increasing 
the charging current) and a lower per¬ 
centage of motors would increase the 
capacitive reactance (decreasing the 
charging current). The value of the 
grounding resistor suggested in the table 
permits some allowance for system ex¬ 
pansion, but does not provide for the ap¬ 
plication of surge capacitor equipment to 
motors. Where rotating machine pro¬ 
tective capacitors are applied, it will be 
sufficiently accurate to add this addi¬ 
tional dapacitive cturent to the current 
given in Table II to determine the lower 
ohmic rating of the system neutral ground¬ 
ing resistor. 

Protection of Equipment for High- 

Resistance Grounding 

The method of detecting when a ground 
fault occurs in a system will be to ob¬ 
serve the zero-phase sequence voltage 
across the high-resistance resistor in the 
system neutral or, as may be applied in 
the medium-voltage system, across the 
loading resistor on the secondary of the 
single-phase distribution transformer. An 
induction-type voltage relay, provided 


with third-harmonic compensation, may 
be applied, such as the General Electric 
I A V51D. This relay is designed so that 
its third-harmonic voltage pickup is ap¬ 
proximately three times greater than its 
fundamental zero-phase sequence voltage 
pickup. An overcurrent relay could also 
be applied, but it is not readily available 
with third-harmonic compensation. 

The high-resistance system does not 
permit sufficient ground-fault current to 
trip protective devices. To prevent the 
ground fault from being maintained on 
the system for an extensive period, a 
timing relay might be operated from the 
voltage relay, as well as an alarm. One 
plant at present applies a timing relay 
set for a maximum of 2 hoturs to permit 
other equipment to be substituted for the 
faulty equipment before the timing relay 
initiates the tripping circuit. 

A chemical plant operating a 2,400- 
volt ungrounded system may choose to 
provide the neutral by use of a zigzag 
grounding transformer; see Fig. 6. As 
has been stated, either a medium-voltage 
high-resistance resistor may be applied, 


Table II. Application of High-Resistance 


Grounding 



System 

Line-to- 



Neutral 

ground 

System 

Connected Load 

Grounding Fault 

Voltage 

at Voltage Level 

Resistor 

Current 

Volts 

Kva 

Ohms 

Amperes 

480 .. 

. f 1,000 kva or under. 

... 90... 

... 3 


11,600 to 3,000 kva. 

... 45... 

... 6 

2400*.. 

. f 2,600 kva or under. 

...280... 

... 5 


(3,750 to 7,000 kva. 

...140... 

...10 


♦The standard rotating machine protective capaci¬ 
tor is rated 0.6 microfarad per pole. For a line-to- 
ground fault, a set of capacitors would contribute 
0.785 ampere to the capacitive charging current. 

ZIco^{VUn){2irfC) «(1388)(377)(3X0.5)/10« 

>■0.786 ampere 

If ten motors on the 2,400-volt system had pro¬ 
tective capacitors, the resistor size should be 
decreased to permit an increased current of ap¬ 
proximately 8 amperes. 


November 1955 


BreretoUy Hickok—System Neutral Grounding for Chemical Plants 


319 







or a single-phase distribution transformer 
with a loading resistor to provide an 
equivalent resistance in the system neu¬ 
tral; see Fig. 4. Normally, no voltage 
(with the possible exception of a small 
value of third-hamonic voltage) would 
exist across the secondary of the distri¬ 
bution transformer. Should the single¬ 
phase secondary of this transformer be¬ 
come short-circuited, there is no con¬ 
venient means of detection prior to a 
ground fault appearing in the power sys¬ 
tem. To assure proper protection under 
such circumstances, it is suggested that a 
current transformer be placed between 
the distribution transformer or high-re¬ 
sistance resistor to operate an overcurrent 
relay (shown as the I A C51A in Fig. 4) to 
provide protection against a short circuit 
of the secondary or primary of the dis¬ 
tribution transformer. The current trans¬ 
former in this circuit should have a me¬ 
chanical limit greater than the maximum 


symmetrical line-to-ground fault cur¬ 
rent. 


Conclusions 

The chemical industry has contributed 
much to the electrical art. As this in¬ 
dustry expands and applies newer meth¬ 
ods, it is hoped that this review of sys¬ 
tem neutral grounding will not only pro¬ 
vide a review but present suggestions 
that will permit improved performance 
of the electrical power system through 
the grounding of power systems at all 
voltage levels. The grounding method 
should be selected that best suits the 
process and operating conditions. When 
tripouts are permitted, a solidly grounded 
or low-resistance grounding system should 
be applied. When tripouts are not de¬ 
sired, the high-resistance grounded sys¬ 
tem may be applied. The increased 


availability of ground-fault detection 
equipment, which more easily permits the 
location of a round fault, makes prac¬ 
tical the high-resistance grounded sys¬ 
tem. 
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Automation for Gravity Freiglit 
Classification Yards 
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Synopsis: Recently developed speed- 
measuring and control systems automati¬ 
cally retard cars and g;uide them to classi- 
hcation tracks in modem gravity yards. 
Uncoupled from the train at the crest, 
‘*cuts” consisting of one car, or several 
coupled cars, having wide variations in 
rolling resistance select prior established 
routes and determine their own releasing 
speeds as they move by gravity to couple 
safely with other cars in the yard. 


T he simplest form of freight car 
classification yard is the original form 
of a group of parallel tracks, connected 
on both ends, on which a locomotive 
shuttles back and forth to sort cars into 
proper order before making them up into 
trains. Bringing mechanization and 
automation to this basic operation has 
been a step-by-step process. 

Increases in freight traffic required 
faster sorting of cars, and in 1883 the 
first step was taken by placing one end 
of the yard on a rise or “hump." As a 
locomotive steadily pushed cars to the 
crest they were uncoupled and ran by 
gravity to the classification tracks. 
Brakemen rode the cars to prevent them 
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from coupling at damaging speeds in 
the classification tracks. Other men were 
assigned the duty of operating switches 
along routes followed by the cars. 

Power-operated switches were intro¬ 
duced in 1891, permitting one man to 
control several switches. In 1924, car 
retarders (sometimes called rail brakes) 
were perfected and these have largely 
replaced the car riders. 

A simple form of gravity yard designed 
for retarder operation is shown in Fig. 
1, and its profile diagram in Fig. 2. 
The scale permits automatic weighing 
of cars as they roll down the grade. 
Gravity operation is now used extensively 
for major yards, but fiat yards continue 
to be used for small-volume sorting 
operations. 

Automatic control of retarders to 
provide a fixed releasing speed was intro¬ 
duced in 1941 and expanded in 1951 
to provide multiple speed selection. This 
scheme uses a series of short electric track 
circuits. When shunted by the wheels 
they detect the position of a car in the 
retarder. Speed is determined by timing 
the intervals between shuntings. Control 


of retarder pressure is derived from this 
and a release speed setting chosen by the 
retarder operator. 

The development of automatic route 
switching in 1950 relieved the retarder 
operator of switch operation and per¬ 
mitted control, by one operator, of a 
yard with any practical number of 
tracks. Routes are established on a 
relay network by pressing destination 
buttons on a route selection machine 
(Fig. 3) located at the crest of the hump. 
As the cuts roll forward they are de¬ 
tected by track circuits associated with 
each switch and automatically call for 
routes corresponding to the destinations 
selected. Route storage for an entire 
train can be added to this system when 
circumstances warrant. Usually the 
route machine is controlled by a member 
of the engine crew at the hump. Thus 
the retarder operator has only the task 
of adjusting retarder pressure so as to 
maintain enough separation between 
cars to permit switch operation, and to 
release cars at speeds required for safe 
coupling on the classification tracks. 

Solutions under manual operation are 
developed intuitively by an operator 
from the experience of handling thousands 
of cars of various types under a variety 
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Fij. 2. Profile for gravity yard of type shown in Fig, 1 


of conditions. He develops a pattern 
of release speeds which will avoid having 
cars overtake each other and go into the 
wrong track or couple at excessive speeds. 

When the car weight information is 
reliable, manual control becomes an 
art in which the best operators develop a 
high degree of accuracy and consistency. 
To be economically justifiable, automatic 
operation must at least equal this per¬ 
formance. 

A major step in the progress of yard 
automation was taken in December 
1954, when the Elgin, Joliet & Eastern 
Railway Company at Kirk Yard, Gary, 
Ind., inaugurated a system in which 
the cars automatically establish and 
select their own releasing speeds derived 
from a computing system which has been 
fed the necessary elements of information. 

Automatic Control Problems 

As with manual control, there are two 
basic interrelated problems which must 
be solved in automatic control. 

1. Provide sufficient separation between 
the cars to enable them to be switched to 
the tracks selected by the automatic 
switching system. 


2. Predict rolling resistance of individual 
cars or cuts to establish releasing speeds 
from the last retarder which will ensure 
safe couplings on the classification tracks. 

The following factors affect the speeds 
at which cars should be released from the 
retarders and therefore the solutions to 
the problems: 

1. Factors associated with the yard design 

A. Amount of curvature in route which 
car will traverse 

B. Special track conditions in the route 
such as low spots, tight gauge, rough 
track, etc. 

C. Gradients along the route 

2. Variable factors 

A. Special rail conditions such as rust, 
water, lubricants, etc. 

B. Wind direction and velocity 

C. Temperature 

3. Factors associated with the car or cut 
of cars 

A. Over-all rolling resistance of car 
including that caused by center 
plates and side bearings 

B. Car lading 

C. Car weight 

D. Distance to coupling point 

Solutions 

The amount of separation required 


between cuts is a function of the shortest 
length of track circuit which cannot be 
spanned by the trucks of the longest 
car. Separation is obtained by increasing 
the speed of cars moving down the grade 
above that at which the cars move 
toward the crest of the hump. Separa¬ 
tion speed V 2 for the ideal case of uniform 
rolling resistance for all cars is 



Fig. 3. Pushbutton panel for automatic 
selection of routes 
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Fig. 4. Block diagram of elements used in automatic control of group retarden 
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Vi(S+Li)/Lc 

where Vi is the velocity approaching the 
hnmp crest, Lt the length of the detector 
track circuit, Le the length of the car, 
and 5 the distance between jSrst and last 
axles of the car. 

The humping speed Vi is limited by 
Fa. When Fa is the velocity leaving the 
last retarder, it in turn is limited by the 
maximum allowable coupling speed on 
the classification tracks. To keep Fa 
and Fi as high as possible, the grade 
beyond the last retarder must be non- 
accelerating. This establishes the maxi¬ 
mum release speed for easy-running cars. 

It is apparent that if there is a wide 
range in rolling resistance between cars 
there will be a tendency for easy nmning 


cars to overtake hard-running cars in 
the area between the hump crest and the 
group retarder. Conversely, hard-run¬ 
ning cars, released at relatively higher 
speeds to compensate, will tend to over¬ 
take easy-running cars between the group 
retarder and the last switch in the route. 
These two factors tend to be mutually 
compensating. By using only two points 
of retardation and releasing all cars at a 
uniform rate from the first (hump) re¬ 
tarder, the detrimental effect on the 
maximum humping speed can be mini¬ 
mized. 

In actual practice, the restrictions on 
humping rate which result from spacing 
requirements are usually alleviated by 
the random distribution of cars to the 



Rs- 5. Electric retarder with radar antenna 
Installed between rails 
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Fig. 6. Retarder 
operator manipulat- 
ins a supervisory 
control lever on 
retarder control 
panel 


classification tracks. They do not in 
general follow adjacent routes, the most 
restrictive condition. 

Uniform releasing speeds are obtained 
at the hump retarder by means of speed¬ 
measuring and fixed speed-selecting ele¬ 
ments of the control system. Rolling 
resistance is measured and predicted in 
the following manner with the organiza¬ 
tion of elements shown for a group re¬ 
tarder in Fig. 4. 

The characteristics of the tracks be¬ 
tween points A-B and C-B in Fig. 1 are 
determined by means of a test car of low 
rolling resistance which is used to measure 
the average rolling resistance in those 
areas and on tangent track. This re¬ 
sistance includes curvature, switches, and 
any unusual local track conditions. 
Tests have shown that the ratio of the 
resistance ahead of the group * retarder 
to that beyond, while usually different 
for each route, is relatively constant for 
cars having a wide range of rolling rer 
sistance. Therefore, if the average re¬ 
sistance between points A and B is 
measured for each cut of cars, the be¬ 
havior beyond point C can be predicted 
within reasonable limits. 

The releasing speeds for the test car 
required to produce safe coupling speeds 
at B are set up in terms of direct voltages 
on a resistance network analogue of the 
tracks beyond C. These serve as a 
reference for all other cars. Curves of 
releasing speeds are computed for cars 
which may range in rolling resistance 
from 0.2 to 1.4 per cent in equivalent 
grade. 

When cars are released at constant 
velocity from the hump retarder, the 
average rolling resistance between the 
hump and group retarders may be 
expressed as 

VBV2g-¥K)/L 


where Vb is the velocity of the cut as it 
reaches B, K & constant equal to the 
difference in elevation between A and 
B plus the elevation equivalent of Vj, 
(the releasing speed at .4), g is gravity, 
and L the length AB. 

For the test car Vb can be made a 
reference speed and deviations from this 
reference will then be functions of R. 
Speed is established as a direct voltage, 
which is compared with a direct voltage 
proportional to the speed of each cut 
as it reaches point B, The resulting 
deviations are amplified (multiplied) by 
an adjustable amount in a modifier 
unit, and stored. The voltage increment 
is added to the voltage appearing on the 
analogue for the track so as to produce 
the voltage equivalent of the correct 
releasing speed. In cases where it is 
desired to make variable for special 
purposes, similar results can be achieved 
by measuring F^ and transferring a 
correction to the reference speed at B, 


Speed of cars is measured instan¬ 
taneously and continuously as they ap¬ 
proach and pass through retarders by 
means of 2,475-megacycle Doppler-type 
radar. The radar antennas are placed 
in the lower end of each retarder facing 
the oncoming cars; see Fig. 5. The 
Doppler frequency shift produces a 
difference frequency in the low audio 
range, which is directly proportional 
to car speed. It is fed from the trans¬ 
mitter unit to a discriminator where it 
is converted to a direct voltage propor¬ 
tional to velocity and compared with the 
voltage requested by the analogue net¬ 
work. If the voltage produced by the 
car is over that requested, the retarder 
is positioned to reduce the car speed. 
As this speed is approached, a partial 
release is made, followed by a full release 
when the selected speed is reached. 

The rate of retardation is propor¬ 
tional to weight for a given retarder 
pressure. To secure uniform perform¬ 
ance, the cars are placed in three weight 
classifications, light, medium, and heavy. 
These are obtained from an electro¬ 
mechanical device placed ahead of the 
retarder which weighs each wheel on 
one side of the carsand feeds the informa¬ 
tion to the control system. Retarder 
pressures are selected accordingly. These 
automatic speed and weight controls of 
retarder pressure are derived from relays 
in the output channels of the discrimi¬ 
nator. 

Rolling resistance measurements are 
affected by the length of the cuts. 
Because a long cut will roll free for a 
relatively shorter distance between posi¬ 
tions A and B of speed measurements, 
than will a single car, it is evident that 
its entering speed will be less than for 
a single car of the same resistance since 



Fig. 7. View of large modem yard equipped with automatic route selection and auto¬ 
matic control of car speeds 
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It IS acted upon by the grade for a shorter 
interval. Compensation for this inherent 
source of error is obtained by classifying 
the cuts in three categories, short, me¬ 
dium, and long. This is accomplished by 
means of detector track circuits between 
points A and B, When a medium cut is 
detected, the reference entering speed at A 
IS modified to correct for the fact that the 
test section was shorter. Medium cuts 
may be from two to four cars, and short 
cuts one to two cars. Cuts of five cars or 
more have such a short test interval that 
the differences in entering speeds approach 
the error factor in measurement. There¬ 
fore these select an arbitrary release speed 
which is adjustable and based on average 
values of rolHng resistance. 

Depth of penetration of the yard is con¬ 
trolled by the amplifying ratio in the 
modifier unit which computes the correc¬ 
tion to the reference release speed. When 
conditions warrant, this can be an adjust¬ 
ment made automatically by counting 
cars entering each track. Usually a 
manual supervisory selection of two or 
three zones will provide sufficient adjust¬ 
ment for normal operations. This range 
adjustment applies only to cars which 
have a rolling resistance higher than the 
grade of the yard tracks. Cars having a 


resistance equivalent to the grade are re¬ 
leased at the same speed for all depths of 
penetration. 

Conditions of wind, temperature, snow, 
and rain can modify the over-all opera¬ 
tion. Compensation for changes brought 
about by these conditions is available on 
a control lever which provides adjust¬ 
ments to the normal release speed set¬ 
tings; see Fig. 6. 

Manual control levers with four posi¬ 
tions are provided. One position selects 
automatic operation and the others 
select retarder pressures which override 
automatic control. Associated with the 
group retarders are supervisory controls 
for selecting the zones of penetration. 

Controls are also available for each 
power switch so that the operator can 
select routes for reverse moves from the 
classification yard to the hump. 

Automatic Operation 

Under normal conditions the string of 
cars being classified moves to the crest 
at constant speed and the retarder con¬ 
trols are in the automatic position. The 
retarder operator, located in a tower near 
the group retarders, watches the cars for 
unusual rolling conditions, and for errors 


which may be made in the route selec¬ 
tion. He does not touch the controls 
except to make occasional adjustments to 
the zone selector. In case of unusual con¬ 
ditions, such as a car with dragging brakes 
failure of cars to uncouple at the crest, 
or too fast a humping speed, he may use 
manual control until normal operations 
are restored. A large modem yard is 
shown in Fig. 7. 

Summary 

This system for automatically control¬ 
ling the movement of cars into classi¬ 
fication tracks is now operating in several 
classification yards and produces the 
following benefits: 

1. More consistent and accurate control 
than can be obtained manually. 

2. Reduction in damage to lading by 
minimizing unsafe couplings. 

3. Maintenance of high humping speeds 
at all times. 

4. Reduction in work strain on operator, 
which enables him to spend more time 
supervising the over-all operation. 

5. Operations can be maintained during 
heavy fog conditions when cars are in¬ 
visible to the operator. 


Harmonics from Railroad Rectifiers on 
Power System Reduced by Filters 
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A t THE close of World Wax II, the 
Long Island Rail Road Company 
purchased the electrical equipment at the 
Aluipinum Reduction Plant at Maspeth, 
N. Y., from the War Assets Administra¬ 
tion. Included in this equipment were 
several 3,000-kw 6-phase 60-cycle mer¬ 
cury arc rectifiers, complete with the 
component assemblies which the Long 
Island Rail Road Company proposed to 
utilize in the expansion and moderniza¬ 
tion of their railroad electrification facili¬ 
ties on Long Island. 

At the time that these rectifiers were 
purchased by the railroad company, the 


Long Island Lighting Company had al¬ 
ready begun construction of a new 13.2- 
kv distribution system. Since the recti¬ 
fier transformers were also rated 13.2 kv 
on the primary side, it made it desirable 
from the power company’s viewpoint to 
supply both the railroad load and the 
distribution load from a common 13.2-kv 
source. Diflficulties associated with pro- 
ctmng substation sites and equipment, 
and the length of time for deliveries made 
it necessary to utilize available facilities 
to supply die railroad load. 

During the early discussions between 
the railroad company and the power com¬ 


pany, it was recognized that 6-phase recti¬ 
fiers are a source of harmonic currents 
which tend to distort the power system 
wave shape. The New York Telephone 
Company and the Long Island Lighting 
Company operate under a joint-use con¬ 
tract whereby both utilities occupy poles 
jointly for their facilities. Considering 
the size of the rectifiers involved, use of a 
common 13.2-kv source to supply both 
railroad and distribution load would ex¬ 
pose the telephone circuits to power- 
system harmonics having magnitudes 
sufficient to create serious noise problems 
in the telephone system. 

The three utilities, recognizing the need 
for an early solution, appointed a com¬ 
mittee with representatives from each 
utility to study the problem and to de¬ 
velop a filter which would reduce the 
hannonic voltages on the 13.2-kv supply 
circuits to a maximum sustained tele¬ 
phone influence factor (TIF) of 40. It 
was the opinion of the telephone company 
that with a TIF held to 40, the majority 
of subsequent noise problems on the tele¬ 
phone system could be taken care of by 
providing such remedial measures as 


Bozztlldi Kennedyf Mahr, Wahlguist—Harmonics Reduced by Filters 


324 


November 1955 


WEST BABYLON SUBSTA. 
LONG ISLAND LIGHTING CO. 
66 KV 



LIRR CO 


66 KV 



cable sheath shielding and improvement 
in system balance. 

Because of the difficulty of securing 
material, particularly of special design, 
the committee was requested to develop a 
filter which would utilize standard equip¬ 
ment for its component parts. Filters 
were designed and installed at five loca¬ 
tions. However, only the installations 
at the Babylon Yards rectifier substation 
and the Lindenhurst rectifier substation, 
shown diagrammatically in Fig. 1, axe 
discussed in this paper, since the others are 
similar in desigpti. The Babylon Yards 
substation is typical of a terminal station 
where steady car-heating loads are en¬ 
countered in addition to load swings from 
normal train operation. Lindenhtirst is 
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Fig. 1. Circuit impedances at 60 cycles 

typical of a rectifier substation supplying 
only transient train loads. 

Studies of the power system imped¬ 
ances involved in the proposed installa¬ 
tions indicated that, to realize adequate 
reductions in the over-all TIF, the filters 
would have to be effective at all odd non- 
triple harmonics from the seventh (420 
cycles) to the 35th(2,100 cycles). In addi¬ 
tion, the studies showed that certain loca¬ 
tions would require suppression of the 
fifth harmonic (300 cycles) to avoid sub¬ 
stantial increases at this frequency due 
to resonance between the filter capacitance 
and system inductance. In view of the 
large magnitude of 300-cycle current 
generated by a 3,000-kw, 6-phase rectifier, 
the designing of suitable shunts for this 
frequency presented a number of diffi¬ 
culties. 

Filter Design 

Studies of various possible filter com¬ 
binations indicated that the simplest and 
most economical arrangement would 
consist of three resonant shunts per phase, 
the individual shunts being tuned to 300, 
420, and approximately 800 cycles. 

In designing the filter, every effort 
was made to specify readily obtainable 
material for the component parts. An 


investigation was made to determine the 
feasibility of modifying certain standard 
distribution transformers for use as reac¬ 
tors. The transformer selected was the 
Westinghouse Hypersil split-core 15-kva 
1-phase 60-cycle type-5 primary 480 
volts with 2-6 per cent (%) taps, 
secondary 240/120 volts, style 1483646, 
catalog no. 6U1D-OOL The transformer 
tank and core and the winding assembly 
are shown in Fig. 2. 

The core design of these transformers 
makes them especially adaptable for use 
as reactors since the split type of core 
enables the insertion of spacers to create 
an air gap, thereby provi^ng a relatively 
constant inductance over a wide range of 
current. Micarta and varnished cambric 
having a thickness of 0.025 and 0.010 inch 
respectively were used for spacers. 

From measurements made with various 
gap settings to obtain a series of magnet¬ 
ization curves, it was determined that a 
gap setting of approximately 0.117 inch 
provided satisfactory linearity and suita¬ 
ble inductance for the filter. The 60- 
cycle impedance values for a range of cur¬ 
rent are shown in Table I. 

A variety of inductance values with the 
fixed gap setting are available by con¬ 
necting the primary and secondary wind¬ 
ings in series aiding, series opposing, 
parallel, or separately. Further varia- 
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Fis. 2 (above). Modified 15-!<va 480/240/120-volt transformer for 
use as iron core reactor 


Fis. 3 (right). Sixty-cycle impedance combinations obtainable with 
15-kva transformer with 0.117-inch air gap 


WINDING 

TAP 

OHMS 

APPROX. 60 CYCLE 
CURRENT RATING 
AMPERES 

480 + 240 

1 

43 

17 

480 + 240 

2 

40 


480 + 240 

3 

37 


480 + 120 

1 

30 

20 

480 + 120 

2 

27.6 


480 + 120 

3 

25 


480 

1 

19 

25 

480 

2 

17 


480 

3 

15 


480 - 120 

1 

10.8 

30 

480 - 120 

2 

9.4 


480 - 120 

3 

8. 1 


480 - 240 

1 

4.8 

^ 35 

480 - 240 

2 

3.9 


480 - 240 

3 

3.1 


240 

— 

4.8 

40 

120 

— 

1 .2 

80 



tions are available by the use of two 5% 
taps on the 480-volt winding. The 60- 
cycle reactances and approximate cur¬ 
rent ratings for various winding com¬ 
binations and a fixed gap of 0.117 inch 
are shown in Fig. 3, The wide range of 
values available in one unit’makes the 
reactors interchangeable, keeps the num¬ 
ber of spares to a minimum, and facilitates 
tuning the shunt with fixed capacitors. 

When these reactors were first placed 


Table I. Sixty-Cycle Impedance of 15-Kva 
Transformer with 0.117-Inch Air Gap 


Impressed 

Voltages 

Current, 

Amperes 

Impedance, 

Ohms 

240-Volt Winding, D-C Resistance 0.025 

20. 

.4.2. 

. 4.77 

30. 

. 6.3. 


40. 

60. 

. 8.4. 

.12.5.. 


80. 

.16.8.. 


100. 

.21.0... 


140. 

.29.6. 


200. 



250. 

.54.5. 



120-Volt Winding, D-C Resistance 0.0064 


480-Volt Winding, Tap 2, D-C Resistance 0.070 
40.2.3. 17 4 


40. 

.^ 2.3..., 


200. 

.11.5.... 


300. 

.17.3. 


500. 

. 30 4 . 

1 A 



in service, hot spots developed in the 
transformer case opposite the air gap 
during heavy loads on the rectifier. These 
hot spots were created by eddy currents 
in the steel caused by concentration of 
flux opposite the air gap. To reduce the 
heating effects, a rectangular opening of 
4 by 7 inches was cut in the case opposite 
the air gap and covered with a non¬ 
magnetic copper plate, as shown in Fig. 2. 

The use of 15-kva transformers as reac¬ 
tors in the 300-cycle shunt at the Babylon 
Yards rectifier substation proved inade¬ 
quate. Tests indicated that the filter 
functioned effectively for loads up to 
3,000 kw. However, when train loads 
were superimposed on the 3,000-kw 
steady-heating load (heating in cars 
stored in the terminal station), swings in 
excess of 5,000 kw (9,000 amperes d-c) 
were observed. Under this condition, 
the 300-cycle iron-core reactors became 
saturated and no longer functioned with 
the capacitors to form a tuned shunt at 
300 cycles. This caused resonance at 
300 cycles between the filter capacitance 
and power system inductance, and the 
high current in the reactors caused them 
to fail because of excessive heating. 

Because of the high loads encountered 
at the Babylon Yards rectifier terminal 
station, it appeared desirable to replace 


the inadequate 15-kva iron-core reactors 
in the 300-cycle shunt with larger units 
or, to substitute air core reactors. To 
avoid long delay in delivery, air core reac¬ 
tors were fabricated in the lighting com¬ 
pany shops utilizing standard no. 3 
TBWP wire mounted on a Micarta 
frame. When this air core reactor was 
tested, it too was found to be inadequate 
since its design did not provide sufficient 
ventilation, and excessive heating re¬ 
sulted under heavy-load conditions. The 
air core reactors were modified with the 
use of vinyl-covered no. 2 American wire 
gauge wire with air spaces between every 
few layers and mounted on a transite core, 


Table II. Temperature Rise of 20-Ohm 
Air Core Reactor with 60-Cycle Current 


dO-Cycle 

Current,* 

Amperes 

Duration 
of Test, 
Hours 

Temperature 
Rise,t Degree 
Centigrade 

18.5. 

_1. 

1 

31.3. 

_2. 

8 5 

41 . 

_2. 

23 

51 . 

_1. 


60 . 

_1. 

. 

58 

60, Fan-Cooled. 


.17.5 


* In actual service these reactors are subjected to 
continuous current of 16.4 amperes at 60 cycles, 
with short-time current of 25 ampdres at 300 cycles, 
t Ambient temperature 23 to 28. 
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ALTERNATE 




220 , 


200 


300 CYCLE 


420 CYCLE SHUNT 


SHUNT 


140 


o 100 


CAPACITOR 

KVA/0 


REACTOR 2 
OHMS® SO-v 


300 ~ SHUNT 
420 <v SHUNT 
800 SHUNT 


20.2 


17.2 


325 


800 CYCLE SHUNT 


600 800 1000 
FREQUENCY-CPS 


1200 


1600 


FIs. 5 (above). Har¬ 
monic filter, Lons 
Island Rail Road, 
Babylon Yards sub¬ 
station 


Fis. 6 (center left). 
Impedance of shunt 
elements, Babylon 
Yards filter 


Fis. 7 (left). Gen¬ 
eral view of harmonic 
filter installation at 
Babylon Yards Rail 
Road substation 


as shovm in Fig. 4. This latter design has 
proved satisfactory with no evidence of 
overheating. The temperature rise for a 
range in 60-cycle currents is shown in 
Table II, 

At the Lindenhurst rectifier substation, 
25-kva transformers with air gaps were 
used as reactors in the 300-cycle shunt. 
Although the shunts at Lindenhurst are 
not subjected to the steady heating loads, 
it appeared desirable to utilize the larger 
reactors in the 300-cycle shunt to provide 
a greater margin of safety. 

As shown in Fig. 5, the bulk of the ca¬ 
pacitance in the filter is used in the 800- 
cycle shunt (325 kva per phase) in order 
to realize sufficiently low shunting imped¬ 
ances to suppress all the harmonics in the 
range of 660 to 2,100 cycles. With this 
amount of kva, the harmonic loading of 
the capacitors in the 800-cycle shunt is 
negligible, and the low impedance of the 
associated reactor results in only 0.6% 
increase in the 60-cycle voltage across the 
capacitors. This, together with the non- 
critical nature of the tuning, provided 
conditions particularly favorable to the 
use of standard 25-kva power factor cor¬ 
rection capacitors. The impedances of 
the shunt elements of the Babylon Yards 
filter over the frequency range of interest 
^e shown in Fig. 6, and the installation 
is shown in Fig. 7. 

In the design of the 300- and 420-cycle 
shunts, it was necessary to provide suffi¬ 
cient capacitive kva to handle safely the 
harmonic currents and voltages super¬ 
imposed on the 60-cycle values. The 
industry standards for power factor cor¬ 
rection capacitors allow continuous kilo- 
var (kvar) loading of 135% for combined 
60 cycles and harmonics. Harmonic 
analyses with experimental shunts in serv¬ 
ice had shown the maximum magnitudes 
of 300- and 420-cycle shunt currents ex¬ 
pected during peak loads were in the order 
of 26 amperes at 300 cycles and 10 am¬ 
peres at 420 cycles. Using 76 kva of 
capacitors per phase in the 420-cycle 
shunt, the 420-cycle kvar at 10 amperes 
amounts to only 16% of the 60-cycle kvar. 
The choice of capacitor kva rating for this 
frequency was therefore governed by 
considerations of the shunt impedance 
necessary to realize adequate effective¬ 
ness at the tuned frequency rather than 
harmonic loading. 

With 125 kva of capacitors per phase 
in the 300-cycle shunt, the harmonic kvar 
with 25 amperes of 300 cycles amounts to 
60%. This, combined with a 4% increase 
in 60-cycle voltage, results in a total kvar 
of 198 or 158% which is substantially 
above the industry rating for continuous 
duty. However, since these maximum 
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values of harmonic current occur for short 
periods only during combined car-heating 
and train-starting loads, no appreciable 
heating of the capacitors results. In 
view of this, and since 125 kva per phase 
is adequate from a harmonic-suppression 
standpoint, the use of higher capacitor 
ratings is not justified. All of the shunts 
therefore employ standard 25-kva power 
factor correction capacitor units which 
not only simplifies replacement and 
reduces outage time, but also avoids the 
necessity of stocking capacitors with spe¬ 
cial voltage ratings. Detailed constants 
of the filter are shown in Table III. 

A consideration in the use of standard 
power factor correction capacitors in 
filter designs is the variation in capaci¬ 
tance with temperature. Sharply tuned 


filters require oil-filled capacitors rather 
than chlorinated diphenyl (askarel)-filled 
units commonly employed for power fac¬ 
tor correction. This is particularly im¬ 
portant when the temperature of the 
filter capacitors may drop below 30 
degrees Fahrenheit. For the filter under 
consideration, the broad tuning of the 
800-cycle shunt avoids any appreciable 
influence on the filter effectiveness due 
to temperature changes. For the 300- 
and 420-cycle shunts, however, which 
have much higher inductance-capacitance 
ratios, appreciable change occurs in the 
tuned frequencies with capacitor tem¬ 
peratures below freezing. So long as the 
filter is continuously energized, the tem¬ 
perature changes are not sufficient to af¬ 
fect filter effectiveness seriously. The 


effects are partly compensated for by the 
increased losses that occur in the dielec¬ 
tric as the temperature drops. It is de¬ 
sirable to have the tuning correct for 
temperatures above 50 degrees Fahren¬ 
heit so that any reduction occurring in 
the capacitance at low temperatures 
shifts the tuning point of each shunt to a 
somewhat higher frequency. This en¬ 
sures that the impedance of the three 
shunts in parallel will not undergo much 
change at 300 or 420 cycles, since it avoids 
the possibility of parallel resonance be¬ 
tween shunts. Such resonance might 
occur if either the 300- or 420-cycle shunts 
becomes inductive at the nominal tuned 
frequency. Power factor correction ca¬ 
pacitors as currently manufactured em¬ 
ploy modified askarels which greatly re¬ 
duce the variations in capacitance with 
temperatures as compared with early 
units. 

In general, the constants of the filter 
with 300-, 420- and 800-cycle shunts are 
such that adverse resonant conditions in 
the balanced circuit due to the filter are 
very unlikely, regardless of power system 
impedance conditions. 

In the residual circuit, it is possible for 
a resonant condition to result at 180 
cycles under certain power system imped¬ 
ance conditions where the shunts are 
connected phase to ground. Should such 
resonance give rise to objectionable values 
of 180-cycle residual current, an addi¬ 
tional reactor in series with the filter neu¬ 
tral to ground can be used to destroy the 
resonant condition. The reactor should 
have a 6Q-cycle impedance in the order of 
10% of the 60-cycle impedance-to-re- 
siduals of the 300-, 420-, and 800-cycle 
shunts in parallel. For the filter such as 
that used at Babylon Yards, a reactor of 
about 4 ohms at 60 cycles would be re¬ 
quired. From Fig. 3, the 240-volt wind¬ 
ing of a 15-kva transformer with 0.117 
air gap could be used. 


Table 111. Filter Constants, Babylon Yards 


300-Cycle 

Shunt 

420-Cycle 

Shunt 

800-Cycle 

Shunt 

375. 

. 225. 

.... 975 

125. 

. .. 75. 

.... 325 

.*5 - ... 

. 3. 

13 

..7,960. 

.7,960. 

.... 7,960 

.. 16.4. 

. 9.65. 

41 

.. 5.23. 

. 3.14. 

.... 13.6 

.. 20.2. 

. 17.2. 

1.1 

^ir core. 

.. .iron core..... 

... iron core 

*. 0.35. 

. 0.10. 

....0.0064 

2 5, 

. 9. 

1 

40. 

. 13. 

14 

.. 625. 

. 300*_ 

.... 300 

331. 

. 166. 

45 

..8,300. 

.8,120. 

.... 8,000 

3. ... 

. 10..... 

1 

101 

_ 120. 

.... 14.6 

506. 

. 843. 

195 

486. 

. 826. 

.... 194 

392. 

. 230. 

.... 980 


25 kva capacitors per phase. 


Phase-to-neutral capacitance, microfarads.... 


D-c resistance of reactor, ohms. 


Reactor weight, pounds per phase. 


Effective resistance of shunt at tuned frequency, ohms. 


Capacitor impedance at 60 cycles, ohms. 


* Weight of each, two used per phase. 


Table IV. Voltage and Current Analyses on 13.2-Kv Supply to 3,000-Kw Rectifier at Babylon 

Yards 

Filter on with Steady 4,500-Ampere Train-Heatins Load and with Train Operation Swinss 

up to 9,000 Amperes D-C 


Filter Current, Amperes* Impedance of Shunts* 


Frequency 

Phase-to- 

Ground,* 

Volts 

Voltage, 

TIF 

300-Cycle 

Shunt 

420-C7cle 

Shunt 

800-Cyele 

Shunt 

300-Cycle 

Shunt 

420-Cycle 

Shunt 

800-Cycle 

Shunt 

Table V. TIF Contribution of Harmonics in 
13.2-Kv Supply to Railroad Rectifier Sub¬ 
station, Babylon, N. Y,, June 12, 1952 

60. 

...7,830... 

1.. 

... 16.3.. 

.. 9.6.. 

.. 42... 

.. -478.. 

..-815.. 

..-188 



-— 


180. 

... ' 43... 

.. 0.3.. 

0,5.. 

.. 0.24.. 

..0,97... 

.. -96.. 

..-220.. 

.. -62 



TIF Contribution 

300. 

... 108... 

.. 6.7.. 

... 24., 

.. 1.5.. 

.. 4.3... 

.. 4.3.. 

.. -74.. 

.. -30 





420. 

... 76... 

..11.7.. 

... 1.1.. 

.. 7.7.. 

.. 4.7... 

.. 69.. 

.. 9.3.. 

.. -18 

Harmonic 

Frequency 

Filter On* 

Filter Off 

660. 

47... 

..18.9.. 

... 0.30.. 

0.55,. 

.. 9.7... 

.. 160.. 

.. 87.. 

.. -4.9 





780. 

... 8.1... 

.. 4.4.. 

...0.039.. 

..0.031.. 

4.3... 

., 215.. 

.. 170.. 

.. 1.8 





1 0*3*0 

11 4 

9 

.0.039., 

..0.051,. 

.. 1.6... 

.. 300.. 

.. 225.. 

.. 7.2 

.*5. 

... 300. 

... 2 . 

.. 39.8 

1,140, not 









7. 

... 420. 

... 4 . 

.. 14.1 

measured 









11.... 

... 660. 

... 7 . 

.. 26.6 

1,380. 

... 15.5... 

...13.2.. 

....0.038.. 

...0.058.. 

...0.87... 

... 400.. 

... 270.. 

17 

13.... 

... 780. 

...13 . 

.. 35.5 

1,500, not 









17.... 

...1,020. 

... 8.5. 

.. 39.8 

measured 









19. 

...1,140. 

...13.3. 

.. 31.6 

1,740. 

... 16... 

... 15.. 

....0.031.. 

...0.035.. 

...0.63... 

... 500.. 

... 450.. 

.,. 25 

23. 

...1,380. 

... 6.3. 

.. 68.4 

1,860, not 









25. 

...1,500. 

... 4 . 

.. 37.6 

measured 









29. 

...1,740. 

... 10 . 

.. 47.3 

2,100. 

... 10.9... 

...10.7.. 

....0.017,. 

... 0.02.. 

...0.28... 

... 640.. 

... 540.. 

... 32 

31. 

...1,860. 

... 5.6. 

.. 33.6 

RSS . 

...7,830... 

.., 34.. 

.... 29., 

... 12.5.. 

. .. 44 




35. 

...2,100. 

... 7.5. 

.. 37.6 



40t 







37. 

...2,220. 

... 5.0. 

.. 22.4 










RSS. ... 


...25 . 

..100 


* Average for phases A, B, and C. 

t RSS value as««TniTig TIP contributions of 12 for frequencies not measured. 


* 300-, 420- and 800-cycle shunts connected. 
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Table VI. TIF Contribution of Harmonics in 1 3.S-Kv Supply to Railroad Rectifier Substation, 

Lindenhurst, N. V. 


Shunts in Operation 

300, 420, 800 


Harmonic 

Frequency 

TIF 

420, 800 TIP 

800 TIF 

No TIF 

5. 

. 300. 

.2.5. 

. 21. 

25 

11 

7. 


. 1 .*5 

f; 

......46...\... 

13 


11. 

. 660. 

.8 ..... 

.16 


13. 

. 780. 

. 7 . 

. S........ 

.10. 

. 50 

17. 

.1,020. 

. 6 . 

..10 

9 

19. 

.1,140. 

. 7 . 

. 7.... / . 

.14. 


23. 

.1,380. 

. 8 . 

... 14 

. Ig^ 


25. 

.1,500. 

.10 . 

.11 

3 . 


29. 

.1,740. 

. 8 . 

.18. 

. 5., 

. oO 

47 

31. 

.1,860. 

. 7 . 

. 8. 

.4. 


35. 

.2,100. 

. 5 . 



AK 

37. 

.2,220. 

. 7 




RSS. 

.20 .. 

.40. 



Measured total TIP. 

.21 . 


.OO . 

.63 



Harmonic Analyses and TIF 

Table IV shows the results of hannonic 
analyses on the 13.2-kv supply to the 
3,000-kw rectifier at the Babylon Yards 
substation with filter in service. The 
measurements were made with a steady 
heating load of 4,500 amperes d-c at 600 
volts combined with train operation loads 
wliich resulted in maximum short-time 
d-c currents of 9,000 amperes (5,400 kw). 
The controlling harmonic frequency in the 
voltage wave shape from the standpoint 
of magnitude is 300 cycles, amounting to 
108 volts, or 1.4% of the 60-cycle funda¬ 
mental. The controlling frequency in 


the TIF is the 660-cycle component (11th 
harmonic) which contributes 18.9 to the 
total TIF. The controlling current in the 
300-cycle shunt is 24 amperes at 300 
cycles, the magnitude of other harmonics 
being small. Similarly, in the 420-cycle 
shunt, the tuned frequency component 
controls, the other harmonics being small. 
In the 800-cycle shunt, the 5th, 7th, 11th, 
and 13th harmonic components are prom¬ 
inent. The shunt impedances shown 
in Table IV were derived from the ratios 
of phase-to-ground voltages and shunt 
currents of the individual hannonic com¬ 
ponents. 


Table V shows the TIF contributions of 
harmonics in the phase-to-ground voltage 
on the 13.2-kv supply to the Babylon 
Yards rectifier. These measurements 
were made with normal train operation 
loads under “filter on” and “filter off” 
conditions. The over-all root-sum-square 
(RSS) total of the individual components 
shows TIF values of 100 with the filter 
disconnected and 25 with the filter con¬ 
nected, which is a reduction of four to 
one. 

Similar TIF contribution data are 
shown in Table VI for several filter com¬ 
binations at the Lindenhurst railroad rec¬ 
tifier substation. With the 300-, 420-, and 
800-cycle shunts in operation, the calcu¬ 
lated total TIF with normal train opera¬ 
tion loads is 20. Disconnecting the 300- 
cycle shunt increases the 300-cycle com¬ 
ponent by a factor of eight, and the total 
TIF by a factor of two. With only the 
800-cycle shunt connected, large increases 
occur at 300 and 420 cycles, resulting in a 
total TIF of 63. With the filter off, the 
TIF increases to 120. 

Under certain types of system im¬ 
pedance conditions, the increases in 
300- and 420-cycle components are much 
larger than shown in this table when the 
800-cycle shunt alone is used. At Baby¬ 
lon Yards, for example, disconnecting the 
300- and 420-cycle shunts results in paral¬ 
lel resonance between the 800-cycle shunt 



Fig. 8. TIF versus 
rectifier load current 
at Babylon Yards, 
February 2, 1954 
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VOLTAGE TIP VOLTAGE TIP 



FIs. 9 (left). TIF ver¬ 
sus rectifier load cur¬ 
rent at Lons Island 
Lishtins Company 
substation. Great 
Neck, N. y. 


Fis. 10 (below). 
TIF versus rectifier 
load current at Long 
Island Rail Road 
substation. Port 
Washington, N. Y. 


TIF VS RECTIFIER LOAD CURREMT 
AT LONG ISLAND RAILROAD SUBSTATION 
PORT WASHINGTON, NEW YORK 
JULY la, I9S2 


capacitance and the system inductance 
close to 300 cycles. Under these condi¬ 
tions, the TIF contributions at 300 and 
420 cycles alone are approximately 100. 
At some other locations, the system im¬ 
pedances are sufficiently low to permit 
operation with only the 800- and 420- 
cycle shunts, without causing much in¬ 
crease in the 300-cycle component. 

The curves in Figs. 8 through 10 show 
the variation in voltage TIF as a function 
of d-c load on the rectifiers at three of the 
stations where filters are installed. The 
Babylon Yards and Lindenhurst filters 
employ 300-, 420-, and 800-cycle shunts, 
whereas the Great Neck and Port Wash¬ 
ington filters employ only 420- and 800- 
cycle shunts. 



Recording Meter Measurements 

The extreme variations in rectifier load 
and TIF encountered in the type of elec¬ 
trified railway system involved in this in¬ 
vestigation are illustrated by the graphs 
in Figs. 11 through 13, obtained with re¬ 
cording meters. The peak values occur 
when a train is accelerating near the rec¬ 
tifier station. In addition to the general 
pattern of peaks over a 24-hour period, 
there are day-to-day variations in TIF 
magnitudes, particularly for the “filter 
off“ condition due to changes in system 
impedance '^th switching operations on 
the power system. 
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Fig. 11. TIF rec¬ 
ord railroad rec¬ 
tifier substation. 
Lindenhurst chart 
represents en¬ 
velope of maxi¬ 
mum points of 
recording during 
24 hours 
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Fig. 12. Rail, 
road rectifier sub¬ 
station. Babylon 
Yards charts rep¬ 
resent envelope 
of maximum 
points 



Fig. 13. TIF 
record. No-filter 
railroad rectifier 
substation, Bab¬ 
ylon Yards. En¬ 
velope of maxi¬ 
mum points of 
recording during 
24-hour period 


Expressions for Filter Effectiveness 

.The effect of . a. shunt filter on the power 
system voltage at a particular frequency 
is detennined by the impedance of the 
filter, and the impedance of the power 
system looking in the two directions from 
the point at which the filter is located. 
The equations in connection with Fig. 14 
are effectiveness factors considering all 
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voltage sources on the system and they 
have a common numerator equal to the 
impedance of the shunt in series with the 
driving point impedance of the power 
system network. Where the impedances 
at a particular frequency are such that the 
voltage or current ratios are less than 
unity increases occur, and for ratios ex¬ 
ceeding unity decreases occur, when the 
shunt is connected. 


Effect of Filter on Line Voltage, 
Fig. 14 

Equation 1 applies for voltage at a 
given frequency that may originate at 
any point on the system; see Fig. 14. 

Filter effectiveness« — «(1) '‘ 
Vf Zjp . 

where 

V =voltage at point X, filter off 


BozzeUa^ Kennedy^ Mahr, WoMquist—Harmonics Reduced hy Filters 


November 1955 




















_ _ ’x* 

zTT 

iT— 

Fis. 14. (above). 
Filter effectiveness at 
a given frequency 


CENTRAL 

CABLE OR OPEN-WIRE 
PAIR EXPOSED TO POWER 

TELEPHONE 
# SET ^ 

OFFICE 

CORO *1 

WIRES ON JOINT-USE 

•APPARATUS 

BOX 

CIRCUIT 

__ 

POLES 


ZB type 

» NOISE 
• SET 




TERMIN¬ 

ATING 

EQUIP. 


(A) 


to the effects of a wye- or delta-con¬ 
nected shunt on the balanced com¬ 
ponents of a uniform line when associated 
with the impedance of the balanced cir¬ 
cuit. They also give the effect of a wye- 
grounded shunt on the residual (3X0 
sequence) components which are directly 
impressed on the line when associated 
with the impedances of the residual cir¬ 
cuit. 


Fig. 15 (right). 
Equipment used for 
noise and TIF meas¬ 
urements 

A—For noise meas¬ 
urements 

B—For TIF measure¬ 
ments 


PHASE 


NEUTRAL 


POWER CIRCUIT 


7620 V 




POT. TRANSF. 



Fi?*® voltage at point X, filter on 
impedance of filter 

2 a= system impedance in direction A 
Zb®* system impedance in direction B 

and Zb iu parallel=( 2 ^aXXb)/ 
(Za+Zb) 

Effect of Filter on Line Currents 


Ib Zb+Zab /g\ 

Ib' Zp-\-Za 

where 

I A and Ijs^line currents on sides A and B, 
filter off 

I a' and 25 '=line currents on sides A and 
B, filter on 


In the current ratios of equations 2 
through 4 it is necessary to tahe into ac¬ 
count the source of the harmonic with 
respect to the shunt location. 

For harmonic sources on A side of X 

I A Zp-{-ZaB (2\ 

Ia~Zp-\-Zb 

Ib Zp-\-Zab 

For harmonic sources on B side of X 

(4) 

Ia' 


Strictly, these relationships express 
the changes in voltage and current only 
at a given pair of terminals on the net¬ 
work. A shunt from the phase wire to 
neutral of a single-phase multigrounded 
line would represent a simple example of 
conditions where they have direct ap¬ 
plication. Practically, however, they are 
useful in analyzing the effects on the more 
complicated composite 3 -phase and single¬ 
phase systems although special interpre¬ 
tation is required in dealing with certain 
of the residual and groimd return com¬ 
ponents. The relations apply directly 


Measurements on Telephone System 

Telephone outside plant in the areas 
involved in these tests consists of aerial 
cable and some open wire. The majority 
of the exposures involve 13.2-kv open- 
wire power distribution lines and tele¬ 
phone cables on joint-use poles. Ex¬ 
posures range up to 3 miles in length. 
Telephone central offices at Babylon and 
Lindenhurst are manual switchboard 
offices. 

Standard Bell System practices were 
followed covering procedures in making 
noise measurements on local exchange 
cable telephone circuits. A Western 
Electric 2B noise set was used to measure 
telephone set receiver noise {HA-l re¬ 
ceiver) with connections as shown in 
Fig. 15(A). 

Noise measurements were generally 
made during heavy railroad rectifier load 
hours of the early morning with the use of 
a test set that permitted tests on various 
individual line and party line antisidetone 
telephone station sets. The 2B noise set 
was connected to receiver terminals 
brought out to binding posts on the tele¬ 
phone set apparatus box, which provides 
switching to simulate the various types of 
station sets in use. 

Receiver noise measurements were 
made at 16 locations in the central office 
areas of Babylon and Lindenhurst. Re- 



EUtCrPIC &C 
' MlLLf VOIT ■ 

(MODEL OE 8 - 


WESTERN ELECTRIC 
NOISE HEASURINC SET 


fAtC'TRI.C: ISA' 




YOLTACU TIE COUPLE ft ?;< 


Fig. 16. Equip¬ 
ment used for 
wave shape anal¬ 
ysis and TIF re¬ 
cording 
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SINGLE FREQUENCY TIF VALUES 


FREQUENCY 

Tl F 

FREQUENCY 

TIF 

60 

0.5 

1020 

6090 

180 

6 1 

1080 

6190 

300 

479 

1 140 

6310 

360 

804 

1260 

6510 

420 

1 190 

1380 

6730 

540 

2090 

1440 

6820 

660 

3 1 10 

1500 

6.900 

720 

3630 

1620 

7120 

780 

4170 

1740 

7220 

900 

5160 

1800 

7300 

1000 

6000 




FREQUENCY 

Tl F 

FREQUENCY 

TIF 

1860 

7380 

3000 

8420 

1980 

7580 

3180 

8340 

2100 

7770 

3300 

8060 

2160 

7850 

3540 

6 880 

2220 

7940 

3660 

6040 

2340 

8070 

3900 

4520 

2460 

8170 

4020 

3640 

2580 

8220 

4260 

2280 

2820 , 

8380 

4380 

1760 

2940 

8450 

5000 

423 



ceiver noise with the filters in use, meas¬ 
ured at various terminals in cables with 
long exposures, are: Babylon, 8 to 17 
adjusted decibels fdba); Lindenhurst, 
8 to 18 dba. These levels have negligible 
effect on telephone circuits, a maximum 
of 0.5 decibels (db) noise transmission 
impairment (NTI). Appropriate correc¬ 
tions are used in the reading in dba, to 
compare the HA-1 receiver response and 
accoustic efficiency to the 144 receiver. 
The value of 90 decibels below 1 milK- 
watt of power at 1,000 cycles in 600 ohms 
is the reference for 144 receiver noise 
measurements. The present, more com¬ 
monly used, HA-1 receiver has 5 db lower 
response at 1,000 cycles, and therefore 
85 decibels below 1 milliwatt reference 
under the same conditions. 


Telephone circuit noise can, if desired, 
be expressed in approximate equivalent 
db loss of transtnission (NTI). The 
equivalent circuit loss due to noise can 


be expressed in db to obtain the effect on 
a circuit ^at can be added to other loss 
values to determine an over-all circuit 
loss. The effect of the noise cannot be 
eliminated by providing a db gain equal 
to the NTI since it would also raise the 
noise level with the desired signal. The 
use of NTI is not acceptable to all engi¬ 
neers, though it may prove useful in cer¬ 
tain cases. 

Measurements of TIF 

In Fig. 16(B), illustrating schematically 
the equipment used in measuring TIF 

TIF- 

Ftotal 

where 

Ftotei= effective values of entire wave 
Va* F&, ...F„=voltage of individual 
harmonics 

Wa, .. .TTn-weighting of individual 

harmonics 


Two 2B noise sets were used to obtain 
the total TIF and that of individual com¬ 
ponents, mahing up the total TIF. Analy¬ 
ses of voltage were made on the 120-volt 
secondary of station-type potential trans¬ 
formers. Analyses of current were ob¬ 
tained from the voltage drop across a 
0.5-milliheniy shunt connected in series 
with the secondary of station-type current 
transformers. The TIF-measuring equip¬ 
ment was also used to operate a recording 
meter when TIF records of 24 hours or 
longer were desired. The TIF data on 
Figs. 11 through 13 were obtained in this 
manner. Fig. 16 shows the equipment 
used for analysis and TIF recording. All 
TIF values in this report are based on 
the 1941 TIF curve shown in Fig. 17, 

Reference 


Electric Institute-B 
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Discussion 

C. W. Frick (General Electric Company, 
Schenectady, N. Y.): The paper gives an 
interesting example of the solution of one 
kind of inductive co-ordination problem. 
This problem may be considered as made 
up of two parts. The first part was to 
determine the type of solution and the 
second part was to reduce that type of 
solution to practical form. 

There is a statement at the beginning of 
the paper that the three utilities appointed 
a committee to study the problem and 
develop a filter. The filter is not the only 
type of solution and the early decision to use 
filtering probably resulted from previous 
investigations over a period of years under 
the guidance of the Joint Subcommittee on 
Development and Research of the Edison 
Electric Institute and the Bell Telephone 
System. As an illustration of different 
types of solutions, the rectifiers had pre¬ 
viously been used in an aluminum plant, 
and the 6-phase units were connected 
through phase-shifting transformers to ob¬ 


tain multiphase operation. Certain har¬ 
monics can be suppressed by using multi¬ 
phase arrangements such as 36 phases, as 
discussed in one of the Engineering Reports 
of the Joint Subcommittee. This scheme 
has advantages over filters but could not be 
used when the component rectifiers were 
installed at different locations after the 
railroad company had acquired the equip¬ 
ment. 

Having decided to use filters, it remained 
for the committee to work out the details. 
There is a background of experience with 
filters for rectifiers of comparable kilowatt 
rating which dates back to about 1936. 
Factory-built units usually have the ca¬ 
pacitors, reactors, and protective devices 
assembled in a tank similar to a trans¬ 
former tank with three terminals which are 
conveniently connected to the 3-phase 
supply line at the rectifier input. Reactors 
are mostly of the air-core type. Separate 
tuned circuits are usually provided for 
harmonics up to 1,140 cycles. The filter 
as developed by the committee and de¬ 
scribed is not encased. It uses mostly 
iron-core reactors and includes one tuned 


circuit to cover several harmonics. It has 
the advantage of construction on a short- 
time schedule, but it is not compact and 
connections are exposed. The details may 
be useful in future situations where short- 
time schedules are essential. However, 
factory-built filters are to be preferred when 
time permits. 

There is need for both the long-range 
type of organization such as the Joint Sub¬ 
committee on Development and Research 
which has been in existence since about 
1921, and organizations of the task group 
type to handle special problems such as 
this. Work of the continuing organization 
helps the task groups to become oriented 
and saves time. Furthermore, the long- 
range or continuing organization is needed 
to keep up with progress. For example, it 
is reported that the Joint Subcommittee on 
Development and Research is taking steps 
to bring the TIF weighting curve up to date 
and thus remove the necessity for using 
special data such as the tentative 1941 TIF 
curve used by the authors of the paper. 
It is hoped that the Joint Subcommittee 
will be given adequate support in this. 


Problems Associated with the 
Development of a Power System for a 
Manufacturing Plant 


W. C. HEINZ 

ASSOCIATE MEMBER AIEE 


G eneral ground rules relative to 
the design of a power system for a 
manufacturing operation have been ac¬ 
cepted and applied throughout industry. 
Each application must, of course, be ex¬ 
amined with respect to its individual re¬ 
quirements and considerations. This is 
exemplified in the development of the 
power system for the new plant of the 
General Electric Company at Blooming¬ 
ton, Ill. 

The facilities of the plant are utilized 
for the manufacturing, testing, and de¬ 
velopment of general purpose control 
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items such as magnetic motor starters, 
compensators, push buttons, and con¬ 
tactors. The plant is of modern single¬ 
story, rectangular contruction, with a 
manufacturing and testing area of ap¬ 
proximately 326,000 square feet. An 
attached office section adds approximately 
58,000 square feet to the working area. 

This paper concerns the design and 
development of the power system for the 
Bloomington plant, and emphasizes some 
of the unusual problems encountered and 
their solution. The problems evolve from 
the requirement that the power system be 
designed to satisfy the general require¬ 
ments of a typical manufacturing plant in 
addition to furnishing power for highly 
specialized testing in the development 
laboratory. The two loads have very 
different characteristics in that the test¬ 
ing requirements result in current de¬ 
mand of large magnitude lasting only a 
fraction of a second per test, while the 
general requirements in the plant are more 
constant. 


Main Substation and Primary 
Distribution 

The new plant in itself represents quite 
a sizable block of power for the utility 
circuits feeding the area. A study of 
the expected power requirements for the 
plant concluded that 5,000 kva for the 
main substation transformer would be 
sufficient to satisfy the needs of the plant 
for the present and the foreseeable future. 

To reduce the adverse effects of the 
peaking-type welding and product de¬ 
velopment test loads on the normal plant 
system, several main substation arrange¬ 
ments were considered, including the use 
of: 1. a larger kva rating for the main 
substation transformer than would nor¬ 
mally be required to supply the plant 
load, 2. two separate transformers, one 
to serve normal plant loads and the other 
for the large fluctuating loads, or 3. a 
transformer whose kva rating is chosen 
to meet normal plant load requirements 
in combination with a series capacitor in 
the utility feeder circuit ahead of the 
main transformer. It was found to be 
economical for the General Electric Com¬ 
pany to furnish the main substation as a 
package unit, Fig. 1, and to accept power 
from the utility at 34.5 kv. 

One factor influencing the design of the 
plant’s primary distribution system was 
the existence of several new and complete 
load center unit substations which had 
been previously ordered and manufac¬ 
tured for use in another proposed new 
General Electric plant. Since the plans 
for the other plant had been deferred after 


November 1955 


Heinz—Problems in Developing a Manufacturing Plant Power System 


335 




Fig. 1. Outdoor package substation^ rated 
5,000 kva, 34.5 to 13.2 kv with series 
capacitor 


the switchgear was manufactured, this 
equipment was utilized for the General 
Electric Bloomington plant to meet the 
very short schedule which had been estab¬ 
lished for plant completion and operation. 
The primary-voltage rating of these sub¬ 
stations was 13.2 kv, and the low-voltage 
rating 480Y/277 volts. The 13,2-kv 
rating of the load center unit substa¬ 
tion transformers had been chosen to 
match the utility voltage available at the 
other General Electric plant site. Thus, 
the selection of voltage for distribution 
was dictated by the existing equipment, 
namely, 13.2 kv. From an economic 
standpoint, 4.16-kv plant distribution 
might have been a better choice accord¬ 
ing to present-day practices. Special 
considerations in this case, however, 
precluded selecting the distribution volt¬ 
age strictly on an economic basis. The 
480Y/277 volt secondary distribution is 
in accordance with modern practice and 
would have been chosen regardless of 
primary-voltage level. The 13.2-kv sys¬ 
tem is operated with the transformer 


neutral grounded through a 300-ampere 
resistor. This value of ground-fault cur¬ 
rent assures proper operation of the trans- 
foimer differential and ground-fault re¬ 
laying schemes. 

The over-all distribution system is a 
simple radial type, Fig. 2 with provision 
for future tie cables between various load 
center unit substations to provide a 
secondary selective system should it seem 
advisable at a later date. The 480-volt 
tie cables are not installed at present, but 
their future installation will present no 
problem, as it will be made with inter¬ 
locked armor cable in existing racks or 
trays. 

The 13.2-kv power is brought under¬ 
ground from the main substation which is 
some 500 feet from the main building. 
The underground cable is lead-covered 
vamished-cambric-insulated, and is 
spliced into the interlocked armor as it 
comes up into the building. All indoor 
13.2-kv distribution within the plant 
is made with interlocked armor cable. 
The radial system is designed, except for 
the welding substation, to limit the maxi¬ 
mum short-circuit current on the 480-volt 
system to 25,000 amperes. Thus, motor 
control centers and distribution busway of 
a standard rating are used throughout the 
plant. The high-voltage side of each sub¬ 
station is furnished with an air-inter- 
rupter-type switch, with the switch key 
interlocked with the secondary brewer. 
It is interesting to note that in order to 
preserve maximum factory floor area for 
manufacturing purposes, the substations. 
Fig. 3, are located on balconies. In addi¬ 
tion to saving space, this arrangement 
locates the substations where they are 
isolated and thus free from tam.pering by 
unauthorized persons. 
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ABBREVIATED ONE-LINE DIAGRAM OF 
POWER SYSTEM AT BLOOMINGTON PLANT 


FIG,2 


Fig. 2. Abbre¬ 
viated 1 -line dia¬ 
gram of power 
system 



Fig. 3. Load center unit substation located 
on balcony and enclosed with steel fence 


welding loads, 3. Heavy testing loads of 
low power factor. 

The method of power distribution em¬ 
ployed to serve each load category is 
tailored to satisfy the requirements dic¬ 
tated by the load characteristics. Thus, 
in the following text each load classifica¬ 
tion is discussed individually. 

Lighting and General Distribution 

The general lighting load and the motor 
load are similar to those found in many 
factories and present no particular prob¬ 
lem. Except for certain isolated areas, 
fluorescent lighting is used throughout 
the plant, with the lighting installation at 
277 volts. The general level of illumina¬ 
tion in the manufacturing area is 40 foot- 
candles. This intensity is increased to 
50 foot-candles in a large section of the 
plant where a large portion of the work 
to be perfonned is the hand assembly of 
small devices. To obtain the additional 
illumination, fluorescent fixtures are 
added at right angles to the main rows of 
fixtures approximately every 15 to 20 
feet; see Fig. 4. 

Miscellaneous auxiliary outlets for 110- 
volt service are located on selected 
columns throughout the factory area. * 
These outlets are served from several 
small dry-type transformers located in 
the truss structure of the roof. In the 
office area where a greater concentration 
of 110-volt equipment is found, a network 
of underfloor-fiber duct and floor outlets 
is established. Ov’^al duct houses the 110- 
volt wiring, and also the telephone wiring 
with the power cable brought into the 
junction points of the duct network; 
see Fig. 5. The source of power for the 
office area is three single-phase 25-kva 
dry-type transformers stepping down 
from 480 volts and located in service 
areas of the office extension. 


Heinz Problefns in Developing a MonufoctUTing Plant Powct System 


336 


November 1955 








Fig. 4. High concentration of fluorescent 
lamp fixtures in assembly area showing 480- 
volt maintenance receptacle on column in 
foreground 



Fig. 5 (above). 
Oval duct in¬ 
stallation in office 
area prior to 
pouring con¬ 
crete 


Fig. 6 (right). 
Close-up of 480- 
volt receptacle 
and disconnect¬ 
ing switch 



The general 480-volt distribution 
throughout the factory area is by 400- 
ampere plug-in busway connected to the 
substations by interlocked armor cable. 
A 4-conductor bus is used with the fourth 
bar reserved for grounding the frames of 
the machine tools and other machinery. 
During normal operation this conductor 
carries no current. In general, taps from 


ing for partial or complete rearrangement 
of the plant utilization equipment with 
minimum disturbance to the plant power 
system layout. 

One interesting innovation appearing at 
this modem plant is a network of polar¬ 
ized plug-in receptacles for auxiliary 480- 
volt power. Some of the portable main¬ 
tenance devices require voltages above 


110 volts, and it was decided that these 
devices could best be served from the 
480-volt outlets, with individlial step- 
down transformers mounted on the main¬ 
tenance equipment to give the proper 
utilization voltage. The polarized plug 
is mounted on a column. Fig. 4, with its 
disconnecting switch. Fig. 6, mounted 
“within sight” of the maintenance crew. 
This circuit is tapped from the overhead 
plug-in busway through a fused safety 
switch. 

Welding Loads 

Metal enclosures must be fabricated for 
most of the devices which are manu¬ 
factured in the plant, resulting in a rela¬ 
tively heavy welding load. The welders 
vary in size from 4 to 400 kva, and for 
the most part are well concentrated in 
two closely located areas of the plant. A 
few small, remotely located welders are 
fed directly from the general 480-volt 
distribution system. The heavy concen¬ 
tration of welders is supplied from a 3,000- 
kva welding substation located near the 
fabricating area. The welding substation 
is actually made up of three 1,000-kva 
transformers feeding a common bus. 
The use of three smaller transformers re¬ 
quires more space than would a single 
3,000-kva unit, but since the major 
components of the 1,000-kva units w’ere 
available, this arrangement was utilized. 

Distribution from the welding substa¬ 
tion to the two welding areas is made by 


the busway are made by means of fused 
safety switches with standard flexible bus- 
drop cables connecting the machine to the 
fused switches. This arrangement pro¬ 
vides a completely flexible layout, allow- 



FUCKER OF INCANDESCENT LAMPS 
CAUSED BY RECURRENT VOLTAGE DIPS 

I_._1_ 



TIME BETWEEN DIPS 



SUDDENLY APPLIED LOAD IN RMS 
SYMMETRICAL KILO-AMPERES AT 600 VOLTS 


Fig. 7. Relation of voltage fluctuations to their frequency of occurrence; in- Fig. 8. Relationship of voltage across series capacitor and 

candescent lamps suddenly applied load 
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Fig. 9. Close-up of series capacitor installa¬ 
tion at package substation 


a low-impedance type of busway in order 
that voltage drop be held to a minimum. 
This results in a neat and compact ar¬ 
rangement for distribution to loads 
located as they are in this section of the 
plant. Each of two bus runs is fed from 
an AK-1-50 circuit breaker at the sub¬ 
station. The welding substation is located 
on a balcony and fed directly from its own 
breaker at the main outdoor substation. 

Testing Loads 

The testing loads are found in the 
development laboratory, where the tests 
performed are many and varied. Power 
must be available for the development 
testing of equipment to be used not only 
under present-day codes and standards, 
but also under standards expected to exist 
in the future. The magnitude of such 
loads ranges from simple control circuit 
service to that of load life testing of con¬ 
trol devices and even to limited short- 
circuit tests. Load life testing of devices 
involves continuously pulsating loads. 
The loads are applied for only a fraction 
of a second and then are off for a few 
seconds, with the cycle continuously 
repeated for a specified period. The 
current magnitude of these tests ranges as 
high as the locked rotor current of a 200- 
horsepower 550-volt 3-phase induction 
motor. Three such tests may be operat¬ 
ing at one time but will be staggered by 
sequence control so they do not '*peak” 
at the same time. Short-circuit tests 
are of very short duration and are per¬ 
formed only occasionally. Normally, the 
magnitude of current required for such 
tests is specified in the codes of the 
Underwriters Laboratory. The values of 
current considered may be as high as 
several thousand amperes on a 60Q-volt 


3-phase circuit. The remaining test 
requirements range between the fre¬ 
quency of the load life test and the maxi¬ 
mum power of the controlled short-circuit 
test. Any of these tests may be per¬ 
formed over a voltage range of approx¬ 
imately 120 to 720 volts. Other experi¬ 
mental and development work may re¬ 
quire even slightly higher voltages and, 
in addition, the voltage must be adjust¬ 
able in small steps over the complete 
range. 

It is obvious that a special low-imped¬ 
ance testing transformer would be needed 
to meet the aforementioned requirements. 
Load ratio control on the test transformer 
with a range of plus or minus 16 per cent, 
and with appropriate taps on the low- 
voltage winding, gives the desired voltage 
steps over the complete range and allows 
for adjustment underload. The opera¬ 
tion of the load ratio control is supervised 
by the laboratory personnel performing 
the test, with a control switch and posi¬ 
tion indicator located at the test control 
panel. It is evident from the foregoing 
that because of the nature of the tests, 
the load consists of quite high peaks, but 
the thermal load on the transformer is 
fairly small. Thus the laboratory trans¬ 
former is designed specifically to meet 
these requirements; no other demands 
are required of it. The transformer is oil- 
filled and is located outdoors just on the 
other side of the building wall from the 
testing area. Low-voltage entrance into 
the building is by cable entering through 
a duct and connected directly to a dis¬ 
tribution and tap selector board. By 
necessity, the length of the incoming leads 
must be as short as possible in order to 
hold cable impedance to a minimum. 
Because of the nature of the duty im¬ 
posed on the 13.2-kv circuit feeding the 
test transformer, no other loads are con¬ 
nected to it and it is served from its in¬ 
dividual circuit breaker at the main sub¬ 
station. Remote control of the feeder 
breaker is available at the control board 
in the laboratory. 

The special transformer is fed from the 
same 13.2-kv bus as the load center sub¬ 
stations in the manufacturing and office 
areas. The effect of the peaking loads 
resulting from welding requirements and 
development testing would therefore 
be voltage dips on the plant bus unless 
some corrective measures are taken. 
Since the power peaks occur frequently 
during certain tests, a minor voltage dip 
is very noticeable. 

Series Capacitor Application 

General Considerations 
Determining the most satisfactory 


SPRING CHARGED 



TRIP CIRCUIT OF 
BY-PASS CIRCUIT 


Fig. 10. Schematic diagram of series capacitor 
and protective scheme 


method of compensating for the frequent 
voltage dips resulted in a comprehensive 
economic and engineering analysis and 
presented something of a challenge in 
the planning of the power system. As has 
been mentioned in the opening para¬ 
graphs, the results of such studies indi¬ 
cated the existence of a definite advan¬ 
tage in the application of a series capaci¬ 
tor to the system. 

It is practical in most industrial applica¬ 
tions to regulate voltage by either auto¬ 
matic load ratio control on the trans¬ 
former or by applying an induction volt¬ 
age regulator in the feeder circuits. It 
must be remembered, however, that the 
testing and welding loads consist of high 
peaks of very short dmration. The peak 
lasts only a small fraction of a second and 
voltage regulating equipment as normally 
applied will not act in such a short time. 
By contrast, a series capacitor offers its 
voltage correction almost instantaneously. 
In usual industrial circuits the time con¬ 
stant of voltage recovery following sudden 
application of load is in the order of 0.01 
second for the capacitor. Because of this 
instantaneous and automatic response of 
the series capacitor, it is admirably suited 
to compensate for voltage drop or fluctua¬ 
tion associated with intermittent, fluctua¬ 
ting, or suddenly applied load as is found 
here. 

The series capacitor can be considered 
as a negative reactance and thus its in- 
'sertion into the circuit compensates for 
the reactances of the main transformer 
and the plant primary feeder. To the 
limit of compensation desired the capaci¬ 
tor thus shows a voltage rise equal to the 
voltage drop in the transformer and feeder 
and tends to hold a more stable voltage 
pattern on the feeder bus. 

Capacitor Rating 

An economic evaluation was made to 
determine the amount of correction which 
should be made with the series capacitor. 
Economics indicated that the limit should 
be such that when a low power factor 
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testing load of 2,000-kva peak was im¬ 
posed on the normal plant load, the volt¬ 
age drop on the main 13.2-kv bus will not 
exceed 0.5 per cent. It is apparent, Fig. 
7, that with this voltage drop the fre¬ 
quency of application of a peak load could 
be seven times per minute without causing 
any visible flicker in incandescent lamps. 
The frequency could be increased con¬ 
siderably before the flicker actually be¬ 
comes annoying (three per second). This 
allows some margin for multiple peaks 
occurring when several life tests are run¬ 
ning simultaneously. It will be noted 
from Fig. 7 that the above values apply 
for incandescent-type lighting. Voltage 
dips of greater magnitude can be tolerated 
where fluorescent-type lighting is applied. 
Although the major portion of the light¬ 
ing in this plant is of the fluorescent type 
consideration must be given to incan¬ 
descent lighting for display floodlights 
and work-lights on machine tools. 

Economic evaluation shows the most 
favorable location of the series capacitor 
to be the 34.5-kv side of the transformer 
and the aforementioned limitations result 
in a capacitive reactance requirement of 
19 ohms. The required voltage rating of 
the capacitor is, of course, determined 
by the current which must flow through 
it, in combination with its reactance. 
Consideration must be given to not only 
steady-state values but transient peak 
voltages. 

Tests performed on the transient ana¬ 
lyzer determined the transient voltages 
which would appear when various values 
of peak loads are imposed on the normal 
plant load. The results of the study are 
plotted in Fig. 8. From these data the 
proper voltage rating was chosen to 
comply with the testing program estab¬ 
lished by the laboratory persoimel. 

The capacitors and the associated 
protective equipment are not insulated for 
the full line voltage of the system, since 
this would result in large and uneco¬ 
nomical equipment. They are located on 
a common steel rack. Fig. 9, which is 
mounted on pedestal-type insulators of 
the proper voltage level. 

Capacitor Protective Equipment 

It was uneconomical in this installation 
to apply capacitors suitable to handle the 
magnitude of current which would flow 
during certain high-current tests, since 


these tests are run very infrequently. 
Operating procedures are thus established 
in the laboratory to dictate that these 
tests be run only at certain hours and 
that the series capacitor be removed from 
the circuit at the time. This would be 
done with a motor-operated by-passing 
switch. Conditions may exist, however, 
where proper procedures are not followed 
and it is thus necessary to provide pro¬ 
tective equipment which will automati¬ 
cally protect the capacitor. 

This protective equipment utilizes an 
arc gap as the basic protection. The 
arc gap setting is such that when voltage 
across the capacitor reaches approxi¬ 
mately twice its rated value the arc gap 
sparks over to prevent damage to the ca¬ 
pacitor. The gap in turn is relieved of 
continuous duty by a short-circuiting de¬ 
vice. 

Available standard protective equip¬ 
ment utilizes a contactor to by-pass the 
arc gap, with the voltage for the contactor 
operating coil established by the arc 
current flowing through a damping re¬ 
sistor. The current flow must be great 
enough to establish the necessary opera¬ 
ting voltage and must persist for a 
length of time sufScient to allow for 
operation of the contactor. Thus a high 
momentary current, lasting for only a 
few cycles, will flash over the arc gap but 
may be of insufficient duration to operate 
the contactor. The characteristics of an 
arc gap are such that once the gap has 
flashed over, the arc may be maintained 
by a lower magnitude of current than was 
required tP establish it. The voltage 
developed across the dropping resistor 
may be insufficient with this lower mag¬ 
nitude of current to operate the contactor. 
This would result in continuous current 
flow across the arc gap and lead to 
eventual destruction of the electrodes. 

From the foregoing it is obvious that 
the standard protective equipment, may 
not perform satisfactorily with the high- 
magnitude short-duration type loads im¬ 
posed on the series capacitor at the 
Bloomington plant. Thus the protective 
scheme was revised for this installation. 

The revised protective scheme em¬ 
ploys an instantaneous relay which 
would pick up whenever the arc gap 
flashed over. The relay acts much faster 
than a contactor and thus will operate 
during the time the peaking load is im¬ 
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posed on the system. Current trans¬ 
formers in the gap circuit isolate the 
relay from the 34.5-kv system. A spring- 
charged, motor-operated closing mecha¬ 
nism is applied to the hom-gap switch 
normally used to by-pass the capacitor 
manually. The contacts of the in¬ 
stantaneous relays are wired in the trip¬ 
ping circuit of the spring-charged mecha¬ 
nism; see Fig. 10. Whenever the arc 
gap spills over, the switch is closed 
automatically, thus relieving the elec¬ 
trodes of continuously carrying current. 

To summarize the operation of the 
series capacitor as utilized in this partic¬ 
ular system, the following conclusions are 
drawn: 

1. For normally scheduled routine tests 
in the laboratory the series capacitor will 
remain in the circuit. 

2. If the capacitor is not intentionally 
removed from the circuit when irregular 
tests are run, it will automatically be by¬ 
passed by protective equipment. 

3. When a fault occurs within certain 
zones of the primary system (which would 
also result in a current flow in excess of the 
capacitor rating), the protective equipment 
will supervise a function which will by-pass 
the capacitor and, if required, trip the 
main circuit breaker. 

Conclusion 

The general load requirements of this 
plant are typical of these found in new 
industrial installations. Not so com¬ 
monplace, however, are the specialized 
requirements at the development labora¬ 
tory and the compensatory measures 
taken to reduce their effects on the bal¬ 
ance of the plant power system. 

By combinations of properly applied 
equipment as outlined in this paper, the 
power requirements of both the manu¬ 
facturing and testing facilities are ful¬ 
filled. The application involved a num¬ 
ber of technical and economic compari¬ 
sons. The results of these comparisons 
were examined and integrated with the 
considerations which must be given to 
such items as existing utilization or dis¬ 
tribution equipment, normal and ab¬ 
normal load requirements, and the prac¬ 
tices and capabilities of the local utility. 
From the foregoing evolved the plans for 
the power system to fulfill not only 
present needs but expected future require¬ 
ments. 
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Short-Time Memory Devices in Closed 
Loop System—Steady-State Response 

T. W. SZE J. F. CALVERT 

ASSOCIATE MEMBER AIEE FELLOW AIEE 


P OTENTIAL uses of short-time mem¬ 
ory devices in linear, closed-loop 
systems are shown, and the primary 
concern is with follower-type systems. 
In so far as possible the proposed AIEE 
symbols will be employed.^ 

Two earlier papers^’® presented, in 
rather general terms, the possible uses of 
these devices as compensators, or lead 
networks, for open-loop systems. In 
these it was demonstrated that a marked 
increase in bandwidth could be achieved 
for a given control system when there 
was cascaded with it a compensator 
which incorporated an appropriately de¬ 
signed short-time memory unit. How¬ 
ever, these arrangements introduced 
two matters of concern: 1 . the control 
system might be linear but its param¬ 
eters not known with accuracy sufficient 
to permit designing a fully adequate 
compensator, or 2 . the control system 
might contain nonlinearities which cast 
serious doubt on the likelihood of obtain¬ 
ing satisfactory performance in any open- 
loop system predicated on linear theory. 

These potential limitations seemed to 
suggest a feedback system but, since 
discrete time delays were a feature of the 
short-time memoiy devices and, hence, 
would be literally built into the closed 
loop, trouble with steady-state stability 
and difficulty with the computation of 
transient performance both seemed likely. 
It might be argued, of course, that, if the 
compensator is moderately well designed, 
the percentage of the signal which is fed 
back need not be large, only large enough 
to provide a sort of “fine” control. 

In the following it will be shown that 
short-time memory devices may be em¬ 
ployed to advantage in feedback and also 
in feedforward-feedback systems. This 
paper is restricted to steady-state per¬ 
formance. 
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Control Systems Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Fall General Meeting, 
Chicago, Ill., October 3-7, 1955. Manuscript 
submitted June 10, 1955; made available for 
printing July 19, 1955. 

T. W. SzB and J. F. Calvert are with the Uni¬ 
versity of Pittsburgh, Pittsburgh, Pa. 

The authors wish to express their appreciation 
to Drs. D. J. Ford, George Laush, and E. S. Elyash, 
of the University of Pittsburgh, for reviewing 
various parts of this paper. 


Nomenclature 


Time-Oriented Quantities 

/«frequency of the command function 

where r and 6 are magnitude and 
angle 

= complex variable of Laplace trans¬ 
formation calculus 
i = instantaneous time 
r==a period of time in units of t 

= total time delay possible within the 
short-time memory unit 
a>=27r/= angular frequency 
M — a real or complex root of 2 >( 5)=0 

Variables Which Are Functions of 
Time 

V or »(/) = command function (or input) 
q or g(/)=either controlled or indirectly 
controlled variable (output or re¬ 
sponse) 


Transfer Functions 


N{s) 

D(s) 


—transfer function of the control 


Dx(s) 

N:c(s) 


system where both N(s) and JD(s) are 
polynomials of s 

=transfer function of the compensator 

where Dx(s) is a transcendential, as 
shown in equation ( 1 ), and Nx(s) is 
a polynomial designed to approxi¬ 
mate N(s) 


In these terms 5 may be replaced by jca 
to give the steady-state sinusoidal transfer 
functions. Additional subscripts as Ni(s) 
or Dxf, etc., may be introduced and here 
reference should be made to the associated 
figures. 

G^G(,s)-=N(s)/D(s) 

B = B(s) = Dxis)/Nx(s) = Dbx(s)/Nbx(s) 
J^J(s)^Djx(s)/Nxx(s) 

A(ca)f F(co)=factors in Dx(Jco) as defined 
in equation ( 5 ) 

J(s)J{slXM, F(«), UM, F(co),i^ = func¬ 
tions defined where used 
^*the argument of fis) 


Parameters 

an, Bk, K, bin—real numbers defined in 
part by usage in the text. Here w, 
n, and k take no various values 

C=a closed path along which integration 
is carried out 

M—a, real positive number used to signify 
the magnitude of F(j(a) 

Subscripts 

1 , 2 , k, I, m, positive integers used 
as subscripts. In one instance, a 
and b are used as subscripts to 
indicate the start and finish of a 
line integral 


Short-Time Memory Units as 
Compensators 

The two developments, referred to in 
the foregoing, concerning open-loop 
systems with short-time memory units 
serving as part of the compensator de¬ 
vices were based on different performance 
criteria and the presentations exhibited 
different mathematical approaches. 
Compensators designed on either basis (or 
a combination) can be employed for the 
closed-loop systems to be described 
herein. Therefore, as background, these 
earlier developments will be contrasted, 
and this is done in a mathematical form 
most suitable for the closed-loop develop¬ 
ment to follow. 

First, a few general statements con¬ 
cerning the open-loop system of Fig. 1 

where 

N{s) 

D{s) =ao-l-ai^- 1 -^ 25 ®+... +anS^ 

Nx{s) +62 V-f . . . +bn's^ 

Bx{s) =Fo4"Fi€ ■ •. 4“ 

and in which 

bi^bi,. .bm^^bm* and 

and where these and the parameters J 5 o, 
j5i, .. Bjc are all finite real numbers. 

Assumptions and facts which, sub¬ 
sequently, are employed concerning these 
functions are the following: 

1. The individual fxmctions N{s)i D(s), 
and Nx(s) are polynomials. They are 
rational and analytic in the finite domain of 
5 . They contain no poles in this region 
and it is assumed that they arise from 
physical systems of such form that, as 
individual functions, they contain no zeros 
in the right half of the 5 plane. 

2. The term iVic( 5 ) « N^s). In fact, it 
is assumed that a linear passive network 
can be designed such that its transfer 
function is [l/iVic(s)]. 

3. The control system itself described by 
[iV( 5 )/i?(^)] is assumed as given and 
unalterable. 

4. The transcendental function Dx(s) is 
analytic in the finite 5 domain. It possesses 
in this area no poles and, in any finite 
area, at most, a finite number of zeros; 
it will be demonstrated later under one 
criterion that for the values of s of primary 
concern, designs can be established such 
that Dx(s) » D(s), 

The foregoing describes the open- 
loop system in a single mathematical form. 
Two sets of criteria and the resulting 
design equations are discussed next. 
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Polynomial Command Function 

In this approach it is assumed that the 
command function v was representable, 
at least over successive short periods, by 
a polynomial in time. The criterion 
selected concerning the output q (which 
may be either the directly or the indirectly 
controlled variable) is that, after action 
is initiated, q can be completely defined 
by the following components: 

1. At every instant of time, q will contain 
a component which is identical with the 
polynomial v. 


will be reduced to its simplest form, i.e., 
a step input and, in consequence, no 
aperiodic error is to be encountered 

D(s) Mn) (2) 

where jiu iU 2 ... are the roots of D(s) = 

0 . 

From equation 1, letting k=n 

DM ... 4 . 

(3) 

To satisfy the second criterion stated 
in the foregoing, the following relations 
are introduced 



5 iO 

Angulor Frequency, CJ , Rodions Second 

I 

A— Uncompensated system, 6 « , 4 , 8 S ♦ s* ' 

B — Compensated by o* 3-tap SCC compensotor, 

Fig. 3. Open-loop system performance 
based on criterion associated with a step 
command function 

To satisfy the first criterion, the final 
value theorem in Laplace transformation 
calculus is employed to state that, for 
a step input 

From which 

J5o+J5i+J52+.. (4B) 


2. For all time after a specified period, 
which is usually taken equal to or less 
than one half the longest natural period of 
oscillation of the control system, all periodic 
errors will reduce to and remain at zero; 

3. Within the same period of time, if v 
contained more than just a constant term, 
all aperiodic errors will reduce to and' 
remain at zero. 

These criteria lead to the design equa¬ 
tions for Dz(s). However, in the illus¬ 
tration to follow the polynomial input 


(4A) 


For the case of a step input, equations 
4(A) and 4(B) form the design equations 
in which Fi, Fa... F„ are to be selected 
and then Fo, Fi, Fa... F„ are computed. 
These are the design equations for the 




terion associated 
with sinusoidal 
command func¬ 
tion 


Angular Frequency, u , Radians / Second 

A — Uncompensoted system, G « ( 1 .st t^) 

B — Cotnpensoted by a 3-top TSC componsotor, Tj 
C— Compensated by 0 5-top TSC compensoror, Tj »' 
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short-time-memory unit for the step in¬ 
put and the criteria set forth in the fore¬ 
going. 

Sinusoidal Command Ftmction 

Here, it is assumed that the command 
function v is sinusoidal. This time the 
criteria for the controlled variable q are 
concerned only with the steady-state 
response as follows: 

1. The amplitude of the controlled variable 
q when plotted versus frequency will be of 
a desired shape and, usually this is taken 
to be nearly flat over a wider frequency 
band than was the case for the control 
system alone, regardless of the design of the 
latter. 

2. Some angular lag will be accepted for 
q with respect to v. Usually, the design 
will be such that a linear phase lag results 
because, for a follower system, this means 
a delayed output though not distorted in 
the process. 

To satisfy the foregoing criteria, the 
expression for D(jui) is established in 
polynomial form. Then Dx( jca) is written 
as the product of two terms. The first 
provides only the linear phase lag. The 
second provides a function which will 
be made to match nearly D(jct)) over as 
wide a frequency band as seems practic¬ 
able in terms of saturation and other 
limitations of real equipment. Details 
of the foregoing are 

D(J<») =>a((a) +jb((>)) (5) 

where 

a(<a) =ao+a2&j24-a4co*-j-... 4.( — i) 
b(^(a) ... *+- 

assuming that n is an even number. 
Reference to Fig. 2 shows that 

+jBM] (6) 

where Ta is the total delay time of the 
memoiy unit and 

w4(a>) ^Bao~hBai COS Tioa-^Bai cos Taco-f- 

,.. cos Tifcw 

B{(a) sin Tiw-f-F&a sin 7’2«+.,, + 

Bbji sin 

It is desired to make .4(w)»a(w), and 
B(co) «5(aj). 

These last requirements can be given 
physical representation in one of several 
ways. However, it is extremely important 
to keep l/2Ta small. A good representa¬ 
tion with small time delay was accom¬ 
plished successfully only with a modified 
Taylor’s series type of compensator 
(TSC), For this design the trignometric 
terms of equation 6 are expanded in 
series forms, the coefficients of the appro¬ 
priate powers of co are matched to those of 


equation 5, and then a certain number of 
additional coefficients of a? in equation 6 
are summed to zero. 

These procedures yield equations 7 
which are the design equations for the 
short-time memory unit when a sinsu- 
soidal input is assumed and the second 
set of criteria are employed. In the 
use of equation 7, the values of the T 
are chosen and then the values of the B 
are computed. It will be observed that 
^ is an even integer and greater than n 


Bao+Bai-f-j5a2+• . .+50* 


F 2 Bai + r22B«2+ . . . -^Tic^Bak 

-(2!)®s 

T\‘Ba\-\-T^Ba%-i‘ > . . 

=(»!)an 


T\^Bai + T^Ba2 + . . . -f Tj^Bak 

0 

II 

and 


F 1 B 61 -I-F 2 B 62 + . . . +FfcjB 6 (A_i) 

= (ll)Ol 

723562+.. .+Ffc356(A_i) 

=(3!)o. 




r2'^+'F62 + ... =0 

T i* ^Bci ... + Fb* 

Figs. 3 and 4 show calculated perform¬ 
ance curves for open-loop systems based 
respectively on the first and on the second 
design criteria discussed in the foregoing. 

Short-Time Memory Devices in 
Feedback Systems 


Stability 

Figs. 5(A) and (B) show two systems 
having the transfer function F(s) where 

q-^lF(s)]v 




Dx(s)N(s) 


N^{s)D{s) 


l+iT 


J^a:is)N(s) \ 

^xis)D(s)/ 

( 8 ) 


where the (1+i^) factor compensates 
for the loss of gain and 

G=G(s)^Nis)/D(s) (9) 

B^B(s)«^D^(s)/Nx(s) 


All terms on the right side of equations 
9 are as defined for equation 1; and K 
is a positive real number which, as will be 
shown later, is usually chosen to be less 
than unity. 


Routh’s and Hurwitz’s criteria^ deal 
with the coefficients of polynomials. 
Hence, because of the presence of the 
transcendental expression Dx(s) in the 
denominator of equation 8, it appears 
that the Nyquist’s criterion is the one 
to employ in a stability study. The 
expression Dx{s) and Nx(s) are not seen in 
the more conventional feedback system, 
but will be employed both in the feedback 
and in the feedforward-feedback systems 
to be discussed in the following. There¬ 
fore, it seems advisable to carry through 
a brief development of the Nyquist cri¬ 
terion for the specific systems at hand. 

Use is made of the assumptions accom¬ 
panying equation 1 . It is seen in the 
finite domain of 5 that Dx(s)N($) and 
^x(s)D(s) provide no poles; and, in 
accord with the assumptions, provide no 
zeros in the right half of the 5 -plane. 
Therefore, it is desired to know only 
whether or not any zeros are provided in 
the right-half plane by the function 


f(s)^l+K 


Dx(s)N{s) 

NMD(s) 


( 10 ) 


Since each term on the right is analytic 
and possesses the characteristics first 
cited, Cauchy’s integral theorem® may be 
modified to state: The integral (V 2 ^ 7 )- 
y'cl/'(^)//(^)]d5 taken in a positive sense 
around the boundary c of the right-half 
plane is equal to the number of zero 
points of f (s) lying within the enclosed 
domain, each being counted a number of 
times equal to its order. 

In general, between any two points 
S(i and 



ins)m]ds^ 


2 ^ \KSa)r 

( 11 ) 


When the integral is taken around a 
simple closed path j/(s’»)| = |/(ia)|, the 
first term on the right side of equation 11 
becomes zero and the second is equal to 
the integral number of revolutions of f(s) ■ 
made in traversing the closed path C. 

Consider a D-shaped closed path made 
up of the imaginary axis plus a semi¬ 
circular path lying in the right-half plane 
with the center at the origin. Let s— 

It is noted, then 


Lim Dx{,s) ^ 1I ”1“ |Bi I -|-1B 2 1 “h... -f* 

I Ba I = a finite real value (12) 


Lim 

r— 


N{s) 


Lim 

T-^ea 


l^m 

E 

Z-0 


\lssm 


E 

*=o 



(13) 
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B 


Fig. 5. Feedback scheme using loop gain 
to obtain stabilizing system or improved 
performance 

A—Loop gain K in feedback path 
B—Loop gain K in forward path 

l^n 

Lim |P(5)1= Lim V =4-00 

f-^00 r—►<» 

(14) 

Considering the semicricular path, there 
is some finite value R such that for r>R 
and ^ ^ 

Dx{s)N{s) 

N^{s)D(s) ^ 

then 

2>|/(5)1>0 

Hence, for r>R, the function/(5) has no 
poles or zeros on the imaginary axis or in 
the right-half plane. Therefore, as r in¬ 
creases beyond R^ the path of integration 
for J*c[f'(s)/f(s)]ds will go through no 
singular points. 

Furthermore 



Angular Frequency,O), Rad / Sec 
Exam-pie I 



Fig. 7. Frequency response of system compensated by feedback using memory units in the 

forward path 


where 

As r approaches infinity 
Litn 

and 

Lim/(5)»l+(0+i0)=l (15) 

r— 


Therefore, just as in the systems where 
Nx(s) and Dxis) were not employed, 
it is possible to write for the present sys¬ 
tem 



In consequence, along ’the semicircular 
path as r approaches infinity, (^&— 
approaches zero, and nothing is contrib¬ 
uted to the total integral around the 
right-half plane of s. 


and Nyquist’s criterion follows showing 
that by plotting 


lf(Jo>)-l]^K 


Dx(J(a) N(Jco) 
Nx(J^)D(jco) 


«£^(o>)-h7T(«) 


(17) 



Fig. 6 (left). Design of on the (7- F plane, the sum of zeros of/(^) 

loop gain K in the feed- lying in the right-half plane, each counted 

back path a number of times equal to its order, is 

equal to the number of encirclements of 
the — l+jO point on the U-V plane. 
Fig. 8 (below). Feed- No encirclements indicates that f{s) of 
forward-feedback systems equation 8 represents a stable system. 



(C) (D) 
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Performance 


In the foregoing, stability was dis¬ 
cussed. Now the performance of stable 
systems will be considered and, to do so, 
the K-ckdes or the modified Jkf-circles are 
introduced. Let then from 

equations 8 and 9 for the magnitude of 
the gain to be unity, 




I x+jy 
k+K(x+jy) 


(18) 


It follows that 




duce the controlled variable q. The 
open-loop system has the transfer func¬ 
tion 


Djx(s) Nijs) 
J>rjx(s) Di(s) 


( 20 ) 


The individual terms on the right are 
analytic; they contain no poles and 
no zeros in the right-half plane, and so 
JGi represents a stable open-loop system. 

The closed-loop transfer function is 

BG 2 _1 

l+HBGi “N^(s)Di{s)^ 


where 

K , „ ^+1 

This system of circles is plotted to¬ 
gether with the open-loop locus B(ju>)G- 
C/w)* If the open loop contains a delay 
compensator, the BG locus will, in 
general, be a spiral winding inward toward 
the origin. At the low frequencies the 
locus of BG will match or coincide with 
one of the i^-cirdes. For instance, as 
shown in Fig. 6, the open-loop locus 
matches with the circle of 0.333. 
Therefore, 33.3 per cent of the controlled 
variable is fed back to obtain a flat 
response. The resulting characteristics 
are shown in Fig. 7. For actual computa¬ 
tions, a somewhat more convenient pro¬ 
cedure is to use the (1/BG) plane. 


DBx(is)N2(s) 


•. , rr/ .x ^Bx(s)N2(s) 


( 21 ) 


The individual terms, or functions of 
s, are assumed to have the same character¬ 
istics as those first ascribed to the terms 
of equation 20. Hence, so far as stability 
is concerned, only the bracketed term in 
the denominator needs to be considered. 
If H(s) =^K, the whole stability problem 
for equation 19 becomes identical to that 
of the feedback system described by 
equation 9. 

For the system shown in Fig. 8(B) 


(J+B)Gi 

l+HBGi 


( 22 ) 


Assuming II(s)=K and recognizing 
that the remainder of the letters designate 
functions of .y as before 


Short-Time Memory Units in 
Feedforward-Feedback Systems 


Figs. 8(A) through (D) show a group 
of feedforward-feedback systems. The 
system of Fig. 8(A) was discussed for a 
specific application by J. R. Moore,® ex¬ 
cept that he employed compensators for 
J and B which did not involve short-time 
memory units. 

The stability of each of these four 
systems will be discussed. Starting with 
Fig. 8(A) 

JGi’^BG2 

(19) 


Here, there are two noninteracting 
paths, the outputs of which add to pro¬ 


(^BxJ^jx-h-^jxJ^sx) iVi 

L iV'^xAj 


(23) 


With the same assumptions as were made 
previously with respect to the functions 
of s, stability again depends only on the 
bracketed term in the denominator. 

Next, consider Fig. 8(C) with H'(y) —JT 


JGi+BGs 


(24) 


_ ^jxN gxAA '¥DbxNjxD\N2 

NjxD,NbxdI 


NfxDi 
BbxN, \^ 


For stability only the bracketed group of 


terms in the denominator are considered. 

Finally, consider Fig. 8(D), letting 
H{s)-=^K 

(J-hB)Gi 
“ l+iTBA 

( NbxB>jx^NjxDbx) Ni 

-VjxiVixAr 

L NgxDi} 

Stability depends only on the bracketed 
term in the denominator. 

In these four cases H{s)-K, just to 
reduce the problem to a form discussed 
previously (equation 9). This was not 
necessary as it can be seen that H{s) could 
be used as a variable in s and the same 
general procedures would follow. 


Summary 

The paper gives, as background, a 
single mathematical presentation for 
open-loop systems using short-time mem¬ 
ory devices as compensators when two 
different sets of criteria are imposed for 
the design. Stability and performance 
are presented for a feedback system, and 
stability is discussed for several simple 
feedforward-feedback systems employing 
short-time memory devices in the designs. 
These may be designed by either of the 
procedures used with the open-loop 
systems. 
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Feedback in Contouring Control Systems 

F. J. ELLERT 

ASSOCIATE MEMBER AIEE 


A CONTOURING control system is a 
position control system whose pri¬ 
mary ftmction is to position the cutter of a 
machine tool in accordance with the 
contours of a template. The General 
Electric Company’s contouring control 
system consists of both electrical and 
mechanical elements. The electrical ele¬ 
ments are the electronic amplifiers, net¬ 
works, amplidyne, and motor, and the 
mechanical elements are the gears, shafts, 
lead screws, and machine slides which 
compose the mechanical drives of the 
machine tool. In determining the per¬ 
formance of a contouring control system, 
each of these elements must be considered 
by itself and in relation to the other ele¬ 
ments of the system. 

One-Dimension Contouring Control 
System 

General Theory of Operation 

The terminology *‘l-dimension” is ap¬ 
plied to contouring controls which govern 
motion along only one machine axis. A 
typical 1-dimension contouring control 
system is shown in Fig. 1, and the block 
diagram of the system in Fig. 2. The in¬ 
put to the system, the command, is the 
template contour. This contour is sensed, 
or measured, by the tracer-head stylus. 
Thus the position of the stylus itself, or 
the position of an element actuated by 
the stylus, is the reference input of the 
system. The output of the system, the 
controlled variable, is the position of the 
cutter. 

The cutter position is fed to the tracer 
head by mechanical feedback elements 
and serves as the primary feedback signal. 
The tracer head compares the position of 
the stylus with the position of the tracer 
head and the difference between these 
two is the position error. This error is 
the actuating signal of the system. In 
addition, the tracer head converts the 
physical position error into an electrical 
error signal. The error signal is subse¬ 
quently amplified and modified by net- 

Paper 55-703, recommended by the AIEE Feed¬ 
back Control Systems Committee and approved 
by the AIEE Committee on Technical Operations 
for presentation at the AIEE Fall General Meeting, 
Chicago, IlL, October 3-7, 1956. Manuscript 
submitted January 3, 1965; made available for 
printing July 19, 1965. 
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works, the control elements. The am¬ 
plified and modified electrical error signal 
is designated the manipulated variable 
and is the input signal of the speed loop. 

For the sake of convenience, the input 
to the speed loop has here been desig¬ 
nated the manipulated variable, since it is 
enclosed only in the primary feedback 
loop. Signals beyond the input to the 
speed loop might also be considered the 
manipulated variable, but these are 
enclosed in secondary feedback loops. 

The speed loop consists of additional 
amplifiers, networks, and a motor-am- 
plidjme combination, and employs both 
tachometer and motor armature voltage 
feedback. Over its linear range, the 
speed loop produces a motor speed di¬ 
rectly proportional to the modified error 
signal. The motor is coupled to the 
machine slide by means of gears, shafts, 
and a lead screw and nut. The controlled 
system thus consists of the speed loop 
and the mechanical drive of the machine 
tool. 

Speed Loop 

The elements of the speed loop are 
identical for all types of General Electric 
contouring control systems, whether 1- 
dimension, 2-dimension, or other. The 
speed loop is shown in more detail in Fig. 
3, Feedback is used to improve the 
dynamic response and linearity of the 
system, and to produce a motor speed 
directly proportional to the speed loop 
input. As the block diagram indicates, 
this is accomplished by employing a 
motor-speed feedback signal produced 
by a tachometer coupled to the feed 
motor. In some cases, the tachometer is 
directly connected to the motor shaft, 
while in others the tachometer is geared* 
or belted to the motor shaft or some 
auxiliary shaft. As indicated, the tachom¬ 
eter voltage is filtered by a conven¬ 
tional 2-section resistance-capacitance 
filter before it is fed into the system. 

In the steady state, the stability net¬ 
works and the armature voltage feed¬ 
back may be neglected since they func¬ 
tion only transiently. Any difference 
which exists between the input to the 
speed loop and the speed feedback signal 
is a speed error signal. This signal is am¬ 
plified and subsequently used to excite 
the control fields of an amplidyne gen¬ 
erator. Over the linear range, the am¬ 


plidyne armature voltage is directly pro¬ 
portional to the speed error signal and is 
applied to the armature of a d-c shunt 
motor with constant field excitation. The 
open loop gain of the speed loop is con¬ 
ventionally high, in the order of 1,000, 
and consequently the speed error is small, 
about 0.1 volt. 

In practice, the speed loop is initially 
stabilized without the use of armature 
voltage feedback by emplo 3 dng only net¬ 
works Gi and G^, which are shown in de¬ 
tail in Fig. 4. The amplifier, which has 
an adjustable gain K, is merely shown as a 
block. The armature feedback elements 
are shown by a dashed line since they are 
assumed disconnected for the present. 
The over-all transfer function for the net¬ 
works and the amplifier is 

Eo(p) _ K(T,P+1)(T2P+1) _ 

Eiip) TiT2p^+lTi+T2+Ti2(l+K)]p^l 

( 1 ) 

where 

Ti^RiCi 
T2 “ R2C2 
T12—R1C2 

Typical values are . 

ri=0.055 second 
r 2 « 0.085 second 
ri 2 =0.276 second 
ir=51=34.2 decibels (db) 

The asymptotes of the amplitude por¬ 
tion of the transfer function are plotted in 
Fig. 5. As a result of the shape of the 
plotted transfer function, the name 
“notch network” has been applied to this 
circuit. The important aspects of the 
notch are the bottom corner frequencies, 
wi and a> 2 , and the depth d of the notch. 
The general expression for the notch depth 
is 


i?2-fi?i(l+iQ 

which is the expression for the transfer 
function of a simple voltage divider con¬ 
sisting of R 2 and Ri(l+E^ in series. 

For the network of Fig. 6, the depth is 
1/169, or -44.7 db. 

The over-all gain of the network and 
the amplifier in the frequency range be¬ 
tween wi and 0)2 is 


(3) 

If K is much greater than 1, and KRi is 
much greater than Rz, this expression re¬ 
duces to 

Over-all gain =^ (4) 


Equation 4 indicates that in the fre- 


January 1956 


Ellert—Feedback in Contouring Control Systems 


345 



TOOL SLIDE 



INDEPENDENT FEED 


quency range between coi and C 02 the gain 
remains constant regardless of how the 
amplifier gain K is varied. Therefore, the 
d-c gain of the speed loop may be changed 
without appreciably changing the gain of 
the loop near the crossover frequency. 
In most instances, it has been possible to 
change the gain by a factor of 10 with¬ 
out producing any noticeable change in 
the response of the speed loop. 

In practice, when the speed loop is being 
stabilized, the amplifier gain K is set at 
its maximum value and the values of Ri, 
Cl, R 2 and C 2 are adjusted to obtain the 
best possible transient response to step 
functions applied to the input of the 
loop. The components are adjusted to 
obtain an overshoot of perhaps 20-30 
per cent (%) on input step functions of 
various amplitudes between 10% and 
100% of the maximum motor speed. A 
typical response to a 25%-speed step 
function is shown in Fig, 6. Note the 
large overshoot and the undershoot. 

A sufficient amount of the armature- 
voltage feedback signal is then introduced 
into the system to reduce the initial over¬ 
shoot to 5% to 10% and to completely 
eliminate the undershoot. The typical 
response of a properly stabilized speed 
loop is shown in Fig. 7. This response 
was measured on the same system as that 
of Fig. 6. Note that the overshoot is 
smaller and that the undershoot no 
longer exists. The time required to reach 
63% of the steady-state speed is essen¬ 
tially the same in both cases. 

Ideally, the response should be the 
same regardless of the amplitudes of the 
applied step functions. However, owing 
to the nonlinearities in the system, this is 
not always the case. In some instances, 
the overshoot is greater and the speed of 
response faster when small amplitude 
input step functions are applied. The 
slower response at higher signal levels is 
due to the decrease in loop gain which re¬ 
sults when saturation occurs either in the 
amplidyne or the amplifiers. 

Under some conditions, the overshoots 
may be greater at the higher speed steps. 
This usually occurs when the phase shifts 
introduced into the loop by the stability 


Fi$. 1 (left). Sketch of t- 
dlmension contouring control 
system 


Fig. 2 (right). Block diagram 
of 1 -dimension contouring 
control system 
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network appreciably modify the speed 
loop locus in the vicinity of the point 
— l+jO* A decrease in the loop gain 
may actually cause the locus to move 
closer to the point —1+jO, thereby re¬ 
sulting in a less stable system. Three 
typical response curves which illustrate 
this condition are shown in Fig. 8. These 
curves were taken on a Brush recorder. 

In some instances, the operation is 
sufficiently linear over the entire speed 
range and the response curves at various 
amplitudes are almost identical. 

No attempt is made to select the pa¬ 
rameters of the stability network prior to 
the installation of the control on the 
machine. In general, insufficient informa¬ 
tion is available about the characteristics 
of the machine prior to the installation. 
In the past, such things as irregular fric¬ 
tion along the machine axis, tachom¬ 
eter belt stretch, and deflection or 
tilting of the machine elements have made 
stabilization of the speed loop difficult, 
and impossible to predict. 

The speed of response is to some ex¬ 
tent determined by the ratio of the am¬ 
plidyne rating to that of the motor. Dur¬ 
ing acceleration, large currents may be 
required by the motor. If these cannot 
be supplied by the amplidyne, the speed 
of response will be impaired. From a 
practical point of view, considering both 
economical factors and performance, the 
kilowatt rating of the amplidyne should 
be twice the horsepower rating of the 
motor. Where this ratio has been main¬ 
tained and 3,600-rpm amplidynes have 


-q]- 

FEEDBACK 

ELEMENTS 

been used, the response time of the speed 
loop has been approximately 0.05 second 
for motors ranging from 3/4 to 20 horse¬ 
power. 

The Tracer Head 

The tracer head senses the contours of 
the template with the stylus, and also 
measures the position of the cutting tool, 
since in most cases the tracer head is 
mounted on the tool slide or on a support 
attached to the slide as shown in Fig. 1. 
When the position of the cutter is not in 
correspondence with the contour of the 
template, a mechanical error exists. The 
1-dimension tracer head converts the 
mechanical error into a d-c electrical 
error signal. This is shown in Fig. 9. 
The gain of the tracer head is 2 volts d-c 
per 1/1000 inch of mechanical error. The 
tracer head output is in phase with the 
mechanical position error up to frequen¬ 
cies far beyond those to which the system 
can respond. Therefore, for all practical 
purposes, it can be considered a nonfre¬ 
quency sensitive element. 

If either the tracer head support, rep¬ 
resented by the “feedback elements” of 
Fig. 9, or the template, is not rigid, vibra¬ 
tion due to the spindle motors or due to 
the actual cutting may be transmitted to 
the tracer head. As a result, the vibra¬ 
tion will appear in the electrical error 
signal at the tracer-head output. The 
system, in attempting to follow the vibra- 
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Fig. 3. Block diagram of speed loop 
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Fig. 5. Transfer function of the speed loop stability network 


tion signals, may produce an unsatisfac¬ 
tory surface finish, on the workpiece. 

The surface finish can be improved con¬ 
siderably by the use of an amplitude sen¬ 
sitive filter network which will be dis¬ 
cussed in detail later. However, the 
proper remedy for this condition is a re¬ 
design of those portions of the machine 
responsible for the vibration or its trans¬ 
mission to the tracer head. This solution 
does not degrade other aspects of the 
over-all performance in attempting to 
remedy this undesirable condition. 

The 1-dimension tracer head also con¬ 
tains two limit switches. One of these, 
designated as the '‘automatic takeover 
limit switch,” transfers the operation 
from manual to automatic when the 
stylus has made contact with the tem¬ 
plate and been deflected a prescribed 
amount. The other limit switch, desig¬ 
nated the ‘‘overdeflection limit switch,” 
stops automatic operation (contouring) 
when the stylus has been deflected be¬ 
yond the normal operating region. This 
protects the tracer head, the machine, 
and the workpiece. 

Position Loop: Theory of Operation 

AND Stabilization 

The basic position loop of the 1-dimen¬ 
sion contouring control system consists 
of the tracer head, a group of amplifiers 
with adjustable gain, the speed loop, and 
the mechanical drive of the machine tool. 
As stated previously, a voltage is required 
at the input to the speed loop to produce 
a given motor speed. Because of the na¬ 
ture of the system, a voltage will be ap¬ 
plied to the input of the speed loop , only 
when an error exists between the position 
of the cutter and the contour of the tem¬ 
plate. This immediately indicates that 
the system will exhibit a zero position 
error with a constant position input and a 
constant position error with a constant 
velocity input. 


When the cutter is in correspondence 
with the contour of the template, the 
position error and the tracer-head output 
are zero. Therefore, the signal applied to 
the input of the speed loop is also zero. 
If no unbalance exists in the system, the 
motor wrill be at a standstill. This condi¬ 
tion exists when the system is following a 
zero-degree slope on the template (con¬ 
stant position input), that is, when the 
path followed on the template is exactly 
perpendicular to the axis of the controlled 
motion. However, if the stylus is in¬ 
stantaneously deflected beyond this null 
position, a position error will exist tran¬ 
siently. The resulting error signal will be 
applied to the speed loop causing the 
motor to rotate in such a direction as to 
return the stylus deflection to the null 
position and thereby reduce the error to 
zero. The rate at which the motor at¬ 
tempts to reduce the error is propor¬ 
tional to the magnitude of the error it¬ 
self. Thus, the system attempts to main¬ 
tain zero position error if possible. 

If the stylus is following a constant 
slope on the template (constant velocity 
input), the tracer head must be moved in 
order to maintain a constant stylus de¬ 
flection, and thereby produce a constant 
error signal. For example, if the system 
is to follow up a 45-degree slope, the tracer 
head (and the cutter) must be raised at 
the same rate that the tracer head is 
moved along the template by the inde¬ 
pendent feed of the machine. If the 
tracer head is not raised rapidly enough, 
the stylus deflection will continue to in¬ 
crease, resulting in an increasing error 
signal and a correspondingly increasing 
motor speed, or dependent feed speed. 
Equilibrium is attained when the error 
signal becomes constant at the value 
necessary to produce the required de¬ 
pendent feed rate. For any given slope 
on the template, the greater the inde¬ 
pendent feed rate along the template (and 


workpiece), the greater the dependent 
feed rate required perpendicular to the 
template, and also the greater the posi¬ 
tion error. 

The position error, in most cases, can be 
reduced to an acceptable value by in¬ 
creasing the open-loop gain of the posi¬ 
tion loop. However, it will be found that 
increasing the open-loop gain beyond a 
certain point will cause the system to be¬ 
come unstable. For the basic system, 
with no stability network in the posi¬ 
tion loop, the coefiicient relating depend¬ 
ent feed speed and the position error may 
vary between 0.6 and 1.0 inch per minute 
per 1/1000 inch, or between 8 and 16.7 
seconds”^. This coefficient is called the 
"velocity error coefficient.” It must be 
clearly understood that this coefficient 
relates position error and dependent feed 
speed (or motor speed). The terminology 
velocity error coefficient has led some to 
believe that a steady-state velocity error 
exists between the input and the output 
of the system and that this coefficient is a 
measure of the steady-state velocity 



Fig. 6. Speed loop transient response without 
armature voltage feedback 



Fig. 7. Speed loop transient response with 
armature voltage feedback 
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.6% OVERSHOOT 


T. 0.068 SEC. 25%^ SPEED 



19% OVERSHOOT 



ventional notch network and its transfer 
function is 




^i{p) 3^i2^2p^+(7i4*T*2+2i2)/>4-l 

where 


(5) 


Fig. 8. Nonlinear speed loop response 
curves 


error. It should be clear that this con¬ 
cept is not correct. 

The position loop of the basic system is 
readily stabilized by increasing the gain 
of the amplifiers following the tracer head 
to the point where the desired position 
loop transient response is obtained. If 
the gain is increased beyond this point, 
the system becomes unstable. The res¬ 
onant frequency of this system varies 
between 1 and 6 cycles per second, de¬ 
pending primarily on the amplidyne and 
motor time constants. 

If the position error obtained with the 
basic system is too large for a particidar 
application, it will be necessary to increase 
further the gain of the position loop. This 
can be accomplished without resulting in 
an unstable system if a stability network 
is added to the position loop. The net¬ 
work is shown in the block diagram of 
Fig. 9 and also in Fig. 10. This is a con¬ 


Ti^RiCx 
Ti2 — Ri Cz 

Typical values for these time constants 
are 

ri=0.05 second 
7’2=0.1 second 
Fi 2=0.17 second 

The complete transfer function is plotted 
in Fig. 11. In most instances, the res¬ 
onant frequency o>r of the system is found 
to occur near the second lead break of the 
network a>i. This region is cross-sec¬ 
tioned in Fig. 11. The lead portion of 
the network is thereby employed to off¬ 
set the effects of one of the lag breaks of 
the system. 

For this network, the notch depth d is 
expressed by the relationship 


d- 


R2 




( 6 ) 


For a typical system^ the notch depth was 
1/5. This means that the addition of the 
network to the system allowed the posi¬ 
tion loop gain to be increased by a factor 
of approximately 5. The position error 
is decreased by this same factor. Theo¬ 
retically, the gain of the system may be 
increased to almost any desired value 
merely by deepening the notch ac¬ 
cordingly. However, there are other 
factors which may prohibit the use of 
high gains and the corresponding net¬ 
works. These factors will be discussed 
later in this paper. 
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Fis. 9. Block diasram of input portion of 1 -dimension contouring control system position loop 


c, 



C2 


Fig. 10. Position loop stability network 

Velocity error coefficients of 4 inches 
per minute per 1/1000 inch (or 67 
seconds have been obtained with this 
system under normal conditions. In one 
case, where the mechanical character¬ 
istics of the machine were ideal, a velocity 
error coefficient of 17.2 inches per minute 
per 1/1000 inch (or 288 seconds”^) was 
obtained. 

As with the speed loop, the parameters 
of the position loop stability network are 
not selected until the control is installed 
on the machine because the variations in 
the characteristics of the machine are 
great and, in most cases, unknown. The 
actual stabilizing of the position loop by 
adjustment of the stability network pa¬ 
rameters follows a logical procedure. Only 
a knowledge of the general shape of the 
open position loop transfer function and 
the transfer function of the network is re¬ 
quired. This will not be discussed in 
this paper. 

Effects op Backlash on Performance 

Backlash exists to some degree in the 
mechanical drives of all machine tools. 
It can be reduced somewhat by the use of 
precision gears as well as adjustable anti¬ 
backlash nuts on the lead screws of the 
machine. However, as yet it has not 
been possible to eliminate the backlash 
completely. 

In 1-dimension contouring control 
systems, the backlash is enclosed in the 
position loop as shown in Fig. 12. This 
arrangement is advantageous since it 
allows the system to provide some com¬ 
pensation for the backlash. In those 
systems where the backlash is external to 
the position loop, the controlled variable 
may differ from the command by the 
amount of the total backlash. If the 
backlash is excessive, the resulting posi¬ 
tion error may not be acceptable. 

However, the existence of backlash in¬ 
side the position loop presents some for¬ 
midable problems, the most important 
of which is the effect of backlash on the 
stability of the position loop. Under 
conditions of high open-loop gain and 
corresponding deep-notch networks, the 
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backlash may cause the position loop to 
become unstable when the system is at¬ 
tempting to hold zero error in the back¬ 
lash region along a zero-degree slope. 
This phenomenon is best understood by 
considering the open-loop transfer func¬ 
tion without backlash and the describing 
function of the backlash. To a first 
order of approximation, the describing 
function for the backlash is 

where 

Xmi is the maximum value of the dis¬ 
placement applied to the input of the 
backlash element, and Xs is the total 
backlash. 

One conventional method of deter¬ 
mining the stability of systems containing 
backlash is to plot the open-loop transfer 
function of the system without backlash, 
and the negative reciprocal of the back¬ 
lash describing function —1/Gb(P), on 
polar co-ordinate paper. 

If the two loci intersect, the system 


may exhibit a backlash hunt whose fre¬ 
quency is the frequency of the system 
transfer function at the point of inter¬ 
section, and whose amplitude is deter¬ 
mined by the backlash and the value of 
the backlash describing function at the 
point of intersection. The approximate 
locus for --1/Ob(P) is plotted in Fig. 13 in 
terms of a dimensionless quantity R, 
where 


The values of R are indicated along the 
plotted locus. An open-loop transfer 
function which is representative of a 
basic 1-dimension ’ contouring control 
system with no position loop stability 
network is also plotted in Fig. 13, curve A . 
The velocity error coefficient of this sys¬ 
tem is 15 seconds-^. 

Inspection of Fig. 13 indicates that the 
basic system should not exhibit a back¬ 
lash himt since no intersection between 
the two loci exists. Experimental data 
on a number of 1-dimension contouring 
control systems verifies this conclusion, 
since not one of them exhibited a back¬ 
lash hunt under these conditions. How¬ 
ever, if the gain of the system is increased 
by a factor 5, the open-loop transfer 


function intersects the backlash locus, as 
shown in Fig. 13, curve B, This system 
would exhibit a backlash hunt if it were 
not already unstable as a result of its 
proximity to the point — 1+jO. Inspec¬ 
tion of Fig. 13 indicates that a reduction 
in gain by a factor of 3 or 4 would prob¬ 
ably eliminate the backlash hunt. If a 
notch network with a depth of 1/5 is in¬ 
troduced into the position loop to stabi¬ 
lize the system at the higher gain level, 
the resulting open-loop transfer function 
is modified to that shown in Fig. 13, 
curve C, An intersection again exists 
between the backlash locus and the sys¬ 
tem locus, causing the system to exhibit 
a backlash hunt. The intersection oc¬ 
curs at a) = 8 radians per second, which 
will be the frequency of the backlash 
hunt. The value of R at the intersection 
is 0.27. If we assume a total backlash of 
0.010 inch, the amplitude of the backlash 
hunt will be 0.0027 inch, or XbR- 
Unfortunately, the position loop sta¬ 
bility network has so modified the system 
locus that an appreciable gain reduction 
is required, to eliminate the intersection 
of the two loci. Under these conditions, 
the only alternatives would be to operate 
the system at a low value of open-loop 
gain with no position loop stability net- 
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Eo(p) Fig. 14. Transfer function of 

£ itp) dead-zone circuit 



work, or to set up the workpiece so that 
no cuts are made along a zero-degree 
slope. 

However, the addition to the system 
of a dead-zone or threshold circuit of 
adjustable width has in many cases made 
possible the elimination of the backlash 
hunt. The dead zone is shown in Fig. 9. 
A describing function may also be ob¬ 
tained for the dead zone by making a 
Fourier analysis of the output voltage of 
the dead zone when a sinusoidal voltage 
of amplitude Em and frequency oj is ap¬ 
plied to the input. If the ratio is taken 
of the fundamental component of the 
output voltage to the input voltage, the 
approximate describing function is ob¬ 
tained. 

The expression is 


_ Eq{P) 


where 


-(TT—2a-1- sin 2a — 

TT 

4 sin a cos a) 


( 10 ) 


a=sin 



( 11 ) 


Edz is one-half the width of the dead zone 
in volts. This expression indicates that 
there is no phase shift introduced into the 
system by the dead zone. The result is 
merely a loss of gain which is a fimction of 
the amplitude Em of the signal applied 
to the dead zone and the dead-zone width. 
The curve which relates the dead zone gain 
to the ratio Eaz/Em is plotted in Fig. 14. As 
the curve indicates, for small error signals, 
the open-loop gain is low, and the system 
locus will not intersect the backlash locus; 
therefore, no backlash hunt exists. Dur¬ 
ing transients, as at comers on the tem¬ 
plate, the error signal rapidly rises to 
values which result in a dead-zone gain of 
essentially unity. Thus, the response of 
the system is not appreciably impaired. 


On large slopes or when high independent 
feed speeds are used, the error signal is 
again large enough to make the gain of the 
dead zone essentially unity and thereby 
not produce any appreciable increase 
in the error. In a typical application, a 
± 2-volt dead zone was employed in a 
system where the total backlash was 
0.011 inch. This dead-zone voltage, 
when referred back to the actual position 
error, was equivalent to ±0.0003 inch of 
error. This additional error was not an 
objectionable error even at the lower 
feed rates, where the error determined by 
the velocity error coefficient was itself 
low. At the higher feed rates, the error 
resulting from the existence of the dead 
zone in the system is only a small frac¬ 
tion of the total error. 

The addition to the position loop of a 
stability network which introduces an 
appreciable amount of phase lag into the 
system may make the elimination of the 
backlash hunt through the use of the 
dead zone extremely difficult. As is in¬ 
dicated by the shape of curve C of Fig. 
13, the decrease in gain required of the 
dead zone to eliminate the intersection of 
the loci may be large. This means a wide 
dead zone is required which, to some de¬ 
gree, will impair the system response and 
increase the position error. If an ex¬ 
tremely deep notch network is used 
which introduces enough phase lag into 
the system to bend the locus further up 
toward the — 180-degree region, a condi¬ 
tion may be reached where the decrease 
in loop gain produced by the dead zone 
will actually increase the amplitude and 
frequency of the backlash hunt by causing 
the intersection of the two loci to occur 
higher up on the backlash locus. This 
has been found true in a few applications 
where extremely high velocity error co¬ 
efficients were required. 


As the foregoing indicates, a compro¬ 
mise must always be made between the 
required system response, the allowable 
position error, and the dead-zone width 
required to eliminate the backlash hunt. 
Unfortunately, the best compromise is a 
function of the characteristics of the 
machine and the particular requirements 
of the ultimate user of the contouring 
control system. As a result, this com¬ 
promise can only be made in the machine 
tool manufacturer’s plant or in the ulti¬ 
mate customer’s plant. Therefore, no at¬ 
tempt is made to set the width of the 
dead zone prior to the installation of the 
control on the machine. 


Surface Finish 

As mentioned previously, when ex¬ 
cessive machine vibration is transmitted 
to the'tracer head, the vibration will ap¬ 
pear in the electrical error signal at the 
tracer-head output. If the vibration 
components of the error signal are not 
filtered out, the surface finish of the work- 
piece may not be acceptable. However, 
if a conventional filter were added to the 
system, the system response would be im¬ 
paired to the point where it would be un¬ 
satisfactory. 

The 1-dimension contouring control 
system makes use of what might be 
called an “amplitude-sensitive filter,” 
That is, when signals of small amplitude 
are applied to the filter, it performs as a 
low-pass filter. However, for large am¬ 
plitude signals, it ceases to attenuate the 
higher frequency signal components. This 
circuit is shown in Fig. 9 where the solid 
characteristic exists for error signals of 
small amplitude, and the dashed one for 
signals of large amplitude. 

The filter circuit and the amplitude 
portion of its transfer function are shown 
in Fig. 16. The expression for the transfer 
function is 


Gf(P) = 


^o(P) (RCp-j-)! 

Ei{p) (2?-i-i?ar»)Q>-l-l 


( 12 ) 


For applied signals of small amplitude, 
the resistance of the Th 3 nrite Rt is large 
and the attenuation is high, whereas for 
large amplitude signals, the Thyrite’s 
resistance is extremely small. There¬ 
fore, for normal slopes, where the error 
signal is small, the signal is adequately 
filtered. During transients at comers 
where the error signal is large, the filter 
has essentially unity gain at all frequen¬ 
cies and the required system response is 
maintained. 

Unfortunately, the filter affects the 
backlash hunt in much the same manner 
as the position loop stability network, 
i.e., the filter also introduces a phase lag 
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Fig. 15 (left). Circuit and transfer function of amplitude sensitive filter 

Fig. 17 (above). Block diagram of mid-portion of 2-dimension contouring 
control system 


= 0.875 


into the system which may reqtdre the 
use of a wider dead zone to eliminate the 
backlash hunt. Therefore, this factor 
must also be considered when attempting 
to arrive at the best compromise for over¬ 
all system performance. 

System Performance 

As the foregoing discussions indicate, a 
statement of the performance of a 1- 
dimension contouring control is not a 


TRACER 


LOG CJ 

simple matter, since the performance is 
determined by a number of interrelated 
and indeterminate factors. However, a 
few general statements can be made. 

The steady-state error is determined 
by the velocity error coefficient of the 
system. Four inches per minute per 
1/1000 inch is a representative value for 
this coefficient. The position error 6 
when following a constant slope may be 
determined from the relationship 

(13) 

where 8% is the independent feed speed, 
jS is the angle of slope, and iTp is the veloc¬ 
ity error coefficient. For example, if the 
system is following a 45-degree slope at an 
independent feed speed of 20 inches per 
minute, the position error will be 0.005 
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Ffg. 16. Block diagram of input portion of 2-dimension contouring control system 


inch if the velocity error coefficient is 4 
inches per minute per 1/1000. 

The transient error of the system at a 
comer on the template is determined by 
the effective radius of the corner, the 
speed of response of the position loop, the 
independent feed speed, the slope of the 
template following the corner, and the 
machine backlash in those cases where a 
reversal of direction is involved. The 
speed of response is in turn determined 
by the characteristics of the motor and 
amplidyne, the characteristics of the sta¬ 
bility network used, and the amount of 
vibration filtering employed. Any data 
presented here would be of little signi¬ 
ficance unless accompanied by detailed 
information on the characteristics of the 
machine elements which, unfortunately, 
is not readily available. 

Experience has shown that if the ma¬ 
chine backlash is much over 0.010 inch, it 
is extremely difficult to eliminate the 
backlash hunt through the use of the dead 
zone without impairing the response of the 
system and increasing the steady-state 
error. Values of backlash below 0.005 
inch are desirable. 

In most cases, where the vibration has 
not been excessive (and this term is dif¬ 
ficult to define), the surface waviness on 
aluminum has been below 60 micro¬ 
inches. 

One-Dimension Contouring Control 
System Using Selsyns 

In some applications, especially on 
large machines where it is not practical to 
connect mechanically the tracer head to 
the tool slide, a different system is used to 
obtain the electrical error signal. In such 
a case, one selsyn, or synchro, is driven 
from the stylus by means of a rack and 
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Fig. 18. Block diagram of output portion of 2-dimension contouring control system 


pinion and perhaps an associated gear 
train. Another selsyn is driven from the 
tool slide by a similar rack-and-pinion 
arrangement, or is driven through gen¬ 
ing directly from the drive motor. In the 
latter case, the backlash between the 
motor shaft and the tool slide is not en¬ 
closed in the position loop and cannot be 
compensated for by the system. The 
rotor of one of the selsyns is excited by a 
400-cycle-per-second signal from an os¬ 
cillator, and the 3-wire stators of the two 
selsyns are tied together. The ampli¬ 
tude of the a-c voltage which appears at 
rotor of the other selsyn is a measure of 
the angular position error between the 
two selsyn rotors. This a-c signal is ap¬ 
plied to an amplitude discriminator 
which produces a d-c voltage directly pro¬ 
portional to the sine of the angular error 
between the two selsyn rotors. The dis¬ 
criminator output corresponds to the 
error signal of the conventional system. 
The speed loops of the two systems are 
identical. 

All that has been said about the con¬ 
ventional system concerning stabiliza¬ 
tion, the effects of backlash, surface 
finish, and perfonnance applies equally 
well to this modified system. One addi¬ 
tional factor must be considered, and 
that is the importance of the proper de¬ 
sign of the selsyn-driving mechanism. 
If precision racks, pinions, and gears are 
not used, the selsyns will not run smoothly 
and excessive vibration signals at the dis¬ 
criminator output will result. Also, addi¬ 
tional backlash may be introduced into 


the system. These undesirable factors 
can be reduced by careful design of the 
mechanical elements involved. 

Two-Dimension Contouring Control 
System 

Theory of Operation 

A 2-dimension contouring control sys¬ 
tem, as its name implies, simultaneously 
controls motion along two mutually 
perpendicular machine axes. A block 
diagram of the system, subdivided into 
three parts, is shown in Figs. 16 through 

18. The input to the system is again the 
contour of a template, in this case a 2- 
dimensional template, as shown in Fig. 

19. The template is mounted on the 
same base as the workpiece and, for this 
discussion, it is assumed that this base is 
stationary. The tracer head is held by a 
support attached to the tool slide, which 
is positioned simultaneously along the 
two mutually perpendicular machine axes 
by the feed motors. 

If it is assumed that the friction be¬ 
tween the stylus tip and the template is 
negligible, as is essentially the case when 
a ball-bearing tip is used, the only force 
exerted on the stylus is normal to the 
template. This is illustrated in Fig. 19, 
where the surface of the template is at 
an angle p with respect to the x-osds of the 
machine and the stylus deflection Xa is at 
an angle P with respect to the y-axis. 
Since the stylus tip is in contact with the 
template (the input), and the tracer head 
is attached to the tool slide (the con- 




CUTTER 


Fig. 19. Partial sketch of 2- 
dimension contouring control 
system 


trolled variable), the stylus deflection is 
the position error of the system. This is 
shown in the block diagram of Fig. 16. 

The tracer head has two mutually per¬ 
pendicular electrical axes which must be 
aligned with the machine axes. Under 
this condition, the system error, which 
consists of a magnitude Xa and an angle 
p, is resolved into components parallel to 
the X and Y axes. The tracer head con¬ 
verts these deflection components into 
two inductances 

ZaocX^sin/9 (14) 

Ly (xXd cos p ( 15 ) 

Each of these inductances is connected in 
a separate bridge circuit. One bridge is 
excited by the 60-cycle-per-second ref¬ 
erence voltage and the other is excited 
by the 90 degree leading quadrature 
voltage. Each bridge circuit is adjusted 
so that zero stylus deflection parallel to 
the corresponding electrical axis of the 
tracer head results in an inductance 
which exactly balances the bridge. The 
bridge output is then zero. If the stylus 
is deflected at some angle to the two 
tracer head axes, the output voltages of 
the two bridges, bacx and bacy are essen¬ 
tially 

6-ACx—iXxXd sin P) sin &»/ (16) 

BACy^iXyXd cos p) sin (a)^-|-90 degrees) 

(17) 

Actually each of these voltages may be 
phase-shifted an additional amount owing 
to the bridge circuit, but this is compen¬ 
sated for in the system and will not be 
considered here. The two bridge output 
voltages are added vectorially to obtain a 
single a-c voltage which is 

Bag ~XXd sin (w^ -1-^) (18) 

where 

5 ==90 degrees—iS (19) 

As this expression indicates, the amplitude 
of this a-c voltage is directly propor¬ 
tional to the stylus deflection Xdt and the 
electrical phase 5 is a function of /S, the 
angle of the stylus deflection. Therefore, 
this a-c signal voltage contains both the 
amplitude and phase of the position 
error. 

The a-c signal voltage is fed to two 
different portions of the system. Con¬ 
sider for the present that one portion of 
the system is disconnected at point A 
of Fig. 17, and therefore does not func¬ 
tion. The a-c signal voltage is fed through 
a clipping or squaring amplifier, which 
transforms the sinusoidal signal into a 
square wave and thereby removes any 
error information contained in the am- 


352 


Ellert—Feedback in Contouring Controt Systems 


January 1956 





plitude of the signal. That is, the output 
voltage of the amplifier contains merely 
the phase jS of the position error. This 
signd is then phase shifted 90 degrees by 
a phase shift circuit and applied to two 
phase discriminators. The output of the 
j?'-discriminator eocx is proportional to the 
cosine of the phase angle 6+90 degrees 
of the applied signal and the output of the 
F-discriminator cdcy is proportional to 
the sine of that angle 

encx—^i cos (^+90 degrees) = —K sin 6 

( 20 ) 

cdcy—^i sin (5+90 degrees) =Ki cos 6 (21) 

These direct voltages are then fed through 
dead zones and surface-finish filters iden¬ 
tical with those in the 1-dimension con¬ 
touring control system. The X and F 
speed potentiometers which are ganged 
together, as indicated by the dashed line 
connecting them, merely reduce these 
d-c signals to the proper value before 
they are applied to the X and F speed 
loops. 

The X and F loops are identical in 
every respect to the speed loop in the 1- 
dimension contouring control system. 
The feed speeds, Vx and Fy, resulting in 
the case of this 2-dimension contouring 
control, are 

Vx - --K ’2 sin 6 = —Ki sin (90 degrees—iS) 

^-Kicos^ (22) 

Vy-K2 cos e-Ki cos (90 degrees—/?) 

-iiTasin^ (23) 

Referring these two velocities to Fig. 19 
indicates that the stylus and cutter are 
moving up the slope. The resultant 
velocity of the stylus is the vector sum of 
the two component velocities 

F8=Fx+Fy= |Fb| /a (24) 

where a is the angle of the resultant 
velocity with respect to the X-axis. Sub¬ 
stituting in the values for Vx and Fy 
gives 

iFshits ^25) 

(26) 

Therefore the resultant velocity is tan¬ 
gential to the surface of the template and 
its magnitude does not depend on the 
slope of the template, i.e., it is not a func¬ 
tion of i?. The tangential velocity is de¬ 
termined by K 2 , which can be set to any 
desired value by adjusting the speed 
potentiometers. It is also important to 
note that with a portion of the system 
disconnected at point the system can 
sense only the angle , of the deflection. 
The amplitude Xa of the deflection has 
been removed from the system error 
signal by the squaring amplifier. There¬ 


fore the system cotild follow a constant 
slope at a constant deflection Xd or it 
could just as well drift in or out, thereby 
varying the deflection. Ideally, it ex¬ 
hibits zero error to a constant velocity 
input. 

Any deviation of the stylus deflection 
Xd from the desired value can be com¬ 
pensated for to some degree by measuring 
the amplitude of the a-c signal which is 
the combined output of the bridges. 
This is accomplished by reconnecting the 
circuit at point A, The rectifier and 
filter produce a direct voltage directly 
proportional to the amplitude of the a-c 
signal applied, thereby making ea-c pro¬ 
portional to Xd- The direct voltage is 
applied through the conventional notch 
network to the bender circuit which pro¬ 
duces a change AS in the phase of the 
signal passing through the phase shifter. 
Under these conditions, the resultant 
feed speeds are 

Vx^-K 2 cos (/5+A5) = -X 2 cos (/?+ 

K^Xd) (27) 

Fy«X 2 sin (/9+A5) =Xa sin (/S+XaXa) 

(28) 

Therefore, if for some reason the de¬ 
flection Xd of the stylus attempts to 
change from the preset value (usually 
0.010 inch or 0.020 inch), the bender ac¬ 
tion will shift the phase of the error signal 
in such a direction as to oppose the 
change. The desired deflection is set by 
adjusting the bender circuit so that the 
change in phase A6 is zero at the value of 
Cd-o, which corresponds to the desired 
deflection. The system will then at¬ 
tempt to maintain this constant de¬ 
flection while following the template. 

Unbalance or drift in the system will be 
partially compensated for by the bender 
action. However, under these condi¬ 
tions, a steady-state deflection error may 
exist. For a given change in phase re¬ 
quired to compensate for an unbalance, 
the actual deflection error will be inversely 
proportional to the gain of the bender 
circuit Kb- The bender circuit is a part 
of the position loop and cannot have its 
gain increased indiscriminately, because 
the position loop may become unstable. 
As in the 1-dimension system, the sta¬ 
bility network of Fig. 10 is used in the 
position loop to insure stability at high- 
loop gains. The stability network will 
not be discussed further here. 

One additional factor concerning the 
deflection error must be considered. As 
lower feed rates are used (by setting the 
speed potentiometers to lower values), 
the position loop gain decreases and the 
position loop response becomes slower. 
This is not a desirable condition and has 


been remedied by mechanically connect¬ 
ing the bender gain potentiometer and 
the speed potentiometers in such a man¬ 
ner that lowering the feed rate will in¬ 
crease the bender gain, thereby keeping 
the loop gain constant. This has proved 
very satisfactory. 

System Performance 

The remarks made previously concern¬ 
ing the effects of backlash and excessive 
machine vibration on the performance of 
the 1-dimension system apply equally 
well to the 2-dimension system. The 
steady-state errors, with constant velocity 
inputs, on the other hand, are in general 
smaller in the 2-dimension system, being 
in the order of 0.002 inch at the higher 
feed rates, and 0.0002 inch at the lower 
feed rates. The transient errors at 
comers are determined by the same 
factors as discussed in conjunction with 
the 1-dimension system. 

Combinations of Basic Systems 

Selective 2-Dimension Contouring 

Control System 

A selective 2-dimension contouring 
control system is essentially a 2-dimen¬ 
sion system in which motion along any 
two mutually perpendicular machine 
axes can be controlled simultaneously. 
The electrical circuits can be switched to 
control any two of the feed motors. One 
type of tracer head for this system con¬ 
tains three electrical axes and is sensitive 
to deflections along all three mutually 
perpendicular axes, but the signals are 
selected from only two at a time. In a 
new tracer head for this system, only two 
electrical axes exist and the stylus de¬ 
flections along any two machine axes 
are mechanically switched to the same 
two electrical axes in the tracer head. 
The performance of this system is com¬ 
parable to that of the conventional 2- 
dimension control. 

Two-and -1 - Dimension Contouring 

Control System 

A 2-and-l-dimension contouring control 
system is used to control motion along 
three machine axes simultaneously. A 
2-dimension system is used for profiling 
and a 1-dimension system for depth con¬ 
trol. Two separate templates and tracer 
heads are used. The 2-dimension system 
supplies the independent feed for the 1- 
dimension system. 

The performance on profiling is deter¬ 
mined by the 2 - dimension system, 
whereas the performance on depth con¬ 
trol is determined by the 1-dimension 
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system. There is no electrical interaction 
between the systems except through 
auxiliary functions such as over- and 
under-deflection protection. 
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Quasi-Linearization Techniques for 
Transient Study of Nonlinear 
Feedback Control Systems 
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Syuojpsis: A new method of studying the 
transient response of a large class of non¬ 
linear feedback control systems to a step 
input has been developed. The basis of 
the new method is quasi-linearization by 
which the nonlinear system is converted 
to an equivalent linear model, subject to 
certain limitations. Evaluation of the 
transient characteristics of the quasi- 
linearized system through linear servo 
techniques furnishes an insight to the 
problem of designing the nonlinear feedback 
control system to meet its prescribed 
transient response. 


A nalyses and syntheses of feed¬ 
back control systems containing 
essential nonlinearities, whether inherent 
or deliberately put in the systems, have 
become a subject of wide interest. How¬ 
ever, because of the lack of a general solu¬ 
tion for nonlinear differential equations, 
all methods of nonlinear analysis are valid 
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only for certain types of nonlinear prob¬ 
lems. When the input to a specific non¬ 
linear system is given and the system 
transient response is to be found, one of 
the following methods may be used to 
obtain the result: 

1. Performance of an actual test on the 
system with the given input. 

2. Employment of an analogue or digital 
computer to represent the system and 
perform the test on the computer. 

3. Use of a step-by-step procedure to 
calculate the approximate transient re¬ 
sponse. 

However, if the problem is to design a 
nonlinear system which must have a 
prescribed transient response to a given 
input, these methods can be applied only 
in a strictly trial-and-error manner. The 
phase-plane method gives the designer an 
insight to the synthesis problem by pre¬ 
senting a perspective of all transient 
possibilities. Unfortunately, the con¬ 
sideration of adding a compensation net¬ 
work is usually rejected in this approach, 
because the phase-plane method cannot be 
simply extended to systems possessing 
many energy-storage elements. 

A recently developed technique known 
as the describing function method^”-* 
has proved very useful for designing as 
well as analyzing nonlinear feedback 
control systems for stability considera¬ 
tions. This method, based on quasi¬ 
linearization, converts the nonlinear ele¬ 
ment to an equivalent linear model whose 
parameters depend on the input magni¬ 
tude and frequency. The method is 
particularly valuable because of its great 


similarity to the well-known frequency- 
response method for designing linear servo 
systems. Hovwer, attempts to extend 
the describing function method to study 
the nonlinear transient problem have not 
appeared fruitful. Correlation between 
the frequency response and the transient 
response of a nonlinear system is unlikely 
in view of the invalidity of the principle 
of superposition in nonlinear analysis. 

The method to be introduced by this 
paper is a counterpart of the describing 
function method as it is based on the 
same general philosophy of quasi-linear¬ 
ization but is developed for studying the 
transient rather than the stability of 
nonlinear feedback control systems. It 
differs from the describing function 
method in that a transient type of test 
function instead of a sinusoidal test 
function is used to obtain the quasi- 
linear model. The concept of simpli¬ 
city is to be emphasized in the de¬ 
velopment of the method in order that 
the resultant scheme will particularly 
facilitate the design of nonlinear systems. 
Analysis of nonlinear systems is thus only 
a secondary function of the method. 

Since there are various standards by 
which the transient performance of a 
control system may be judged, it is 
necessary at the outset to state the nature 
of the transient problem to be considered. 

1. The input to the nonlinear system is 
assumed to be a step. This assumption, 
however, need not exclude the consideration 
of other forms of inputs which may be 
regarded as the step response of a fictitious 
network. 

2. As the transient specifications of control 
systems are often in terms of the delay 
time, the rise time, the maximum overshoot 
and undershoot, the settling time, and the 
transient envelope of the system output, 
the description of system transients in 
this paper will be in terms of these transient 
characteristics. 

3. Because of the approximation pro¬ 
cedure involved in quasi-linearization, as 
will be described later, the type of non¬ 
linearity to be considered is that of 2- 
terminal blocks containing piecewise linear 
gain followed by linear low-pass filter 
networks. 
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Fis. 1. Typical form of nonlinear feedback 
control system to be studied 


Limited as the scope of the problem 
appears to be, a large number of practical 
systems fall within this scope with justi¬ 
fied approximations. As the munber of 
energy storage elements which exist in 
the linear portion of the system is im¬ 
material, the range of application of the 
method is actually quite wide. 

General Principle of Quasi- 
Linearization 

Consider the nonlinear system in Fig. 1 
in which the block N represents the non¬ 
linear portion of the otherwise linear 
system. If the input dt is given, the 
response of the system at its various parts, 
Xiit), xoit), and OqO), are uniquely defined. 
Thus the nonlinear element N may be 
replaced by an equivalent linear network, 
provided the network bears an input-out¬ 
put relationship defined by Xi(t) and Xoit). 
Obviously, the parameters of the equiv¬ 
alent network will in general be func¬ 
tions of Xiit). Hence the following 
principle of quasi-linearization may be 
deduced: 

The quasi-linear representation of a non¬ 
linear element should be obtained by testing 
the element with its actual input or with 
a time function which approximates the 
actual input as closely as possible. 

Although not appearing previously in 
the literature, this principle has been fol¬ 
lowed by all present quasi-linearization 



(B) 

Fig. 2. Simple nonlinear feedback control 
system containing normalized limiter 


techniques. For example, when the 
input to a nonlinear characteristic is 
known to be a small increment around a 
quiescent operating point, the nonlinear 
characteristic will be tested around its 
operating point to obtain its equivalent 
linear gain. This is the well-known 
linearization technique, which is a special 
case of quasi-linearization. When a 
nonlinear system is in the steady state, 
the input to the nonlinear element is 
approximately sinusoidal (magnitude may 
range from zero to infinity), if it is pre¬ 
ceded by some low-pass linear filters. 
The equivalent linear transfer function of 
the nonlinear element under steady state 
may therefore be obtained by testing the 
nonlinear element with a sinusoidal input. 
This is the describing function method. 
Since the input to the nonlinear element 
is not sinusoidal in the transient state, the 
describing function does not represent the 
nonlinear element under transient. 
When the input to the nonlinear element 
has random magnitude which can be 
defined only by its statistical property, 
the test function for the nonlinear ele¬ 
ment should also be random and have the 
same statistical distribution in magnitude. 
This is the approach used by Booton in 
his quasi-linearization method.® 

Quasi-Linear Model for Transient 
Study 

In the light of the expressed principle 
the quasi-linear representation of a non¬ 
linear element for transient study should 
be obtained by testing the nonlinearity 
with a transient type of signal which 
simulates the actual input to the nonlinear 
element. However, before the system 
transient is determined, the transient 
mode of the actual input to the nonlinear 
element is unkown. Hence the follow¬ 
ing step-by-step procedure of quasi¬ 
linearization is proposed. 

Since the nonlinearity considered is 
piecewise linear, the operating point of the 
nonlinear element is expected to shift 
during the transient over several linear 
ranges. A quick evaluation of the actual 
transient response in the first linear range 
through linear servo techniques deter¬ 
mines the test function for the non¬ 
linearity in the first two linear ranges. 
The quasi-linear representation of the 
nonlinear system thus obtained permits a 
quick evaluation of the actual transient 
response in the second linear range. This 
will in turn determine the test function 
for the nonlinearity in the first three linear 
ranges, and so forth. Although this 
procedure appears to be similar to the 
ordinary step-by-step solution, it provides 



Fig. 3. Testing limiter by actual input 


useful guidance for design work by in¬ 
dicating how system transient character¬ 
istics would vary with the system param¬ 
eters, as will be shown in later examples. 

Consider the simple nonlinear feedback 
control system in Fig. 2(A). The non¬ 
linear portion of the system contains a 
normalized limi ter whose characteristic 
is described in Fig. 2(B). The input 6i(t) 
is a step function of magnitude n, which 
is greater than unity. Thus, immediately 
following ^=0, the limiter output is unity 
and doit) =Kt until t==(n-l)/K, Hence, 
for 0<t<(n—l)/K, the actual input to 
the nonlinear element is Xi(t)=n—Kt, 
and this function is used to test the 
limiter. The corresponding output is 
shown in Fig. 3. The nonlinear element 
pqn then be replaced by an equivalent 
active linear element as shown in Fig. 
4(A). (The use of an equivalent passive 
linear element is possible but has proved 
not so flexible as the use of an active ele¬ 
ment.) The passive part of the quasi- 
Hnear network is the linearized gain of the 
limiter in the unlimited region (=1) and 
the active signal ait) accounts for the 
discrepancy between Xiit) and Xoit), the 
shaded portion of Xi in Fig. 4, when the 
limiter operates in the limited region. 
To facilitate analysis of the quasi-linear- 



(B) 


Fig. 4. Replacement of nonlinear element 
by quasi-linear element 

A—Active quasi-linear element 
B—Equivalent block diagram of A 


Chen—Techniques for Study of Nonlinear Feedback Control Systems 


January 1956 


355 






(A) 



(B) 

Fig. 5. Resultant quasi-iinear representation 
of Fig. 2 



Fig. 6. Approximation of trapezoidal pulse 
by single exponential function 


ized block diagram, Fig. 4(A) is trans¬ 
formed to Fig. 4(B), where the transfer 
function Ga(s) is defined such that when 
its input is a step function of magnitude n 
its output is equal to a(t). The mathe¬ 
matical expression of Gais) is 



Replacement of the nonlinear element by 
the blocks in Fig. 4(B) results in the quasi- 
linearized system shown in Fig. 6(A), 
which may be converted to the form given 
in Fig. 6(B) by block diagram manipula¬ 
tion. The over-all transfer function is 
then 

( 2 ) 

The effect of nonlinearity is thus approxi¬ 
mated by inserting a certain linear net¬ 
work outside the dosed loop. Notice that 
the parameters of Gais) are functions of n 
as well as K, indicating that the shape of 


the system response is dependent on the 
input magnitude. This is indeed a 
property of nonlinear systems. 

The input to the limiter, in the 
foregoing example was obtained by in¬ 
spection. It is conceivable that its 
evaluation would be much more difficult 
if the linear portion of the system were 
more complex. Ga(s) given in equation 1 
is a transcendental function of s* and hence 
requires special techniques in analyzing 
the resultant over-all system transfer 
function. For design and for synthesis 
purposes, it is always desirable to evaluate 
the input to the nonlinear element quickly 
even in a complex system and to approxi¬ 
mate Ga(s) by an algebraic function of 
^ even at a sacrifice of some accuracy in 
the final result. This point of view leads 
to the two approximation schemes to be 
described. 

Quick Evaluation of Approximate 
Transient Response of Linear 
Systems 

The purpose of developing methods for 
quick evaluation of approximate transient 
response of linear systems in connection 
with the proposed quasi-linearization 
technique is twofold: To determine the 
proper test function for the nonlinear 
element, thereby obtaining quasi-linear¬ 
ization, and to appraise the equivalent 
linear system after quasi-linearization is 
performed. The methods to be de¬ 
veloped contain no basically new ideas. 
They are merely a combination, a modi¬ 
fication, and an extension of a number of 
known linear servo techniques. 

Both the frequency response asymptote 
plot and the pole-zero plot of linear trans¬ 
fer functions are used as working media 
for evaluating the transient response of 
the system and for redesigning the system 
to meet prescribed transient response. 
Brief derivation of these methods is 
given in the Appendix. Only those re¬ 
sults which are instrumental in working 
out the sample problems later in this 
paper are given in the Appendix. For 
other related results the reader is referred 
to the original work® from which the 
material is excerpted. 

Fade’s Approximation 

It has been explained that the proposed 
quasi-linearization procedure requires the 
finding of an algebraic transfer function 
which approximately describes an ar¬ 
bitrary input-output relationship. A 
method known as the Fade’s approxima¬ 
tion can fulfill this function to any de¬ 
sired degree of accuracy.^ It consists of 
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ORIGINAL LINEARIZED 
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Fig. 7. Equivalent effect of nonlinearity as 
Interpreted by quasi-linearization with proper 
approximation 
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n-i 


4Kn 
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Fig. 8. Pole-zero plot of eo/Si (s) of system 
in Fig. 7 



Fig. 9. Actual and approximate output of 
nonlinear system in Fig. 2 


comparing the Maclaurin’s series ex¬ 
pansion of the ratio of the Laplace trans¬ 
forms of the arbitrary input and output 
with a similar expansion of the algebraic 
transfer function to be determined. 
Equating the coefi&cients of lower order 
terms of r in these two series 3 delds the 
parameters of the approximate algebraic 
transfer function. Matching the lower 
order terms of r is a sensible basis of 
approximation in the present case because 
the approximate transfer function is 
expected to be followed by other transfer 
functions of the low-pass nature in prac¬ 
tical systems. 

As an illustration to the Fade’s approxi¬ 
mation, the transcendental transfer func¬ 
tion Ga($) in equation 1 is to be approxi¬ 
mated by an algebraic transfer function 
^a(s) of the first order. Expanding 
equation 1 into a Maclaurin’s series 


Ga(s)^ 


2lnK * 


(«-!)» («-l)4 

3!».S:® 4!»r»* ••• 

(3) 
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Expanding the algebraic transfer func¬ 
tion into a Maclaurin's series 


Gais)^ 




bo~{-biS 

-(ao+ais) 






•••] 


(4) 


where the parameters ao, &o and bi are 
to be determined. Equating the co¬ 
efficients of 5 ®, and terms in equations 
3 and 4 gives 


ao6i ai_ («—!)* 
6o*'^6o” 2\nK 


Cobi^ 


aibi_ -(n-iy 

“ bo^ 3\nK^ 


(5A) 

(SB) 

(SC) 


Fig. 12. Linearization of nonlinear servo in its high-gain region 

A—Block diagram 

B—Frequency asymptotes for Ka>1/T 
C—Frequency asymptotes for Ka<1 /T 


in obtaining Ga(s) will lead to more satis¬ 
factory results. For example, suppose 
that a proper algebraic transfer fimction 
5a (a) is to be found, which has a step 
response approximating the trapazoidal 
pulse a(t) given in Fig. 6. If the Fade's 
approximation is used in the same manner 
as in setting up equations 3 to 6, the 
following expression of 5a (a) will be ob¬ 
tained. 


5a(A) = 


(m/n)iT4+Tr/2)s 

Tr^+ZTgTry ^ ^ 


( 6 ) 


\ 6Ta+3Tr 


Any one of the four parameters Oo, di, &o, 
and bi may be set to an arbitrary nonzero 
number without affecting 5a( a). The 
usual choice is to equate &o to unity. 
Then the three simultaneous equations 
6 will tmiquely determine Ga(s), Equat¬ 
ing coefficients of s terms in equa¬ 
tions 3 and 4 higher than the second order 
would result in contradiction. This 
means 5 a(s) approximates Ga(s) to the 
second degree. For better approxima¬ 
tion, Gais) must contain more terms. 
However, for ordinary design work, 
5a (a) usually need not contain terms 
higher than the second order. For rough 
estimates of transient characteristics, even 
a second-degree approximation as in 
equation 4 is sufficient in most cases. 

In quasi-linearization, the given ar¬ 
bitrary output is in general a finite pulse. 
Usually the part of the system transient 
whidi follows the termination of the 
pulse is of interest. When this is the case, 
and when 5a (a) contains but a few terms, 
modification of the Fade’s approximation 


where n is the magnitude of the input 
step, and m, Ta and Tr are given in Fig. 6. 
The actual step response corresponding 
to 5a(A) is a single time-constant ex¬ 
ponential shown in the same figure and 
denoted by S(/). The trapazoidal pulse 
a(t) is approximated by Q(t) to the second 
degree in the sense that they have the 
same areas and the same first moments. 
That is 


f 


5(0* = r a(0* 

Jo 

(7A) 

tS(.t)dt= J ta{t)dt 

(7B) 



However, the time constant of S(t) is 
so long that the magnitude of s(0 is 
still considerable, long after the pulse 
a(t) terminates. This will cause signifi¬ 
cant error in evaluating the system 
transient shortly after the termination 
of a(t). Thus, a better expression of a 
first-order 5a (a) is 


„-M> 

j(Ta+Tr)s+l 

4 


( 8 ) 


Now, S(t) corresponding to 5a(A) in 
equation 8 retains the general shape as 
S(t) in Fig. 6 and still satisfies equation 
7(A), and its time constant is so short 
that it decays to almost zero when a(t) 
tenninates at /= Ta+ 

Integration of Approximate Methods 
with New Quasi-Linearization 
Technique 

The integration of the approximate 
methods with the new quasi-linearization 
technique can best be explained by carry¬ 
ing on the transient study in the previous 
example. The fictitious transfer func¬ 
tion Ga(s) in Fig. 5 may now be replaced 
by the approximate algebraic transfer 
function 5a(A) given by equation 8 with 
the substitution that m — n—lf 7^=0 
and Tr^(n-1)/K, This results in the 
block diagram in Fig. 7. The over-all 
transfer function of the system is then 


Fig, 11. Block diagram of normalized system 
in Fig. 10 
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Fig. 13. Estimated output in initial transient 
stage 



Fig. 14. Testing nonlinear element by ap¬ 
proximate Xi 



(B) 


Fig. 15. Quasi-linearized system of Fig. 11 


Now, the approximate methods de¬ 
veloped in the Appendix can be used to 
study the quasi-linearized nonlinear sys¬ 
tem as if it were linear. The pole-zero 
configuration of the transfer function of 
equation 9 is displayed in Fig. 8 (poles 
designated by crosses, zeros by circles). 
The system response is monotonic as there 
are no complex poles. The pole closer to 
the origin determines the rise time, and 
the approximate delay time is given by 

Td— l)/8ir+(?j — l)(w-.2)/(8ir«); 
see the Appendix. Thus the approximate 
output may be easily sketched, as shown 
in Fig. 9. 


The pole-zero plot in Fig. 8 offers to the 
designer a clear perspective of the rela¬ 
tionship between system response and 
system parameters. The normalized 
system in Fig. 2 may be considered to 
represent an actual system having a 
limiter of ceiling equal to 1/n and a unit 
step input. Reducing the ceiling, or in¬ 
creasing n, shifts the pole at — 

1) and the zero at {4Kn)/(ji — \) (n-2), 
for n>2y closer to the origin. This corres¬ 
ponds to an increase in delay time and 
therefore a slower response. When the 
ceiling is so low or « is so large that (4K) 
/(n—1) becomes smaller than K, the rise 
time becomes dominated by the pole at — 
(4K)/(n-’l) and the system speed of 
response is greatly reduced. On the 
other hand, raising the ceiling or de¬ 
creasing n shifts the pole and the zero 
away from the origin, thereby result¬ 
ing in a shorter delay time and faster 
response. For 1<^<2, the zero is in 
the left-half plane and effects further 
reduction in delay time. The zero never 
falls between the two poles since \n/ 
(«-2)|>l and 4 /(m— 1)>1 for 1 <m< 2. 
Finally, as the ceiling approaches the 
magmtude of the input, or as n approaches 
unity, both the pole and the zero move to 
infinity. The system then operates in 
the unlimited region during the entire 
transient, and the transfer function of 
equation 9 becomes simply {K)/{s+K)y 
which is the transfer function of the linear¬ 
ized system. The case of n<l has no 
meaning for equation 9 as this condition 
contradicts with the original assumption 
for the development of the equation. 

These results check with physical 
reasoning and intuition. The transient 
study also points out that as the limiter 
ceiling is raised beyond a certain limit, 
the rise time is governed by the time 
constant l/Ky and further elevation of 
the ceiling is not an efficient way to speed 
up the system response. 



Fjg. 16. Overshoot-factor chart for double- 
order dominant real pole at —1 


CLOSED-LOOP 

pole-zero plot 


CLOSED-LOOP 
FREQUENCY PLOT 




Transient Study of Nonlinearized 
Servomechanism 

Application of the proposed quasi¬ 
linearization technique to more compli¬ 
cated transient problems is illustrated in 
the following example. Consider a 
typical positional servomechanism in Fig. 
10(A). The gain of the demodulator- 
amplifier is deliberately nonlinearized to 
the fonn shown in Fig. 10(B). This “in¬ 
verted saturation’' or “hard-spring” effect 
has the advantage that the system 
responds quickly to large inputs, yet 
possesses considerable stability, and the 
bandwidth of system response for small- 
noise signals is minimized. Assume that 


Fig. 17. Effect of varying input magnitude n 

the amplifier has negligible time constant 
and the motor operates in the linear 
range during all transients. The block 
diagram of the system is shown in Fig. 11 
with the nonlinear gain normalized. 
The system is subjected to a step input. 
The effect of varying the step input 
magnitude (»>1), and of varying the 
gain a upon the system transient response 
will be studied. Insertion of linear lead 
and lag networks in the nonlinear system 
will be considered. 

The same system for T and K chosen 
to give critical damping in the low-gain 
region has been analyzed by Blumenthal 
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Fig. 18. Design lead network compensa¬ 
tion 


and Beck, who solved the piecewise 
linear differential equations by the 
ordinary step-by-step method.® Their 
results will provide a convenient check 
for results in the present example. 

Since «>1, the nonlinear element will 
operate in the high-gain region im¬ 
mediately following the initiation of the 
step input at /=0. To quasi-linearize the 
system, the approximate input to the 
nonlinear element, xu during the system’s 
operation in the high-gain region, is 
first to be found. Linearization of the 
system in the high-gain region results in 
the block diagram shown in Fig. 12(A). 
The incremental quantities are related 
to their corresponding total quantities in 
the following manner. 


Oi^l-^Adi (lOA) 

(?o = 0“l-A^o (1®®) 

Xi = l-\-AXi (IOC) 

jCo = 14-A«;o (lOB) 


The frequency asymptotes of the linear¬ 
ized systems are shown in Fig, 12(B) and 
12(C), depending on the relative magni¬ 
tude oi K a with respect to T. 1/Tc is 
the asymptote crossover frequency and 
may be expressed as 

= for Ka>^ (llA) 




= ^ for Ka<\, (IIB) 

Kct I 


According to the rules of thumb de¬ 
veloped in the Appendix, the initial 
transient stage of the output Bq may be 
approximated by two straight-line seg¬ 
ments, as in Fig. 13, where 

r<i=| r for Kc,<^ ( 12 B) 


3 sir 


for 


3 1 

2^“ 2 Ka 


for 


T 

T 


(i3A) 

(13B) 


The approximate Xi may be readily 
derived from the approximate A^o and is 
used to test the nonlinear element, as 
shown in Fig. 14, in which the shaded 
area in the output wave form indicates 
the effect of the existence of a high-gain 
region. Following the procedure out¬ 
lined in the previous example, the quasi- 
linearized system in Fig. 15(A) may be 
deduced. Using equation 8 to approxi¬ 
mate Ga{s) and by proper substitution 
and block diagram manipulation, the 
resultant block diagram of Fig. 15(B), 
in which the lead network has the follow¬ 
ing transfer function, may be obtained. 


^*^ + 1 (14) 

rjs+i 


where 



for Ka>- (15A) 



1+—(«-l)X 
n 


2(2TKa+df 

TKa+B 


for 



(15B) 




IV 

(ISC) 



^ for 

(ISD) 


Note that although the effect of non¬ 
linearity upon transient response is equiv¬ 
alent to that of putting a linear lead 
network outside the loop, the advantage 
of feeding back the actual output signal to 
the input for minimizing drift is not re¬ 
tained if a strictly linear system is con¬ 
structed according to Fig. 15(B). 

To illustrate the use of the results given 
in the Appendix, assume that n = 5, 
a = 5, and TK=l/4:, Since aK>l/T in 
this case, the delay time Ta and the rise 
time Tt of the output are given by 
equations 12 (A) and 13 (A). 





The over-all transfer function is 

lo. 0.224X W (^3) 

e, ^ (X-bl)2 0.224X-1-1 

where X = V T/K s. The double pole at 
Xs=—1 is evidently the dominant one. 
The overshoot factor is contributed 
mainly by thezeroat — (l)/(0.224 X9) and 
is read from Fig. 16 to be “* 1.9 in natural 
logarithm or 0.15 per unit, which means 
that the overshoot value is 5 X (1+0.15) — 
5.75. The time at which the overshoot 
occurs is given by equation 35 to be 2.28 
in the time scale corresponding to X. 
The results all check within 10 per cent 
with the exact solution obtained by 
Blumenthal and Beck.® 

Next will be considered the effect of 
varying n on the transient response. 


Fig. 19 (left). Nonlinear servo 
with lead network compensation] 

A—Pole-zero plot for Tb<0.1 
but still relatively large 
B—^Transient responses 


Fig. 20 (righO- Frequency re¬ 
sponse of typical linear feed¬ 
back system 
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Fig, 21 (left)- Transient character* 
istics of oscillatory and monotonic 
responses 



Again assume a=5 and TiT = 1/4, Since 
equations 15 indicate that is independ¬ 
ent of n, the pole-zero plot and the 
frequency-response plot of do/di may be 
sketched for various magnitudes of n as 
shown in Fig. 17. The corresponding 
transient respons^es are sketched in the 
same figure by using the rules of thumb 
described in the Appendix. Increasing n 
in the normalized nonlinear system is 
equivalent to narrowing the low-gain 
range in an actual system with constant 
input magnitude. Thus, the apparent 
^ect of introducing the high-gain region 
into the system which is critically damped 
. in the low-gain region is to speed up its 
response. However, if the low-gain re¬ 
gion is too narrow, the overshoot may be 
excessive. 

Varying the magnitude of the high 
gain a will affect Ti and T 2 . The e^/di 
plots for various magnitudes of a and 
their corresponding transient responses 
may be sketeched in a like manner. The 
effect of decreasing a is similar to that 
of decreasing 

The insertion of a linear compensation 
network inside the feedback loop affects 
the quasi-linear block diagram of Fig. 15 
in two respects. First, it affects the 
linearized system in the low-gain region. 
In this respect, the relative position of 
the compensation network in the loop 
ywth respect to the nonlinear element is 
immaterial. Second, the compensation 
network affects the test function for the 
nonlinear element and therefore the 
equivalent lead network outside the loop. 

In this respect, the question whether the 
compensation network precedes or follows 
the nonlinear element has significance. 
We shall consider the effect of inserting a 
lead network <?c(i) = Cr<,r+l)/(r,r+l), 
between the nonlinear device and 
the motor. Note that the transfer func- 


5'a(r) = 


n V 2 ^2^2^17.5 r 


4 ^ 2 ^ 2 ^ 17 . 5 / 


r+1 


(2.4ri,+0.206)r 

"(0.126r»+0.0214)s+l 

The over-all transfer function is 

1 



Rg. 22 (right). Corresponding 
ranges in time domain, frequency 
plot, and complex frequency do¬ 
main 

A—^Time response 
B—Open-loop frequency plot 
C—Closed-loop poles and zeros 


tion Gcis)K/s{T$’\-V) still has low-pass 
nature, and hence the Fade’s approxima¬ 
tion may still be used in evaluating 
Ga{sy 

To fix ideas, assume that «=5, or —7, 
and Jr=2.5. 'The system with 
this set of parameters is found to exhibit 
an excessive overshoot in its step re¬ 
sponse. A lead network Gc(s) is to be 
designed to suppress the overshoot and 
speed up the system response, if possible. 
The open-loop frequency asymptotes of 
the system is shown in Fig. 18. That the 
bandwidth of the system in the low-gain 
region be unchanged for noise effect con¬ 
siderations, the lead network should have 
its break frequencies above 2.5 radians per 
second. For convenience, make the 
zero (at ■—l/P^) of the lead network 
coincide with the open-loop pole at — 1 /T, 
This will extend the -20 decibels (db) 
per decade (dec) asymptote to the break 
point at l/Tj. The rise time T/ is given 
by 3/2 divided by where a)c=17.5 is 
the frequency at the intersection of the 
extended asymptote with the ak-db 
line. The delay time is given by (1 /2) 

The transfer function Sa(s) defined in 
Fig. 15 may therefore be approximated, 
according to equation 8 by 



I 




(c) 


“Ur • 


S-PLANE 




Ti^-H 

T2^"f" 1 


( 20 ) 


where 


i-Vi-ion 

( 21 A) 

^ 2Tt 

i+Vi-ion 


II 

( 21 B) 

rj= 2 . 53 r 6 -l- 0.227 

( 21 C) 

Tj= 0 . 1257 i,-f- 0.0214 

( 21 D) 
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The poles at —y and —g are those of the 
linearized transfer function for the low- 
gain region. The pole at -1 /Tt and the 
zero at — 1/Ti are due to the nonlinearity. 
The pole-zero plot of shown in Fig. 
19(A) corresponds to the case of a rela¬ 
tively large (rj,<0.1 in all cases). The 

system response will have an overshoot 
and the rise time is mainly determined by 
y. On the other hand, if is small, the 
zero at — 1/Ti will move to the left of —y. 
Then there will be no over-shoot in the 
transient response and the delay time will 
become negrative, but the rise time is still 
governed by y. This means a rapid initaJ 
rise of the system to a fraction of the 
stea.dy-state value followed by a transient 
which has a long tail. The most desirable 
choice for is such that the zero at 
— l/Ti cancels the pole at —y. Then 
there will be negligible overshoot and the 
speed of response is determined by the 
pole at -z, resulting in a much faster 
system. The proper value of Tt is ob¬ 
tained by equating y to l/Ti, which are 
given by equations 21(A) and 21(C) 
respectively. This yields rj=0.047. 
Hence the desired lead network is Gc(s) = 
(0.1s-(-l)/(0.047s-|-l). The transient re- 
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ponses for various values of are 
sketched in Fig. 19(B). The results have 
been checked by an analogue computer. 

A similar approach may be used to 
design a lag network in order to suppress 
overshoot. However, it was found that 
when the lag network was introduced 
substantially below the crossover fre¬ 
quency, the optimum speed of response 
was much lower than that obtainable by 
a lead network compensation. When the 
lag network was introduced near the 
crossover frequency, system instability 
resulted, as could be predicted by a de¬ 
scribing function analysis.® 

Conclusions 

Nonlinear differential equations have 
no general solutions. The study of non¬ 
linear system dynamics therefore requires 
some form of approximations and simpli¬ 
fications. The novel quasi-linearization 
technique developed in this paper is one 
of these reasonable approximations. Its 
value as a tool of synthesis has been em¬ 
phasized and demonstrated. 

Although the proposed method is 
straightforward when the nonlinearity 
considered is relatively simple, the com¬ 
plexity in applying the method increases 
rapidly when there are several nonlinear 
elements in the system and when the 
system oscillates several times between 
two piecewise linear regions. It is be¬ 
lieved that the design of a certain class of 
nonlinear systems can be carried out most 
efiSciently by first using the describing 
function method to insure stability, then 
applying the present method to study the 
transient problem, and finally using a 
computer or performing actual tests on 
the designed prototype to check test re¬ 
sults with the design objectives. Cut- 
and-try procedure is inevitable in all 
design problems which have no unique 
solutions. Intelligent guidance to non¬ 
linear system design is the important func¬ 
tion provided by the quasi-linearization 
techniques. 

Finally, it should be pointed out that 
the approximate methods described in this 
paper for studying transient response of 
linear systems and for deriving an 
algebraic transfer function with ar¬ 
bitrary input-output relationship are not 
the o^y means to accomplish their ends. 
The author wishes to bring forth in this 
paper the concept of a new application of 
quasi-linearization and not to propose a 
stereotyped quasi-linearization procedure. 
If the paper encourages further develop¬ 
ment of quasi-linearization techniques, 
the author’s goal in presenting this paper 
shall have been achieved. 


Appendix. Quicic Evaluation of 
Approximate Transient Response 
of Linear Systems 


Evaluating Closed-Loop Poles 

Approximate locations of closed-loop 
poles can be quickly determined by com¬ 
bining a well-known approximate method 
which has been thoroughly treated by 
Biemson* and the feedbadc charts de¬ 
veloped by Yeh.“ 

Consider the linear closed-loop system 
and its open-loop gain-frequency asymptote 
plot in Fig. 20. When |Cr|>15 db, the 
following approximation may be written 


^ _L_^^- 

di \-\-G G 


( 22 ) 


When 16^1 < — 15 db, the following ap¬ 
proximation may be written 


Bi 


(23) 


Hence, the following conclusion may be 
drawn: When 1G|^15 db, the zeros of 
the open-loop transfer function are the 
approximate closed-loop poles, and when 
|G=1< —15 db, the poles of the open-loop 
transfer function are the approximate 
closed-loop poles. The choice of =hl5 
db as the upper and lower limits is 
arbitrary within the bounds of engineer¬ 
ing judgment. Thus, two closed-loop poles 
of the system in Fig. 20 are approximately 
at 5 = —Ui, and Ja* 

For —15 db<|G|<-l-15 db, the break 
frequencies outside the ±15-db band may 
be ignored. The frequency plot in Fig. 20 
outside the d=15-db band is then approxi¬ 
mated by the slant dashed lines which are 
extensions of the actual asymptotes crossing 
the =bl5-db lines. In other words, for 
[6^1 within the d=15-db limits, it may be 
considered that 15 and 

hence the following approximations may 
be taken. 


JC(5+ai) _ K/hz 


(24) 


% iC/53 

er l+Gis)^ s(^s+h2)’^K/bz 


(25) 


The other two approximate closed-loop 
poles of the system may then be easily 
evaluated from equation 25 by solving a 
quadratic equation. 

It is found that in almost all practical 
systems, the G(5) within =tl5-db limits 
may be approximated by a transfer function 
not higher than the third order. When 
G{s) is of the third order, the closed-loop 
poles may best be located not by solving 
the third-order characteristic equation, 
but by using the feedback charts developed 
by Yeh.^° Yeh’s feedback charts, which 
were derived as general root loci, contain 
families of root loci for the closed-loop 
poles with the loop gain and the relative 
positions of the open-loop poles and zeros 
as the varying parameters. These charts 
are valuable not only in determining the 
closed-loop poles but in helping the de¬ 
signer to choose proper open-loop functions 
to shift the closed-loop poles to desired 
locations. 


Meaning of Transient Characteristics 

In general, the designer of a control 
system is interested only in the prominent 
features of the transient response. Thus, 
the actual transient response indicated by 
the dashed curves in Fig. 21(A) may be 
represented by the solid straight-line 
segments Oabcde in the same fig^e without 
losing its significant characteristics. The 
delay time Ta, the rise time TV, the magni¬ 
tude of overshoots and undershoots and 
the time at which they occur, and the 
settling time Tg characterize the complete 
transient response. Notice that while 
Ts may be defined as the time after which 
the envelope of the error becomes smaller 
than a predetermined value E, there are 
no clear-cut definitions for Ta and Tr. 

When the response is monotonic as shown 
in Fig. 21 (B), it may be shown mathe¬ 
matically that the response may be ap¬ 
proximated by a fixed time delay followed 
by a single exponential rise.^^ In this 
case, Td has a convenient definition, and 
the rise time Tr should be a measure of the 
time constant of the single exponential 
rise. 

Division of Transient Response into 
Three Ranges 

The closed-loop transient response in the 
^-domain may be subdivided into three 
ranges, each corresponding to a certain 
range in the open-loop frequency response 
and in the closed-loop pole-zero plot as in 
Fig. 22. This is based on the theory that 
a function near infinity of the /-domain 
corresponds to its transform function 
near the origin of the ^-domain,^ and vice 
versa. Range I is the subtransient stage 
in the time domain, in which the transient 
terms corresponding to the poles remote 
from the origin of the 5 -plane or those 
above the crossover frequency in the 
frequency plot play the important role. 
Range II in the /-domain is the main 
transient stage which is characterized by 
the rise time and the maximum overshoot 
if there is one. This range corresponds 
to that near the crossover frequency in 
the frequency plot. The transient term 
which has the largest magnitude among 
others and has a relatively long time 
constant dominates in this range. Range 
III is mainly the tail of the transient 
response, which is affected by the transient 
terms corresponding to open-loop zeros 
above the -1-15-db line in the frequency 
plot if there is any. Note that, in Fig. 
22, the real pole nearest the origin does 
not correspond to the dominant transient 
term because of its proximity to a zero. 


Evaluating Delay Time 


Delay time is contributed mainly by the 
poles and zeros in range I. Consider a 
transfer function which has a pole — ^ and 
a zero —a quite remote from the origin 
5=0. The transfer function may be 
written as 


di 



(26) 
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Fis. 23. Determination of settlins time 


Now 


be approximated by a straight-line tangent 
to the response time-function through the 
inflection point at Thus the 

rise time is related to where is 

in the neighborhood of the open-loop 
crossover frequency The rule of thumb, 
for lack of a better method, is to take the 
rise time as approximately equal to 3/2o)c 
in practically all cases of oscillatory re¬ 
sponse. 

In the case of a monotonic system re¬ 
sponse, the dominant transient term is a 
single exponential with a time constant 
approximately equal to l/coc Then 3/2ajc 
is the time for the response to rise to about 
77 per cent of its steady-state value. 

Evaluating Overshoots and 
Undershoots 


If the nondominant transient terms are 
neglected, the derivative of time response is 

f'(0^€~^[Ai(l-i)-A2] (33) 

The^ zeros of /'(O or the maxima and 
minima of f(t) occur at 


Substituting equations 32(A) and 32(B) 
into equation 34 

m ^ n i 

w) 

Substituting equations 32(A), 32(B) and 
35 into equation 31, one may evaluate the 
overshoot factor in per units as follows 


^2 ^3 
Of 2!of^ ' 3 !q:^ 




(27A) 


'V 0 21/3^^31/3^^ J 


(27B) 


For large a and /3 and small 5 , the 5 terms 
in equations 27(A) and 27(B) higher than 
the first order may be neglected and equa¬ 
tion 26 may be written as 


^ (i) « (28) 

Thus, so far as the transient response for 
(corresponding to s being small) is 
concerned, the effect of the pole —/5 and 
the zero —a is in their contribution to a 
delay time -l/of. If the zero 

were at +«; i.e., in the right half of the 
5-plane, the delay time would be 
1/^H-l/of. In practical cases, however, 
the poles and zeros in range I are not 
quite remote from the origin. The rule of 
thumb for evaluating their contribution 
to the delay time is to apply a factor of 
1/2 to their time constants. 

The delay time attributed to a pair of 
complex poles is equal to l/2«», where 
«« is the undamped natural frequency, 
regardless of its damping factor. This 
rule was established through a pictorial 
study of the transient response of a second- 
order oscillatory system. «« of the closed- 
loop complex poles is approximately equal 
to wc, the crossover frequency of the open- 
loop frequency plot, if the crossover asymp¬ 
tote has a slope of —40 db per dec, and is 
approximately equal to the first break 
frequency beyond coc if the crossover 
asymptote has a slope of -20 db per dec. 

According to these rules of thumb, the 
delay time associated with the system of 
Fig. 20 is approximately equal to 1/52+ 
1/58. coo contributes nil to the delay time 
since the crossover asymptote has a slope 
of —20 db per dec. 


Evaluating Rise Time 


If a system response is oscillatory, its 
dominant transient term may be approxi¬ 
mated by that of a second-order system 
described by the differential equation 


1 d% 2r d(?o , , ^ 

<anr dt^ 03n dt 


(29) 


The rising portion of the response may 


A method of quickly estimating the 
magnitude of overshoots and undershoots 
as well as the time at which they occur 
from the given closed-loop pole-zero con¬ 
figuration has been developed by Mulli¬ 
gan. Results were given in the form of 
charts for the case of a pair of dominant 
complex poles. The method is based on 
the evaluation of the overshoot contributed 
by the dominant transient term only. 
The approximation lies in the negligence 
of all transient terms other than the domi¬ 
nant one, but the presence of poles and zeros 
other than the dominant pair is not ignored 
in determining the magnitude of the 
dominant transient term. Extension of 
Mulligan’s method to the case of a dominant 
double-order real pole is given in the 
following. 

Consider a system which has m real zeros 
and n real poles and that the system func¬ 
tion has been normalized so that the 
dominant double-order pole is at —1. 
Then the Laplace transform of the ampli¬ 
tude-normalized step response is 

n m 

(> 0 ) 

Htto 5(5+1)211(5+5^) 

where ym, and 8n indicate locations of zeros 
and poles respectively. The time response 
may be written as 

f{t)^l-\-Ait€ ^+.42€""*+other 

nondominant transient terms (31) 

where 


^i=- 


n- 

ym 

n- 

l+5n 


(32A) 
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^ -1+ym 
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5n 

(36) 

From equation 36 it is seen that the over¬ 
shoot factor in natural logarithm con¬ 
tributed by the jth real zero is 




Djo Dji 


(37) 


where Dji -l+ 7 »t and Dj^—ym are 

the distances from the zero to the double¬ 
order pole and to the origin respectively. 
Equation 37 applies to the overshoot factor 
due to a real pole if the signs are changed. 
The expression of equation 37 is plotted 
in Fig. 16 as an overshoot-factor chart. 
In view of equations 31 through 36, the 
following remarks may be made. 


1. If the total number of poles and zeros 
of F{s)/$ between the origin and —1 is 
odd, there is an overshoot; if even, there is 
an undershoot, unless (l-. 42 /^i)< 0 . 

2. If (l—A2/Ai)<.0, there is neither an 
overshoot nor an undershoot. 


Likewise, an overshoot factor chart 
may be derived for the case of a pair of 
dominant real poles at —1 and —a, («<!).» 
In this case, the follcfwing is pertinent: 
In most practical cases, if the total number 
of zeros and poles of the transfer function 
F(5)/5 between the origin and —a and that 
between the origin and —1 excluding the 
pole at — a are both odd, there is an over¬ 
shoot; if both even, there is an under¬ 
shoot; and if one number is odd and the 
other even, there is no overshoot or under¬ 
shoot. 


Evaluating Settling Time 

The settling time is affected by transient 
terms corresponding to the poles in both 
ranges II and III. The relative significance 
of these terms depends on which term 
dominates the transient when the pre¬ 
determined allowable value of error is 
neared. The magnitude of the transient 
term corresponding to range II may be 
determined from a modified form of Mulli¬ 
gan’s charts.^® The magnitude of the 
transient term corresponding to a pole 
in range III may be shown® to be approxi¬ 
mately equal to the reciprocal of the open- 
loop gain at a frequency corresponding to 
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this pole in range III. Thus, for the system 
of Fig, 20 the magnitude of the transient 
term corresponding to the closed-loop pole 
approximately at —a\ is equal to kai\ 
see Fig. 20. Each of these transient terms 
is then plotted on semilogarithmic graph 
paper as in Fig. 23. The transient term 
which reaches the allowable error last 
determines the settling time. 
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Discussion 

Rudolf E. Kalman (Columbia University, 
New York, N. Y.): Dr. Chen’s courageous 
and thoughful effort toward a more compre¬ 
hensive understanding of nonlinear dynamic 
systems containing feedback should be 
.particularly welcome at this time when 
the practical solution of such problems is 
becoming increasingly more urgent. Un¬ 
fortunately, progress in the nonlinear field 
during the past 10 years has been so slow 
that even at this time there is no broad 
agreement regarding the nature of the 
problems, the answers sought, or the 
strategy of attack. Recent work by the 
discusser^'2 runs in many respects parallel 
to Dr. Chen’s ideas as expressed in the 
paper. It is of interest to re-examine the 
fundamental problems in the light of these 
papers. 

The principal task of nonlinear dynamic 
system analysis is to obtain a compre¬ 
hensive picture, quantitative if possible, 
but at least qualitative, of what happens in 
the system if the variables are allowed or 
forced to move far away from their equilib¬ 
rium positions or operating points. This 
is called global or in-the-large behavior. 
By contrast, it has long been recognized, 
in fact rigorously proved,* that if the system 
variables are perturbed only slightly from' 
the operating points (local or in-the-small 
behavior), the problem may be considered 
linear, i.e., it can be linearized. This point 
is of very basic importance but may not be 
clear from the author’s “A General Prin¬ 
ciple of Quasi-Linearization,” discussed on 
page 355. 

When one attempts to apply linearization 
to problems of global behavior, as for in¬ 
stance in the case of the describing-func¬ 
tion method, an immediate difficulty arises 
in that the basic mathematical issues in¬ 
volved have not been resolved; indeed, not 
even thoroughly investigated. The describ¬ 
ing-function method may be used to estab¬ 
lish with confidence the magnitude and 
frequency of nearly sinusoidal oscillations in 
a nonlinear system when the fact that an 
oscillation of this type exists is known a 
priori, e.g., in the case of an oscillator. But 
it is also frequently implied in the current 


3. On Some Nonlinear Phenomena in Regu¬ 
latory Systems (in Russian), L. C. (roldfarb. 
Automatika i Telemekhanika, vol. 8, no. 5, 1947, 
pp. 349-83. (English translation in National 
Bureau of Standards Report No. 1691, 1952.) 

4. The Effects of Backlash and of Speed- 
Dependent Friction on the Stability of 
Closed-Loop Control Systems, A. Tustin. 
Journal, Institution of Electrical Engineers, 
London, England, vol. 94, pt. IIA, 1947, pp. 143- 
51 . 

5. The Analysis of Nonlinear Control 
Systems with Random Inputs, R. C. Booton, Jr. 
Proceedings of the Symitosium of Nonlinear Circuits 
Analysis, Brooklyn Polytechnic Institute, Brook¬ 
lyn, N. Y., Apr. 1953, pp. 369-91. 

6. Quasi-Linearization Techniques for Tran¬ 
sient Study op Nonlinear Feedback-Control 
Systems, K. Chen. Thesis, Massachusetts In¬ 
stitute of Technology, Cambridge, Mass., June 
1954. 

7. ’ Contribution to the Theory of Servo 
Systems in the Time Domain (in Spanish), 
Garcia-Arbines y Calvo, A. Revista de ciencia 
a-plicada, Madrid, Spain, pts. I, II, nos. 26, 27; 


May-June, July-August 1952, pp. 143-212, 303-24. 

8. Transient Analysis of Nonlinbarizbd 
Single-Lag Servomechanisms. J. S. Blumen- 
thal, F. J. Beck. Proceedings of the First U.S. 
National Congress of Applied Mechanics, American 
Society of Mechanical Engineers, New York, N. Y., 
1951, pp. 155-60. 

9. Quick Methods for Evaluating the Closed- 
Loop Poles of Feedback Control Systems, 
George Biemson. AIEE Transactions, vol. 72, 
pt. II, May 1953, pp. 53-70. 

10. The Study op Transients in Linear Feed¬ 
back Systems by Conformal Mapping and the 
Generalized Root Locus Method, V.C.M. Yeh. 
Thesis, Massachusetts Institute of Technology, 
Cambridge, Mass., 1952. 

11. Grundlagen der Selbsttatigbn Regelung 
(in German), O. Schafer. Franzis-Verlag, Munich, 
Germany, 1953. 

12. The Effect of Pole and Zero Locations 
ON the Transient Response op Linear Dynamic 
Systems, J. H. Mulligan, Jr. Proceedings, Institute 
of Radio Engineers, New York, N. Y., vol. 37, 
1949, pp. 516-29. 




engineering literature that the describing- 
function method can be used to discover the 
existence of such oscillations. Nothing 
could be less consistent from a purely 
logical point of view. The very nature of 
the approximation involved presupposes the 
presence of nearly sinusoidal oscillations, 
and it would seem preposterous to use such 
a method, whose very validity is based on an 
assumption, to investigate the correctness 
of that assumption. Yet it is an empirical 
fact that the describing-function method 
gives correct answers in a number of prac¬ 
tical situations (especially those where the 
nonlinearity is not very severe). For in¬ 
stance, the discusser’s paper* contains an 
example where the conditions for the pres¬ 
ence of an unstable limit cycle are derived 
by means of rigorous procedure; sur¬ 
prisingly enough, precisely the same con¬ 
ditions are obtained also by a far less satis¬ 
factory derivation based on the principles of 
the describing function. On the other hand, 
there are also many other examples, notably 
in cases where several nonlinearities are 
present, where the describing-function 
method appears utterly powerless to cope 
with the situation. The discusser regards 
the present status of the describing-function 
method as unsatisfactory; the ideas in¬ 
volved undoubtedly have merit but the 
range of their applicability and validity has 
not yet been convincingly established. In 
contrast to the describing-function method. 
Dr. Chen’s approach to linearization does 
not require any a priori assumptions. As 
long as the piecewise linear approximation 
of the nonlinearity is accepted, one can 
always solve for a part of the transient 
response (corresponding to a straight-line 
segment in the approximation) exactly, 
since the transient then obeys a linear 
differential equation. This state of affairs 
was used in an earlier paper. ^ Since the 
problem for each straight-line segment of 
the nonlinearity is linear, the author is of 
course on solid grounds in applying and 
improving the usual methods of approxi¬ 
mating linear transients. 

Nevertheless, the paper fails completely in 
providing a satisfactory picture of global be¬ 
havior of a nonlinear system. This is be¬ 
cause the paper is basically a step-by-step 
procedure (although much more elegant 


and better integrated than the conventional 
numerical approach). Solutions can only 
be obtained after going through quite a few 
steps of approximations, equivalent repre¬ 
sentations, etc. Even after a complete 
equivalent representation is obtained, 
several additional steps are required to 
translate the results in the time domain 
and obtain actual approximate transient 
responses. The over-all picture is not 
available at any one time, but requires 
examination of a number of different solu¬ 
tions (say, transient responses to step 
inputs of varjdng magnitudes as in Fig. 17 
of the paper) before the general state of 
affairs becomes apparent. This difficulty 
stems from the fact that the method is not 
correlated with the phase-plane (or phase- 
space) representation of nonlinear differ¬ 
ential equations. 

By contrast, consider the discusser’s 
earlier published analysis of the problem of 
Fig. 11 of the paper, using phase-plane 
concepts.^ After only a very slight amount 
of preparatory work which involves putting 
the differential equation in standard form 
and making some assumption about the 
relative magnitude of the gain correspond¬ 
ing to the various straight-line segments in 
the nonlinearity, the situation is sketched 
by inspection in the phase plane. It is 
then at once apparent that the transient 
will overshoot more and more times as the 
magnitude of the step inputs to the system 
is increased, but otherwise the system be¬ 
haves in an entirely docile fashion. Almost 
as easily, quite similar conclusions may be 
obtained for ramp inputs which are not con¬ 
sidered at all by Dr. Chen in the present 
study. 

It should be strongly emphasized here 
that the phase-plane, or rather, phase space 
is not just a name for a clever method 
directed toward solving particular problems, 
but it is the most fundamental concept of the 
entire theory of ordinary differential equa¬ 
tions (linear or nonlinear, time-dependent or 
time-invariant) at the present time.^ This 
is because the phase-space is a way of repre¬ 
senting (sometimes only in an abstract 
sense) all possible solutions of a differential 
equation. In linear systems, this is of 
possible but not very important; in non¬ 
linear systems, it is absolutely essential. 
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because there is (up to the present, anyway) 
no other possible means of investigating 
global properties of solutions. There is a 
regrettable tendency at this time to ^y 
to treat difficult nonlinear problems with 
superficial generality, without clarif 3 '’ing the 
relation of the method to fundamental con¬ 
cepts of the phase space (local, global be¬ 
havior; interest in approximating specific 
solutions or studying general qualitative 
relationships, etc,) The author is not quite 
blameless in this respect, and the same 
holds for the discusser (see discussion follow¬ 
ing reference 2). 

It has been frequently stated in the 
literature (as is also implied by the author) 
that the phase-plane ‘‘method” is useless for 
systems of higher than second order. There 
is no serious reason for such pessimism. If 
the piecewise linear approximation used by 
both the author and the discusser is agreed 
to, then in studying third, fourth, and higher 
order differential equations one can employ 
all the reasonable approximations used in 
linear systems. Usually, such approxima¬ 
tions can be made to lead to an equivalent 
second-order problem in the phase plane. 
This technique has been applied successfully 
by the discusser* to a number of examples 
of considerably greater complexity than 
those mentioned in the paper. Therefore 
the discusser would like to urge strongly that 
all approximations made in the analysis of 
nonlinear systems, such as in the present 
paper, should be carried out either in terms 
of phase-space concepts or tied to the latter 
by some means. Only when an analysis 
can be related to the phase space has a non¬ 
linear problem, namely the study of global 
behavior, been really solved. 

The preceding observations may now be 
pinpointed as follows. There are two 
aspects of the analysis of a nonlinear 
dynamic system; (1) to get an actual 
time-response curve under stated conditions; 
(2) to obtain a bird’s eye view of the totality 
of solutions under all admissible conditions; 
a view distant enough so that it will not be 
confused by irrelevant detail, yet sharp 
enough so that it will recognize factors of 
importance. At the present time, task 1 
is becoming less and less essential, since 
modern^ methods of machine computing, ' 
simulations, etc. have made the computa¬ 
tion of specific solutions of differential 
equations a routine task. Task 2 is still 
relatively unexplored and not very well 
understood; yet efficient use of machine 
computing facilities depends crucially on 
progress made in this area. 

The discusser regrets to conclude that 
the present paper falls largely under task 
task 1. Whether it is capable of handling 
task 2 has not been convincingly demon¬ 
strated. At any rate, it seems unUkely 
that such an extension of the method in 
the paper can be had without reference to 
phase space-concepts. On the other hand 
appHcation of the ideas of the paper to the 
study of dynamic systems in the phase 
space is not only possible but seems quite 
attractive to the discusser. Many further 
avenues are open but the present value of 
Dr. Chen’s method appears quite inade¬ 
quate. 
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Ran Chen; I wnish to express my apprecia¬ 
tion to Mr. Kalman for his lucid and inter¬ 
esting discussion on my paper. I would 
like to point out at the outset of my closure 
that Mr. Kalman’s comments are relevant 
not only to the method proposed in my 
paper, but also to all approaches used for 
attacking the problem of designing nonlinear 
feedback-control systems. Thus his dis¬ 
cussion should be of interest to all in the field 
of nonlinear control. 

It is agreed by most people interested in 
nonlinear servomechanisms, including the 
authors of some recently published text¬ 
books on advanced servo theory and prac- 
tice,^j* that the two approaches to nonlinear 
control problems with practical value are the 
quasi-linearization approach and the phase- 
space a.pproach. Since the method de- 
smbed in this paper is regarded as a tech¬ 
nique pertaining to the quasi-linearization 
approach, the comments on the method by 
Mr. Kalman, who has recently made major 
contributions pertaining to the phase-space 
approach.*?^ are particularly welcome. 
While many points in Mr. Kalman’s com¬ 
ments are pertinent, I am unable to agree 
with Mr, Kalman on his evaluation of the 
quasi-linearization approach. 

From my point of view, the assumption of 
periodic oscillations in a nonlinear system 
under the steady state is not a priori as Mr. 
Kalman contends. A system whose tra¬ 
jectory has a stable limit cycle in the phase- 
space will oscillate with a nonzero finite 
amplitude. When the trajectories con¬ 
verge to a stable node or focus, the system 
may be considered as oscillating with a zero 
amplitude under the steady state. Con¬ 
versely, as the trajectories diverge from an 
unstable node or focus towards infinity, 
then the system may be considered as 
oscillating with an infinite amplitude under 
the steady state. Thus the assumption of a 
periodic oscillation in a nonlinear system 
under the steady state is not inconsistent 
from a logical point of view. The assump¬ 
tion used in the describing-function method 
that this oscillation is sinusoidal is, of 
course, an approximation which is justified 
only under certain conditions. This is 
why the describing-function method may 
falsely predict the existence of a limit cycle 
when the transfer-function contour and 
the describing-function contour intersect at 
a small angle in the complex 5-plane, just 
as any rough approximation procedure 
would produce error in the limiting cases. 
Another point Mr. Kalman seems to have 
overlooked is that the major practical 
value of the describing-function method is 
to guide the designer in reshaping the trans- 
fer-fimction contour in order to achieve 
stability rather than to predict the ampli¬ 
tude and frequency of the limit cycle. The 
application of the describing-function 
method in presenting a picture of the 


“global behavior” of a nonlinear system 
and suggesting a means of modifying the 
global behavior, so far as stability is con¬ 
cerned, has been demonstrated in a number 
of papers.*^ It is this practical value of 
the describing-function method wffiich moti¬ 
vated the development of the method in 
this paper in an attempt to apply the quasi¬ 
linearization techniques to transient study. 
Further encouragement in developing the 
method was received as Dr. R. C. Booton 
successfully extended the idea of quasi- 
linerization to the analysis of nonlinear 
systems with random inputs® which, inci¬ 
dentally, has never been attacked with the 
phase-space approach, so far as I know. 

Mr. Kalman is correct in pointing out that 
the method described in the paper is 
basically a step-by-step procedure. How¬ 
ever, the steps of approximation are quite 
simple after the designer develops a dexterity 
in estimating transient response of linear 
systems by the rules of thumb outlined in 
the Appendix. Furthermore, it should be 
pomted out that equations 10-15 were 
written in order to obtain a semi-quantita¬ 
tive solution for the transient problem, 
which was checked with some published 
results,^ thereby confirming the validity of 
the method. If it were only desirable to 
obtain a qualitative or global view of the 
transient problem, the quasi-linearized 
system in Fig. 15(B) could have been 
obtained after a simple sketch of a{t) and 
the pole-zero plots in Fig. 17(A-D) could 
have been drawn immediately. Once the 
pole-zero plot of the quasi-linearized system 
is obtained, the effect of nonlinearity is 
quite obvious to anyone equipped with a 
basic knowledge of linear feedback-control 
theory. 

The assumption of step input in the paper 
was made for the sake of simplicity in illus¬ 
trating the method. If the input is a 
ramp, a parabolic, or any other arbitrary 
function, the method is still completely 
valid since the actual input may be regarded 
as a step response. The original system 
may be modified to take this into account 
simply by inserting a fictitious linear net¬ 
work preceding the actual command or in¬ 
put point. No special complexity will be 
introduced by this modification since the 
method works for an nth order system as 
easily as for a second-order system. This 
has been demonstrated as part of my thesis 
work® in designing an a-c regulating system, 
where the disturbance is a combination of 
step and exponential functions. 

The major shortcoming of the proposed 
method is admitted to be its inadequacy for 
studying the settling time of nonlinear 
systems in which the operating point of 
the nonlinear element oscillates a number of 
times between two piece-wise linear regions. 
Fortunately, this state of affairs is usually 
to be avoided. Even when it exists, the 
method is still useful in studying the global 
behavior of the nonlinear system during its 
early stage of transient, which is character¬ 
ized by the overshoot and response time of 
the system. I think there is a possibility 
of overcoming the afore-mentioned short¬ 
coming of the proposed method by further 
development of the quasi-linearization tech¬ 
niques, such as testing the nonlinear ele¬ 
ments by neither a sinusoid, nor a pulse, but 
an exponentially damped sinusoid. 

Mr. Kalman’s suggestion of referring any 
new method for nonlinear study to the 
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phase-space concept as the only mea^s of 
establishing the soundness of the new 
method is questionable. I agree with Mr. 
Kalman that the phase-space is a good way, 
and perhaps the only way, of representing 
all possible solutions of a differential equa¬ 
tion, complete from the early transient to 
steady state. However, the presentation of 
a panorama of all possible solutions of a 
differential equation does not necessarily 
provide a good clue as to how the form of 
the given differential equation should 
be modified in order to yield more desirable 
practical results. The basic advantage of 
quasi-linearization approach over the phase- 
space approach, as I see it, is that while the 
insertion of a frequency sensitive network in 
a nonlinear system means the extension of 
the phase-space to additional dimensions 
which are difficult to visualize and manage, 
it means only the addition of a few poles and 
zeros to the quasi-linearized system on the 
complex 5-plane, or a few break fre¬ 
quencies in ^e Bode plot, which are always 
two dimensional. Furthermore, the scale 
of the independent variable, or time t, is 
not explicitly displayed in the phase-space 
For a second-order system with straight- 
line segment approximation to the non¬ 
linearity, the time scale may conceivably be 


calibrated on the standard forms of tra¬ 
jectories. It will be difficult to do the 
same, however, for an nth order system. 
By contrast, the time scale is directly con¬ 
nected to the scale of the 5-plane and the 
frequency plot, which are the working media 
the quasi-linearization techniques. 

In spite of my criticisms on the phase- 
space approach, I should leave no im¬ 
pression that I have ignored the mathemat¬ 
ical rigor which underlies the phase-space 
approach,® the perspective of the global 
behavior of a given system presented by 
the phase-space approach®-® and its amena¬ 
bility to optimum relay servo design. “ On 
the contrary, I believe the present efforts 
of mathematicians and engineers in the 
phase-space approach^* will yield fruit¬ 
ful results in the field of nonlinear control. 
Furthermore, I believe that cross reference 
of the quasi-linearization approach and the 
phase-space approach will bring about a 
better understanding of the nonlinear prob¬ 
lem and perhaps a basically new engineer¬ 
ing method of attacking the problem. How¬ 
ever, I do not agree with Mr. Kalman that 
the quasi-linearization approach must be 
referred to the phase-space approach before 
it can have any value for nonlinear servo 
design. 
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Synopsis: A generalized block diagram 
representation of the signal transfer proper¬ 
ties of d-c machine systems with various 
kinds of feedback is developed in terms of 
gain factors, time constants, and feedback 
ratios, including the mutual coupling 
effects between windings and the nonlinear 
effects produced by saturation. The re¬ 
sulting formulation of the dynamic proper¬ 
ties is simple enough to permit a rapid 
evaluation of the action of feedback in d-c 
machine systems and therefore to help in 
determining which feedback combinations 
will secure a desired system performance. 

T he science of control engineering has 
made rapid progress in recent years. 
As the need for more accurate and re¬ 
liable control grew, demands arose for 
machines that would possess character¬ 
istics suitable for use in control systems. 
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One aspect of the development in d-c 
machines which normally constitute the 
power-amplifjdng stages of a control sys¬ 
tem emphasizes the design of machines 
capable of responding very fast to signals 
of small magnitude. These dynamoelec- 
tric amplifiers, often known by trade 
names such as Amplidyne, Rototrol, 
Regulex, VSA, Magnavolt, etc., have 
been successfully employed in many con¬ 
trol systems. Another aspect, of a more 
general nature, features the introduction 
of feedback of various forms both inside 
and outside the machine to control its 
characteristics, and leads to the develop¬ 
ment of the metadyne as a generalized 
commutator machine. 

Although many of these machines have 
been known for a long time, it is only re¬ 
cently that their dynamic characteristics 
were closely studied.^»^ For the type of 
problems met in control systems, the dy¬ 
namic properties are usually expressed in 
terms of transfer functions (input-output 
operational relationships) or frequency re¬ 
sponse characteristics, according to the 
well-known techniques of feedback con¬ 
trol systems. However, from an analyt¬ 
ical viewpoint, the handling of internal 


feedback in machines is considerably in¬ 
volved, mainly because of the mutual 
coupling effects between field windings. 
The resulting expressions often become so 
complex that it is difficult to compare the 
performance of different systems or to 
predict the influence of parameter or 
feedback variations upon the over-all 
system behavior. Another difficulty 
arises in those problems where saturation 
nonlinearities must be included in the 
analysis as, for example, in a voltage 
regulatory problem for which faults, 
switching operations, and load changes 
would make a linear treatment invalid. 

It is the purpose of this paper to pre¬ 
sent a general formulation of the dynamic 
properties of d-c machine systems which 
takes into account both mutual inductive 
effects and saturation nonlinearities. This 
formulation is characterized by the sim¬ 
plicity that is achieved by making judi¬ 
cious assumptions which are closely veri¬ 
fied in practice and also by expressing the 
results in block diagram form. The dif¬ 
ficulty of accounting for the mutual ef¬ 
fects vanishes if the coupling between 
windings is assumed perfect. The non¬ 
linear effects can be handled simply if the 
saturation of the magnetic circuit alone 
is present, while the remainder of the 
machine system may still be assumed 
linear. This permits the isolation of the 
nonlinearity and its inclusion in an other¬ 
wise completely linear representation of 
the system. 
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FIELD 

Fig. 1, D-c machine as a power modulator 


Nomenclature 

Fa= signal voltage to jSeld. circuit labeled k 
Fo=* output voltage at base speed «o 
4 = current in winding k 

= equivalent internal impedance of 
field coupling network and source 
looking back from winding k and • 
including the resistance Rk of that 
winding 

= open-circuit transfer ratio of cou¬ 
pling network connected to winding k 
^ = time differential operator d/dt 
w=speed in revolutions per second 
= air-gap flux per pole 
coefficient of dispersion 
w = number of poles 

iVA = number of turns per pole of winding k 
= total number of armature conductors 
a = number of parallel paths in armature 
P = permeance of a single air gap 
Lk = unsaturated inductance of winding k 
Rk = resistance of winding k 
Kk = linear speed-voltage coefficient of wind¬ 
ing k at base speed Uq 
5=saturation function 
Tk— Lie/Rk—timo. constant of winding k 
oLk = Kk/Rk =zero-frequency voltage gain 
relative to field winding k 

The q-Field D-C Generator 

For control purposes, a d-c machine is 
best viewed as a power modulator, a de¬ 
vice in which power flow from a source 
(reservoir) to a load is modulated or con¬ 
trolled under the dictates of a signal (com¬ 
mand). It is characterized by at least 
three sets of terminal pairs, shown in Fig. 

1, which define the field, the armature, 
and the shaft. Since the process of elec¬ 
tromechanical energy conversion is re¬ 
versible, the flow of power between arma¬ 
ture and shaft is bilateral. Modulation 
of this power flow is obtained by acting 
on the third terminal pair, the field, How- 


q-WINDINGS 



Fig. 2. General configuration of q-field d-c 
generator 


ever, in order to control more closely the 
characteristics, feedback is introduced 
both inside and outside the machine so 
that, in general, this power modulator 
normally appears with more than three 
terminal pairs: several field windings as 
well as several armature circuits may be 
provided in a single machine. The multi- 
field d-c machine with a single armature 
terminal pair, as shown schematically in 
Fig. 2, will first be examined; it will 
serve as a basic generalized configuration 
from which any particular arrangement 
of a d-c machine may be derived by suit¬ 
able interconnections and feedback com¬ 
binations. Multiarmature machines, like 
metadynes, are briefly treated in the Ap¬ 
pendix. 

The signal transfer properties of the 
g-field d-c generator will now be obtained 
on the basis of the following assumptions: 

1. The 5 -field windings are perfectly 
coupled. This assumption is justified in 
practice since all field windings are normally 
placed on the same pole structure and link 
the same total field flux. It will further 
be assumed that a fixed proportion of this 
flux links the armature; to the machine is 
therefore assigned a constant coefficient 
of dispersion <r, defined as the ratio of total 
field flux to air-gap flux. 

2. The brushes are located in the neutral 
zones. Commutation is assumed to be 
linear, and the effects of the coils under¬ 
going commutation are ignored. 

3. The magnetic properties of the direct 
(field) and quadrature (armature) axes 
are taken to be mutually independent. 
The armature internal impedance is con¬ 
sidered to be lumped with the load that 
the generator is supplying. 

Ftirthermore, the following information is 
given: 

1. The magnetization curve representing 
the relation between generated voltage at 
a constant base speed wo and field ampere- 
turns is known. 

2. Any given coupling network interposed 
between a signal voltage and a field winding 
behaves linearly, so that it can be repre¬ 
sented by a Thevenin equivalent, as shown 
in Fig. 3. 

The following differential equations can 
be written, applicable to every field cir¬ 
cuit 

VkOkip) =Zk{p)ik'\-m<rNkp<l> 

(^ = 1,2,3 ... 5) (1) 

The straightforwardness of the ensuing 
derivations results from the equations 
written on essentially a nodal basis: in 
fact, in terms of one node variable, the 
air-gap flux. However, since the mag¬ 
netization curve is plotted in terms of 
voltage, it is convenient to write the 
differential equations in terms of voltage 
instead of flux by letting 



Fig. 3, Thevenin circuit equivalent of 
winding k 


Fo=c«o<^ (2) 

where c =proportionality constant= mz/a. 
Hence 

FaOa(^) =-^a(^) 4H-^^Fo (3) 

cwo • 

from which 


Aa4 = FaAa 


0k{^ ■ mvNi^ 1 
ZkLp) cuq Zkip) 


pVo (4) 


After summing the ampere-turns for 
all q windings, with due regard to polari¬ 
ties, the resultant ampere-tums per pole 
are 

Q Q 




Ot(P) 

UP) 


Q 


PVq\ ^ m<rNk^ 

CflO Zk{p) 

* = 1 


(5) 


The slope of the linear portion of the 
magnetization curve (the no-load char¬ 
acteristic) is cnoP, where P is the per¬ 
meance of a single air gap. 

After recognizing that in the linear re¬ 
gion cnoPNk is the linear speed-voltage 
coefficient Kk of the field winding k in 
volts per ampere at base speed wo, and 
that merPNk^ is the unsaturated induct¬ 
ance Lk of winding k, then multiplication 
of equation 5 by enJR yields 


2 






ZkiP) 


PVo^ 


k=l 


Lk 

Zk(p) 


( 6 ) 


q-WINDlNGS 

I-1 



Fig. 4. Block diagram representation of 
q-field d-c generator 
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Fig. 5. Shunt feedback in d-c generator 

A—^Machine configuration 
B—Block diagram representation 


Similarly, from equation 2, we have for 
the linear region 

fl a 

Vq = cnoF^ Nkik = FUkh (7) 

*=i *=i 

and, in general, when saturation is pres¬ 
ent 

v,>=sCZka) 

orE^*4=5-KVo) (8) 

where 5 represents a saturation function 
with unity initial slope which corre¬ 
sponds to the linear portion of the mag¬ 
netization curve, and 5“^ denotes the in¬ 
verse saturation function. If the d-c 
machine is running at a speed n different 
from Wo ,the output voltage becomes 


As indicated in Fig. 4, one of the two 
inputs to the multiplication box placed 
at the output is a per-unit speed which, 
in general, may vary in time, depending 
on the dynamics of the drive. If, as is 
often the case, the speed can be assumed 
constant, the multiplication box is then 
simply replaced by a gain factor. 

In many control problems, a system 
may be linearized around an operating 
point, provided only small perturbations 
are considered. The question of sta¬ 
bility, in particular, may be handled by 
considering incremental quantities only. 
The relations between these incremental 
changes can be expressed in a linearized 
block diagram obtained from Fig. 4 by 
replacing the feedback nonlinear block 
5"“^ by an incremental gain factor equal 
to the slope of the inverse saturation 
function at the operating point. In par¬ 
ticular, if the operation is restricted to 
the linear region of the magnetization 
curve, the feedback in Fig. 4 is unity. 
In this case, the over-all multiple-input 
to output transfer function is 




Vo’- 


*=1 


' ZkiP) 


*=1 


( 10 ) 


Illustrative Examples 

Consider first the simple case of the g- 
field d-c generator in which the signal 
voltages are all directly impressed onto 
the field windings. The linear transfer 
function given as equation 10 becomes in 
this instance 


F= 7 o- ( 9 ) 

m 

These various relations are best ex¬ 
pressed in terms of block diagrams be¬ 
cause the representations provide a more 
effective way for observing the interac¬ 
tions of diverse parts of a machine than 
the original differential equations or trans¬ 
fer functions. Equations 6, 8, and 9 lead 
directly to two alternate block diagram 
representations of the g-field d-c madiine. 
One of these is drawn in a simple form as 
Fig. 4. The other representation is es¬ 
sentially the inverse, in which a saturation 
function S is placed in the forward path 
and a differentiator in the feedback path. 
Despite the complete mathematical equiv¬ 
alence of such a representation to that 
shown in Fig. 4, it is not suited for ana¬ 
logue computer applications because of 
the practical dif&culty of performing the 
differentiation process. 


Y,u,t/Ric)Vk 

Fo- - ---5- (11) 

i+pJ^L^/Ric i+pJl n 

* = 1 = i 

where otk^Kk/Rja Tk—RkIRk, and Vk are 
the voltage gain (at zero frequency or d-c 
condition), time constant, and signal 
voltage of the Jfeth field circuit respec¬ 
tively. Equation 11 indicates that the g- 
field d-c machine behaves dynamically as 
a single time-lag system in which the 
equivalent time constant is equal to the 
sum of the individual time constants for 
each field winding.^ 

If saturation is present, the block dia¬ 
gram of Fig. 4 shows that the resulting 
effect is an equal diminution of both 
gain and time constant. At any instant 
of time corresponding to a certain operat¬ 
ing point on the saturation curve, the 
gain and time constant are reduced by a 


factor equal to the slope of the saturation 
function curve at the instantaneous oper-, 
ating point. 

The effects of eddy currents in the field 
structure of the machine may be con¬ 
veniently included in the analysis if rep¬ 
resented by an equivalent short-cir¬ 
cuited field winding having appropriate 
resistance and inductance values. 

In the Appendix, the generalized block 
diagram is employed to derive the dy¬ 
namic characteristics of several typical 
machine configurations. Three basic sets 
of configurations are briefly examined: 

1. Scalar (both shunt and series) feed¬ 
backs in a single-stage machine. 

2. Cascade operation of d-c machines (and 
multistage machines). 

3. Feedback through frequency-sensitive 
networks. 

The object of presenting these various 
examples is not to develop a more or less 
complete analysis of any one particular 
configuration but rather to indicate how 
various techniques of feedback control 
systems can be fruitfully adapted to the 
study of d-c machine systems. A Roto- 
trol, or a Regulex, or an Amplidyne sys¬ 
tem (to mention only well-known dyna- 
moelectric amplifiers) is here viewed as 
being in each case a definite combination 
of feedback yielding specific characteris¬ 
tics expressible in such forms as block dia¬ 
grams,’ transfer or describing functions, 
frequency responses, or root loci. 

Conclusion 

A unified approach to d-c machine 
dynamics has been presented in terms of 
feedback concepts leading to a generalized 
block diagram representation of these 
systems. The basic assumptions are few 
and, in practice, nearly always justi¬ 
fiable. Such important effects as satura¬ 
tion, variable speed, and loading or 
mutual coupling are included in the for¬ 
mulation of the system dynamics. This 
complete yet relatively simple formula¬ 
tion points out how feedback may be 
manipulated in d-c machines to determine 
from a comparative standpoint the be¬ 
havior of various types, or to secure speci¬ 
fied system performances. Several feed¬ 
back arrangements have been selected in 
this paper to demonstrate some known 
machine configurations; many more exist 
or may be devised. The choice of the 
optimum configuration and feedback to 
be used for any specific application re¬ 
mains the challenging problem (the syn¬ 
thesis problem) facing the designer of d-c 
machinery for control systems. 
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Appendix. Dynamics of Some 
Typical D-C Machine 
Configurations 

The multiplicity of configurations and 
hence the flexibility of the resulting charac¬ 
teristics evolve from the various ways in 
which feedback may be utilized. Several 
basic kinds of feedback may be disting^shed 
in a machine system: external feedback 
and internal (with the provision of extra 
windings inside the machine); scalar (direct) 
feedback which comprises series (current) 
and shunt (voltage) types, and then feed¬ 
back through frequency-sensitive elements; 
positive (regenerative or cumulative), and 
negative (degenerative or suppressive) feed¬ 
back.^ These various kinds of feedback 
may in turn be classified in two essential 
groups: operational and modifying. Opera¬ 
tional feedback improves the performance 
of a machine but does not substantially 
modify its characteristics. Examples are 
the passing of armature current through 
interpole windings to improve commuta¬ 
tion, and through pole-face (compensating) 
windings to neutralizer^j^e cross-magnetiz¬ 
ing effects of armature reaction, par¬ 
ticularly in d-c machines subjected to 
violent fluctuations in load. The reduction 
in a^ature inductance resulting from the 
addition of a compensating winding is an 
incidental effect that can be readily 
into account in the analysis. Operational 
feedback will not be considered here but 
some types of modifying feedback, by means 
of which the steady-state and transient 
characteristics of d-c machine systems can 
be controlled and adapted to meet given 
specifications, will be examined. 


Shtmt Feedback 

A d-c machine arrangement with positive 
shunt (voltage) feedback is illustrated in 
Fig. 6(A), and its block diagram for con¬ 
stant speed is drawn as Fig. 5(B). This 
machine is equipped with two field windings: 
one, denoted by c, is separately excited 
and is called the control winding; the other, 
labeled sh, is the shunt winding connected 
across the machine output terminals. 
The generator can operate with either 


FI 3 . 6 (left). 
Series feedback 

A—^Machine 
confisuration 
B—Block dfa- 

sram representa¬ 
tion 


Fig. 7 (right). 
Sequence of two 
machines with 
negative series 
feedback 

A—^Machine 
configuration 
B—Block dia¬ 

gram represen¬ 
tation 


field acting alone or with both excitations 
present. 

As is well known, the operation of the 
generator with shunt excitation only is 
inherently dependent upon the nonlinearity 
of the magnetization curve. This condi¬ 
tion can be deduced directly from a con¬ 
sideration of the block diagram of Fig. 
5(B). (Winding c in this case may be 
short-circuited and assumed to simulate 
the eddy-current effects.) Another re¬ 
quired condition is that the gain ash — 
^sh/iRsh~^R) must be larger than unity. 
The steady-state characteristics are ob¬ 
tained^ from the block diagram repre¬ 
sentation by setting p^O. Some residual 
or initial voltage of suitable polarity must 
exist in order to build up the excitation of 
the machine. The output voltage is con¬ 
trolled by adjusting the resistance R in 
the shunt circuit, i.e., varying ash. 

Consider next the operation of the 
generator when a signal voltage is fed in 
its control field c. The action of the control 
winding is to add or subtract a certain 
number of ampere-tums from those intro¬ 
duced by the main shunt field. In effect, 
this produces a stabilizing action which 
^tends the operation of the machine to its 
linear region and permits the adjustment 
of the gain ash to values less than unity. 
For these conditions, inspection of Fig. 
5(B) yields the over-all transfer function 

Fo ac 1 

n (12) 



Vc l-ashV Tc-^Tsh 


p+l 


L l~asA 

This relation shows that the increase in 
pin accrued from positive shunt feedback 
is accompanied by an identical increase in 
equivalent time constant. It also indicates 
the delayed response for a change in control 
voltage that is caused by the mutual 
inductive coupling between control and 
main shunt fields. The presence of Tsh 
in addition to Tc may thus be interpreted 
as due to the damping action taking place 
in the shunt winding. 

The loop gmn, which is equal to the gain 
associated with the shtmt winding ash — 
'^8h/(-Rsh~hR), is less than unity if self- 
excitation of the machine is to be avoided. 
In some cases, however, this loop gain is 
purposely set equal to unity by adjustment 
of the resistance R in the shunt field 


(B) 

circuit, a technique known as tuning. 
When 1, the transfer function becomes 


(13) 


Fq etc 1 S 

Vc Tc+Tsh p 

which indicates that the generator acts 
as a perfect integrator. Mathematically, 
this means an infinite steady-state gain. 
In practice, the gain is not infinite but can 
be quite large, though very sensitive to 
slight changes in speed and resistance, 
which affect the tuning condition Ksh— 
Rsh+R. Machines operating on this prin¬ 
ciple have been used extensively and are 
often known by trade names such as 
Hegulex (AlHs Chalmers Manufacturing 
Company), VSA (ReUance Electric and 
Engineering Company), and Magnavolt 
(English Electric Company)^ and HTD 
(Hitachi, Ltd.; Japan). 




Fig. 8 . Metadyne system 

A—^Machine configuration 
B—Root locus 
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Series Feedback 


When series feedback is employed, i.e., 
armature current passed in a feedback 
winding, the load circuit must be included 
in the dynamic analysis of the d-c machine. 
A general configuration of series positive 
feedback is illustrated in Fig. 6, together 
with the equivalent block diagram repre¬ 
sentation. In the diagram, Zo{p) rders 
to the whole armature circuit impedance 
excepting the inductance L 3 of the series 
winding. From a dynamic standpoint, 
three different types of loads can be dis¬ 
tinguished; 

1. The resistive load. 

2. The inductive load encountered, for 
example, when the d-c generator furnishes 
excitation to the field of another machine. 

3. The capacitive load, as in the Ward- 
Leonard control of a d-c motor. 


The loading effect created by the feed¬ 
back winding upon the control circuit 
appears in the block diagram as the term 
Ls/Zoip), This term can be ignored if 
the series field inductance is small com¬ 
pared with the load impedance. The 
effect of the voltage induced in the load 
circuit is indicated by the block [1 — 
(Ls/Ks)p] which results from applying 
equation 4 to the present machine con¬ 
figuration 



To confine attention to the linear opera¬ 
tion of the d-c machine in the presence of an 
inductive load, a loop gain may be defined 
as as-Kg/Rot which is normally less than 
unity. The over-all zero-frequency gain 
is then «<./(! — ««). If ots is made equal 
to unity by tuning the series load circuit, 
the gain becomes infinite, as evidenced by 
the integration in the transfer function 


ia otg _ 

vrRo{Tc+TL) ^ 
P 



(14) 


A machine constructed on this principle is 
sometimes known as a Rototrol* (Westing- 
house Electric Corporation). 

Both shunt and series direct feedback 
discussed so far have been of the positive 
or regenerative type. If, instead, negative 
feedback is resorted to in a d-c machine, 
the effects are just the opposite and may 
be taken care of in the block diagrams of 
Figs. 6 and 6 by making appropriate 


changes in sign. Negative feedback in¬ 
creases the speed of response of the machine 
and often has a stabilizing tendency in a 
control system, since it effectively reduces 
the time lags. This improvement is, how¬ 
ever, obtained at the expense of decreased 
amplification. 

Cascade Arrangements of D-C 
Machines 

The power amplification of a d-c machine 
can be increased either by having a larger 
field structure or by introducing positive 
feedback, but this means an unavoidable 
increase in time constant. However, in 
combining several machines in cascade, a 
large over-all amplification can be achieved 
at the expense of the comparatively smaller 
time lags associated with each machine of 
the sequence. Feedback arrangements of 
even the simplest tjnpes are innumerable 
when applied to multistage machines. 
Within the limits of the basic assumptions, 
the block diagram approach presented in 
this paper can be extended to cover multi¬ 
stage machine systems. 

As an example. Fig. 7 illustrates the case 
of a 2-stage machine amplifier with series 
negative feedback across both stages. The 
coupling effects between control and series 
windings in such an arrangement, produc¬ 
ing a large amplification, are usually of 
such small magnitudes that the simple 
block diagram shown in Fig. 7(B) is a valid 
representation of the system dynamics. 
This system can also be realized in a single 
machine of the cross-field construction. 
Often known as a metadyne/ it essentially 
combines in one armature-excited machine 
two stages of amplification with negative 
current feedback from the output. A basic 
arrangement of a metadyne system is 
shown in Fig. 8(A), for which, with certain 
qualifications, the block diagram of Fig. 
7(B) is still applicable. First, it must be 
recognized that the original assumption of 
perfect coupling between field windings 
may be not as well justified in a construc¬ 
tion involving armature and field couplings. 
Second, caution should be exercised with 
regard to saturation. In the representation 
of a metadyne such as Fig. 7(B), it is 
implied that saturation in any one axis 
does not interfere with saturation in the 
other axis. Although this assumption 
introduces a great deal of simplicity in 
handling this nonlinear effect, it may cause, 
in some specific cases, appreciable errors 
in dynamic system prediction. The root 
locus of the metadyne system shown in 


Fig. 8(B) leads to a quick understanding 
of the effect output compensation upon 
system dynamic performance. With zero 
loop gain, both open and closed loop poles 
coincide, resulting in an overdamped 
transient behavior. This condition is real¬ 
ized with perfect compensation (i.e., no 
feedback when 2 ^ 5 = 0 ) and corresponds to 
the amplidyne configuration.^ As the 
amount of compensation is reduced, or in 
equivalent terms, as negative feedback is 
increased, the loop gain increases so that 
the closed-loop poles follow the root loci 
in the arrow directions, eventually yielding 
an underdamped behavior and an increase in 
speed of response. For a sufficiently large 
loop gain, the system may even become 
unstable. 

Feedback Through Frequency- 
Sensitive Networks 

Feedback through frequency-sensitive 
elements constitutes another important 
class of feedback which is utilized to im¬ 
prove the dynamic characteristics of ma¬ 
chine systems. In particular, it offers a 
means of incorporating stabilizing features 
to these systems. In contrast with elec¬ 
tronic systems, the cascade type of stabiliza¬ 
tion does not normally provide a practical 
solution to the stabilization problem at the 
power levels encountered in machine com¬ 
ponents. Transient feedback from inter¬ 
mediate stages with the use of transformer 
or capacitor arrangements is a well-known 
damping technique. A somewhat less con¬ 
ventional scheme involves internal feed¬ 
back derived from an auxiliary winding 
placed on the poles of a d-c machine. The 
general block diagram of Fig. 4 can effec¬ 
tively be used to describe the action of 
feedback through frequency-sensitive net¬ 
works.® 
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Discussion 


Robert M. Saunders (University of Cali¬ 
fornia, Berkeley, Calif.): As one who has 
coped with some of the problems which Dr. 
Riaz has so adroitly solved, I can appreciate 
the finesse and utter simplicity of his Fig. 4. 
The reader should not overlook the univer¬ 
sality of this representation. 

In the Appendix the author calls attention 
to the assumption that saturation in any 


one axis does not interfere with saturation 
in the other axis and to the the attendant 
possibility of error if it should. Would 
this not be a general requirement of all 
d-c machines whether of the simple single¬ 
field 2-brush-per-pole type or of the more 
complex metadyne type? To phrase the 
question somewhat differently, does the 
representation account for the demag¬ 
netizing effects in the direct axis and conse¬ 
quent coupling between direct and quadra¬ 
ture axes under saturation conditions? In 
control system applications such cross¬ 


axis influences are not very important, but 
they might be if an extension to generator 
fault current analysis were to be made with 
the use of the representations included here. 

In Fig. 1 the author suggests that the 
same type of thinking applies to d-c motors 
although the examples in the paper seem to 
be pointed at generators. I hope he will 
follow this paper up with one on representa¬ 
tions for motors. I should like to emphasize 
that I consider this paper to be one of the 
most significant contributions to the d-c 
machinery literature made in recent years. 
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M. Riaz: Prof. Saunders’ comments are 
sincerely appreciated. As pointed out in 
the discussion the situation created by 
saturation in coupling two or more flux 
systems occurs in all commutator machines. 
The paper does not account for it, and 
the simplicity of Fig. 4 is partly the result 
of assumption 3, which neglects the inter¬ 
fering action of fluxes in space quadrature. 


While this assumption is reasonably war¬ 
ranted in control problems, it is not as well 
justified in such power problems as the 
prediction of the short-circuit character¬ 
istics of d-c motors and generators. Refer¬ 
ence 1 of the paper gives some techniques 
for including the effects of the cross-axis 
flux interferences produced by saturation 
upon the steady-state characteristics of 


conventional and cross-field d-c machines. 
Such techniques may also be used to develop 
block diagram representations of the 
machines which account for the effects of 
the flux interferences due to saturation. 
These representations are more complicated 
than those given in the paper since they 
involve saturation nonlinearities that are 
functions of two or more variables. 


Surge Protection on Industrial Systems 

C. L. WAGNER 
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T he rapid expansion of industrial 
plant distribution systems in recent 
years has caused many new problems for 
the plant design engineer. It has also 
accentuated certain problems that in the 
past caused little concern. Surge protec¬ 
tion for the plant system is one of these 
latter problems. 

In the past, the philosophy behind 
surge protection was primarily to prevent 
damage to the electric equipment itself 
and thereby keep the repair costs for this 
equipment to a minimum. With this 
philosophy, not too much emphasis was 
placed on surge protection by the over-all 
plant designers. In recent years, how¬ 
ever, continuity of service has become a 
paramount concern. Now the breakdown 
of a piece of equipment means not only 
repair or replacement expense but, more 
importantly, loss of production for that 
portion of the plant affected by the break¬ 
down. In many cases, primarily in the 
chemical industry, it could mean the com¬ 
plete shutdown of the plant because of the 
interruption of a critical processing opera¬ 
tion. Therefore, more and more em¬ 
phasis is being placed on surge protection 
by the plant designers. 

Adequate surge protection consists not 
only of protection against lighting surges 
but also against transient voltages caused 
by switching surges or arcing ground 
faults. In many cases, damage resulting 
from these transient voltages is far more 
extensive than that caused by lightning 
siirges. Proper system design, therefore, 
requires that protection be afforded 
against both types of surges. 

The science of surge protection is one of 
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prevention plus control. The first step 
to be taken by the plant designer is to 
attempt to prevent the occurrence of 
surges on his system. This might take 
the form of shielding of his lines and sta¬ 
tions to minimize the probabilities of 
lightning strokes to his system. It might 
also take the form of proper grounding to 
prevent the establishment of excessive 
transient voltages. The second step is to 
provide a means of controlling the surges 
that slipped by the preventive schemes. 
This may take the form of lightning ar¬ 
resters, surge capacitors, or any other 
equipment necessary to prevent damage 
to the apparatus on the system. Both 
steps must be taken to provide the maxi¬ 
mum in protection for the plant system. 
Some of the prevention and control 
methods available for the protection of 
plant electric equipment against switch¬ 
ing as well as lightning surges are pre¬ 
sented in this paper. 

Switching Surges * 

When electric systems are subjected to 
sudden circuit disturbances, transient 
voltages or surges are likely to be pro¬ 
duced. Circuit disturbances that produce 
the highest transient voltage involve arc 
paths. The arc path may be in a circuit 
breaker or in a line-to-ground fault on the 
system. In either case, high transient 
overvoltages are possible, providing the 
system constants and the arc character¬ 
istics satisfy certain conditions. An ex¬ 
planation of switching surges and arcing 
ground phenomena is given in reference 1. 

Protection of the industrial plant sys¬ 
tem against damage caused by switching 
surges and other transient voltages is in 
many cases more critical than protection 
against lightning surges. When the con¬ 
trol step of the prevention-plus-control 
program of surge protection is attempted, 
certain difficulties immediately arise. In 


the first place, the switching surge 
strength of electric apparatus has not been 
definitely established. The frequencies 
involved in these switching surges vary 
between 1,000 and 2,000 cycles. . Thus, 
the apparatus insulation strength for these 
surges probably lies somewhere between 
the 60-cycle and the impulse-insulation 
levels. At present, however, this value is 
not known exactly. The same difficulty 
arises with the lightning arresters. There 
are not sufficient data on arresters at 
this switching surge frequency to deter¬ 
mine what protective characteristics they 
possess. A considerable amount of work 
is being done by the industry at the pres¬ 
ent time in an attempt to establish 
these values. 

Since the control portion of the problem 
is so vague, what can be done in the 
way of prevention? This portion of the 
problem is more clean cut. Computer 
studies as well as experience on actual 
systems have shown that, by proper sys¬ 
tem grounding, transient overvoltages 
caused by arcing grounds or switching 
conditions can be limited to low enough 
values so that apparatus insulation will 
not be endangered.^'® 

Reactance Grounding 

Fig. 1 shows the effect of system ground¬ 
ing on the magnitude of the transient 
overvoltages. When the ratio of the 
system zero-sequence reactance to the 
positive-sequence reactance Zo/Zi is less 
than 10 (the line-to-ground fault current 
being greater than 25 per cent of the 3- 
phase fault current), the transient over¬ 
voltages are limited to 250 per cent of the 
normal line-to-neutral crest voltage or 
less. If Xo/Xi is greater than 10, the 
overvoltages may exceed 500 per cent of 
the normal line-to-neutral crest voltage. 
This would indicate that, to limit the 
transient overvoltages, the Zo/Zi ratio of 
the system should be kept less than 10. 
Actually, the results plotted in Fig. 1 were 
obtained by extinguishing the arc at a 
current zero, i.e., without forcing current 
zero. If the fault is in a confined space 
such as under oil, in cable, or apparatus 
insulation, the expulsion action of the de¬ 
ionizing agents present would tend to 
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Fis. 1 (left). 
Effect of system 
sroundins on 
transient volt- 
ases. Maximum 
phase voltase in 
per cent of nor¬ 
mal line-to- 
neutral crest volt¬ 
age 


Fig. 2 (above). 
Distribution of 
surge voltages 
caused by switch¬ 
ing and faults 

A—^Switching surges® 
B—^Surges from faults® 
C—^Switching surges^ 



blow the arc out prior to its normal cur¬ 
rent zero. This forcing current zero tends 
to increase the transient overvoltages. 
Other computer studies were made simu¬ 
lating this condition and it was found that 
Xq/Xi ratios as low as 3 or 4 (line-to- 
ground faxilt current being greater than 
50 to 60 per cent of the 3-phase value) 
were necessaiy to limit the transient 
overvoltages to 250 per cent or less.^*^ 

The computer data plotted in Fig. 1 
show the magnitude of the overvoltages 
to be as high as 500 per cent for certain 
grounding conditions. Overvoltages even 
higher than this have been known to 
occur on actual systems. Fig. 2 shows a 
summary of the results of two klydono- 
graph investigations on switching surges. 
This figure shows that voltages as high as 
600 per cent of normal line-to-neutral 
crest voltage have been recorded.®’^ 

Fig. 1 and the foregoing showed that, if 
reactors were used to ground the system, 
a value of reactance must be chosen such 
that the line-to-ground fault current 
must be not less than 50 per cent of the 3- 
phase fault current. This magnitude of 
fault current is liable to cause quite ex¬ 
tensive fault damage either in the form 
of mechanical damage to the equipment 
or in the form of iron burning in the 
machines. It might be felt desirable to 
reduce the magnitude of this current to a 
more reasonable value. If such is the 
case, resistance grounding should be used. 

Resistance Grounding 

There are two types of resistance 
grounding, namely, low and high re¬ 
sistance. The type of resistance ground¬ 
ing used depends on the relaying re¬ 
quirements of the system. If it is desired 
to use selective ground relaying oh the 


system, then low resistance grounding 
must be employed. As shown in Fig. 3, 
this resistor could be installed in the 
neutral of a generator or transformer or, 
if no such neutral point exists, it could 
be installed in the neutral of a zig-zag or 
wye-delta grounding transformer. To 
insure positive ground relay operation, 
the ohmic value of the resistor should be 
such that the line-to-ground fault current 
will be at least equal to the primary cur¬ 
rent rating of the largest current trans¬ 
former on the system. Also, to limit the 


“'0 10 20 30 40 50 60 70 60 90 100 

PERCENT OF SURGES EXCEEDING ORDINATES 


magnitude of the transient overvoltages, 
the ratio of the zero-sequence resistance 
to the zero-sequence reactance i?o/-X’o 
should always be equal to or greater than, 
2.0 and Xo/Xi must be less than 20. 

Some system operators do not have 
ground relaying and do not want to have 
an outage or trip a feeder when there is 
just one ground fault on the system. For 
this reason they operate their system un¬ 
grounded. It is on this type of system 
that high transient overvoltages are most 
likely to occur. The presence of these 
overvoltages can also nullify the advan¬ 
tages of ungrounded operation. For ex¬ 
ample, on an ungrounded system a piece 
of apparatus might fail and cause an arc¬ 
ing fault to ground. This arcing fault 
may produce high enough transient over¬ 
voltages in other portions of the system 
for several other pieces of equipment in 
the plant to fail. These other failures 







(D) 


Fig. 3. Low-resistance neutral grounding schemes 

A—Generator neutral resistor 
B—Power transformer neutral resistor 
C—^Zig-zag grounding transformer neutral resistor 
D—^Wye-delta grounding transformer neutral resistor 
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Fig. 4. High-resistance grounding schemes 

A—Neutral point available, distribution transformer with secondary 
resistor 

B No neutral point available, 3-phase distribution transformer with 
secondary resistor 


may involve diiferent phases which 
would mean that a line-to-line fault 



Fig. 6. Solutions for determining the voltages from machine terminals 
to ground produced by electromagnetic transfer through transformer 

A—^Actual circuit 
B—Equivalent circuit 

Ea—High-voltage arrester discharge voltage 
Vm ^Voltage at machine terminals 
L ^Transformer leakage inductance 
C ^Capacitance on machine side of transformer 
R—Effective surge Impedance of machine 
N—Ratio of the machine to line voltages 


would result and the involved feeders 
would still have to be tripped immedi¬ 
ately, Thus the main advantage of un¬ 
grounded operation would be eliminated. 

To eliminate the transient-overvoltage 
problem and still have the advantages 
of the ungrounded operation, high-re¬ 
sistance type of grounding is recom¬ 
mended. In this case, a value of resist¬ 
ance is selected such that, under fault 
conditions, the kilowatt loss in the re¬ 
sistor is equal to the capacitive charging 
kilovolt-amperes of the system. With 
this value of resistance, the transient 
overvoltages are limited to 250 per cent of 
the normal line-to-neutral crest voltage. 
With this value, also, the fault current is 
only 50 per cent greater than when the 
system was operated ungrounded. Thus, 
the over-all operation of the system would 
be no different than when ungrounded, 
the only exception being that the trouble 
with transient overvoltages would be 
eliminated. 

Fig. 4 shows how this resistor could be 
installed on the system. If a neutral 


Cm 



Fig. 5, Simplified schematic of a power 
transformer 


Cfl—Lumped capacitance of high-voltage 
winding to ground 

Cl—L umped capacitance of low-voltage 
winding to ground 

Cm—L umped capacitance between windings 


point is available, it should be installed 
in the secondary circuit of a distribution 
transformer which, in turn, is connected 
from the neutral point to ground. This 
transformer should have a voltage rating 
equal to the line-to-line voltage of the 
system. If a neutral point is not avail¬ 
able, the resistor should be installed in 
the secondary circuit of a wye-broken 
delta distribution transformer. Again the 
line-to-neutral rating of the distribution 
transformer should be equal to the system 
line-to-line voltage. In both schemes a 
voltage relay could be connected across 
the resistor to sound an alarm when there 
is a fault on the system. 

This latter type of grounding is gaining 
wide acceptance in the industry. One 
company, who has a number of plants 
throughout the country, until recently 
operated all their systems ungrounded. 
A very high rate of motor failures were 
reported by their plants, and lightning 
was suspected as being the cause of the 
damage. On examining the trouble re¬ 
ports, it was found that in most cases mul¬ 
tiple failures occurred. In many cases 
the simultaneous failtu-es were located 
quite some distance from each other. This 


led to the suspicion that switching surges 
or arcing grounds were the cause of 
trouble and not lightning. The high- 
resistance grounding scheme was applied 
to all their plant systems and, at the last 
report, the motor-failure rate had dropped 
to a small fraction of what it was before 
the systems were grounded. 

It should be kept in mind that, when¬ 
ever resistance grounding is used, the 
neutral is fully displaced during fault 
conditions. Full line-to-line rated ar¬ 
resters must therefore be used on the 
system. 

Lightning Surges 

In addition to the switching surges, 
plant equipment must also be protected 
from lightning surges. Lightning surges 
may be impressed on the plant distribu¬ 
tion system in three ways: direct strokes, 
induced strokes, and by surges that are 
transferred through transformers. The 
most severe surges are caused by lightning 
striking the plant overhead circuits 
directly. The stroke current flowing in 
the high surge impedance of the line pro¬ 
duces high surge voltages. 
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Fis- 7. Shieldins of line by overhead 
sround wire 


When lightning strikes near a Hne, a 
surge voltage is induced in the line. These 
surge voltages are called induced strokes. 
Such voltages are limited in magnitude 
and are usually of negligible importance 
on high-voltage systems. On low-voltage 
circuits such as the usual plant distribu¬ 
tion circuits, however, they are impor¬ 
tant. 

The third type of lightning surge that 
can be impressed on the plant system is 
that which originates on the high-voltage 
system and is transferred through the 
supply transformer to the low-voltage 
plant circuits. This transfer is accom¬ 
plished by electrostatic and electromag¬ 
netic coupling in the transformer. This 
coupling can be illustrated by the sim¬ 
plified circuit of Fig. 5. A transformer 
can be represented as having two wind¬ 
ings with a certain turns-ratio and also 
having distributed capacitance both to 
ground and between windings. For this 
illustration assume that the distributed 
capacitances are lumped into three sec¬ 
tions; one section from the high voltage 
to ground Ch; one from the low voltage 
to ground Cl; and a mutual capacitance 
between windings Cjf. With this circuit 
it can be seen that the capacitances act 
like an electrostatic voltage divider for a 
siurge originating on the high-voltage side 
of the winding. 

Fig. 5 also suggests a method of elimi¬ 
nating this electrostatic coupling or the 
voltages resulting from this coupling. If 
an additional capacitor or low-impedance 
resistor is added in parallel with Clj the 
voltage ratio of the divider would be re¬ 
duced to a value where it would not pro¬ 
duce surges on the low-voltage system 
that would endanger the equipment. It 
has been determined that a 50-ohm re¬ 
sistance or a 0.005-microfarad capacitance 


is adequate for this application.® It 
should be noted that cable circuits or 
other equipment connected to the trans¬ 
former secondary usually provide this 
necessary capacitance or resistance value. 
For example, a total length of 50 feet of 
cable is usually enough to supply the 
necessary 0.005-microfarad capacitance. 

Fig. 5 also indicates an electromag¬ 
netic coupling source through the tums- 
ratio of the windings. This coupling 
source is further described in Fig. 6.® The 
actual circuit under consideration is 
shown in the upper right-hand comer of 
the figure and consists of a machine, a 
transformer, and a lightning arrester con¬ 
nected to the high-voltage side of the 
transformer. Directly under this circuit 
is shown its analogue. The machine is 
represented by its surge impedance R; 
the transformer by its leakage inductance 
L; the capacitance of the secondary 
circuit by C; and the arrester discharge 
voltage referred to the secondary circuit 
by NKEa. The voltage impressed on the 
machine terminals Vm, is therefore de¬ 
pendent on these parameters. 

To determine 7m, the factors M and T 
must be calculated, as shown in Fig. 6, 
from the Ry L, and C of the circuit. NKEa 
can be determined from Ny the ratio of 
the machine to the line voltages; from 
Ky the factor given in the figure dependent 
on the transformer bank connection; 
and from the discharge voltage of the 
arrester. Knowing NKEay My and T, the 
magnitude and wave shape of the voltage 
Vm applied to the machine can then be de¬ 
termined by the curves of Fig. 6. A more 
complete description of this method of 
calculation is given in reference 5. 

In many cases the transferred surges 
determined by the foregoing method are 
found to be low enough so that additional 
protection on the secondary circuit is not 
needed. However, if large or important 
equipment is involved, the risk of failure 
from these surges usually justifies the 
small expense of the additional protective 
equipment. 


In applying the prevention-plus-control 
program to lightning surges, it is found 
that in this case the prevention portion is 
the most difficult. By adequate shielding 
of the overhead lines on the system, direct 
strokes can be eliminated to a great ex¬ 
tent ; but no means have been devised to 
prevent effectively induced strokes or 
surges that are transferred through trans¬ 
formers. 

Strictly speaking, it is impossible to 
eliminate all direct strokes unless the line 
is completely surrounded with a grounded 
metal enclosure. However, by proper 
shielding with rods, masts, or overhead 
ground wires, it is possible to prevent all 
but 0.1 per cent of the strokes to strike 
the shielded conductor. Fig. 7 shows an 
example of the overhead ground wire. 
For 0.1-per-cent shielding the line con¬ 
ductor should be within a 30-degree 
shielding angle from the shield wire. In 
addition, to prevent flashovers from 
ground wire to conductor, the tower 
ground resistance must be low and the 
spacing between the grounded conductor 
or structure and the line conductor must 
be sufficient, usually on the order of 
several feet. 

Even if the overhead ground wire pre¬ 
vents practically all of the direct strokes, 
it will not prevent the appearance of 
lightning surges on the line conductors. 
When the ground wire is struck, voltages 
appear on the line wires by induction. 
These voltages plus the induced strokes 
and the surges that can appear through 
the supply transformers all can be of suf¬ 
ficient magnitude to damage apparatus on 
the plant system. Some means of control 
therefore is necessary to protect this ap¬ 
paratus. 

Insulation Levels 

Before the control portion of the pro¬ 
tection program is attempted, the insula¬ 
tion levels of the equipment to be pro¬ 
tected must be known. Normally the 
equipment to be protected on an indus¬ 
trial system consists of cable, oil-insu- 


Table 1. Impulse Insulation Levels of Low-Voltage Equipment, 1V* X 40-Wave Kilovolt Crest 

Values 


Insulation 

Class, Kv 

Cable* 

Oil-Insulated 

Transformert 

Dry-Type 

Transformer 

Switchgear 

Rotating Machine, 
Kv$ 

9 . 

94 ... 

.45. 

. 20 . 

60 . 

. 10.26( 2.4 ) 

R n 

....113. 

. '.60. 

.25. 

60 . 

. 16.5 (4.16) 


_ 109 

......... 75 . 

. 35 . 

.. ..75- 95§ . 

. 26.1 ( 6.9 ) 

1 K 

94.0 

QR 

. SO . 

_ 95-110 . 

. 50.8 (13.8 ) 

. . 

* Recommended 

standards 

by Halperin and 

Shanklin.> 




t Distribution class equipment 500 kva or less. 

t Machine impulse insulation level is 25 per-cent higher than the 60-cycle test value. Values in the table 
refer to the machine ratings given in the parenthesis. 

§ Switchgear value is for 7.2-fcv class equipment. 
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lated transformers, dry-type transform¬ 
ers, switchgear, and rotating machines. 
The impulse levels of this equipment in 
the 2.5- to 15-kv range are given in Table 

The impulse levels of low-voltage over¬ 
head lines vary over a wide range but, 
in general, the values are higher than for 
cable circuits. Therefore, it is recom¬ 
mended that lightning arresters should be 
provided at the potheads when cable cir¬ 
cuits are fed from overhead lines. In some 
cases arresters may be needed at the far 
end of these cable circuits if the cable 
length is excessive. This should be done 
to prevent the build-up of voltage at the 
far end resulting from reflected travelling 
waves in the cable circuit. 

The impulse levels of oil-insulated 
transformers given in Table I show that 
protection can be provided by installing 
standard lightning arresters of the proper 
rating at the terminals of the trans¬ 
former. As a general rule, these arresters 
should be mounted as close as possible 
to the terminals of the unit although, in 
certain cases, it is permissible to allow a 
specified separation distance.® 

Dry-type power transformers and 
rotating machines have impulse levels 
lower than the other equipment. These 
units require special protection methods.^ 
Arresters with a low protective ratio 
should be installed on the terminals of the 
transformer and, if it is connected to an 
exposed overhead line, then additional 
arresters, preferably of the expulsion 
type, should be installed on the line ap¬ 
proximately 500 feet from the trans¬ 
former. 

The impulse strength of switchgear 
equipment is comparable with the 
strength of oil-insulated transformers. 
The protection of this equipment is there¬ 
fore provided by standard arresters 
mounted in the equipment. 

Table I shows the impulse strength of 
rotating machines to be a single value and 
of the lowest magnitude of all the equip¬ 
ment considered. In a way, this figure is 
misleading. While the insulation level is 
low compared to the other equipment, it is 
not a single valued quantity. The value 
given in the table is the conductor-to- 
ground insulation level but, in addition, 
there is a tum-to-tum insulation level 
that must not be exceeded. It is this 


Fig. 8 (left). Traveling wave 
in generator winding 

Ea ^Surge voltage in machine 
with an arrester only at the 
machine terminals 
Eb ^Surge voltage in machine 
with an arrester and capacitor 
at the machine terminals 



Fig. 9 (right). Means of 
obtaining series inductance in 
machine protection scheme 

value that complicates the 
problem for rotating machines. 
If only the line-to-groimd 



insulation (D) 


MACHINE AND 
TERMINAL 
PROTECTION 
SAME AS 
SCHEME (A) 


level were to be considered, protection of 
the machine would be accomplished by 
simply applying an arrester at its ter¬ 
minals. Fig. 8 shows what would happen 
in this case to the voltage stresses be¬ 
tween turns of the machine winding. If 
the machine winding could be thought of 
as a transmission line with distributed 
constants, then the voltage surge trans¬ 
mitted past the arrester would appear as 
travelling through the winding. Fig. 
8 shows that for this surge the voltage be¬ 
tween turns would be equal to ah, which 
is approximately one-half the total value 
of the applied surge. This value of ah 
would in most cases be entirely too high 
for the turn-to-tum insulation of the 
machine. 

Since from Fig. 8 it can be seen that the 
voltage between turns depends on the 
rate of rise of the applied surge, a control 
scheme becomes immediately apparent. 
If the surge front was sloped off, as shown 
by Et in Fig. 8, for the same magnitude 
of surge and therefore stress on the insula¬ 
tion to ground, the turn-to-tum stress 
can be reduced. To accomplish this slop¬ 
ing effect, the basic circuit used consists 
of inductance and capacitance in series. 
This, in effect, means appljjing an induct¬ 
ance in series with the machine and a 
shunt capacitor across the machine ter¬ 
minals. This controls the slope and, by 


applying arresters across the capacitor 
and across the line at the junction of the 
line and inductance, the magnitude of the 
surge voltage will be controlled. 

The values and form of the inductance 
and capacitance depend on the origin of 
the surge, characteristics of the supply 
circuit, the machine constants, and the 
method of grounding the machine neutral. 
Fig. 9 shows the most common means of 
providing these elements. The induct¬ 
ance may be a lumped choke coil or re¬ 
actor as in Fig. 9(A); a section of line or 
cable as in Figs. 9(B) and (C); or it may 
be a transformer as in Fig. 9(D). In 
any case, the value of inductance should 
be at least 175 microheniys if the line 
arrester is of the valve type, or 90 micro- 
henrys if the line arrester is of the expul¬ 
sion type.® The value of capacitance de¬ 
pends on the voltage rating of the machine 
and the method of neutral grounding. 
In all cases, the arrester and capacitor 
ground connections should be common 
and connected to the machine frame. 

Effect of Neutral Grounbin-g 

Since a surge entering a machine wind¬ 
ing eventually reaches the neutral of the 
machine, the method of neutral grounding 
must be considered in the machine-pro¬ 
tection problem. If the neutral is solidly 


Fig. 10. Example of pro¬ 
tection scheme 
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grounded, it is obvious that no surge 
voltage can ever exist at this point. If 
the neutral point is open however, under 
certain conditions, voltages in excess of 
the applied surge value are possible 
caused by surge reflections at the open 
neutral point. For this condition, some 
means must be provided to limit the 
voltages at the neutral. The most obvi¬ 
ous method would be to provide addi¬ 
tional arresters and capacitors at the 
neutral point. The neutral point is not 
always available, however, so another 
means of limiting this voltage is the fur¬ 
ther sloping of the applied wave. This is 
done by the addition of another set of 
surge capacitors at the machine ter¬ 
minals. 

Since ungrounded machines need addi¬ 
tional surge protection and solidly 
grounded machines do not, there must be 
a dividing line somewhere in between 
above which additional protective equip¬ 
ment is needed. It has been determined 
that this dividing line occurs for resist¬ 
ance grounding when the resistor ohms 
exceed one-third of the surge impedance 
of the machine winding. For reactance 
grounding, this line occurs when the Re¬ 
cycle reactance exceeds 0.2 ohm per 100 
ohms of machine surge impedance. These 
values then determine whether a machine 
is grounded or ungrounded from a surge 
standpoint. 

As mentioned before, the value of 
capacitance to use depends on whether a 
machine is grounded or ungrounded. Now 
that the definition of grounded operation 
is determined, the recommended capaci¬ 
tance values can be given. For all ma¬ 
chines rated 650 volts or less, the capaci¬ 
tance per phase should be 1,0 microfarad. 
For all machines above 650 volts and less 
than 11.5 kv, the capacitance per phase 
should be 0.5 microfarad. For un¬ 
grounded machines over 11.5 kv without 
neutral protection, the capacitance per 
phase should be 0.5 microfarad. For 
grounded machines over 11.5 kv, the 
capacitance per phase should be 0.25 
microfarad. 

Special Considerations 

The preceding discussion covered pro¬ 
tection from a more or less individual 
piece of equipment point of view. It was 
demonstrated how one piece of equipment 
should be protected if it alone was being 
considered. Of course, on an actual sys¬ 
tem, different types of equipment or 
several pieces of the same type of equip¬ 


ment may be located near enough to each 
other so that all of the imits could be pro¬ 
tected by the same protective device. An 
example of such a condition would be a 
cable feeder terminating in a switchgear 
cubicle from which another short cable 
feeder supplies a motor. Such a circuit is 
shown in Fig. 10. When the individual 
pieces of the circuit are considered, light¬ 
ning arresters are needed at both ends of 
the cable as well as one for the switchgear, 
and an arrester and capacitor are needed 
at the motor. As shown in the figure, only 
two arresters and a capacitor are needed 
to provide this protection. One arrester 
at the junction of the overhead line and 
the cable protects the one end of the cable 
and the other arrester and the capacitor 
protect the motor, the switchgear, and the 
other end of the cable. 

A similar situation arises when there are 
several motors connected to the same 
bus. In many cases adequate protection 
is obtained by mounting one set of light¬ 
ning arresters and capacitors at the com¬ 
mon bus. A conservative figure for the 
maximum separation distance between 
the motor and the protective equipment 
is 200 feet of line or 100 feet of cable. In 
most cases, greater distances would prob¬ 
ably be satisfactory but, for important 
motors, these figures should probably be 
adhered to. 

The foregoing recommendations ap¬ 
plied primarily to equipment subjected to 
direct or induced strokes or surges di¬ 
rectly attributed to such strokes. Thus, 
any plant system that has overhead lines 
exposed to direct or induced strokes 
would be governed by these recommenda¬ 
tions. For a plant system that has no 
such exposure and contact, either di¬ 
rectly or through a transformer, with such 
an exposed circuit, surge-protective equip¬ 
ment is not needed; e.g., a system having 
its own generation and no tie with a 
utility and the circuits of which are all 
cable. For this system, all that is needed 
is the proper grounding to prevent switch¬ 
ing surges. 

The third type of system is a combina¬ 
tion of the preceding two. This system 
consists of all unexposed cable circuits but 
a utility tie is maintained through a step- 
down transformer bank. Thus surges 
can be transmitted through the trans¬ 
former to the plant system. As men¬ 
tioned previously, if the high-voltage 
winding of the transformer is protected 
by lightning arresters, the magnitude of 
the transferred surges are quite nominal 


Discussion follows 


and, in many cases, especially when the 
system consists of a considerable amount 
of cable, additional protective equipment 
on the low-voltage plant system is not 
needed. A computer study of just this 
situation was made recently for a large in¬ 
dustrial plant. The results of this study 
indicated that, while arresters might not 
be needed at aU, complete protection 
would be assured by installing one set of 
arresters on the low-voltage terminals of 
the transformer. 


Conclusions 


Any program of surge protection must 
provide’ for switching surges as well as 
lightning surges. Switching surge pro¬ 
tection consists of proper system ground¬ 
ing to prevent the occurrence of switch¬ 
ing surges or transient overvoltages 
caused by arcing grounds. Lightning 
surge protection consists of adequate 
shielding to prevent direct strokes to the 
system and the use of lightning arresters 
and surge capacitors to control the surges 
that occur because of induced strokes and 
surges transmitted through transformers. 
By taking proper measures to provide 
this protection, equipment failures and 
plant outages resulting from these failures 
will be kept to a minimum. 
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Discussion 


(The Goodyear Tire 
Md Rubber Company, Akron, Ohio): Mr. 
Wagner’s paper was of great interest to me 
b^use of some experiences that we had 
with motor failures due to surges several 
years ago. During a storm, lightning 
^ck _a ventilation stack at one of our 
^ge tire plants. Coming down the stack, 

. the bolt jumped to the frame of a 400-horse¬ 
power 4,600-volt mill motor. Evidently 
the frame of the motor was not properly 
g3*oimded at the time, for the stroke pene¬ 
trated the winding, causing damage to 
several coils and simultaneous failure of 
another large motor on the 4,600-volt bus 
section. 

burned coils were replaced on the 
400-horsepower mill motor and it was put 
back in service. Six weeks later the same 
motor again failed and at the same time an 
800-horsepower Banbury motor burned 
out. Again coils were replaced and it was 
put back into service. Two weeks after 
It agam went to ground, this time causing 
the simultaneous failure of another 600- 
Banbury motor and another 
oOO-horsepower mill motor. 

This time the motor was completely re¬ 
wound. ^ When the old winding was re¬ 
moved, it was found that the cell insulation 
was ‘^peppered*’ with small holes that had 
been burned through it, presumably by the 
original Hghtning stroke. The insulation 
had broken down on two subsequent occa¬ 
sions and caused surges that had ruined 
three other large motors. 

With this evidence we decided that we 
should ground the 4,600-volt system. Be¬ 
cause of the expense of providing ground 
protection on all of our present feeders, it 
was decided to use the high-resistance 
grounding scheme illustrated by Mr 
Wagner in his Fig. 4(B), This system was 
instiled and the results have been very 
gratifying. To my knowledge, no multiple 
motor failures have occurred since. 

We have installed similar systems in all 
of our large plants since that time and feel 
that this is very cheap insurance against 
trouble from surges. 


R. H. Kaufmann (General Electric Com¬ 
pany, Schenectady, N. Y.): Mr. Wagner’s 
paper serves to bring into sharp focus the 
evils of transitory overvoltages in industrial 
systems. The paper refocuses attention on 
preventable overvoltages in industrial power 
systems. It points out tried and tested 
methods of curbing such overvoltages and 
emphasizes that overvoltage reduction 
means longer electric equipment life and 
fewer insulation breakdowns. He cites 
cases in which the application of system 
grounding was observed to result in a re¬ 
duced rate of circuit tripouts. The dis¬ 
cussion of the benefits of system grounding 
should aid in speeding universal adoption 
of this desirable practice. 

In the treatment of resistance grounding, 
the reader might easily acquire an over- 
optimistic impression of the quality of high- 
resistance pounding. 

While it is true that the severe overvolt¬ 
ages resulting from intermittent ground 
faults and high-inductive reactance line-to- 
ground circuits can be curbed by high-resist¬ 


ance grounding, it is incorrect to imply that 
high-resistance grounding eliminates over¬ 
voltages. There are a number of over¬ 
voltage sources, for example, a cross-connec- 
tion with a higher voltage grounded system, 
which will not be eliminated by high-resist¬ 
ance grounding. 

Furthermore, a high-resistance grouilding 
system allows any one ground fault fully to 
displace the system neutral, thus resulting 
in the application of 73-per-cent overvolt¬ 
age on two phases throughout the system. 
The absence of automatic trip on a ground 
fault will allow this overvoltage to be sus¬ 
tained. It is important to realize that 
adoption of high-resistance grounding should 
be accompanied by installation of ground- 
fault searching equipment to enable the 
ground fault to be quickly located and 
quite promptly cleared, lest the continued 
overvoltage throughout the rest of the 
system nulhfy the advantage of avoiding an 
immediate tripout on the fault member. 

The presence or absence of rotating 
machines on the system in question is an 
important factor in deciding whether high- 
resistance grounding is likely to be a good 
choice. Rotating-machine winding faults 
incur high ^ short-circuit currents around 
the short-circuited turns, in spite of a 
negligible low ground current. The 
high tum-short-drcuit current liberates 
much heat and melts copper and core 
laminations. The absence of substantial 
ground current makes machine differential 
relaying inoperative until the fault bums 
into another phase and also makes ground 
ov^current relaying ineffective. The high- 
resistance system grounding sacrifices the 
possible more sensitive protective relaying 
which would be obtained with low-resistance 
reactance, or solid grounding. This sacrifice 
may mean longer, more costly, motor-wind- * 
ing repair on those motors which develop 
internal winding failure. 

Under “Resistance Grounding,” Mr. 
Wagner states “i?o/Ao should always be 
equal to or greater than 2, and Xo/Xi must 
be less than 20.” It is believed that only 
the first limit was intended; namely, Ro/Xo 
should be equal to or greater than 2. The 
use of distribution transformers for the 
grounding drcuit, as suggested in Fig. 4, is 
in itself, evidence that Xq/Xi ratios higher 
than 20 are accepted. 

Under “Reactance Grounding,” Fig. 1 
plots system overvoltage as a function of 
Xo/Xi ratio. System overvoltages are not 
the direct result of a given Xo/Xi ratio, but 
rather the result of some particular dis¬ 
turbing influence in the presence of the 
stated Xo/Xi value. Furthermore, the 
voltage magnitudes will be affected by other 
system parameters, such as Xco/Xa and 
Ro/Xq. To allow proper appraisal of Fig. 1, 
Mr. Wagner should define the exact 
character of the disturbing influence, as 
well as the values of other pertinent circuit 
parameters. Perhaps, this curve was ex¬ 
tracted from published literature in which 
case a reference thereto would suffice. 

Under “Lightning Surges” is expressed 
the thought that by proper shielding of 
open-wire circuits, freedom from break¬ 
down from direct lightning strokes can be 
attained except for perhaps one case in a 
thousand. To achieve such levels of per¬ 
formance requires high insulation levels 
and wide conductor spacings, such as 
might be found on lines operating at 230 kv. 


or higher. For industrial system circuits 
operating generally at voltages below 15 
kv, the afore-mentioned performance levels 
rarely can be even approached. This 
comment is not to be construed to mean 
that shielding should be abandoned, but 
rather that we should know and under¬ 
stand the facts as they are. 

It is my earnest intent that these com¬ 
ments serve to enrich and enlarge the inter¬ 
pretations of this informative paper. 


C. L. Wapier: Mr. Williams’ and Mr. 
Kaufmann’s comments on this paper demon¬ 
strate very clearly the true worth of dis¬ 
cussions on technical papers. In the first 
place, the logical question to ask after read¬ 
ing or hearing any paper giving general 
application recommendations on a given sub¬ 
ject is “Where have those recommended 
practices been used and what success has 
been obtained?” Mr. Williams’ discussion 
supplies the answer to this question, at 
least for the section of the paper pertaining 
to high-resistance grounding. 

Mr. Kanfmann’s comments illustrate the 
complexities involved in preparing a general 
application paper on as broad a subject as 
surge protection on industrial systems. It 
is extremely difficult to cover all the factors 
in the problem in sufficient detail to insure 
compr^ension by the reader and at the 
same time limit the paper to a reasonable 
length. Further discussion on points not 
sufficiently clear in the formal presentation 
is certainly worth-while. 

In this regard the author would first like 
to make clear that no particular type of 
system grounding was recommended in this 
paper. All that was stated or intended in 
this paper was that by proper system 
grounding, the occurrence of transient over¬ 
voltage due to switching surges or arcing 
ground faults could effectively be prevented. 

I have attempted to define the rules that 
have been established for all types of system 
grounding to limit the magnitude of these 
switching surge voltages. 

Mr. Kaufmann evidently feels that too 
much emphasis was placed on high-resist¬ 
ance grounding. No such emphasis was 
intended. There are too many factors to be 
considered in selecting a particular type of 
grounding scheme to include a discussion of 
same in this paper. References 1, 2, and 3 
of the paper are but several of the many 
works written on the subject, which discuss 
the relative merits of the various schemes. 

Mr. Kaufmann states that the paper im¬ 
plies that high-resistance grounding elimi¬ 
nates overvoltages. I never stated or 
certainly meant to imply that it does so. 

It eliminates transient overvoltages as 
stated but not overvoltages. In fact, no 
type of system grounding, even solid ground¬ 
ing, will eliminate the overvoltage occurring 
in the example given by Mr. Kaufmann of a 
high-voltage line falling across a lower 
voltage line. The ground relays might 
trip the circuit if the system were solidly 
pounded but the overvoltage would still be 
impressed on the system for a short time. 

The need for or advantages of ground¬ 
detecting relays or alarms on high-resistance 
grounded systems is further emphasized by 
Mr. Kaufmann’s comments. The presence 
of line-to-line voltage impressed on the 
line-to-ground insulation of plant equipment 
will reduce the life of the insulation to some 
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degree so that it is advantageous to clear 
the fault as soon as possible. 

I do not understand fully Mr. Kaufmann’s 
comments on a fault in an ungrounded ma¬ 
chine. If a single ground fault occurs in the 
machine, there will be no turns short 
circuited and thus no high circulating cur¬ 
rents. The only current causing damage in 
the machine will be that limited by the high 
grounding resistance. This current will 
normally cause a negligible amount of dam¬ 
age. If there is a turn-to-tum fault in the 
machine not involving ground, then there 
will be high circulating currents in the 
faulted turn but these currents will not be 
detected by the differential relays whether 
the system is solidly grounded or un¬ 
grounded. The only condition the author 
can visualize where Mr. Kaufmann’s 
comments would apply, is when the turn-to- 
tum fault finally bums to ground. For this 
condition, most certainly the machine on the 
solidly grounded system would be relayed 
off whereas the machine on the high- 
resistance grounded system would not be 
tripped until the fault involved another 
phase. It is my opinion, however, that in 
either case the damage in the machine would 
be extensive and require major repairs. 

Without going into further details on the 
relative merits of various grounding schemes 
which is actually beyond the scope of the 


paper, I believe Mr. Kaufmann would 
agree simply to state that if plant operating 
procedures definitely prohibit circuit 
tripping on ground faults, then high-resist¬ 
ance grounding is the best scheme to use. If 
circuit tripping is permissable, then some 
form of low-impedance grounding is prefer¬ 
able. 

Mr. Kaufmann raised the question as to 
the circuit conditions involved when the 
data of Fig. 1 were obtained. This is a 
very good point and definite references for 
it should have been stated in the paper. 
Rather than give all the pertinent data at 
this time, which is actually not necessary 
for this discussion, the author would like to 
refer those interested to page 520 of reference 
1 of the paper. As Mr. Kaufmann states, 
this curve will not necessarily be exactly 
correct for all values of circuit parameters 
and switching conditions. It was included 
in the paper to show first of all that the 
magnitudes of switching surges can be quite 
high (above 500 per cent of normal) if proper 
precautions are not taken. It was also 
used to show that without forcing current 
zero in the arc path (one of the conditions 
under which the data were taken) there is a 
sharp break in the curve around the value 
of X^/Xi equals 10. This "demonstrates 
where the rule of Xq/Xi equal to or less than 
10 came from. 


The question of Xco/Xci and Ro/Xo 
ratios used in these studies leads directly into 
the answer to the question of where did the 
statement ^‘Ro/Xo should always be equal 
to or greater than 2, and XqJXi must be less 
than 20** come from. Without going into 
any detail, it might be said that recent 
analogue computer studies have shown that 
for certain Xco/Xci and Xa/Xt ratios it is 
not sufficient to merely keep Rft/Xo greater 
than 2. It has been found that the. added 
restriction of Xo/Xi less than 20 must be 
used to make sure that for any system 
capacitance values the transient over¬ 
voltages will not be excessive. 

The last comment of Mr. Kaufmann*s 
is a misinterpretation of the author*s 
statement. The paper states “by proper 
shielding . . ., it is possible to prevent all 
but 0.1 per cent of the strokes to strike 
the shielded conductor.** This refers only 
to shielding of the conductors from direct 
strokes and not to back flashes or flashovers 
from shield wire to conductor as Mr. Kauf¬ 
mann interpreted it. Mr. Kaufmann is 
correct in that it is impossible to limit back 
flashes to such a low level on low-voltage 
lines. In fact even on 230 kv and above, it 
is impossible to obtain this level. 

I would like to thank the discussers 
for their comments which no doubt added 
immeasurably to the worth of this paper. 


Simple Analytic Method for Linear 
Feedback System Dynamics 


M. E. CLYNES 

NONMEMBER AIEE 


T he Laplace transform method for 
analyzing the transient response of 
feedback systems is laborious.^ Syn¬ 
thesis by this method is almost imprac¬ 
ticable. The graphical methods which 
were developed by Nyquist, Bode, Evans, 
and others allowed the analysis and syn¬ 
thesis of linear feedback systems to be 
made with considerably less effort.^*^.^ 
Methods using infinite series to approxi¬ 
mate the transient response from the 
open-loop transfer function were de¬ 
veloped by Tustin, and earlier by Bed¬ 
ford and Fredendall.®*® 

The analytic method presented here 
takes as its starting point the open-loop 
transfer function. It eliminates the cal¬ 
culation, in each individual case, of the 

Paper 55-700, recommended by the AI£B Feedback 
Control Systems Committee and approved by the 
Al££ Committee on Technical Operations for 
presentation at the AIEE Fall General Meeting, 
Chicago, HI., October 3-7, 1955. Manuscript 
submitted March 30, 1955; made available for 
printing August 19, 1955. 

M. E. Clynbs is with the Bogue Electric Manu¬ 
facturing Company, Paterson, N. J. 


closed loop transfer function and the 
solution of the characteristic equation. 
General solutions of the characteristic 
equations are given in terms of the open- 
loop parameters, for the systems con¬ 
sidered in this paper, viz., single-loop 
systems and simple multiple-loop sys¬ 
tems. These solutions give the transient 
behavior. 

The method is well suited for synthesis, 
as the characteristics of the system com¬ 
ponents keep their identity in the 
analysis. The results are accurate for 
certain systems, while for the others ap¬ 
proximate solutions are given well within 
most practical requirements. 

Nomenclature 

K, K®, Ka=steady-state open-loop gain of 
0-type, 1-type, and 2-type systems 
respectively 

«if W8 = reciprocals of n, t 2 , ts, the open- 

loop lag time constants respectively 
w=the undamped natural frequency of the 
closed-loop system 


fsstke damping factor of the closed-loop 
response, i.e., of the governing 
complex roots 

fill-the damping factor of our imaginary 
system having the three slowest lags 
of the system considered with the 
same system gain 

fii«the damping factor of an imaginary 
system having the two slowest lags 
of the system considered, with the 
same system gain 

T «the pure exponential decay time constant 
in 3-lag system transients 

w=the gain margin for uncompensated 3-lag 
systems 

p=the ratio of the multipliers of the two 
transient components A/B 

Tp wangle 

2-Tmie Lag System 


As an introduction to the method, con¬ 
sider a system of an open-loop transfer 
function G(s), The closed-loop transfer 
function is then 


M(s) 


Gjs) 

l-jrG(s) 


Consider first 


( 1 ) 


(l-l-ri5)(l-i-T25) 

Then 

K 

_ 

K+1 
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The denominator, a quadratic in s, is 
of the form 

H-5+“ 

« CO* 

which represents a pair of complex roots 
of f and CO corresponding to the transient 


V(i-r’) 


,-Mx 


^ Ti4-r2 

CO "isr-fi 

and 

1 TiT 2 

giving 

CO* = C0iC02(iC -f-1) 

COl +CO 2 

^ 2 co 


( 2 ) 

(3) 

(4A) 

(4B) 


The solution for co and f is simple in 
this case as the equations 2 , and 3 are 
quadratic in co and f. 

3-Time Lag System 

The difficulties in applying the same 
method to a 3 -lag system are overcome 
by the convenient introduction of a new 
parameter as shown in the following: 

Consider a system of open-loop transfer 
function 

K 


(1 -h ri5) (1 rh T2S) (1 + Tzs) 

The closed-loop transfer fimction is 
M{s)^ 

K 


K+l 


^ , ri-i-T2-{-Tj , riT2+r2ri-i-rsri „ , rirzrz ^ 

The denominator is of the form 

(1 + TS)( 


\ CO CO*/ 


Here the two factors correspond to the 
two components of the transient response 
and Be"*""' sin [(»V( 1 —f 0 < 4 - 
^]. Af B, and the angle ip depend on the 
type of disturbance. 

Equating coefficients of the like powers 
of ^ 


ri-hr 2 +T» 

r-i — -_ 

CO K + 1 

2 ^ ^ _ riTz+rzTz-hrzTi 

CO CO*”" K + 1 
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( 5 ) 

( 6 ) 


TlTzTz 

^K+1 




A solution of these equations for any of 
the unknowns co, f, r would involve solv¬ 
ing a cubic equation. However, let 


1 Tl+T 2 + r3 

n iT-f-l 


sin tan-i 

for a step displacement input. 

Comparing coefficients of like powers of 

5 


where « is a function of ti, ra, rs, and K. 
Then 


2^ Ti-\rr2"{-Tz n—l 

CO jRT-f*! ft 




ft — l (ri-f-r 2 -hr>) * n rirzrz 
(l+iO* ri-f-r2-|-T» 


Tir 2 -i“r 2 T|-f"r 8 Ti 

K+1 


( 10 ) 


The first term on the left-hand side may 
be neglected with a proportional error 
of 

ft^l (rH-T 2 +n) 


rir 2 T 8 (jRT-l-l)* 

The magnitude of this error will be evalu¬ 
ated in the following. Then 


( Tl -f- T 2 Ta) (coi -f*C 02 -f-COa) 

K+1 


( 11 ) 


and, since the term 2rf/co in equation 6 is 
neglected 


co* = (i?-hl) 


C 01 C 02 C 03 


COl +C02-hc03 

From equation 7 
1 

T =- 

COl "i"C02 H"C03 

and from equation 5 

n—1 CO 

2 coi-f-co 2 H”COa 


r 


( 12 ) 


(13) 


(14) 


The proportional error € resulting by 
omitting term 2Tf/co compared to l/co® 
in equation 6 is 


2rfco = 


(^-l)co* 4^2 


(coi -{-C 02 -hcoa) * ft — 1 


(15) 


making use of the approximate relations 
of equations 11,12,13, and 14. 

The corrected value of co® is therefore 


1 -^ 

giving the following corrected values 


(16) 


l-€ 


(17) 


and 


if € is small and n stands for 




( 18 ) 


(8) (COl 4~ct>2 H-coa) ( ri -f- r 2 4" Ta) 


Substituting in equation 6 and using 
equation 7 to eliminate 1/co®, the follow¬ 
ing equation containing only n as un¬ 
known is obtained 


K+1 

The accuracy of equations 12 , 13, and 
14 increases with spread of the time lags. 
In many cases e is sufficiently small so that 
correction is not necessary. The uncor¬ 
rected values error on the side of safety 
for all values of «>3, while for n<Z as 
the error approaches zero. 

From equation 14 it is seen that f be¬ 
comes negative for n<l. Thus n<l 
indicates instability. From equation 11 
it follows that n is actually the gain 
margin, i.e., the factor by which K+l 
must be increased for instability to occur. 
Thus, the value of n is immediately indi¬ 
cative of the stability of the system. 

To obtain the transient response, co 
and f are evaluated. For an uncom¬ 
pensated 3-time lag system, r is short 
compared to 1/co and the coefficient of 
in the transient is small; therefore, 
this term of the transient often is negli¬ 
gible. The transient is governed by the 
complex roots of the characteristic equa¬ 
tion. 

Example 

Ti = l second, 2 r= 0.1 second, r 3 « 0.02 

second, jRr=*15 

then 

61X1.12 _ 

- — -=4.27 by equation 11 

Dl 

, 16X500 

w® = —~— = ] 31.5 by equation 12 
ol 


T=--- =0.0164 by equation 13 
lo 

3.27 11.46 

^=- 77 - X " ■ 7 =0.307 by equation 14 
2 ol 

Error 

(0.307) *X4 


€=-—TTZ-=0.115 by equation 15 

= 148.5 by equation 16 


3.27 

131.5 


1-0.115 

«' = 12,2 second"^ by equation 17 

r'=0.0186 second by equation 17 

r'=0.307(l-|-0.058-0.035) =0.314 

by equation 18 

These are the same values as are ob¬ 
tained by the classic method of calculat¬ 
ing the closed-loop transfer function and 
solving the cubic in the deno mina tor. 


Clynes—Simple Analytic Method for Feedback System Dynamics 


January 1956 



Table I. Corresponding Equations 


open Loop Transfer Function 

Closed Loop Response 

K 

(l-fTl5)(l + T2j) 

co2«a)ia,2(2S:-l-l), r = 

2<a 


1 

_<Olti)2W3(J£-|-l)* 

0)1-|-«2-|*«3 

( ri + T2-f ra) (wi + W2 -h ««) 
K + l 

M — 1 CO 

1 * 

K 

(H-n5)(l + r25)(l + r8j) 

1 2 C01+Ci)2 + ««>»’ 6)1-1-Ci32+6>1 

1 


Error « =»--- 

n—l 



Corrected values 

1+^- 


^ l--€ l--« \ 

2 «— 1/ 

K I 

, . K+l * 

1 

1 


(i+Tis)a+>M)a+Ttf).. .(i+r«i) 


ri>T2>...>Tn 

1 



L . X(r 4 -|-ri+... 

+ rn)\» 


\ \ ri + T2+T3*. .. 

. 4-rn/ 


Extension to n-Time Lag System 


Comparison of ca of the 2- and 3-time 
lag systems for the same gain and with 
the same time lags n and r 2 leads to a 
formulation of a more general expression. 
Let the time lags be arranged in order of 
magnitude so that n is the longest. 
Then, if Roman numerals indicate the 
number of lags in the system 


K+1 

Cl)jy2 —--——- 

Ti r2+nrs+ riT4 +r2r8+r2r4+rs r4 
( iC -j“ 1) 6 }iCi72C03^4 

aJiC02 4" + 4 O 1 CO 4 + W2«8 -|“i*>2C»>4 “bcOsW 


K{l + rzs) 

6)* ctfiMaOr+l) Xri _^<oi-H<J2\ 

(14-T15)(1 + T2S) 

2\Tir3sa) Cl) / 

Ka+Tis) 

3(jK-hl)wi«26)* 

^ CdlH-C02-l-«8 


Smax “ ^ 

60 } 

<l-|-Tlj)(l-l-T2S)(l + r»f) ^ 

J2\w1 + M2t6)* 3 fij* ' 


Ti r2 + 7*2 T8 4-rs Ti 

since t 4 is the smallest time lag. To ob¬ 
tain a more correct value for coiv, the 
corrected value of com can be used. 
In more general form 


Kt 2 — ^ y— ^ 

j(l + Ti5) n* 2Kv 


Kv 

5a+n5)(l-^r2J) 

" 0 - * w4*6>2 

n+ra* Kv 

^ 1 * 

2 Oil-^OOt Wl+«2 

Error «=»—=--- 
1 

Corrected values 

'2- /_ r 

Kv 1 


j(H-riJ)(l-}-r25).. .(l-Hrnf) | 

n-l-r2+. .. i-ra 

lr7t«rn[l —XwCrj+Ti-}-. • . +r«)]* 

sa+Tis) Ti* ^ 2\ ^KvJ 

1 

jRCcCl-f-Taj) 

<s(l-|-ri5)(l + T25) 

/ BKv ^ ci}i-f-co 2 

l"*Irmax“—T“ » -5 

J Tl -{- T2 o<a 

1 1 ^3.2 «i-|-«2 1 

C01+C02'^3 cc2 Kv 

KaCl+iw) ] 

ja(l+Tii) j 

j^"*1finax “ 3Ka, finax = ^ 

\ \y — ^ -4-^ 

[^^ifmax „2 {Continued on page 380) 


The transient response may then be 
evaluated completely in the standard way 
for any given type of input. For a step 
displacement input, the output is 


^[1 — 

JT+IL l- 2 Tra.+T 2 «* 


sin [mVcI— 

•\/(l- 2 Tr«+TW)- 


where 




tan“i 


Vg-r^) 

-r 


-I- tan“^ 


Vci-rtw 

1 ■—T^O) 


This is generally not necessary, how¬ 
ever, since a knowledge of w, t, and f fix 
the main characteristics of the transient 
for a 3-lag system. The design is based 
on a desired value of f and w. 


K+1 


1 


( 20 ) 


ojy as given by this equation can be cor¬ 
rected by the correction for wm for a more 
accurate result. 

It is seen that the addition of further 
shorter time lags decreases w only slightly, 
and o) is largely determined by the three 
slowest lags in the system. 

The equations for the n-lag systems are 
approximate. They have been verified 
on the analogue computer and have 
proved to be useful. Since the analogue 
computer itself is approximate, a proper 
evaluation of the accuracy will have to 
form a separate study. 

Although w decreases only slightly by 
addition of further shorter lag terms in the 
open-loop transfer function, f is dimin¬ 
ished considerably. A comparison, simi¬ 
lar to the foregoing, of fn and fm leads to 
the following approximate expressions 

- ^ ( 21 ) 

\ Ti+Ti+rz/ 

irr4-fr6-f.. .+Tn \ 

* rinl 1-T—[I-) 

\ ri-jrT2’TT . Tn/ 


The net effect o f the ch anges in f and w 
is to leave wa/CI— effectively un¬ 
changed. Thus, the actual damped fre¬ 
quency of the system is practically unaf¬ 
fected by additional smaller lags. There 
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Table I (Continued) 


Open Loop Transfer Function 


Closed Loop Response 


a+ns)(l+Tts) 
Rate feedback 
HTts 


l + Tzs 


KH 


(a) r,>- 

<a 

f _ 

2 Vl+X+ITH r» (l+iC+XH)*y 

V K+1 ) 

Error e=.-Ii±I*+?r 

i+jr: « 

Corrected values T'*»r+€ 

For correct « and f use equations (33) and (32) 

(b) r.<i 

to 

. ^_(K+l)(oimeot ^ —1 to ♦ 

«* =»- 7- sa . - 

«i+«a+«i 2 «i4‘««u4’«» 

(n+Tj+r8( 1+if H-Jfjff) ](«!+«*+»*) 

K+1 

Error «»—!£!- 
»'-l 

Corrected values = JliL. 1+i-L-'X 

l-« ' ^2 «'-l/ 

,„2iv _ 3(if-f l)<oi<ri2o>a, _3 ^ wi+wt+wi 

IflDAX II I *** ^^^7* I s ^nftX ^ 

Wl+«*+«! «l+«8+W8 3w 

"K ■ T +f(g+l) 

+ + 3 «* / 


if 


(l+m)(H-«5)(l+w) 
Rate feedback 
Hs 


(l- 2 rl*w + r* 6 ) 2 )V« 


Kv 1 

i m.. _ 3 ,2 toi+toi 1 

[ toi+toi^3 Kv 

8(1-|-Tl3)(l-|-Ta8) 

Rate feedback ^ 

Hs 1 

Ka 1 

sHl+ns) ] 

Rate feedback j 

Hs \ 

f .... 

1 3m Ml 3 6)2 


* Equations are approximate. 


is, however, an appreciable decrease in 
the damping and corresponding increase 
in overshoots. 

Again, as in the 3-lag system, with 
higher order lag systems, the pure expo¬ 
nential decay terms in the transient are 
small and the behavior is governed by the 
single pair of complex roots. With single¬ 
loop multilag systems, more than one 
pair of complex roots do not arise regard¬ 
less of how many lags there are in the 
system. 

Derivation of Equations for Tjpe-l 
and Type-2 Systems 

All the equations derived so far for 
type-0 systems, and those to follow, can 
be converted to type-1 systems, i.e., 
systems with an integrator in the open 
loop, by letting and substituting 

Kun for K where Kj, is now the velocity 
constant for the type-1 system. The 
other time constants are renumbered to 
denote the time constants of the type-1 
system. The corresponding equations 
are given in Table I. 

For type-2 systems, i.e., systems with 
two integrations in the open loop, only 
the compensated transfer ftmctions are 
of interest since such a system is always 


unstable if uncompensated. Equations 
for such type-2 systems are derived from 
those of type-1 by letting ri-^ o© and sub¬ 
stituting Ka, n for Kf,. Ka is the ac¬ 
celeration constant of the type-2 system. 

Lead Compensation 


One of the most common ways of in¬ 
creasing the stability and improving the 
time response simultaneously is to insert 
lead in the open-loop transfer function. 
Consider the open-loop transfer function 

m+-ns) 

(1+ Tis) (1 -}- r 2 ^) (1 -f- TiS) 

It is desired to find an optimum value of 
t 4 . The corresponding closed-loop trans¬ 
fer function is 


K 


1+T45 


K + 1 Ti+-T 2 -¥rt+rKri . 

w 

riT%+-T2r%+‘r%ri Tirzrs , 

- j 2 _j- ^8 

K+1 ^K+1 

Now, as for the 3-lag system 

2 f ri + T2+n+KT4 

—5?;— 


2 ^ ^1 _ TlT2 + T2ri + rz7l 

Cl} ci}^ iST-hl 


(24) 


r Tirara 


(25) 


Now u appears only in equation 23. 
Therefore, substituting for r into equation 
24 from equation 25 and differentiat¬ 
ing equation 24 with respect to w, the 
condition for maximum f is obtained by 
equating (df)/(daj) = 0. 

The following relations hold for fmax 


rmax 


3 ( A" -{-1) a)jco2a>3 

0)1 -f-coa 4"C«>3 


Tmaau — 


cai -f-wa+ws 
Sea 


(26) 

(27) 


Substituting these values into equation 
23 

I 1 / 3(Jg+l) 

2 (i^H-l)(an+M 2 4-c«»3) . I 

“ (ri-hT 2 -f rs) 1 (28) 

Thus the maximum damping which can 
be achieved by including a lead term is de¬ 
termined and also the value of u for which 
this condition holds. In practice it may 
sometimes be desirable to design for 
somewhat less than maximum damping, 
and derive advantage from the increased 
o> which results from an increased u. 
Thus it is best to determine the maximum 
damping and, if it is large enough, to 
increase T 4 beyond that required for 
maximum damping until the damping is 
reduced to the smallest allowable value. 

This is best done by taking a larger 
value for w than w|rmax determining its 
corresponding r from equation 25 and 
finding f from equation 24. 74 is then 
given by equation 23. 

It is interesting to note that wlfmax^s 
given by equation 26 is ^/z times the 
value of w for the uncompensated 3-lag 
system, as given by the approximate 
equation 12. Thus, at maximum damp¬ 
ing, the lead has also increased the un¬ 
damped natural frequency of the system 
by a factor of approximately VS- This 
gives a basis for evaluating the advan¬ 
tages to be gained by lead compensation. 


More than Three Lags in System 

The same correction equation has 
proved to be applicable, approximately, 
to allow for more than three lags in the 
system. Thus if fm is known, taking 
the three longest lag time constants and 
the lead frvis given by equation 22. Simi¬ 
lar procedure is adopted for more than 
four lags. 
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Lead-Lag Networks 

Lead-lag networks may be designed 
from the foregoing relations. The lag of 
the compensator is treated as a system 
lag. The design of lag-lead or lag com¬ 
pensators is done in a similar way. 


Ratio of Pure Exponential and 
Oscillatory Decay Term in 
Transient 


Since CO is increased and t is increased 
compared to the 3-lag no-lead system, rco 
is considerably increased. This means 
that the pure exponential term is not 
necessarily negligible any longer. The 
ratio of their amounts is given by 

__ rco^( TA —t) \/ (1 — _ 

^ [(1 — 2Tf<o-|-T*co®) (1 — 2r4rco+T4®a»*) ] 

(30) 


Usually, Tco is of the order of magnitude 
of 1 and the behavior of the system is still 
largely influenced by the oscillatory term. 
The presence of a pure exponential term 
with a positive coefficient which occurs 
if r 4 >n increases the overshoot compared 
to a 3-lag system of similar damping fac¬ 
tor. Open-loop transfer functions with 
more than one lead are not discussed 
herein. Conversely, if r 4 <ri, the over¬ 
shoot is reduced. 


Simple Multiloop Systems with 
Rate Feedback 

Rate feedback compensation is fre¬ 
quently used to improve system perform¬ 
ance. Such rate feedback may be 
represented by the transfer function 
(ifr 5 )/(l+T 5 ). If, however, the rate 
signal has a negligible delay, the transfer 
function can be written as H's. 


2-Lag System with Rate Feedback 


Consider a system of open-loop transfer 
function i2^/[(l+nr) (1+7*25)] and rate 
feedback II(s) = (HTzs)/(l+n$), The 
closed-loop transfer function 


Mis) 


Gis) 


l+Gis)[l-\-His)] 

K l+nr 


iC +1 ^ , Ti+r 2 +r 3 [l+iir(l+iir)] , 


nTj+raTa+TaTi ^ TiTar> 


K+l 


isT+l 


giving the equations, as before 

2r n+n+n[l+.g(14-ir)] 
K+l 


(31) 


1 Tir 2 + r 2 ri+rari 

<a 6 >* iS^+l 

T TiT2T$ 

^“Z+i 

As first approximation, if n is not small 
l-hk-hKir 


(32) 


(33) 


T = ri 


(1+H) 


K-hl 

Then from equation 33 


(34) 



TIME 


1 -hK-hKff 

S ■' ' -- -— 

TlTZ 


(35) 


Substituting into equation 32 for w* 
and r 




1 / n+T 2 . 

2 "\i+ii:+ir£r“^' 


nr2 


KH 


rz (l+JT+iTiOV 
(36) 


Fig. 1. Example of synthesis of a superior 
transient response from inferior transient 
components 


applied. For rz larger than l/w, this cor¬ 
rection method does not converge, and 
the foregoing analysis is applied. 

Thus, for rz<l/o) 


r cannot be neglected now and the 
relative amounts of the two components 
of the transient need to be evaluated. 

For a step displacement input, this 
ratio 

A 

(n-T)c«rV(l-r) 

[(1 — 2t^C0+ T^Q)^) (1 —2 rsfw+ TZ^CD^) ] 

(37) 

Thus, for large iT, <a is large and f is 
small but p——r/ tz^( 1 +irfr+ir)/1+22^ 

Therefore, the oscillatory term is pre¬ 
sent only in small amplitudes, of high 
frequency, and low damping factor at the 
beginning of the transient. The main 
transient is given by r. 

With only two time constants in the 
forward path, this fast initial oscillation 
is never unstable since f is always posi¬ 
tive. However, if more than two time 
constants are present in the forward 
loop and H is increased excessively, a very 
fast unstable oscillation occurs super¬ 
imposed on the transient. Since initially 
this oscillation is present only in minute 
amplitude, it will take a short time to in¬ 
crease enough to be noticeable. The 
transient will start apparently smoothly 
and break into rapid, small, increasing 
oscillations at some point. 

The correction of f for the presence of 
additional time lags in the forward path 
may be made by the general equation 22. 
Such large values of i? as described in the 
previous paragraph are not frequently 
used in practice. 

For values of rz less than l/w the sys¬ 
tem may be considered as a modified 3- 
lag system. In this case the term 
(2rf)/c«) is neglected as in the analysis for 
the 3-lag system, and correction is then 


n 


{Ti+r2+r3[l+.g(l+JT)] } (coi+ 6 ) 2 +<^) 

it+l 


(38) 


0)2 


(iC+l)wi« 2 Wa 

W 1 +W 2 +WS 


w —1 CJ 

2 Wi+C») 2 +C 0 | 


3-Lag System with Rate Feedback 

Consider the rate feedback to have no 
delay, so that H(s)=‘Hs, Then the 
closed-loop transfer function 


Mis) 


K _ 1 

iC+1 ^ , Ti+T2+ri+JSriif 


Tira+rari+ran nrarj 


K+l 


5*+ 


is:+i 


Thus the effect of the rate feedback on 
the characteristic equation is the same 
as that of a lead of time constant H. 
However, the ratio p of the two transient 
components is different from the lead 
case, since the numerator of the closed- 
loop transfer function is now 1. 

The equations derived for optimizing 
the lead time constant can be applied 
here; thus 

2 | 3(iC + l)o?lC«) 2 C«?» 

^ <tfl+W2+«l 

Wl+«2+W3 

3ci> 


for 


Wl+W 2 +«i 


-(ri+T2+ri) ) (39) 




(40) 


(l- 2 Tf« + T»«»)‘'* 

The optimum design is arrived at by a 
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judicious choice of If rmax^O.5 and 
pi^l.5, the transient for step displace¬ 
ment input is composed of two com¬ 
ponents that add (curves A and B, Fig. 1) 
to give a better transient (curve C, Fig. 1) 
then either component alone. It is thus 
possible to design the shape of the tran¬ 
sient for these systems through con¬ 
sideration of the several components of 
the transient. 

It is seen that rate feedback compensa¬ 
tion increases the undamped natural fre¬ 
quency by approximately VZ for 
However, there results a larger coefficient 
of e than for lead compensation. 
This may be beneficial or harmful accord¬ 
ing to the adjustment of the system, and 
the type of inputs introduced. 

Additional Lags in the System 

Additional smaller lags either in the 
forward path or the feedback path can be 
allowed for by correction of equation 22. 
The case of a large lag in the rate feed¬ 
back has not been discussed for a forward 
3-lag system. 


Conclusion 

A simple and powerful method is out¬ 
lined here by means of which feedback 
systems of certain types may be designed 
and analyzed without recourse to either 
the complete Laplace method or graphical 
methods. 

The new anal 3 d:ic method has the ad¬ 
vantage of giving an over-all picture of 
the behavior of the system in one set of 
equations. A large family of solutions on 
an analogue computer would be required 
to give an equivalent picture. The ef¬ 
fect of changes of the open-loop param¬ 
eters are readily seen, and, in addition, 
some new insights are gained into the 
behavior of linear feedback systems as 
well. 

The new approach makes direct design 
for transient response possible. Thus, it 
has an advantage over indirect frequency- 
response methods. In view of the ease 
and rapidity of its application it should be 
a useful addition to the present methods 
of design. 




Discussion 

Gordon R. Slemon and J. M. Ham (Univer¬ 
sity of Toronto, Toronto, Ont., Canada): 
Mr. Clynes is to be complimented on the 
simple analytical method he has developed 
as an alternative to the frequency-response 
methods most often used for analysis and 
synthesis. He has presented exact ex¬ 
pressions for the response of a number of the 
simpler systems and approximate ex¬ 
pressions for the more complex types. 
Bxperience has shown that the response of 
many complex control systems met in 
practice can be approximated by a dominant 
damped oscillatory term and a dominant 
pure exponential term. There are however 
a number of systems for which this approxi¬ 
mation does not hold. Further, the author’s 
statement that ‘‘with single-loop multilag 
systems, more than one pair of complex 
roots does not arise regardless of how many 
lags there are in the system” is false. For 
example consider the open-loop transfer 
function 


(l+r,5)(l-f-r25)(l+r85)(l-f-r45) 

(41) 

where n ^ t 2 ^ rz n. For example, 
such a case may arise when dealing with cas¬ 
caded electric machines. As K is increased 
from zero, the roots of the closed-loop trans¬ 
fer function M{S) come together in pairs 
and split off the real axis to form two pairs 
of conjugate complex roots having different 
complex frequencies. The transient re¬ 
sponse may then be characterized by a beat 
between the two complex frequencies and 
may not be accurately described by an 
equivalent dominant pair of roots. 


In view of examples such as these, it is 
felt that the value of the paper would be 
much enhanced by a careful statement of 
the conditions under which his simplified 
analysis is not valid. 


M. E. Clynes: Mr. Slemon and Mr. Ham 
have presented an interesting example, 
which can be shown to fall within the scope 
of the new method without difficulty. It 
was stated that the accuracy of the method 
increases with the spread of the time con¬ 
stants. The present example exhibits the 
extreme opposite of this condition, namely, 
four equal time constants. Nevertheless, 
it can be shown that the method gives good 
results in this case too. 

The system of open-loop transfer func¬ 
tion 


(l^sXl+sXl+sXl+s) 

is absolutely unstable for K^4c. (This, 
incidentally, indicates that such a system 
has comparatively little practical signi¬ 
ficance.) 

In this case, the characteristic equation is 

5<+4j»-f-652-i-4^-|-5=r0 

which can be written as 

(52-fl)(524_45^_5)«0 

The roots are thus 

dbj, and —2=fcj 

corresponding to 

0)1 = 1 

ri=o 
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and 

0)2 “'s/s 

2 

^2“^ “0.895 

where coi and jTi. «2 and ^2 represent the un¬ 
damped natural frequency and damping 
factor of the two pairs of roots respectively. 

For iC = l, the characteristics equation 
becomes 

54-j_4^3-j_652+4yH-2=0 

or 

[5*+(2+V5)^+2+V2] 

[j*+(2-v^>+2-V^J =0 

Thus, in this case: 


&>, = v'2-V'2 = 0.7654 


h = y>V2 - y/2 =0.3827 


0)2“ V'2+V2 = 1.848 


{•s = VsV2-V2 =0.924 

The multipliers of the transient components 
for a step function displacement input are 

^2 “0.54 

The transient components and the total 
transient are shown in Fig. 2. 

As the gain is increased from 1 to the point 
of instability, 4, ^2 changes from 0.924 to 
0.895. 

It can be seen, therefore, that the dis¬ 
cussers are not correct when they state that 
the transient can be regarded as a beat 
between the two frequencies. Damping 
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Fi3. 2. Transient components and total displacement input for the system 


transient for a step function displacement 
input for the system 

^“(1+sX1+sXl+sX1+s) 



factors of the order of 0.9 are so close to 
critical damping, that, when they occur 
in minor transient components, they have 
a quite negligible effect on the degree 
of stability and on the type of transient 
response. 

There is no doubt that, for this system, 
the transient is characterized chiefly by the 
dominant pair of roots. 

Fig. 3 shows the transient response for a 
step function displacement for values of 
K of 1, 2, and 4. In no case is any notice¬ 
able error committed by regarding the sec¬ 
ondary roots as pure exponentials. 

The statement queried by Mr. Slemon 
and Mr. Ham is correct in the sense it was 
meant to convey namely that for single¬ 
loop multilag systems more than one pair of 
significant oscillatory roots do not arise. 

To apply the new method to this system, 
the system is first treated as a 3-lag system. 
Taking the case of 1, 

Win =4.5 
o 

fm =0.476 

giving a corrected value of 


/2«-r---=0.897 

4 X0.4762 0.743 

3.5 


giving 

6)iv2=0.897XV2=0.449 


wiv ~ 0.671 

For use the corrected valueof Tin which 
is 0.501 and then 

l‘iv=0.501(l-0.25) 

=0.376 

This compares with the actual values of 
0=0.765 and f=0.383. 

It is seen that the new method gives a 
somewhat lower value for « but gives a dose 
approximation for ^ erring in each case on 
the side of safety. It is to be emphasized 
that the present example represents the 
least favorable condition for accuracy. 

The method also gives an indication of the 
magnitude of minor components of the 
transient. 

The corrected value for nii is 0.457 cor¬ 
responding to an ca of 2.23. This is a rough 
guide to the value of 032 which is 1.85. A 
better approximation is arrived at by re¬ 
ducing the value 2.23 by the same ratio as 
was used to evaluate wiv from com. The 
resulting value for <02 is 1.76. However, the 
general applicability of such a procedure 
needs to be in'vjestigated further. 

As an indication of the usefulness of the 
method for high order systems, consider for 
example a system such as the discussers sug¬ 
gest, but with seven time constants such 
that 

_ K _ 

(l-|-rij)(H-r25)(l+rj.s). . .(l-j-ri^) 

ri = *^2 r 3 = r* = . .. = rr = 0.1 sec. For 

is:=i, 



Fig. 4. Transient response for a step function 
displacement input for the system 


(1 -1-0.1 SX1 -h0.1sXl +0.1 SX1 + 

0.1 sX1 +0.1 sXl +0.1 sXl +0.1 s) 


CCVII 


2 

0.21 


Corrected value 


0.21 0.743 


or 

27r 

wvii = 3.58 giving a period -of 1.75 sec. 

c«>vii 

/ 4iC\ 3 

foil = filial —^ j = 0.501 X- 

= 0.216 

The computer result for the same system 
is shown in Fig. 4 and it can be seen that it 
closely agrees with the calculated values. 
It will be appreciated that this example 
can be solved only with great laboriousness 
by any other known method, graphical or 
analytical. 

In conclusion, the author wishes to point 
out that the response of any system is the 
total of the individual transient components. 
Thus, occasionally, a system without os¬ 
cillatory roots may exhibit overshoot if 
some of the multipliers of transient compo¬ 
nents are of opposite signs. Once the roots 
are known, these multipliers can always be 
determined from inverse Laplace transfer 
tables and the total transient constructed 
from the individual components. 

The author does not know of any ex¬ 
ceptions for which the method given is not 
valid. He intends to elucidate and amplify 
the method further in a subsequent paper. 
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An Analysis and Analogue-Computer 
Study of a Force-Reflecting 
Positional Servomechanism 


M. G. SPOONER C H. WEAVER 

ASSOCIATE MEMBER AIEE MEMBER A!EE 


T he problem of force reflection, or feel, 
has been of interest to designers of 
remotely controlled manipulators for the 
past several years. Systems have been 
designed and built which demonstrate 
both the possibilities and difficulties in¬ 
herent in any attempt to obtain such feel 
characteristics.^'2 In addition, more com¬ 
plicated systems have been built in at¬ 
tempts to overcome such difficulties,® and 
reports outlining the general feel problem 
of manipulators and suggest courses of 
further study have appeared in the litera¬ 
ture.** It is the purpose of this paper to 
present an analogue study of a basic force- 
reflecting positional system along with a 
companion dynamic analysis upon which 
any desired stability or synthesis study 
may be based. 

Analysis and Synthesis Discussion 

The system to be considered herein is 
shown in semischematic form in Fig. 1 
along with the system variables and their 
positively assumed directions. The mean¬ 
ings of the various symbols are apparent 
from their positions on the diagram 
The system consists of two conventional 
positional servomechanisms, so connected 
that the output shaft of servomechanism 1 
is the input shaft of servomechanism 2, 
and vice versa. Thus, for a specified 
input signal at either shaft, the system at¬ 
tempts to reproduce that signal at the 
other shaft in the usual servomechanism 
manner. If such reproduction is pre¬ 
vented because of a force applied at the 
output shaft, a similar force then appears 
at the input shaft, related to the preven- 
tionaJ force in a definite way. This is es¬ 
sentially the feel characteristic of the sys¬ 
tem. 

The interactions existing between such 
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forces as well as various other pertinent 
relations between the variables shown in 
Fig. 1 are given in the following equations. 
The KG(s) notation is used since the 
analysis is facilitated by separating gain 
from dynamics. 

The system equations in the time do¬ 
main are 

M(0+M(0=^i€i(0+ri(0 (1) 

JA(t)+fMi)=^K2€2(t)‘^T2it) (2) 

Taking the Laplace transform and sub¬ 
stituting for €i(/) and e 2 (t) in terms of 
6i(t) and ^ 2(^1 the system equations in 
the s domain are 

fM0-^)=^Kiie2is)-ei(s)] -hri(y) (3) 

JiS^2is ) “" -T25‘d2(0 4*) ■“ .7 2 ^ 2(0 -i") ’hf2S02(s ')— 
fM0+)=K2lei(s)-e2(s)]+T2(s) (4) 

Let 


Gi(s) 


1 

JlS^+flS 


and 


6^2(<s) = 


1 

•72^*4-/2^ 


Using these definitions and after some 
manipulation, equation 3 becomes 

[ 1 +KiGi(s)] ei(s) -KiGiisMs) 

^G,(s)Ti(s)+JiGi(sM0+)+ 

Gi{sXJis+fiM0+) (5) 

In similar fashion, equation 4 becomes 

-K2G2(s)di(s) -f [1 +K2G2(s)Ms) 

** 02( S ) T2{s ) 4-y26^2('S')^2(0 4“ ) "h 

G2is)(J2S+f2)02iO+) (6) 

Solving equations 5 and 6 by deter¬ 
minants for the two unknowns, ^i(^) and 
^ 2 (^), gives the two following equations 

[l+JS:2G2(s)]Gt(s)n(s) . 

l+JCiGi(s)-hJ^2G2(s) ^ 
Ji[l-hJi:2G2(s)lGi(s)m-h) 
1 +JCiGi(sHjS:2G2(s) 
[H-ir2g2(5)]6i(5)(Ji^-hfl)gl(04-) 
l-hJS:iGi(s)-l-K 2 G 2 (s) 
>^l(yi(y)G2(^)T2(^) 

1 +-^ 1 ^ 1 ( 5 ) 4’i^2(?2('S) 


/1^2(0 4 “) 

l-hJi:iGi(s)-i-Ji: 2 G 2 (s) 

J^iGi(s)G2(sX>^ 2S 4-/2)^2(0 4*) 
l^Ii:iGi(s)^£:2G2(s) ^ ^ 

[1+KiGXs)]G2(s)T2(s) 
1+JS:iGi(sHJC2G2(s) ^ 
J‘2[1+J^iGi(s)1G2(s)M0+) 

^+KiGi(s)+K2G2is) 
[14-irigl(5)]g2(^)(/2^-f/2)g2(0-h) 
1+KiGXs)+K2G2(s) 
K2G2(s)Gi(s)Ti(s) 
l-hKiGi(s)+K2G2(sy 
JiK2G2(s)Gi(s)$i( Q 4*) 
l+KiGi{s)+K2G2(sy 

^2G2is)Gi(sXJlS+fl)di(0 + ) 

1 -i--sriGi(5) 4'ir2G2(^) 

Equations 7 and 8 are in a form readily 
applicable to both analysis and synthesis. 
Complete solutions for any combination of 
input and boundary condition forcing can 
be directly calculated. The system charac¬ 
teristic equation is 14 -i^iC?i(^) 4 “i^ 2 C? 2 (^) ~ 
0, and, thus, synthesis can be carried out 
in the usual manner with a plot of 
Since sums instead 
of products are involved, polar plots 
would appear most useful. Compensa¬ 
tion networks can be added in either or 
both channels, and cor and gain and phase 
margin can be given the usual interpreta¬ 
tion. 

An interesting situation arises when the 
two channels are identical. In such case, 
KiGi(s) —K 2 G 2 (s), and the system charac¬ 
teristic equation becomes 14-2iiriG^i(^)s= 
14"2ir2G2(5) = 0. Thus, if the system is 
composed of two identical servomech¬ 
anisms synthesized separately, it would 
be less stable than one of the servo¬ 
mechanisms operated alone, by a factor of 
two in gain. 

Precisely this effect is described in 
reference 1 where such a design technique 
was used, and it was found that the sys¬ 
tem with both outputs free was con¬ 
siderably less stable than with one out¬ 
put fixed. Verification of this effect is 
also shown in case A in the following, 
in result 1, and in Fig. 2. 

Analysis of Special Cases 

The folloy?^g special cases are of in¬ 
terest both to the previous analysis and 
synthesis discussion and to the subsequent 
analogue study. 

Case A 

In this case the assumption is made 
that ^i(0+)=0, ^,(0+) = 0, ri«) = 0, 
TlaCi)—0, ^ 2 ( 0 ”f“)=^ 2 » and ^i(0”|“)“0. 

Using these relations, obtains the follow¬ 
ing equations 
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Fig. 1 (left). System 
block diagram of 
force-reflecting po¬ 
sitional servomech¬ 
anism 


Fig. 3 (right). An¬ 
alogue computer 
block diagram 

A—^Adder 
C—^Scale changer • 
J—Integrator 



(9) 

( 10 ) 


Thus, for an initial displacement of the 
two shafts and following a release at 
/=0, the system responds as though it 
were a single loop servo with a step input 
02 at /=0, with forward and feedback 
blocks obtainable from equation 10. 
In particular, if KiGi{s)—K^(s), the 
forward block is and 

the feedback block is two. The fact 
that the initial condition appears as a step 
input is an interesting application of the 
material presented in reference 6. 





Fig. 2. Comparison of stability of doubk- 
and single-loop cases 


A—response for double-loop case with 
d.n initial displacement of 5i(t) at t=*0 
B— 02 (t) response for single-loop case with a 
step input of position at di(t) 

C—^Same situation as (B), except that K* is 
doubled 


Applying the final value theorem to 
equation 10, the result is obtained that 


in particular, if KiGi(s) ^KiG^is) 

a result to be expected from a physical 
concept. 

Case B 

In this case the assumption is made 
that Ti(s) = Ti/s, r*(s)=0, d2(0+)=0, 

^i(0+)=0, fls(0+)=0, and ffi(0+)=0. 
With the use of these relations, the fol¬ 
lowing equations are obtained 

with the final value theorem lim di(t) = «>. 
In a similar fashion as <» for the same 
case, lim ^ 2(0 = • 

Thus a step function of torque applied 
to one of the shafts (or the existence of a 
steady difference in torques applied to 
the two shafts) results in unlimited mo¬ 
tion at each shaft. 

Further equation manipulation shows 
that 


.rx- Giis)Us) 
«i(r)-ffs(s) ei(.s) i+KxGi(.s)+KiGiis) 

(13) 

With the step input of torque as before, 


KJi+K,Si 

Thus the error assumes a constant 
value in the steady state when a step in¬ 
put of torque is applied. 



Case C 

Suppose that an impulse of torque is ap¬ 
plied to the system, the conditions being 
the same as in case B. Then Ti(s)^Ti, 
and by using the final value theorem on 
the appropriate equations 


0i(t)ss — 


K 2 T 1 


(15) 




K 2 T 1 

Kif2+K2fl 


(15) 


€(/)5S=0 


(17) 


Analogue Computer Study 


The analogue computer study is based 
on equations 1 and 2. When they are 
normalized for computer convenience: 

S,it) = -7 (18) 

e,{t) [tf*(*)- 9 i«)l-7^2(1) (W) 

J2 Ji ''2 





Fig. 4. Results of a step function of torque 
applied to the di(t) shaft 

A—^Step function of torque applied to the 
0i(X) shaft 

B—9/0 response to the input of (A) 

C—^ 2(0 response to the input of (A) 

D—Error Ki/Ji[9i(t)-92(t)] caused by the 
input of (A) 
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Fig. 5. Results of impulse function of torque 
applied to the ^](t) shaft 


A—^i(t) response to the torque impulse input 
B—^ 2(0 response to the torque impulse input 
^ Error Ki/J][^i(t)—^2(01 caused by the 
torque impulse input 


The analogue computer connection dia¬ 
gram derived from these equations and 
used to study the system is shown in Fig. 
3. The results obtained from this study 
are discussed in the following. 

Result 1 

In case A, discussed in the section 
entitled “Analysis and Synthesis Dis¬ 
cussion, ’ a factor of two in gain existed 
between the characteristic equation of a 
single-loop servomechanism and the char¬ 
acteristic equation of a feel system com¬ 
posed of two such servomechanisms. 
To check this on the analogue computer, 
the double-loop case was studied by 
putting an initial displacement on ^i(^) at 
^=0, then observing 62 ( 1 ) for t> 0 . The 
result is shown in Fig. 2. Then the 
single-loop case was studied by opening 
the no. 1 feedback, and putting a step 
displacement on ^i(^) equal to the initial 
displacement previously used. The value 
of ^ 2(0 this case is also shown in Fig. 2. 
These curves indicate clearly that the 
single-loop case is much more stable. 
As a last check, the gain of the no. 2 loop 
was doubled, and the response again ob¬ 
served. This is shown in Fig. 2 and 
checks closely with the result in the 
double-loop case shown which is in the 
same figure. 

Result 2 

Result 2 is the analogue study corre¬ 
sponding to case 5. A step function of 
torque was applied to the shaft, and 
^ 2 ( 0 , and €i(t) were observed. The 
results are shown in Fig. 4 and they check 
the calculated values. 


Result 3 

Case C analyzed the system with an 
impulse of torque applied to the 0 i shaft. 
This situation was duplicated on the 
computer and the values of ^i(/) and d 2 (t) 
corresponding to such an input are shown 
on Fig. 5. The displayed values check 
the analysis. 

Result 4 

An interesting case concerns the system 
response when, with a step input of 
torque, the output member strikes a fixed 
object. This situation can be handled 
nicely by the use of a Philbrick boimding 
unit.® The torque input was applied to 
the 61 shaft and the bounding unit was 
used to limit the motion of 62 to some 
fixed maximum value. Fig. 6 shows the 
results, the point of impact being clearly 
indicated by the breaks in the 
and €(t) curves. 

Result 5 

The results of this portion of the ana¬ 
logue computer study will be of greater 
use if a discussion of force reflection or feel 
is first included. 

Discussion of Feel 

Although the idea of force reflection, 
or feel, is implied throughout the pre¬ 
vious work, only result 4 actually gives 
any indication of such a characteristic. 
Feel is demonstrated in this result by the 
input-position limiting as a result of out¬ 
put-position limiting. In Fig. 6, con¬ 
cerned with this result, the curves imply 
that before the output member strikes 
the fixed object, all the applied torque is 
error torque, i.e., since no torque is pres¬ 
ent at the output, any torque present at 
the input is in error from the desired 
value of zero. On the other hand, after 
the output member strikes the fixed ob¬ 
ject and both ei(t) and $ 2 ( 1 ) have become 
constant, the steady-state torque ratio 
can be easily calculated. Since no mo¬ 
tion exists, the output torque is Kzez, 
and the input torque is Kici, Substitut¬ 
ing, Tont^K 2 (ei-e 2 ) and T^ppii^i:^Ki{d 2 - 
di). Thus T'out=(—ir 2 /iri) Tappiied, and 
this relation can be used by an operator 
to determine the force at the output 
member corresponding to the force ap¬ 
plied at the input under this condition of 
no motion. In particular, a 1-to-l rela¬ 
tion is obtained if the two are identical. 

Just as the “before** case indicated 
complete error, so the “after** case can 
be considered to indicate no error pro¬ 
vided K 2 and Ki do not change. From 
these considerations it would seeni feasi¬ 
ble to define a feel error as being the dif¬ 


ference between the applied force as a 
function of time, and the output member 
force as a function of time multiplied by 
the function K 2 /K 1 . As an equation, 
this would give 

= ^ Tjtit) (20) 

where 

€rs=feel or torque error 
Fa = applied torque 
Fif-retarding torque 

An interesting difficulty arises concern¬ 
ing the use of this equation. Thus, if two 
input torques are defined, the €r(/) is 
fixed by definition and no useful informa¬ 
tion is obtained. On the other hand, if a 
given angular input 0 i(i) is defined along 
with the system is by definition a 

single-loop system. However, the force 
felt by the operator producing the speci¬ 
fied ^i(^) can be calculated as follows 

FaC/)= [ei(0-02(01 —JA-fA (21) 

The system equations can be solved 
for 62(0 with, the given inputs Si(t) and 
FfiC^), and the 62(0 value can be substi¬ 
tuted in the foregoing equation to give 
Fa(^); or the equations can be solved 
directly for T^(t). In either case, the 
€t (0 can be computed for all values of 
time and studies of the feel dynamics of a 
given system can be based on the results. 
The problem^ of a specified angular 
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Fig. 6. Results of a step function of torque 
applied to the ^i(t) shaft with $ 2(0 motion 
limited 


A ^ 2(0 response to the torque input. The 
point at which limiting occurs is shown by 
the break to horizontal in the curve 
B~^i(t) response to the torque input. The 
point at which ^ 2^0 strikes its limit is shown 
by the flattening of the curve 
^ Error, Ki/Ji[^i(t)—^i(t)] caused by the 
torque input. The point at which ^ 2 ® 
strikes its limit is shown by the sharp upward 
break of the curve 
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Fig. 7. Results of a ramp function of diO) 
applied to the di(t) shaft 


A—'Ramp function of position applied to the 
^i(t) shaft 

B—^i(t) response to a ramp applied to the 
diCO shaft 

C—Error Ki/JiI^iCO-^aCt)] caused by a ramp 
function applied to di(0 shaft 
D—^Torque felt by the asent applying the 
ramp function to diCO shaft. Feel torque is 
Ki/Ji[0i(t)-02(t)]~<fi/Ji)di(O-di(t) 

input to is readily studied on the ana¬ 
logue computer. If a ramp function of 
position is used, then 62 will attempt to 
follow Bi with some constant error. The 
torque that the operator must apply at 
the input is given by equation 21. These 
results are shown in Fig. 7. Even though 
no opposing torque is present at the out¬ 
put, the operator must apply a torque to 
maintain the specified motion. Thus, 
under these conditions, the system exhib¬ 
its an error in the force reflection which 
is proportional to the velocity of the 
input member. 

The analogue computer study is more 
advantageous when it can be extended 
beyond the realm of straightforward 
analysis. If a nonlinearity is introduced, 
such as the bounding of the output, then 
the analogue computer is an extremely 
useful tool. In this portion of the study 
as well as in result 4, the output motion 
was bounded and interesting results were 
observed which extended the results be¬ 
yond any previous analysis. With a 
ramp function of position of input speci¬ 
fied, the motion of the output member 
was limited, as shown in Fig. 8. The 
torque required to maintain the specified 
input position, which is the feel torque as 
given by equation 21, was observed and 
appears also in Fig. 8. As it would be 
expected, the feel torque rises rapidly at 
the moment the output motion stops, 
and the operator feels the obstruction at 
the output. 


Conclusions 

An analysis and analogue computer 
study of the basic positional feel system 
shown in Fig. 1 has been presented. In 
the analysis the stability problem has 
been resolved to a degree that a synthesis 
can be carried out in the usual manner. 
In addition, various steady-state rela¬ 
tions of interest have been considered, 
static feel has been discussed, and some 
progress was made in the study of dy¬ 
namic feel. 

Both analysis and analogue studies 
clearly show that the system has in¬ 
herent positional qualities comparable 
with those of its constituent servo¬ 
mechanisms, and that static force reflec¬ 
tion or feel is transmitted between the 
two shafts with an open-loop charac¬ 
teristic. In addition. Figs. 6 and 8 clearly 
show the dynamic effects of having the 
output member strike a fixed object—a 
most realistic test. 

Various interesting aspects of the prob¬ 
lem of feel transmission have not been 
considered. In many practical applica¬ 
tions, the worm gears necessary in con¬ 
necting an output motor to its load would 
render this system useless. A scheme has 
been studied for by-passing this difidculty.* 
The effects of changing inertias^ and loads 
on the end of the output arm which make 
the load torque a function of the shaft 
angle also have not been considered. In 
addition, the general problem of dynamic 
feel, as well as the specific problem of 
closing the loop around such feel with 
the attendant advantage of elimination 
of calibration, seems to offer interesting 
possibilities for study. Since these and 
other considerations appear amenable to 
analogue-computer study, further paths 
of investigation seem to be clearly de¬ 
fined. 
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Fig. 8. Results of a ramp function of 0i(t) 
applied with BziX) motion limited 

A—^2(0 response to the ramp function. The 
sharp break to horizontal in the curve shows 
where ^aCt) strikes its limit 
B—Torque felt by the as«nt applying the 
ramp function to ^iCt) shaft. The sh^^P ‘^P’ 
ward break shows the point at which «t) 
strikes its limit. Feel torque = Kt/Ji l^iCt) 
~ d.rt)] - fi/Ji OiCO - ^i(t) 


Discussion 


R. C. Goertz (Argonne National Laboratory, 
Lemont, Ill.): Two different and complete 
Master-Slave manipulators have been con¬ 
structed at Argonne National Laboratory 
using servo mechanisms similar to the one 
described in the paper. The Master-Slave 
Servo-Manipulator, model 1, was exhibited 
at the Atoms for Peace Exposition, Univer¬ 
sity of Michigan, Ann Arbor, Mich,, in 
June 1954, and at the New Products, New 
Methods and Patents Exhibit in Detroit, 
Mich., November 1954. A paper describ¬ 
ing the Master-Slave Servo-Manipulator, 
model 2, along with two mechanical manip¬ 
ulators was presented at the International 
Conference on the Peaceful Uses of Atomic 
Energy at Geneva, Switzerland, in August 
1956. 

Although the authors state that the 
system might be extrapolated to almost any 
size, there are certain practical limits that 
would limit this extrapolation when used 
for handling radioactive materials. This 
limit is placed at somewhere between 25 and 
60 pounds due to the rapid increase in the 
effective inertia of larger motors. When 
these manipulators are used on a large 
variety of apparatus, the effective mass must 
be kept low enough to prevent damage 
when the manipulator collides with the 
apparatus. To overcome this limitation, 
we are working on special hydraulic force- 
reflecting servomechanisms. Under this 
condition we believe the extrapolation can 
be carried out to give a force and/or motion 
magnification quite possible up to 100 or 
so. For most of our work this ratio would 
generally be less than five. 


M. G. Spooner and C. H. Weaver: The 
authors appreciate the pertinent and | 
authoritative comments of Mr. Goertz con¬ 
cerning the practical uses of the system 
analyzed in this paper. This work was 
initiated by the authors because of the belief 
that a complete analysis of the system would 
serve a useful purpose in the realm of closed- 
loop control systems and Mr. Goertz/s state¬ 
ments appear to justify this belief. 
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Estimating Transient Responses from 
Open-Loop Frequency Response 


GEORGE A. BIERNSON 
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T he synthesis of a feedback con¬ 
trol system is usually performed in 
terms of its frequency response, but sys¬ 
tem performance is best evaluated in 
terms of its transient response. Conse¬ 
quently, it is desirable to be able to relate 
transient response as directly as possible 
to frequency response. Although it is 
difficult to derive exact yet general mathe¬ 
matical relationships between these two 
responses, a great many reliable approxi¬ 
mations can be found. This paper de¬ 
veloped many of the most important of 
these approximations by examining 
and comparing the transient responses 
for a number of different types of feed¬ 
back control transfer functions. 

Relationships between the step re¬ 
sponse and frequency response of feed¬ 
back control systems have been considered 
many times, but in spite of this there has 
not been presented adequate correlation 
between the two. The engineer generally 
knows that the speed of the step response 
is in some way related to the bandwidth 
of the system, but he would probably fin d 
great difficulty in defining this relation¬ 
ship quantitatively, except for veiy much 
idealized cases. 

More important, however, than this 
lack of knowledge of the correlation be¬ 
tween step response and frequency re¬ 
sponse is the more general ignorance of 
the relationships between the frequency 
response and the other transient re¬ 
sponses of the system: the impulse re¬ 
sponse, the ramp response, the response to 
a step of acceleration, etc. These tran¬ 
sient responses can usually be estimated 
from^ the frequency response even more 
readily than can the step response. Prob¬ 
ably the main reason for the neglect 
of these transient responses is that there 
has^ not been adequate appreciation of 
their importance in terms of the general 
time behavior of feedback control sys¬ 
tems. 

Reference 1 has demonstrated the im¬ 
portance of the various transient re¬ 
sponses of a feedback control system 
It has shown that for a particular feed¬ 
back control system there are only a few 
tran^ent responses that are significant 
and if on of them are known, rather rough 
approximations of each is usually all that 


is needed for the designer to compute 
easily and with reasonable accuracy a 
plot of the system response to an arbi¬ 
trary input. Consequently, if the designer 
can estimate these transient responses 
adequately by inspecting the open- 
loop frequency response, he is able to re¬ 
late the networks he builds into a feed¬ 
back control loop directly to the perform¬ 
ance of the resultant system for any 
input. It is the purpose of this paper, in 
combination with reference 1, to achieve 
this end. 

Since it is the open-loop characteristics 
that axe synthesized in feedback control 
design, it is fortunate that most of the im¬ 
portant characteristics of the transient 
responses can be estimated best by exam¬ 
ining the open-loop frequency response. 
The major exception is the peak over¬ 
shoot of the step response, which can be 
estimated best from the maximum mag¬ 
nitude (or Mp) of the closed-loop fre¬ 
quency response. In the paper, the rules 
for estimating these transient charac¬ 
teristics are developed on empirical and 
intuitive bases, by examining a number of 
different transfer functions. The author 
has been able to obtain a reasonable 
amount of theoretical justification for 
these rules, too lengthy to be included in 
the paper. The justification is based 
upon the material in reference 2, which 
shows how the closed-loop poles of a feed¬ 
back control loop are related to its open- 
loop frequency response, and it will be 
presented in a future paper. Most of the 
material in this paper was originally pre¬ 
sented in part IV of reference 3. 

Terminology 

The feedback control terms and sym¬ 
bols used in this paper are illustrated in 
Fig. 1. The block diagram represents a 
feedback control loop, having the varia¬ 
bles 

.^Ti^loop input 

•X’e=®loop error (or loop difference) 

Xu—loop return sign^ 

The loop return signal is often the loop 
output Xq, The major transfer functions 
for the feedback-control loop are 

(^—Xu/Xe^loop transfer function 


Xu/Xi^r^ttum transfer function 
Xe/Xi terror (or difference) transfer 
function 

The loop transfer function G is often 
called the open-loop transfer function. 
The magnitude of G for real frequencies 
is called the loop gain. 

The most important dynamic param¬ 
eter of a feedback control loop is its 
bandwidth; and the author has found 
that an excellent criterion for the band¬ 
width of a feedback control loop is the 
gain crossover frequency, denoted cocp, 
and defined as the frequency where the 
loop gain is unity. The gain crossover 
frequency has the following advantages 
over other criteria for bandwidth:. 

1. It is easy to measure and calculate. 

2. It gives a very reliable indication of the 
rise time of the step response for all types 
of feedback control systems, as is illustrated 
in this paper. 

Another useful bandwidth parameter re¬ 
lated to the gain crossover frequency 
is the asymptote crossover frequency, de¬ 
noted coc, and defined as follows: 

For those feedback-control loops in which 
the loop gain in the region near gain cross¬ 
over approaches an asymptote inversely 
proportional to frequency, the asymptote 
crossover frequency is the frequency 
where that asymptote is unity. 

The frequencies <ac and cocg are illustrated 
in Fig. 1. 

In place of the decibel the new and 
more general logarithmic unit, the decilog, 
is used. For any nondimensional ratio A 
the value in decilogs is given by 

A in decilogs = 10 logmA ( 1 ) 

Thus, a factor of 10 represents 10 decilogs 
and is abbreviated as 10 dig. 

Elements of Transient Response 

Reference 1 has shown that there are 
three basic sets of characteristics which 
define the general time behavior of a 
feedback control loop; and these are the 
transient terms, designated Tn(t), the 
steady-state coefficients Cn, and the 
initial-value coefficients Om. These char¬ 
acteristics appear in the return response 


Paper 55-701, recommended by the AIEE Feedback 
Control Systems Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Fall General Meeting 
Chicago, Ill., October 3-7, 1955. Manuscript 
submitted February 2, 1955; made available for 
printing September 19, 1955. 

Gborgb a. Bibrnson is with the Massachusetts 
Institute of Technology, Cambridge, Mass. 

This research was supported by the Department 
of the Air Force under Air Force Contract AF33 
{616)2038 at the Servomechanisms Laboratory in 
the Department of Electrical Engineering at 
Massachusetts Institute of Technology. 


388 


^iernson—Transient Responses from Open-Loop Frequency Response 


January 1956 




follows 


t , 

Xu(t)-Tnit)+Cn+Cn-i 


. . . + Cl 




(»—1)! n\ 


The transient portion Tn{t) is called the 
wth-derivative return response transient 
term; and a coefficient Cn is called the 
Ttth-derivative return response steady- 
state coefficient. For a unit step of the 
wth integral, the return response is 


inputs the return response follows the 
input so closely it is often desirable to 
consider the error response rather than 
the return response. The loop error is 
related to the loop return by 

Substituting the expansion of equation 
2 for Xu{t) into this relation, gives the fol¬ 
lowing expansion for Xe(f) 


... H“4toWm(0 (^) 

The symbol ui(f) represents a unit im¬ 
pulse at i=0; U 2 {t) represents a unit 
doublet; uz{t) a unit triplet, etc. A 
coef&cient Om, is called the initial-value 
coef&cient for the wth derivative. 

The steady-state and initial-value coefS- 
cients are related to the initial values of 
the corresponding transient terms. If a 
system has a finite bandwidth, the initial 
values of the response to a step and the 
responses to steps of a derivative must 
be zero. Setting the value of equation 2 
equal to zero at i = 0 gives 

-r«(0), for 22>0 (4) 

It can also be shown that the initial-value 
coefficient is equal to 

Om = r-m(0).forw>0 (S) 

If the system has a finite bandwidth, the 
step response initial-value coefficient Oz 
is zero. The first two terms of the ex¬ 
pansion of equation 2 are {Tn{i)-\-Cn\ 
and equation 4 shows that this sum repre¬ 
sents a response that starts at zero. This 
property of starting at zero is very con¬ 
venient, and consequently the sum 
[Tn(t)+Cn] is often plotted instead of the 
transient term Tnit) and is termed the 
composite transient for the nth derivative. 

A step of a derivative represents a low- 
frequency input, and for low-frequency 


.n-l f. 

(7) 


(n~l)! nl 


where 

Tn\t)^-Tn{t) 
Cn'^—Cn, for n>0 
Co'= 1 — ^0 


( 8 ) 

(^>) 

( 10 ) 


The transient Tn'it) is the error response 
transient term for the nth derivative; 
and a coefficient Cn is the error response 
steady-state coefficient for the nth deriva¬ 
tive, which is popularly known as the 
nth-derivative error coefficient. 

For systems with only single-order 
poles, the transient terms can be com¬ 
puted from 


where Si is any one of the L poles of the 
system transfer fimction; and Kyz repre¬ 
sents the step response coefficient for that 
pole, and is equal to 


Kiz 


{s-si) Xu\ 


s 


Xi 




( 12 ) 


Regardless of the order of the system 
poles, the transient terms of successive 
derivatives are related by 


Tn{t)— j* Tn-\{t)dt 


(18) 


Thus, if any transient term is specified 
with sufficient accuracy, all the other 
transient terms can be computed from it 
by successive differentiation and by suc¬ 
cessive integration. 

The steady-state coefficients can be 
computed frpm 




1 

"nl ds^ Xi 


|8«0 


(14) 


The initial-value coefficients can be com¬ 
puted by replacing s in XulXthy 1/X and 
employing the relation 


Xi 


(lA) 


ix«o 


(IS) 


On the other hand, it is usually much 
easier to compute these coefficients by a 
long-division expansion of the transfer 
function XjXt, as is described in Ap¬ 
pendix I of reference 1. If the terms of 
the numerator and denominator are ar¬ 
ranged in ascending powers of s, the 
steady-state coefficients result from the 
long division; whereas if the terms are 
arranged in descending powers of 5, the 
initial-value coefficients result. By equa¬ 
tion 15, it can be shown that the lowest- 
order nonzero initial-value coefficient is 
equal to 

Ail^ssoo «**<» 

and by equation 14, the lowest-order non¬ 
zero steady-state coef&dent equal to 


Cn — S 


.n^\ 

Xi 


i ««0 


(17) 


Assuming the loop has greater than zero 
gain at zero frequency, the step response 
coefficient Cq is never zero, and hence is 
always the lowest-order nonzero steady- 
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Fig. 2. Description of the systems 
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Fig. 3 (left). Tran¬ 
sient terms for sys¬ 
tems I and 11/ single- 
order systems 


Fig. 4 (below). Tran¬ 
sient terms for system 
III, critically damped 
system 
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state coefficient for the return response. 
On the other hand, a similar relation 
holds as follows for the lowest-order non¬ 
zero error coefficient 




(18) 


and for the error response, the step-re¬ 


sponse coefficient Co' is frequently zero. 

The transient terms and the steady- 
state and initial-value coefficients do 
much more than describe the response to a 
specific series of transient inputs; they 
describe the response to any input. As 
reference 1 shows, the transient re¬ 
sponses of a system define its general time 
response in a very practical manner: 
there is a small set of transient responses 
that is significant for a giveh system, and 
if all of them are known, then each one 
need be specified only roughly for one to 
determine the response to any input. 

When the transient terms and the 


steady-state and initial-value coefficients 
are employed for this set of transient re¬ 
sponses, the response to any input can be 
readily constructed; and the method of 
construction (which is developed in refer¬ 
ence 1) is summarized in Appendix I. 

The set of transient responses that is 
significant for a given system is fixed, 
regardless of the input, and the limits on 
this set depend upon the characteristics 
of the system transfer fimction. As the 
paper examines the transient responses for 
the individual systems, it presents simple 
physical reasons why the responses to 
transients outside this set need not be 
considered; and additional reasons are 
presented in reference 1. 

Examination of Transient Responses 
of the Seven Systems 

Seven different types of loop transfer 
functions are illustrated in Fig. 2. The 
transient responses are given in Appendix 
II and are plotted in Figs. 3 through 8. 
Fig. 2 gives asymptotic magnitude plots 
of the loop gain, iGC/to)!, for each system, 
and gives equations for the loop transfer 
function G and the error transfer function 
Xe/Xi, 

The systems are chosen so as to show 
the effect upon the transient responses of 
the following: 

1. Low-frequency integrations. 

2. Bandwidth (gain crossover frequency). 

3. Peaking in the return frequency re¬ 
sponse. 

The transient responses are nondimen- 
sional in tenns of the asymptote crossover 
frequency cuc. For most of the systems, 
wc is closely equal to the actual gain cross¬ 
over frequency hut for system IV, oice 
is 0.72wc and for system V it is O.SSwc. 
Hence for these two systems, some of the 
transient responses are also nondimen- 
sionalized in terms of wccf* 

In the plots of the transients, those for 
the return response are plotted for steps 
of integrals, and those for the error re¬ 
sponse are plotted for steps of derivatives 

and for a step of the input. For systems 

I and II, the return response is also 
plotted for a step of the input. 

Step Response 

Fig. 9(A) shows the error step response 
with a time scale nondimensionalized in 
terms of of all the systems except sys¬ 
tem II. The time for the error step re¬ 
sponse to fall to 37 per cent (%) of its 
initial value (or, in other words, the 
for the return response to rise to within 
63% of its final value) is called the step 
response rise time The figure shows 
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Fig. 6. Transient terms for system V, high velocity constant 


that the values for the rise time are 
roughly equal to l/c^co for all the re¬ 
sponses. The actual bound on the value 
for tr for the different transients in Fig. 
9(A) is 

tr^ —± 10 % ( 19 ) 

Cieo 

The approximate inverse relationship be¬ 
tween the step response rise time and the 
gain crossover frequency is very general 
and reliable, and it is because of this that 
the gain crossover frequency can be con¬ 
sidered as such a good criteria for band¬ 
width. 

The step responses of Fig. 9(A) for 
systems IV, V, and VI have 25% over¬ 
shoot, whereas system VII has 30%. 
If the magnitude of the return frequency- 
response were plotted for each of the sys¬ 
tems, it would show that systems IV, V, 
and VI have a peak magnitude, or 
of about 1.3, while system VII has a 
somewhat greater value. Thus, the 
plots substantiate the well-known rela¬ 
tionship that the value of essentially 
determines the amount of overshoot of 
the step response. 

392 


There has been a growing tendency in 
recent years to disregard this relationship 
between and peak overshoot and, in¬ 
stead, to try to deduce overshoot from 
the damping ratio of the so-called domi¬ 
nant pair of closed-loop poles. It is fre¬ 
quently assumed that this pair of poles 
must be underdamped to produce over¬ 
shoot. However, systems VI and VII 
have no underdamped poles, as is shown 
in Fig. 2, but yet the step responses have 
as much overshoot as that of system IV, 
for which the damping ratio is 0.43. 
Thus, the shapes of the frequency re¬ 
sponse plots can give more reliable infor¬ 
mation concerning peak overshoot then 
can the values of the closed-loop poles. 

All the systems but system II have a 
pure integration at low frequencies and 
hence an infinite positional constant or, 
in other words, a zero positional error- 
coefficient , The positional error- 
coefficient cb' represents the fibnal value 
of the eiTor step response, and as Fig. 
9(A) shows, the error step responses for all 
except system II approach zero in the 
steady state. System II has a zero fre¬ 
quency gain of 9, so that its positional 


constant is 10 and its positional error- 
coefficient is 0.10. Thus, the error 
response for system II to a unit step ap¬ 
proaches a final value equal to 0.10, as 
is shown in Fig. 3(G). 

The return-response position steady- 
state coefficient for system II is 

co = l~(ro'=*0.9 (20) 

Thus, the return response of system II 
to a unit step approaches the final value 
0.9, as shown in Fig. 3(F). On the other 
hand, for the other systems the return- 
response positional coefficient co is unity. 
Hence, as is illustrated in Fig. 3(B) for 
system I, the return responses to a unit 
step for all except system II approach a 
final value of imity or, in other words, 
the return signal is equal to the input in 
the steady state. 

Ramp Response 

For System I, the velocity constant is 
equal to the asymptote crossover fre¬ 
quency coc, so that the velocity error 
dent Cl is equal to 1/wc. Hence, the 
steady-state value of the error to a unit 
ramp should be 1/wc. Fig. 3(D) shows 
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R 3 . 7. Transient 

terms for system VI, 
infinite velocity con¬ 
stant 


the error response of system I to a unit 
ramp, which rises exponentially to the 
final value 1/coc. 

Now, consider what happens to the 
ramp response when an integral network 
is added to the system to produce a high 
velocity constant. Consider system VI 
which has an infinite velocity constant, 
and consequently a velocity error-coeffi¬ 
cient Cl equal to zero. Its response to a 
unit ramp is shown in Fig. 7(D). Ini¬ 
tially, the error rises almost .the same as 
for system 1, as if it were approaching as a 
final value l/a>c, but then the effect of the 
low-frequency integration takes over and 
integrates the value of the error down to 
zero. However, the integral network 
does not appreciably change the maxi¬ 
mum value of the error. For any system, 
the maximum value of error to a unit 
ramp is primarily a function of band¬ 
width, and is roughly equal to l/oeg. 
Adding gain at low frequencies in a feed- 
back-control loop can reduce the error 
after it has first built up, but to maintain 
the error small from the start requires an 
increase in bandwidth. 

System V has an integral network, 
which does not produce an infinite velocity 


constant, but increases the velocity con¬ 
stant by a factor of 5 to the value Swc* 
Fig. 6(D) shows the error response of the 
system to a unit ramp. The maximum 
error is closely equal to l/w^^, which is 
somewhat greater than l/co^ since for 
system V, <acg is less than <o<.. The integ¬ 
ral network reduces the value of error 
from l/o 3 cg down to the final value 
l/5wc. Comparing this ramp response 
with that of system VI in Fig. 7(D) shows 
that the ramp response of system V, be¬ 
sides having a nonzero final value, also 
has a much longer settling time. The 
reason for this is that for system V the 
upper break frequency of the integral 
network, which is 0.163 wc, is less than 
half that for system VI, which is Wc/3. 
The upper break frequency of the integral 
network determines the speed of the 
integrating action, and hence the settling 
time of the ramp response. 

System VII has an infinite velocity con¬ 
stant, as does system VI, but it also has a 
triple integration for a significant region 
at low frequencies, which produces a rela¬ 
tively high acceleration-constant, or a 
low acceleration-error-coefficient 
8(D) shows its error response to a unit 


ramp. Although the response eventually 
settles to zero, the triple integration adds 
a long negative tail to it, thus greatly 
prolonging the settling time. 

The ramp error responses for systems 
III and IV are shown in Figs. 4(D) and 
6(D). The response for system III is 
very nearly the same as that for system I, 
but for system IV it is more oscillatory, 
because the system is underdamped. 
Another explanation for the shape of the 
ramp response for system IV, is that its 
maximum error is closely equal to \/oicg> 
whereas its final value is equal to l/wc. 
Since acg is less than for system IV, 
the error transient must overshoot be¬ 
yond the value l/«c before it settles. 

The error response of system II to a 
unit ramp is shown in Fig. 3(1). A 
curious aspect of this response is that the 
velocity error coefficient Ci is smaller 
than that for system I, in spite of the 
lower gain that system II has at low fre¬ 
quencies. • In contrast, the responses of 
the other systems have indicated that the 
more gain at low frequencies the smaller 
the velocity error coefficient. The ex¬ 
planation to this paradox is that the ramp 
error response of system II is composed of 
two parts: an exponentially rising com¬ 
posite transient and a linearly increasing 
steady-state positional-error term. Since 
system II has a steady-state error propor¬ 
tional to the input position the response 
to a ramp input must have a steady-state 
term equal to the positional error coeffi¬ 
cient Co' multiplied by the input ramp. 
When the positional-error component is 
added to the exponential velocity-error 
component, the total error for the ramp 
input is at all times greater than that for 
system I, despite the fact that the velocity 
error coefficient is lower for system 11. 

It is also desirable to examine the re¬ 
turn response for a ramp input as well as 
the error response. Fig. 10 gives the re¬ 
turn responses of systems I and VI to a 
ramp segment that starts at ««/==0 and 
breaks back to zero slope at o)c^=8. The 
return response for system I has essen¬ 
tially the same shape as the input, except 
that the comers are rounded and it lags 
the input by the time delay 1/wc. For 
system VI, there is an initial tune delay 
at the start of the ramp nearly equal to 
l/wc, but then the integrating action of 
the low-frequency integration takes over 
and reduces the steady-state time delay 
to zero. The integration does this by 
storing up a signal large enough to com¬ 
pensate for the steady-state velocity error 
and, consequently, at the end of the ramp 
segment the return response must over¬ 
shoot the input curve and decay back 
slowly, as the low-frequency integration 
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Fig. 8. Transient terms for system VII, triple integration 


discharges the stored compensating sig¬ 
nal. 

For a ramp input, the instantaneous 
value of time interval by which the return 
response lags the input is equal to the 
instantaneous value of the error response 
to a unit ramp. For example, the maxi¬ 
mum error for system VI to a unit ramp 
is 0.85/wc and, as shown in Fig. 10, the 
maximum time delay of the return re¬ 
sponse to a ramp is also 0.85/a)c. To prove 
the relationship in general, consider a 
ramp input of velocity V 

XiCO^Vt ( 21 ) 

and examine the return response, which' 
can be expressed as 

Xu{t)=^Xi{t)-Xe{t) * Vt-Xe{t) (22) 

Evaluate xJJ) at a given time t 2 and deter¬ 
mine the value of time at which the 
input, given by equation 21, is equal to 
this value of Xu(t). 

Xu{k) = Vk-Xe{h) ^Xi{h) = Vh (23) 

This gives for the time interval k—h 


ik-k) 


Xe(k) 

V 


(24) 


The value represents the time in¬ 

terval by which the return signal at the 
time k lags the input. The equation 
shows that the time delay for a ramp 
input (of any size) is equal to the error 
response to a unit ramp. 

Since the maximum error to a unit ramp 
is roughly equal to the rise time to a step, 
the maximum time delay by which the 
ramp response lags the input is roughly 
equal to the step-response rise time. 
This approximation can be further ex¬ 
tended to apply to an arbitrary input. 
The return response of system I to an 
arbitrary input is essentially that input 
delayed by the step-response rise time 
1/wc, except that components that rise 
and fall in an interval smaller than the 
time delay are attenuated. For systems 
with additional low-frequency intona¬ 
tions, such as system VI, the response is 
not so simple, because the integrating 
action is constantly storing up signals to 
compensate for steady-state errors due to 
constant velocity (and sometimes ac¬ 
celeration) components, and adding over¬ 
shoot whenever those components end. 
Because of this integrating action there 


is not a uniform delay between the input 
and return signals; nevertheless, when¬ 
ever the input turns a sharp comer a 
momentary delay is introduced which is 
essentially equal to the rise time of the 
step response. 

In general, the primary aspects of the 
response of any low-pass transfer func¬ 
tion is a time delay inversely proportional 
to its bandwidth. The delay is a funda¬ 
mental property and must occur when¬ 
ever abrupt changes occur in the input. 
On the other hand, the low-frequency 
portion of the transfer function can be set 
to take advantage of constant-velocity 
and possibly of constant-acceleration 
characteristics of the input by distorting 
the response wave form from that of the 
input, so that small errors can be achieved 
during periods when those derivatives are 
essentially constant. 

It is important to recognize the limita¬ 
tions inherent in reducing the error of a 
feedback control loop by means of a low- 
frequency integration. When a con¬ 
stant-velocity component of the input 
commences, the integral network must 
wait until the error has built up before it 
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Fig. 9. Comparison of corresponding transient terms 


begins to correct for it; and after that 
component has ended, the network must 
add overshoot and a tail to the response. 
This overshoot and tail must also occur 
when the system responds to a step, as is 
shown by the step responses of systems V, 
VI, and VII in Figs. 6(C), 7(C), and 8(C). 
Thus, a double integration can materially 
reduce the error of a system for an input 
which has significant velocity components 
maintained essentially constant for 
periods much longer than the ramp re¬ 
sponse settling-time; but if the velocity is 
not very constant, a double integration 
may even increase the resultant error. 
Besides, for certain applications in which 
the system is following a programmed 
input, it may be desirable that the shape 
of the output curve be like that of the 
input even though a time lag occurs be¬ 
tween the two. Since a double integra¬ 
tion achieves its reduction in steady- 
state error by distorting the output 
curve, a double integration is generally 
undesirable in such applications where a 
time delay can be tolerated. 

Response to Step of Acceleration 

The response to a step of acceleration 
is an important characteristic of the 
dynamic response of systems V, VI and 
VII, which have double integrations at 
low frequency and hence low steady-state 


velocity errors. However, for the other 
systems, the steady-state velocity errors 
are so large in comparison to the accelera¬ 
tion components of error that the re¬ 
sponse to a step of acceleration is not very 
important. 

For system I, the solid curve in Fig. 
3(E) shows the acceleration-error portion 
of the response to a unit step of accelera¬ 
tion, Strangely enough, this error com¬ 
ponent is negative (in the opposite direc¬ 
tion to the input), and prior to the time 
coc^= 1, it is even greater in magnitude than 
the input. On the other hand, when the 
acceleration has a step, the velocity must 
increase as a ramp; so that there must 
also be a linearly increasing steady-state 
component of error equal to the ramp of 
velocity multiplied by the velocity error 
coefficient c\ . This velocity-error com¬ 
ponent, although positive, is plotted in 
Fig. 3(E) in the negative direction for ease 
of comparison, and is labeled ‘*Neg. Vel. 
Error,” which means the negative of the 
velocity error. The plot shows that the 
velocity error component is at all times 
greater in magnitude than the accelera¬ 
tion error component, which indicates 
that the acceleration error is relatively 
unimportant. 

Fig. 11(A) shows how the acceleration 
error component of the response of system 
I to a unit step of acceleration subtracts 


from the linearly increasing velocity com¬ 
ponent. The resultant error curve is 
almost the same as the velocity error, but 
it lags the velocity error by the time delay 
which is equal to l/co^. Fig. 11(B) 
gives the ramp response, which shows that 
the time delay of the velocity error-term 
produced by the acceleration error is equal 
to the rise tii ne of the ramp error-response. 
Thus, the velocity error component is de¬ 
layed by an interval equal to the rise 
time of the ramp error response in the 
same manner that the ramp response is 
delayed by an interval equal to the rise 
time of the step response. 

To generalize, the effect of the accelera¬ 
tion component of error for an arbitrary 
input to a system with a monotonic ramp 
error response (which includes systems I, 
II, and III) is essentially to delay the 
velocity component of error by an inter¬ 
val equal to the rise time of the ramp error 
response. Thus, the acceleration com¬ 
ponent of error for these systems, in fact, 
for all systems with only a single integra¬ 
tion at low frequencies, should be con¬ 
sidered as not a basic component of error 
but merely a correction to be added to the 
velocity component of error. If the ac¬ 
celeration component were neglected in 
a computation, this would not appre¬ 
ciably change the maximum value of error, 
but only shift the time at which it occurs. 
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Ffg. 10. Return re¬ 
sponses of systems 
I and Vi to ramp 
inputs 


The step-of-acceleration responses of 
systems II and III are essentially the 
same as for system I, but the response 
for the underdamped system IV is some¬ 
what different. However, the accelera¬ 
tion component of error is still quite 
small with respect to the steady-state 
velocity component (except at short 
values of time) and hence is of little rela¬ 
tive importance. The underdamped na¬ 
ture of the poles of system IV makes its 
response more difficult to estimate than 
for the other systems. Every time sys¬ 
tem IV is disturbed, it tends to oscillate 
in a rather independent manner. How¬ 
ever, if the system is reasonably well 
damped, these oscillations do not greatly 
affect the response, but they do limit the 
accuracy achievable by rough approxi¬ 
mations. 

The acceleration component of error is 
of little importance for the systems with 
one integration. However, when a double 
integration is employed for a significant 
frequency region below gain crossover, to 
achieve a high velocity constant, the 
steady-state velocity errors are so reduced 
that the acceleration errors become quite 
important in comparison. Consequently, 
for systems V, VI, and VII, the response 
to a step of acceleration is very significant. 

The error response of system VI to a 
unit step of acceleration is shown in Fig. 
7(E). It rises monotonically to a final 
value equal to the acceleration error co¬ 
efficient and the curve along which it rises 
has essentially the same shape as the tail 
of the ramp response in Fig. 7(D). Since 
the velocity error-coefficient for system VI 
is zero, there is no velocity error term in 
its response to a step of acceleration. 

The response of system V to a step of 
acceleration, shown in Fig. 6(E), has a 
linearly increasing velocity error term 
along with the acceleration error term. 
However, the velocity error term is small 
with respect to the acceleration error, ex¬ 
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cept after a rather long period; which 
indicates that for an arbitrary input to 
system V acceleration components of error 
can be appreciable. 

The response of system VII to a step 
of acceleration, shown in Figs. 8(E) and 
8(F), demonstrates the manner in which 
the triple integration produces a low ac¬ 
celeration error coefficient. The error 
builds up almost to the value of the ac¬ 
celeration error coefficient that would 
exist without the third integration, but 
then the effect of the third integration 
slowly reduces the error to a final value 
equal to the actual acceleration error 
coefficient The settling time of the 
transient is a function of the upper break 
frequency of the third integration (at 
0,103 in Fig. 2), which must be set much 
lower than the gain crossover frequency in 
order to achieve adequate stability. 
Consequently, the settling time of the re¬ 
sponse of a triple-integration system to a 
step of acceleration must be considerably 
longer than the rise time of the step re¬ 
sponse. In fact the settling time is so 
long for the step-of-acceleration response 
of system VII that it had to be replotted 
in Fig. 8(F) with a condensed time scale, 
to show the manner in which it settles. 

Generally, a triple integration is of 
little use in reducing steady-state errors 
in a feedback control application. Al¬ 
though it can decrease the acceleration 
error coefficient without requiring that 
the bandwidth be increased, this results 
in a reduction of error only for acceleration 
components maintained for periods of 
time which are very long in comparison 
to the step-response rise time. Although 
velocity components of the input to a 
feedback control system are often main¬ 
tained constant for periods considerably 
longer than the step-response rise time, a 
large constant-acceleration component of 
long duration is quite rare. When a 
triple integration occurs in a feedback 


control loop it generally is not included for 
the purpose of decreasing the acceleration 
error coefficient. Sometimes, for exam¬ 
ple, a triple-integration characteristic is 
encountered because an integral network 
is added to a system to increase its stiff¬ 
ness in opposing load torques. 

An important fault of the triple inte¬ 
gration is that it adds a long-negative tail 
to the ramp error response, as was shown 
in Fig. 8(D), which greatly prolongs the 
ramp response settling time. Because of 
this effect, a triple integration often re¬ 
sults in an increase in low-frequency errors. 

Response to Step of Rate of 

Acceleration 

The responses of the single-integration 
systems to steps of rate of acceleration 
are of no importance, and hence are not 
presented. The responses of the double¬ 
integration systems, systems V and VI, 
to steps of rate of acceleration are shown 
in Fig. 6(F) and 7(F). The figures show 
that the rate-of-acceleration error com¬ 
ponents are small in comparison with the 
linearly increasing steady-state accelera¬ 
tion error terms, except at short values of 
time and, hence, the rate-of-acceleration 
error should be considered as merely a 
correction upon the acceleration error. 
Figure 12(A) shows how the rate-of- 
acceleration component of error for the 
response of system VI, to a step of rate of 
acceleration, subtracts from the accelera¬ 
tion error term. The resultant error is 
essentially the acceleration error delayed 
by the time interval which is 

equal to 2.6/wc. This time delay is ap¬ 
proximately equal to the rise time of the 
error response to a step of acceleration, 
which is shown in Fig. 12(B) to be 2.9/wc. 
Thus, for a double-integration system, 
the essential effect of the rate-of-accelera- 
tion-component of error is to delay the 
acceleration component of error; and 
the time interval of this delay is roughly 
equal to the rise time of the acceleration 
error portion of the response to a step of 
acceleration. 

The response of system V to a step of 
rate of acceleration, given in Fig. 6(F), 
shows only two of the three error com¬ 
ponents. Besides the composite rate-of- 
acceleration transient and the linearly 
increasing acceleration term which are 
shown, the response also contains a para¬ 
bolic velocity error term, equal to the 
velocity error coefficient multiplied by the 
resultant parabola of velocity. 

For system VII, the triple integration 
reduces the acceleration error coefficient 
sufficiently to make the response to a 
step of rate of acceleration quite signifi¬ 
cant. This response, which is shown in 
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(a) ERROR RESPONSE TO STEP OF ACCELERATION 



(b) ERROR RESPONSE TO RAMP 


Fis. 11. Effect of acceleration component 
of error of system I 

Fig, 8(G), consists of two portions, a 
composite rate-of-acceleration transient 
and a linearly increasing acceleration 
error term. The composite transient 
rises very slowly, with essentially the 
same settling time as the tail in the step- 
of-acceleration response of Fig. 8(F). 

Step of Fourth Derivative 

System VII is the only one for which 
the response to a step of the fourth deriva¬ 
tive is significant, and even then it is not 
very important. The error response is 
plotted in Fig. 8(H) and consists of three 
portions: a composite transient portion, 
a linear rate-of-acceleration error por¬ 
tion, and a parabolic acceleration error 
portion. The two steady-state error 
components are positive, but are plotted 
in the negative direction. For a general 
input, the essential effect of the fourth- 
derivative component of error is to delay 
the rate-of-acceleration component of 
error by a time interval equal to Cj!I 
which is 14/«c and is roughly equal to the 
rise time of the rate-of-acceleration tran¬ 
sient. 

Impu)lsb Response 

To determine the response of a feed¬ 
back control system to high-frequency 
inputs, particularly to noise inputs, the 
impulse response should be examined, 
and possibly the responses to a doublet, a 
triplet, etc. These represent the re¬ 
sponses to steps of integrals of the input: 
an impulse is a step of the first integral; 
a, doublet is a step of the second integral, 
etc. As has been shown, the maximum 
number of integrations below gain cross¬ 
over determines how many derivative 
step responses are significant. Simi¬ 
larly, the maximum munber of integra¬ 


tions above gain crossover, that is, the 
triflyimijm steepness of the magnitude 
slope at high frequencies, determines how 
many integral step responses are signifi¬ 
cant. 

By equation 16, the initial value of the 
impulse response of the systems, which 
represents the initial-value coefficient ai, 
is equal to 

For systems I and II, the loop transfer 
function G approaches the asymptote 
<oc/s at high frequencies, and hence the 
initial-value coefficient o,\ is equal to a>c. 
The transfer functions of the other sys¬ 
tems approach double integrations at 
high frequency, and hence for them the 
initial-value coefficient a\ is zero. Thus, 
the impulse response for systems I and II 
starts at the value (Acy as shown in Fig. 
3(A) and 3(F); whereas, for the other 
systems the impulse response starts at 
zero as is shown in section (B), Figs. 4 
through 8. 

In Fig. 9(F) the impulse responses of 
all the systems are nondimensionalized in 
terms of the gain crossover frequency 
This comparison shows that, regardless 
of the initial value of the responses, the 
maximum values of all of them are es¬ 
sentially equal to The peak value of 
the impulse response is a measure of the 
amount a system is disturbed by noise, 
because an impulse acts as a noise input 
to a system. Thus, systems with the 
same oicg may be considered to have the 
same bandwidth with respect to their 
filter action upon noise signals because 
an impulse ffisturbs all of them by 
roughly the same amount. 

The concept of bandwidth has two as¬ 
pects: a system follows frequency com¬ 
ponents below the bandwidth, and filters 
those at frequencies above. The rise time 
of the step response is a good indication 
of the low-frequency aspect, because it 
describes how fast the system follows the 
low-frequency components of the input; 
and the maximum value of the impulse 
response is a good indication of the high- 
frequency aspect because it is a measure 
of how much the system is disturbed by 
unwanted high-frequency noise. The 
frequency <oc^ thus passes both tests as a 
criterion for bandwidth. Systems with 
the same coc^ have approximately the same 
rise time, and have approximately the 
same peak value for the impulse response. 

It is possible for the maximum value 
of the impulse response of a system to be 
much greater than coc( 7 . This occurs when 
the loop gain has very poor attenuation 
above coc^, which could be caused by high- 
frequency open-loop zeros. As might be 




CB) error RESPONSE TO STEP OF ACCELERATION 

Fig. 12. Effect of ratc-of-acceleration com¬ 
ponent of error of system VI 

expected, such a system is much more 
bothered by noise than a system with 
the same gain crossover frequency and 
more rapid high-frequency attenuation, 
but it does not follow the input signal any 
better. It has a larger impulse response, 
but the rise time of the step response is 
no faster. 

Doublet Response 

For systems I and II, the doublet re¬ 
sponse includes an impulse of magnitude (i\» 
Although this response has some sigmfi- 
cance in determining the system response 
to general high-frequency inputs, it is 
relatively unimportant in comparison 
with the portion associated with the im¬ 
pulse response initial-value coefficient ai. 
Consequently, the doublet response was 
not plotted for these two systems. 

Since the coefficient ax is zero for sys¬ 
tems III to VII, the doublet response 
initial-value coefficient for these systems 
can be calculated from 

This value can be computed by inspec¬ 
tion, by determining from Fig. 2 the equa¬ 
tion for the high-frequency asymptote. 
For example, the high-frequency asymp¬ 
tote of system V is 1.23 cocV^^» that the 
initial-value coefficient a% must be equal 
to 1.23 coc®. This is equal to the initial 
value of the doublet response as shown 
in Fig. 6(A). The doublet responses of 
systems III to VII are shown in part (A) 
of Figs. 4 through 8. 

Triplet Response 

The triplet responses of systems I and 
II are of no interest but those of the other 
systems are somewhat significant. For 
systems I and II, the triplet response 
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Table i. Important Steady-State and Initial-Value Coefficients for the Seven Systems 


System 

C4 

Cl' 

C 2 ' 

Ca' C 4 ' 

ai 

a2 

as 

I. 

. 0 . 


1 2 





J7 

.0.10. 

. 0 . 

. 0 

.0.81/wc.- 
.l/«c. 

. l/ctfC. 

.l/5«c_ 

. 0. 

. 0. 

. 0.690/ac®.. 





III . 

IV . 


. ,cac . 

..0. 

. -l.lllwc* 

. 4o)c^ . 


V. 

vr. 

VII. 

. 0 . 

. 0 . 

. 0 . 

.-32.0/a»c«. 

..0. 

..0. 

..0. 

..0. 

. 0.740«c2.... 

. 1.23ci>f ^. 

. S<ac^ . 

. 2.936i>c^. 



contains an impulse of magnitude and 
a doublet of magnitude a\\ while the 
triplet response for the other systems 
contains just an impulse of magnitude 02 , 
For an arbitrary high-frequency input 
to the systems, the portion of the response 
associated with the triplet transient is 
usually small in comparison with the por¬ 
tion because of the initial-value coeffi¬ 
cient ^ 2 , but it may still be significant. 

Rules for Approximating Transients 

By comparing the transient responses 
of the systems, general rules for approxi¬ 
mating transient response can be in¬ 
duced. An important basis of many of 
these approximation rules is the rela¬ 
tionship between the open-loop frequency 
response and the closed-loop poles. 

Values of Closed-Loop Poles ^ 

Since the values of the closed-loop poles 
determine the time constants of the 
various transient components, an ap¬ 
proximate knowledge of the closed-loop 
poles is necessary for estimating the 
shapes of the transient responses. As 
shown in reference 2, the closed-loop 
poles of a feedback control loop are 
roughly equal to the following: 


integrals. The shapes of the transients 
of these responses are determined pri¬ 
marily by the mid-frequency and low- 
frequency poles. However, it is not 
necessary to know the values of the mid¬ 
frequency poles when estimating the 
shapes of the transients, because the im¬ 
portant effects of these poles can be de¬ 
termined from the gain crossover fre¬ 
quency and peaking {Mj) of the frequency 
response. Thus, it is the low-frequency 
poles that must be estimated, and as 
shown in the foregoing, item 1, these are 
roughly equal to the low-frequency zeros 
of the open-loop transfer function. 

The actual low-frequency closed-loop 
poles are shifted somewhat from the 
open-loop zeros, and the per-unit magni¬ 
tude of shift from a particular zero is 
roughly equal to the reciprocal of the 
loop gain, i.e., the magnitude of G, at 
the break frequency of that zero. In 
other words, the greater the loop gain, 
the smaller the shift. On the other 
hand, fairly good approximations can be 
obtained by ignoring the shifts and as¬ 
suming that the low-frequency closed- 
loop poles are actually equal to the low- 
frequency open-loop zeros. This as¬ 
sumption will serve as a basis for de¬ 
veloping rules for approximating tran¬ 
sient response. 


1. The open-loop zeros under in fre¬ 
quency. 

2. The open-loop poles over in fre¬ 
quency. 

3. Plus a pole roughly equal to —wc. 

The approximation rules to be presented 
will apply only to the step response and 
to the response to steps of derivatives; 
since these responses are generally much 
more important in feedback control cal¬ 
culations than the responses to steps of 

Tabic II. Transient Coefficients for System V 


n 


Kui' |2Kjn'| 




-2.- 0.00507«c2.2.88«c*.... 

-1. 0.0290«c.2.79«c... 

0 .-0.166.2.70.. 

1 . 0.949/«c.2.61/«c.\‘.‘‘ * 

2..... -5.42/«c2.2.53/«c*. 

^. 30.9/6>c».2.46/ci>c*... ... 


- 67.3® 
-178.8® 

69.7® 

- 61.8® 
176.7® 

65.2® 


Development of Approximation Rules 

In the following paragraphs, the tran¬ 
sients of the systems are re-examined in 
order to determine ways of approximating 
them. 

Ramp Response 

The unit-ramp error responses of the 
systems are compared in Figs. 9(B) and 
9(C). For all the systems, the error fol¬ 
lows the input fairly closely until the 
error reaches a maximum value approxi¬ 
mately equal to l/c^cg and, after that, the 
error decays to a value equal to the veloc¬ 
ity error coefficient. For systems with 
one pure integration, the velocity error 
coefficient is equal to l/co<.; and since wc 
is generally fairly closely equal to oieg, 
the final value of error is roughly equal to 
the maximum value. 

Fig. 9(C) shows the ramp error re¬ 


sponses for the systems with more than 
one integration. For these systems, the 
final value of error is considerably less 
than the maximum value. Since system 
V has a low-frequency zero with the break 
frequency 0.153 it must have a closed 
loop pole with roughly the same break 
frequency; and this pole must produce a 
component in the transient response with 
a time constant roughly equal to 1/0.153 
03cy or 6.5/a)c. In Fig. 9(C) a dashed 
curve, representing an exponential with 
this time constant, is drawn from the 
value l/wc to a final value equal to the 
velocity error coefficient Ci^ for system V. 
The figure shows that this exponential 
is a reasonably good approximation of the 
tail portion of the ramp response of sys¬ 
tem V. Thus, the value of the low-fre¬ 
quency open-loop zero defines in a rather 
quantitative manner the shape of the 
tail of the ramp response. 

For systems VI and VII, the first open- 
loop zero below gain crossover has a break 
frequency roughly equal to a>c/3, and 
hence the tail of the ramp error response 
of each system should roughly follow an 
exponential with the time constant S/wc 
Such an exponential is shown by a dashed 
curve in Fig. 9(C) decaying from 1/wc to 
zero. The response of system VI follows 
this exponential fairly well as it decays, 
but that of system VII has an additional 
negative exponential, which causes the 
response to overshoot and to have a long 
negative tail. This additional exponen¬ 
tial is due to the closed-loop pole shifted 
from the low-frequency zero with the 
break frequency 0.13 (or about O.lcoc). 
Thus, the triple integration adds to the 
ramp response of system VII a small 
but long negative exponential, with a 
time constant roughly equal to 1/0. Ico^ 
or lO/wc 


Table III. Transient Coefficients for System VI 


n 

Km 

K2n 

Kan 

-2.... 

... 3«f *.. 

.. . — 5ci»c®. 

.. . uc* 

-1_ 

0.... 

... 0.. 

... 1. 

... *. 

.. . —wc* 

1.... 

... 0. 

1 

... — 

2.... 

. .. — 3/«c*. 

•..—3/wr. 

...-1 

3.... 

. .. 8/«c*. 

. . . 5/(ac^. ..., 

... l/«c 


398 


Biernson Transient Responses from Open-Loop Frequency Response 


January 1956 






































































































Table IV. Transient Coefficients for System VII 


a 

Kia 

Elsn 

Ksn 

EUn 

-2. 

. 2,94<oc2. 

.~4.74«c3. 

. 0.929mc<. 

. 0.00031W 

-I. 

. O.00311«c. 

. 2.93«c2. 

. 0.973WC*. 

.-0.00311«c 

0. 

. 0.967. 

. 0.922wc. 

.-1.023WC*. 

. 0.0327 

1.. 


. 1.293. 

. 1.0756»c. 

.-0.343/6>c 

2. 


.-3.73/wc. 

.-1.13. 

. 3.66/«c* 

3. 


. 6.51/wc. 

. 1.18M. 


4. 

.-21.8/wc*. 

.-9.36/«c». 

.-1.27/w(;2. 



Step-of-Acceleration Response 

Fig. 9(D) shows the composite tran-' 
sient portions of the responses of systems 
Y, VI, and VII to a unit step of accelera¬ 
tion. The composite transient for system 
Y is very closely an exponential with the 
time constant 6.5/wc, rising to a final 
value equal to its acceleration error coeffi¬ 
cient C 2 '. Similarly, that for system VI 
is nearly an exponential with the time con¬ 
stant 3/coc rising to a final value equal to 
its acceleration error coefficient. For sys¬ 
tem VII, the composite transient rises in 
essentially the same manner as does that 
for system VI, and almost reaches the 
value 3/wc®, which is the acceleration 
error coefficient for system VI and is the 
error coefficient that system VII would 
have if the triple integration were not 
present. However, the triple integration 
finally causes the transient to decay along 
an exponential with a time constant 
roughly equal to 10/co<., to a final value 
equal to the actual acceleration error 
coefficient. 

Step of Rate-oJ-Acceleration Response 

The composite transient portion of the 
response of system VII to a step of rate 
of acceleration, shown in Fig. 8(G), ap¬ 
proximates an exponential with the time 
constant 10/<oc rising to a final value 
equal to the rate-of-acceleration error 
coefficient. 

Step Response 

The step error responses of all but sys¬ 
tem II are shown in Fig. 9(A). All the 
step error responses, including that of 
system II, fall to within 37% of the final 
value in a time roughly equal to l/(*)cg- 
The amount of overshoot of the step re¬ 
sponse is primarily a function of the Mpy 
which represents the peak magnitude of 
the return (or closed-loop) frequency re¬ 
sponse. For an Mp of 1.3, there is 
roughly 25% overshoot in the step re¬ 
sponse. For the high-velocity-constant 
systems, V, VI and VII, the second inte¬ 
gration adds to the step response a nega¬ 
tive exponential component with a time 
constant roughly equal to the upper break 
frequency of that integration. This ex¬ 
ponential accounts for a large part of the 


overshoot of the step response, and adds a 
tail. For system VII, the third integra¬ 
tion also adds a very small positive tail to 
the step error response. This tail is of 
too small an amplitude to be seen on the 
plots; nevertheless, it may be quite im¬ 
portant because of its long duration. 
Since the upper break frequency of the 
third integration is approximately coc/lO, 
this tail has a time constant of roughly 
lO/ojc, which is 10 times greater than the 
step-response rise time. 


Relation Between Successive 

Transients 

As was shown in equation 13, the tran¬ 
sient terms of successive derivatives are 
related by integration. Since the coeffi¬ 
cient Cn is equal to -r«(0), this relation 
can be expressed as a definite integral as 
the following 

Tn(.t)+en‘-fa T„Ut)dt, for »>0 (27) 

Thus, the integral of a transient term is 
the composite transient term for the next 
higher derivative. This relation can be 
used to explain important characteristics 
of certain transient responses. 

The equation shows that the ramp error 
response is the integral of the step error 
response. Consequently, for the final 
value of the ramp error response to be 
much smaller than its maximum value, 
the net integral of the step error re¬ 
sponse must be roughly zero or, in other 
words, the negative area must be roughly 
equal to the positive area. Thus, to 
achieve a high velocity-constant, relative 
to the bandwidth, the step response must 
overshoot. For a given step-response 
rise time, the positive area of the step 
error response is essentially fixed (unless 
the system is so oscillatory that there is a 
great deal of undershoot) and this fixes 
the overshoot area that must exist if the 
system is to have a high velocity-constant. 
Since the area of the. overshoot is fixed, 
the step response of a high-velocity-con- 
stant system must either have a large 
peak overshoot or a long tail. 1‘he length 
of the tail can be adjusted by changing 
the upper break frequency of the second 


integration. However, if the step-re¬ 
sponse tail is lengthened to reduce the 
peak overshoot, the tail on the ramp re¬ 
sponse is lengthened by the same amount, 
and the system must wait longer to 
achieve the effect of the high velocity- 
constant. 

Similarly, if the system employs a 
triple integration to achieve a decrease in 
the acceleration error coefficient, the 
ramp response must overshoot and the 
area of overshoot must be roughly equal 
to the positive area (as is shown by the 
ramp response of system VII in Fig. 8(D). 
Thus, with the triple integration, there 
must either be a large overshoot or a long 
tail in the ramp error response; and a long 
tail in the ramp response requires an 
equally long tail in the step-of-accelera- 
tion response, which causes a long delay 
before the benefit from the decrease in 
acceleration error coefficient may be 
achieved. 

Conclusions 

The paper has considered a great many 
of the important frequency-response 
characteristics of feedback control sys¬ 
tems and has shown how they affect the 
shapes of the transient responses and the 
response to more general inputs. Besides 
a general discussion of the main effects, it 
has presented a number of rules for ap¬ 
proximating the transient response by 
means of inspecting the frequency-re¬ 
sponse plots. 

Summary of Approximation Rules 

The rules for approximating the tran¬ 
sients of feedback control systems for a 
unit step and for units steps of deriva¬ 
tives are summarized as follows. 

Step Response 

The rise time of the step response, defined 
as the time to reach within 37% of the final 
value, is roughly equal to 1/wc^. 

The peak overshoot is determined by the 
value of Mp, there being about 25% over¬ 
shoot for an Mp of 1.30. 

If the loop has a pure integration the 
steady-state error is zero; if not, it is 
equal to the positional error coefficient. 

A second low-frequency integration 
produces in the step error response a nega¬ 
tive exponential tail with a time constant 
equal to the reciprocal of the upper break 
frequency of that integration. A third 
integration adds a smaller but longer 
positive exponential tail with a time 
constant equal to the reciprocal of the 
upper break frequency of the third inte¬ 
gration. 
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Rdmp Response 

For a system with one pure integration, 
t e ramp error response approximately 
follows the linearly rising input until 
reaching a maximum error of l/o 3 cg, and 
after that it approaches a final vaiue equal 
to If the system does not have a 

pure integration, the response is essen¬ 
tially the same, except that there is an 
adchtional linear error term equal to the 
positional error coefficient multiplied by 
the ramp input curve. 

For a system with two integrations, 
the ramp error response rises the same as 
for one integration to a maviTmitn error 
of l/o3cff, but then decays exponentially 
to the actual value of the velocity error 
coefficient. The time constant for the 
exponential decay is equal to the recipro¬ 
cal of the upper break frequency of the 
second integration. 

For a system with three integrations 
the ramp error response is the same as for 
a system with two integrations, except 
that there is an additional negative ex¬ 
ponential producing a long tail, which 
has a time constant equal to the recipro¬ 
cal of the upper break frequency of the 
third integration. 

Response to Step of Acceleration 

For a system with two integrations, the 
composite acceleration transient is a 
rising exponential, with a time constant 
equal to the reciprocal of the upper break 
frequency of the second integration, and a 
final value equal to the acceleration error 
coefficient. 

For a system with three integrations, 
the composite acceleration transient ini¬ 
tially rises as if the system had only two 
integrations, and nearly reaches an error 
equal to the value of the acceleration error 
coefficient the system would have without 
the third integration. However, the third 
integration finally causes the error to 
decay exponentially from this maximum 
value to the actual value of acceleration 
error coefficient; and the time constant 
of the exponential is equal to the recipro¬ 
cal of the upper break frequency of the 
third integration. 

Response to Step of Rate of Acceleration 
For a system with three integrations, 
the composite rate-of-acceleration tran¬ 
sient is a rising exponential with a time 
constant equal to the reciprocal of the 
upper break frequency of the third inte¬ 
gration and a final value equal to the rate- 
of-acceleration error coefficient. 

When these rules refer to systems with 
two or three integrations, it does not im¬ 
ply that the integrations must hold at 
zero frequency. A system with two inte- 
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grations is one that has an open-loop 
magnitude slope of —20 decilogs per 
decade for a significant frequency region 
below gain crossover; while a system with 
three integrations is one with a —30 
decilog-per-decade slope for a significant 
frequency region. A system with two 
integrations in general has one open-loop 
zero below a?c in frequency, and the break 
frequency of this zero represents the 
upper break frequency of the second 
integration. Similarly, a system with 
three integrations has two open-loop 
zeros below and the break frequency of 
the higher is the upper break frequency of 
the second integration, while that of the 
lower is the upper break frequency of the 
third integration. 

Generality op Approximations 

The rules for approximation have been 
presented as having general applicability 
but, of course, their general applicability 
has not been actually proved. Neverthe¬ 
less, sufficient justification has been pre¬ 
sented for their use in engineering design. 
After all, the well-known relationship be¬ 
tween Mp and the peak overshoot of the 
step response has never been proved, but 
it has long been a very useful design tool. 

On the other hand, the author is now 
preparing a paper describing a general 
successive-approximation method for 
computing the transient responses, in 
which the gross computation is based 
upon the values of the frequency re¬ 
sponse asymptotes. The method pro¬ 
vides a frame of reference for developing 
approximations relating frequency re¬ 
sponse to transient response; and since 
the method is capable of extension to 
achieve high accuracy, the designer has a 
ready means for evaluating the adequacy 
of the approximations. The method will 
help to justify the approximations pre¬ 
sented in this paper but, more important, 
it will provide more adequate rules of 
approximation and a broader explanation 
of the dynamic principles of feedback 
control. 

In a particular application the designer 
can evaluate the accuracy of an approxi¬ 
mation by calculation or by an analogue 
computer study. Nevertheless, such 
techniques cannot substitute for the ap¬ 
proximations, because they are far too 
complex to provide an adequate frame of 
reference for intelligent design. If the de¬ 
sign problem is reasonably complex and 
there are a great many alternatives to 
choose from, there is no substitute for a 
basic comprehension of the important 
dynamic aspects involved and such a 
comprehension must be based mainly 
upon reliable approximations. 


Appendix I. Summary of Method 
for Compuiins Response to 
Arbitrary Input 

This Appendix summarizes the technique 
described in reference 1 for calculating the 
response of a system to an arbitrary input. 
The technique is based upon the expansion 
of the system response to a step of a deriva¬ 
tive and to a step of an integral of the 
input. 

The expansion of the return response to 
a step of the nth. derivative of the input 
which was given in equation 2, can also be 
expressed as 

Xu{t) —C(iXi{t) ’\-CiDxi(Ji) ’^Ci,D^Xi(t) -f 

.. •+[cn'{-Tn(t)]D^Xi{t) (28) 

while the response to a step of the wth 
integral, which was given in equation 3, 
can be expressed as 

^u(0 ~ ~^Xs(f) -f-... -h 

(29) 

The symbol represents the «th 

time derivative of the input *<(«), and the 
symbol D~”‘xi(t) represents the mth time 
integral. 

The expansions show that the response 
to an arbitrary input can be calculated as 
described in the following. First, break 
the input down as follows into a sum of 
steps of derivatives and integrals of the 
input. 

1. Approximate as steps those portions 
of the input which rise more abruptly than 
the system step response. 

2. Draw an average curve through high- 
frequency portions which rise and fall 
significantly faster than the system step 
response. 

3. With the steps and high-frequency 
portion removed, differentiate the remaining 
smooth curve. 

^ 4. Approximate with steps those por¬ 
tions of the derivative curve which rise 
more abruptly than the transient term for 
that derivative, and differentiate the re¬ 
maining smooth cxuve. 

5. Execute step 4 repeatedly until 
reaching a specified derivative, and at that 
point completely approximate the curve 
by stxaight-line segments. Since the de¬ 
rivative of this approximation is entirely 
composed of steps, making this approxi¬ 
mation terminates the procedure. The 
ord^ of the derivative at which the final 
straight-line approximations are made is 
a function only of the system transfer 
function and does not depend upon the 
input (provided the input is not so simple 
that it is completely approximated at a 
lower derivative). 

6. The high-frequency portion of the 
input, which was separated, should be 
repeatedly integrated and, for each integral, 
step approximations should be made to 
subtract out any constant bias components 
which are longer in duration than the rise 
time of the corresponding system transient 
term. 

7. At a specified integral, which also 
depends only upon the system transfer 
function, the integration process should 
be stopped, and the effects of higher 
integrals neglected. 
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Then form the response curve, by sum¬ 
ming together the following three portions: 

1. The derivative curves multiplied 
by the corresponding steady-stage coeffi¬ 
cients. 

2. The integral curves multiplied by 
the corresponding initial-value coefficients. 

3. For each step of derivative or integral 
a corresponding transient term proportional 
to the size of the step. 

The accuracy of the calculated response 
can be defined quite adequately by a simple 
bound. The inaccuracy caused by ap¬ 
proximating a particular derivative or 
integral curve can be no greater than the 
product obtained by multiplying the 
maximum deviation between the exact 
and approximate curves by the correspond¬ 
ing remainder coefficient. The remainder 
coefficient r® for the nth. derivative is 
equal to 

(30) 

and can be calculated easily by a graphical 
construction upon the transient term Tn{t). 
For the mth integral, the remainder coeffi¬ 
cient is designated r-m and is calculated 
in a similar manner from 

An important aspect of this method is 
that there are very definite stopping points 
in the differentiation and integrative proc¬ 
esses, which depend only upon the system 
transfer function, and therefore for a given 
system there is only a fixed set of transient 
responses which need be known. The 
limits on this set are as follows: 

The highest derivative transient response 
needed is the first one for which the com¬ 
posite transient term [c«+rn(/)) is no 
greater in magnitude than the term Cn--it 
due to the lower-order steady-state coeffi¬ 
cient. The highest integral transient re¬ 
sponse needed is the one beyond the first 
transient for which the initial value is 
its maximum value in magnitude. 

The differentiation process is terminated 
by completely approximating the highest 
derivative curve by steps, which is per¬ 
formed by making straight-line approxima¬ 
tions on the lowOT-ord^ derivative curve. 
At this lower-order derivative, the error 
coefficient is generally nearly equal in 
magnitude to the remainder coefficient, so 
that the per-unit accuracy of the calculated 
error response is essentially as good as the 
per-unit accuracy of tie straight-line 
approximation. 

Appendix il. Calculation of 
Elements of Transient Responses 
of the Seven Systems 

This Appendix lists all the steady-state 
and initial-value coefficients and the tran¬ 
sient terms for those responses of the seven 
systems that are plotted in the figures. 

Coefficients 

The values of the steady-state and initial- 
value coefficients of the seven systems are 
listed in Table I. These were computed 
by long division expansions of the return 
transfer functions, following the procedure 
described in Appendix I of reference 1. 


Transient Terms for Systems V 
Through Vn 

The equations for the transient terms for 
systems V, VI, and VII are listed in the 
following. Those of the other systems are 
derived in the next section to illustrate the 
procedure for computing transient terms. 

System V 

The form of the error-response transient 
terms is 

sin (31) 

where 

{“Wa “ 0.540ci)c (^2) 

6)o=0.880wc (33) 

The coefficients of this transient are listed 
in Table II. This system is the same as 
that used for illustration in reference 1, 
and the computation of the transient terms 
is presented in Appendix II of that reference. 

System VI 

The form of the error-response transient 
terms is 

(34) 

The coefficients are listed in Table III. 
System VII 

The form of the error-response transient 
terms is 


T/it) 

(35) 

The coefficients are listed in Table IV. 

Transient Terms for Systems I 
Through IV 

The transient terms for systems I through 
IV are calculated as follows. 


System 1 

For system I, the error transfer function 
is, from Fig. 2 


^_ s_ 

Xi 5+0()c 


(36) 


For a unit step-of-position input, Xi{s) 
is X/s, and XJis) is equal to the position 
transient term Tq\s), 




s Xi{s) 


1 

l+Ctfc 


The inverse transform is 


(37) 


».«)=Zo'(0 


(38) 


the general equation for the »th-derivative 
transient term for system I is 




—Wei 


(—Wc) 03c 


(40) 


System 2 

Xc^ S+O.lllccc 

Xi'^s+lAlUe 

For a unit step of position input 


Co 


Xe(s)^-+msh 


(^-hO.llcoe) 

5(^4-l,lla>e) 


0.10 


+• 


0.90 


(41) 


s-\-l,llo3e 


(42) 


The inverse transform is 


Xeit) =ro'+ro'(0 -0.1 +0.96-1-(43) 

The general equation for the wth-derivative 
transient term is, then 


r„'(0 = 


0.9 

(-l.llcoe)” 


=(~1)”0.9X 



(44) 


System 3 
Xe _ s(s+4<oc) 

Xi (5+2«c)2 

For a step-of-position input 


(45) 


Ar.(s) Tt(s) 

1 

(5+2«c) 

The inverse transform is 


2ci>e 


(s+2o>cy 


(46) 


ro'(0 -(1+2 wc0€“-*"«^ (47) 

Since this system has a double-order 
pole, equation 39 does not apply. Instead 
one must use the more general relation of 
equation 13, which applies to all transfer 
functions, which is 

r«(/)=« / rn-i(t)dt (48) 

Thus, the derivative transient terms are 
obtained by integration and the integral 
transient terms obtained by differentiation. 
To integrate, use the following integration 
equations. 


y* 

(49) 

y* —€“'“( i+«) 

(50) 

f « - €-“(2 +2« +u^) 

(51) 

Equations 49 and 60 yield the derivative 
transient terms 


Equation 11 has shown that for single¬ 
order poles, the nth derivative transient 
term can be expressed as 

where Ki^ is the step-response coefficient 
for the pole si and Kin is the corresponding 
coefficient for the »th derivative. Hence, 


/ — 

ro'(«)<ft--(H-«c<) (52) 

T.w-f (i+%!) 

(53) 

Equation 51 is required for a system 
with a triple-order pole. Differentiate to 
obtain the integral transient terms. 
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-d 
' dt 


m) 


=( 2 wc)*«-»««(! -2o>ct) 


= (2«c)(2a)c0e”^^^ (54) 

(55) 


System 4 

■y(^+0.740co^) 


(56) 


where f —0.43 and w»=0.860 wc. For a 
unit step of position Xe($) is 


-X’e(^)»ro'(^) = 


where 


Ko 


(s-hi'afn—jao) 


+ 


iTo* 


(^+r«»+jwo) 


(57) 


90 degrees 


(58) 


fi=cos-i^ ( 59 ) 

wo=Wn\/l—^2 

The value of the upper-half-plane pole is 
—4-i«o = — fujjzl (61) 


Tn\t)= S " x 

(ao 

gjjj [ctfo^-!-.(«4-1)^] (^5) 

Substituting the values for the parameters 
gives 


Hence, the t^th derivative coefficient Kn 
is equal to, by equation 39 


Xn “ 


Ko 


K, 


( ~ ^<*>n 4-jwo)” ( 


(62) 


Substitute into equation 62 the expression 
for jRTo in equation 58 


“ 2 ooo^- degrees (( 53 ) 

The «th-derivative transient term is 


Tn\sy. 


Kn 


Kn* 


S+ton—jan^ S+i'an+Jao 


(<54) 


Take the inverse transform, substituting 
the ejcpression for K„ in equation 63 


rn'(i) 


(- 1 )" 1.108 
(0.860a.<,)» 


g-o.3Ta/x 


sin [0.776ft>c^+(^+l)64.5 degrees] 


( 66 ) 
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Discussion 

Rufus Oldenburger (Woodward Governor 
Company, Rockford, Ill.): Dr. LeRoy 
A. ISfdCacColl of the Bell Telephone Labora¬ 
tories has said that there are a number of 
simple relations between frequency and 
transient response in use at the Bell Labora¬ 
tories. In particular. Dr. MacColl found 
that the build-up time of a transient is about 
l/2/o for the cutoff frequency/o. For a 
normally attenuating magnitude ratio curve 
the cutoff frequency is the frequency at 
which the magnitude ratio is down to half of 
the value it has for low frequencies. The 
frequency of the oscillations for an oscillatory 
transient response is about equal to the cutoff 
frequency/o. The rate of decay of the ripple 
amplitude depends on how fast the magni¬ 
tude ratio frequency response curve drops. 
There appears to be some overlapping be¬ 
tween the results of the Bell Laboratories 
and those of the author. However, as far 
as I know, the Bell work has not been 
published. 

Simple approximate relations between 
frequency and transient responses are in¬ 
valuable for automatic control work. 
Qualitative design on paper is necessary be¬ 
fore one goes into fine details such as those 
which might be applied to a computer. 
The author is to be congratulated for his 
excellent contribution to this subject. 


George A. Biernson: In Mr. Oldenburger's 
constructive discussion he refers to the 
important MacColl approximation. There 
are a number of approximations in general 
use in the field of feedback control, but many 
of them are so inadequate that there is a 
general skepticism of the accuracy achiev¬ 
able by reliable approximations. That by 
MacColl represented a good early step in the 
process of relating frequency response and 
transient response. ^ Now, however, much 
more reliable approximations exist. 
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MacColLs approximation relates the 
magnitude of the return (or closed-loop) 
frequency response to the build-up time of 
the step response. In contrast, the author 
has related the magnitude of the loop 
(or open-loop) frequency response to the 
rise tiine of the step response. The author^s 
approximation is not only simpler to apply 
than the approximation of MacColl, but 
much more reliable and exact. This 
conclusion may seem strange to many, 
because the literature often leads to the 
belief that the closed-loop (return) transfer 
function must be considered in order to 
determine the performance of the over-all 
closed loop. MacCoirs approximation is 
reasonably accurate only for certain types of 
transfer functions, whereas the author's 
is extremely general and appears to hold 
for all reasonable feedback control systems. 

One of the difficulties of the MacColl 
approximation is that it describes the “build¬ 
up time" which evidently is the time for the 
unit step response to rise to unity, and as 
such applies only to step responses with a 
significant amount of overshoot. The 
parameter used by the author is the “rise 
time,' which is the time for the step response 
to rise to 63 % of its final value. Since this 
parameter applies to overdamped as well 
as to underdamped responses, it is of much 
more general applicability. The “settling 
time," which is the time for the response to 
settle to within a small given per cent of its 
final value, might also be considered, but 
because the low-frequency characteristics of 
the loop transfer function can produce tails 
in the step response, the “settling time" 
cannot generally be considered as merely a 
function of bandwidth. 

A much more severe difficulty of the Mac¬ 
Coll approximation is that it is based upon 
the magnitude, rather than the phase, of 
the return frequency response. The build¬ 
up time of the step response represents a 
time delay, and as such corresponds to a 
phase lag in the frequency domain. 

If in a feedback control loop there is a 


reasonable amount of peaking Mp of the 
magnitude of the return frequency response 
and the loop gain increases at a reasonably 
rapid rate at frequencies below gain cross¬ 
over, the following three frequency param¬ 
eters are roughly equal to each other. 

1. The gain crossover frequency cccg, 

2. The frequency of 60 degrees of phase lag 
of the return frequency response. 

3. The frequency where the magnitude of 
the error frequency response rises to 0.707, 
i.e., l/Vl 

^ Any of these parameters may be con¬ 
sidered as a good measure of the bandwidth 
for feedback control applications. The 
step-response rise time is roughly equal 
to the reciprocal of the value of any one of 
them in radians per second. 

purpose of a feedback control system 
is to follow the reference input (or a cali¬ 
brated function of that input) with small 
error. Just because the magnitude curve 
of the return frequency response is reason¬ 
ably flat up to a given frequency does not 
mean that the system can follow frequency 
components up to that frequency with 
reasonably small error. At frequencies 
where the phase lag of the return frequency 
response has exceeded 60 degrees, the smaller 
the magnitude of the return response, the 
smaller the error. Thus, for ideal response, 
the magnitude should attenuate rapidly 
at frequencies above the point of a 60-degree 
phase lag. Any response where the phase 
lag is greater than 60 degrees merely con¬ 
tributes to the error. 

If the return transfer function is a simple 
quadratic, the approximation of MacColl is 
equivalent to that of the author. For a 
quadratic, the cut-off frequency/o, where the 
magmtude is down to one-half, is related to 
the frequency/eo, where the phase lag is 60 
degrees, by 

/o»1.9/6o±10% 

The accuracy limit applies for all values of 
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damping ratio less than unity. Thus, 
MacCoU’s approximation for the build-up 
time is equivalent to the following for a 
quadratic 

_1 1 _ 2t 1.65 

~3.8«6o“ «(» 

where weo is the frequency/eo in radians per 
second. Since the rise time tr is the time 
for the step response to rise to 63%, it is 
roughly equal to 63% of tbu, if the step re¬ 
sponse has a reasonable overshoot. This 
gives for the rise time 

tf^O, 63/jt< — 

0)60 

Thus, for a quadratic the approximation of 


Dr. MacColl agrees with that of the author. 

On the other hand, there are a great many 
practical feedback control systems in which 
the return frequency response does not 
approximate a simple quadratic. In partic¬ 
ular, feedback control loops which contain 
sampling devices, such as magnetic ampli¬ 
fiers, generally produce a return frequency 
response with magnitude greater than unity 
significantly beyond the point of 180 degrees 
of phase lag. For such loops, the approxi¬ 
mation of MacColl is extremely poor. 

Textbooks and other literature on feed¬ 
back control have generally overemphasized 
the importance of the plot of the magnitude 
of the return frequency response. The 
measure of bandwidth is usually deter¬ 
mined from this plot, and it is generally 


assumed that this measure defines the speed 
of response to a step. Thus, the criticism 
the author is making of MacColl’s approxi¬ 
mation represents a general criticism of 
much of the thinking in the field on this 
matter of bandwidth. 

An important practical difficulty of defin¬ 
ing bandwidth in terms of the magnitude 
plot of the return frequency response is that 
it often leads the designer to try to improve 
the response of a system by extending the 
magnitude plot, without regard to the phase 
curve. The author once observed an 
engineer painfully at work to increase the 
resonant frequency of a feedback control 
loop, only to find that after he had increased 
it by more than a factor of 2, the step re¬ 
sponse was even slower than when he started. 


Analysis of Single-Phase-to-3-Phase 
Static Phase Converters 


J. C HOGAN 

MEMBER AIEE 


A static phase converter is a device 
which supplies polyphase power to 
a load from a single-phase power source 
using only passive circuit elements. 
Ideally such a device should produce 
balanced polyphase voltages at the load. 
Several recent articles have been 
published concerning the operation of 
3-phase induction motors connected 
through static phase converters to single¬ 
phase lines. These articles discuss the 
simple form of phase converter using only 
capacitors. This capacitor-only type of 
phase converter can be adjusted to give 
balanced 3-phase power only for loads 
possessing a lagging power factor of 0.5. 
For any other load it is impossible to ob¬ 
tain balanced conditions. In contrast, 
the Add-A-Phase phase converter, con¬ 
sisting of an autotransformer in addi¬ 
tion to the capacitors, may be set to 
supply balanced 3-phase power to any 
load possessing a lagging power factor re¬ 
gardless of its value. This more general 
type of phase converter circuit will be re¬ 
ferred to in this article as the autotrans¬ 
former type of phase converter. At the 
point at which balanced operation occurs 
with an induction motor load, the speed, 
torque, horsepower, efi&dency, and other 
motor quantities will be identical to those 
obtained when the motor is connected to 
a balanced 3-phase power source of the 
same voltage. 

It is the purpose to present an analysis 
of the autotransformer phase converter, 


treating the capacitor-only phase con¬ 
verter as a special case of the more gen¬ 
eral analysis. The analysis indicates that 
many of the limitations placed on the ap¬ 
plication of the capacitor-only phase con¬ 
verter may be relaxed when the autotrans¬ 
former phase converter is used. 


Analysis 


The general form of the circuit for 
phase converters is given in Fig. 1. The 
voltage at terminal A' may be varied ac¬ 
cording to the tap setting on the auto¬ 
transformer. The capacitor Xc in series 
with phase A may also be varied to ob¬ 
tain balanced conditions. This circuit 
may be analyzed by the method of sym- 
metrical components by considering the 
voltages at A \ and C as a set of un¬ 
balanced 3-phase voltages applied to a 
circuit with unequal line impedances 
going to a 3-phase motor. This set of 
voltages may be expressed in terms of the 
single-phase voltage applied to the phase 
converter and the tap setting of the auto¬ 
transformer. Thus 

Va^b^NVi ( 1 ) 

Vbc^Vi ( 2 ) 

(3) 

where 



(4) 


The positive negative and zero-se¬ 
quence component voltages are given by 


Va'b,~\ (Va,+aVic+aWca) (5) 

FyB. = ;(F«»+Fi,c+Fca) (7) 

O 

Substituting equations 1 to 3 into 
equations 5 to 7 yields 

VA'B.=^am:+Ni^) (») 

V3 

VA'B,=^aLz^+Ntz^) w 

Fya=0 (10) 


Since the sum of the three currents must 
also equal zero, the zero-sequence com¬ 
ponent of the current is also zero. 

The equivalent circuit of the induction 
motor is usually expressed in terms of an 
equivalent wye circuit, with the applied 
voltage being a line-to-neutral voltage. 
Expressing the component voltages of 
equations 8 and 9 in terms of line-to- 


neutral voltages gives 

Fy„.=-^/:z^ (U) 

VA'n.=^lN/^+imi] (12) 

o 

Fy„,=^/30: (13) 

VA',^=^[N/^+lLzm (14) 

o 


Paper 55-247, recommended by the AIEE Domestic 
and Commercial Applications Committee and 
appfoved by the AIEE Committee on Xechnical 
Operations for presentation at the AIEE Farm 
Electrification Conference, Chicago, Ill., March 
S-10, 1965. Manuscript submitted December 28, 
1954; made available for printing June 2, 1955. 
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Fig. 1. Circuit of autotransformer type of 
phase converter 


Next the unsymmetrical line imped¬ 
ances must be resolved into a form suit¬ 
able for application of the sequence rule. 
The sequence components of these unbal¬ 
anced line impedances are 


~ {Za+Zb-^Zc) 

(IS) 

~ ” {Zji+aZB+a^Zc) 

(16) 

ZA2^z(^Zji'^a^ZB’\~<iZc) 

o 

(17) 

In the phase-converter circuit 


li 

li 

o 

(18) 

Thus equations 15,16, and 17 become 

ZAti —Zai ^Za2 

o 

(19) 


The equations of the circuit may now be 
written in terms of the sequence com¬ 
ponents. Thus 

( 20 ) 

Vani—IaiZAX^IcaiZjiQ'i-Zmz) ( 21 ) 

where 

iflii /a 2 **the positive- and negative-sequence 
component currents going to the 
motor respectively. 

Zmu the po^tive- and negative- 
sequence impedances per phase of the 
induction machine respectively. 

Substituting equations 12, 14, and 19 
into equations 20 and 21 yields 



Fig. 2. Equivalent circuit of phase converter 
and induction motor load 



Solving for the sequence currents gives 


I 

-tax—~ 


_ v3 

^mx^m 2 +““ {Zm,i-\-Zms) 


(24) 


and 



^mi(iNr/0‘*.fl/-60®-:^/90 
_ V3 

ZmiZna-^—^ (Ztni-hZtn2) 


(25) 


The ideal operating condition for a 3- 
phase motor is to have balanced 3-phase 
voltages applied to the terminals of the 
motor which should result in balanced 
line currents. Thus, the negative-se¬ 
quence current must equal zero. From 
equation 25 it is seen that this condition 
is satisfied by the relationship 


WMiV/0°+l /~60^ V 


Z. /90° 
V3 


(26) 


where Smi Is the positive-sequence power- 
factor angle of the machine. may be 
any type of impedance but to minimize 
losses it is usually a capacitor for induc¬ 
tive loads. Thus, for an induction motor 
load 


- 2 ^^^- jXc 


(27) 


Since both the autotransformer tap set¬ 
ting JV and the capacitive reactance Xc 
may be varied, it is. possible to satisfy 
equation (26) for any polyphase induction 
motor and thus insure balanced opera¬ 
tion at that particular load. As the load 
requirements change, the motor will no 
longer have exactly balanced currents. 
It is, therefore, important to adjust 
initially the values of iNT and Xc so as to 
give balanced operation for the particular 
load condition most usually encountered. 
Solution of equation 26 gives 


3 IZj 
2 Sin ffmi 


(28) 


and 


Ic 

Fig. 3. Circuit of capacitor-on iy type of 
phase converter 

Equivalent Circuit 

Equations 22 and 23 are the equations 
of the equivelent circuit shown in Fig. 2. 
It is interesting to note that this circuit is 
identical in form to the equivalent circuit 
for a capacitor motor. ^ The circuit for 
the capacitor motor represents 2-phase 
symmetrical component currents and 
voltages while the circuit shown in Fig. 2 
gives 3-phase quantities. This similarity 
in equivalent circuits indicates that the 
unbalance caused by negative-sequence 
currents in a phase converter is the same 
as the unbalance that occurs in capacitor- 
run motors caused by changing load 
conditions. 

Capacitor-Only Phase Converter 

The theory of the capacitor-only phase 
converters may be treated as a special 
case of the autotransformer phase con¬ 
verter. Adjusting the tap setting A' to 
point B' makes voltage equal to 
zero or for this case 

N=0 (30) 

The autotransformer has no effect on 
the operation of the phase converter and 
the circuit is the same as that used in the 
capacitor-only phase converter as given 
in Fig. 3. The negative-sequence cur¬ 
rent must again be zero to obtain balanced 
conditions, as specified by equation 26. 
For the capacitor-only phase converter, 
this becomes 










r 

r 

r 

m 

m 









1 

■ 

B 


■ 



■ 

■ 

m 




■ 

m 


m 

■ 



■ 

■ 

R 

■ 

m 

m 

B 

IS! 

m 

i 




■1 

■ 


■ 

B 

m 


a 

M 

m 

■ 

■ 

■ 

i 

m 

5 


If 

m 

■ 




m 

■ 

■ 

B 

m 

ss 

m 





- 



H 

e 



li 









□ 

j 



J 










o'—I—I—I —\—\—\ _ I I I I I I I 

0 10 20 30 40 50 60 70 80 90 100 110 120 130 

% RATED H.P 




Cos ((y,ni+30^) 


(29) 


Fig. 4. Current variation caused by load 
changes for phase converter balanced at 70- 
per-cent load 
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Fig. 5. Current variation caused by toad 
changes for phase converter balanced at 110- 
per-cent load 


wo™,-60“ =^/0“ 

(31) 

V3 — 

This equation can 

only be satisfied if 

<»«=60“ 

(32) 

and 

Xc=Vs\Zm\ 

(33) 


From equation 33 it is seen that only 
the special case of power factor equal to 
0.5 can be balanced. This, however, 
usually occurs only when the machine is 
very lightly loaded. Thus it may be con¬ 
cluded that the autotransformer is very 
necessary in phase converters to obtain 
the desired balanced operation for a motor 
operating under load conditions. 

The same type of analysis discloses that 
a capacitor-run motor with identical 
windings in quadrature can only give 
balanced currents if the motor power fac¬ 
tor is 0.707. By making the ntunber of 
turns on the auxiliary winding different 
than the number of turns on the main 
winding, it is possible to obtain conditions 
for loads with power factors other than 
0.707. This change in number of turns 
for the capacitor-run motor is equivalent 
to the change in voltage possible 

with the autotransformer phase converter 
and accomplishes the same purpose. 

Operating Characteristics 

To illustrate the operating character¬ 
istics of the autotransformer type of 
phase converter, experimental test re¬ 
sults are given. A 3-phase 220-volt 60- 
cycle-per-second induction motor was 
used with a rating of 3 horsepower at 
1,166 rpm. Load runs were made with the 
motor connected directly to a 3-phase line 
and with the motor connected to a single¬ 
phase line through the phase converter. 
Separate runs were made for the phase 
converter adjusted to give balanced con¬ 
ditions. Results will be given for the two 
runs taken when the phase converter was 
set to give a balance at 70 and 110 per 
cent of rated output. Since it is desired 


to have balanced line currents to the 
motor, an examination of the variation of 
line current as a function of horsepower 
output is shown in Figs. 4 and 5. It is 
seen that the line currents can be bal¬ 
anced at particular values of load, al¬ 
though there is considerable variation in 
current unbalance as the load increases 
or decreases away from the point at which 
balance occurs. Curves given by Haber- 
mann^ show that the currents may never 
become balanced with a capacitor-only 
phase converter. 

The torque variation as a function of 
speed is of course the most important 
factor in matching a motor to a given 
load. The motor operated through the 
phase converter has a speed-torque 
characteristic very similar to the motor 
operated directly on 3-phase up to loads 
of about 120 per cent of rated horsepower, 
as shown in Fig. 6. For loads above this 
value the speed drops very rapidly and 
the breakdown torque is much lower than 
for 3-phase case. For the run connec¬ 
tion the phase converter was set to give 
balanced conditions at 110 per cent of 
rated load. For certain types of load 
occasionally requiring excessive torques, 
it may be necessary to use the next larger 
size motor. 

Voltage variation caused by line drop is 
a serious problem on rural single-phase 
lines. Since the voltage drop is propor¬ 
tional to the line current, it is desirable 
to keep the line current for a given power 
at a minimum. This is the same as say¬ 
ing that the power factor should be as 
dose to unity as possible. Fig. 7 points 
out the excellent single-phase power- 
factor characteristics of the autotrans¬ 
former phase converter compared to the 
power factor of the 3-phase motor. 

The over-all efiidency on single-phase 
using the phase converter is almost the 
same as the motor efiidency on balanced 
3-phase; the only losses present in the 
phase converter being the core and copper 
losses of the autotransformer. However, 
additional losses occur in the motor for 
unbalanced operation because of nega¬ 
tive-sequence losses. This will result in 
over-all effidendes approximately equal 
to the efiidency on 3-phase at the points 
of balance. As the unbalance increases, 
the over-all efficiency will decrease be¬ 
cause of the additional motor losses, as 
shown in Fig. 8. 

To provide the required starting torque, 
it is necessary to have an additional ca- 
padtor XsT in the drcuit for starting. 
This capadtor tends to balance the cur¬ 
rents at starting and, after the motor 
comes up to speed, the capadtor Xst is 
disconnected by means of a relay drcuit 



Fig. 6. Speed-torque curves for balanced 3- 
phase and phase-converter operation 


sensitive to voltage Vab- The character¬ 
istics during starting and build-up are 
given in Fig. 6. A tabulation of locked- 
rotor quantities is given in Table I. 
Characteristics of 3-horsepower 6-pole 
single-phase capadtor-start-capadtor- 
run motors are also given for compara¬ 
tive purposes. It is seen that the auto¬ 
transformer phase-converter motor com¬ 
bination has the lowest (most desirable) 
value of kilovolt-amperes per foot-pound 
at starting. It should be pointed out 
that the autotransformer is just as essen¬ 
tial to the circuit at starting as it is dur¬ 
ing running conditions. Recent tests^ on 
capacitor-only phase converters indicated 
starting kilovolt-amperes per foot-pound 
of 0.86, compared to 0.57 for the auto¬ 
transformer phase converter adjusted to 
balance at 70 per cent of rated load. If 
Table I had compared 4-pole motors in¬ 
stead of 6-pole motors, the per-cent 
torques throughout the whole table would 
be greater than those given. 

Conclusions 

From this analysis of the autotrans¬ 
former phase converter, the following 
advantages may be cited: 

1. It is the only static phase converter 
available whose drcuit is capable of pro¬ 
viding balanced 3-phase currents to a 3- 
phase induction motor from a single-phase 
line. 

2. The starting Irilovolt-amperes required 
are greatly reduced below that of the 3- 



% RATED H.P 

Fig. 7. Power-factor variation caused by 
load changes 
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Table I. Comparison of Operatins Characteristics of 3>Horsepower Induction Motors 



% RATED H.R 


Fig. 8. Efficiency variation caused by load 
changes 

phase motor on balanced 3 -phase power or 
that of a single-phase motor. 

3. Power factor is improved throughout 
the complete operating range of the motor. 

4. The starting torque is comparable to 
that of a single-phase motor but only about 
85 per cent as much as the 3-phase motor. 

5. The starting kilovolt-amperes per foot¬ 
pound are smaller than those of the 3 -phase 
or single-phase motor. 

6 . Cost of autotransformer phase converter 
plus 3-phase induction motor is competitive 
with the cost of a single-phase motor, 

7. Simplicity of 3-phase motor reduces 
maintenance required. 

8 . Where 3-phase power may eventually 
become available, it permits immediate use 
of 3-phase motors. 

9. Phase-converter units of a given horse¬ 
power rating may be used with motors 
smaller than that rating. 

The advantages of the phase converter 
are as follows: 

1 . Breakdown torque is less than that of 
the 3-phase induction motor on balanced 3- 
phase power or that of a single-phase motor. 


Discussion 

J. C, McKee (Mississippi State College, 
State College, Miss.): The desirability of 
securing satisfactory performance from a 
polyphase motor when operated on a single¬ 
phase supply has long been recognized, and 
a number of methods have been proposed in 
the literature. Dr. Hogan*s excellent sym¬ 
metrical component analysis of the auto- 
transformer-capacitor method gives a firm 
basis on whidh decisions, concerning the 
application of such devices, may be based. 

A similar symmetrical component analysis 
and evaluation was done concurrently at 
Mississippi State College, and the results 
completely bear out the findings of this 
paper. In addition, the autotransformer 
impedance was considered: and its small 
leakage reactance was determined to have 
but sHght effect on the capacitance required 
to balance the machine at a given load. 
Load tests were performed on a 5-horse¬ 
power motor operated by a laboratory setup 
with variable capacitance and a continuously 
variable autotransformer, and on a 10 -horse- 
power motor operated from the commercial 



3-Pliase 
Motor on 

3 Phases 

3-Phase Motor 
with Add-A-Phase 



70-Per-Cent 

Balance 

110-Per-Cent 

Balance 

Single-Phase 

Motort 

Line volts. 

.220 _ 

.220 

220 

230 

Breakdown torque, per cent 
of rated torque*. 



.145 . 

.200 

Starting current, amperes. 

. 48 

. 53 . 

. 58 . 

. 70 

Starting torque, per cent of 
rated torque*. 

.210 

.155 . 

.195 . 

.175 

Starting kilovolt-amperes. 

- 18.3 .... 

. 11.7 . 

. 12.8 . 

. 16 1 

Starting kilovolt-amperes 
per foot-pound. 

.... 0.645.... 

. 0.57. 

. 0.49. 

. 0.68 


*Rated torque —13.5 foot pounds 


tCapaci tor-start—capacitor-run 


2 . The starting torque is about 85 per cent 
of the starting torque of the 3 -phase motor 
and is about the same as the starting torque 
for a single-phase induction motor. 

It should be mentioned that 3-phase 
motors will increase in usage in rural areas 
because of the 3-phase power source that 
will soon be supplied on farm tractors. 
The 3-phase motor with a phase converter 
can thus be used on the single-phase 
lines serving the farm and, in case of 
emergency, the 3-phase motor can be con¬ 
nected directly to the portable 3-phase 
power source. 

In conclusion, the autotransformer 
phase converter—3-phase induction 

motor combination—can be used as a 
source of power where only single phase 
is available without the usual excessive 
voltage drop during starting. For loads 
where the power required is almost con¬ 
stant, the unit can be adjusted to give 
balanced operation at a high power fac- 

- 4 .—-- 

autotransformer-connected unit. In both 
tests, at any given slip (and thus motor 
power factor) excellent voltage balance 
was obtained with adjustment of both trans¬ 
former ratio and capacitance. As analysis 
shows, the test proved that a small change 
in the power-factor results in a considerable 
change in the current unbalance factor, 
/ai//a 2 . For this reason, it was deemed 
advisable that balance adjustments be 
made at full-load slip; so that overheating 
effects, resulting from the change in un¬ 
balance factor as load is decreased, are some¬ 
what offset by the decrease in load. In 
effect, at slips less than full-load slip, a 
derating is applied to the machine. Oscillo¬ 
grams of these machines starting under load 
display a decided “cushioned-start'* effect 
which, as is discussed in this paper, is gained 
at the expense of starting torque when 
compared with its starting performance as a 
line-start motor. This starting character¬ 
istic is most desirable on a lengthy single¬ 
phase line, and it is likely that application 
will be most frequent in such situations. 

Since the performance of any of the so- 
called * ^phase-converters” is completely 
dependent upon the motor load character- 


tor for that particular load without any 
derating of the motor. Where danger of 
explosion exists, the phase converter may 
be placed in a position remote from the 
3-phase motor. Power companies might 
also permit motors to be used with higher 
ratings than the usual 5 to 7.5 horsepower 
when such motors are used in conjunction 
with a phase converter because of the low 
kilovolt-amperes taken during starting. 
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istics, it should be considered a motor start¬ 
ing and operating device. As such it may 
perform its function very satisfactorily. 
Until such time that balance is made auto¬ 
matic, under changing load conditions, a 
utility serving customer equipment with 
3-phase service from such a device could 
easily find itself with an intolerable voltage 
unbalance. 

J. C. Hogan: The discussion by Dr. 
McKee is a valuable addition to this 
paper. In particular, the balancing of the 
phase converter is an important considera¬ 
tion in the proper application of this device. 
As pointed out in the paper, when the load 
on the motor is constant the phase converter 
should be set to give balanced operation at 
that particular load.* However, as Dr. 
McKee points out, the balance adjustment 
should be made at full load when the motor 
is subject to widely varying loads. The 
effects of balancing at full load versus 
balancing at some other load (such as 70 per 
cent) for the particular motor tested is 
given in Figs. 4 and 5. It is gratifying to 
know that the results and conclusions of 
Dr. McKee confirm the work of the author. 
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A Transistorized Overvoltage Relay 

N. F. SCHUH 

ASSOCIATE MEMBER AIEE 


P erhaps the most important single 
protective device in any aircraft 
electric system is the overvoltage relay. 
Overvoltage conditions cannot only cause 
serious damage to connected load equip¬ 
ment and to the power generation equip¬ 
ment, if not removed, but can cause the 
loss of the entire electric power system. 
Overvoltage relays are designed to have 
inverse time-voltage characteristics be¬ 
cause most of the damage caused by over¬ 
voltage is because of overheating. To 
obtain overvoltage protection and stiU 
not get nuisance operations on normal 
system transients, the relay must operate 
very rapidly on extreme overvoltages and 
relatively slowly on slight overvoltages. 
Upon completion of the time delay the 
relay contacts close the trip coil of the 
generator control relay, thus de-ener¬ 
gizing the faulty system. 

General 

Operating Limits 

Fig. 1 shows the operating limits for 
the overvoltage relay on a modern a-c 
electric power system as defined in refer¬ 
ence 1. It can be seen that the relay 
must not operate at all below 125 volts, 
line-to-neutral, and must operate below 
133 volts. At 140 volts the relay must 
operate in 0.09 to 0.6 second, at 150 volts 
in 0.055 to 0.26 second, and in less than 
0.1 second at 180 volts. The dash lines 
were added by the author. 

Present Practice 

There are several means of obtaining 
an inverse time-voltage characteristic 
such as is required. The most commonly 
used overvoltage relay in aircraft power 
systems today makes use of the dash- 
pot principle. Here the voltage being 
sensed is applied through a coil to a mag¬ 
netic circuit containing a plunger which 
is closely fitted into a closed tube. The 
ampere-turns because of the applied volt¬ 
age cause the plunger to move so as to 
dose the air gap of the magnetic circuit. 
When the plunger travel is complete, the 
contacts dose and open the generator 
exdtation circuit. The higher the volt¬ 
age, the faster the plunger moves, and, 
therefore the shorter the time delay. If 
the high voltage is a normal transient, the 
plunger stops before it reaches the end of 


its travel and then returns to its starting 
point. The most commonly used device 
for obtaining an inverse time-voltage 
characteristic in utility work makes use 
of an induction disk-type relay. Here 
the disk armature rotates at a speed pro¬ 
portional to the applied voltage and the 
desired characteristic is obtained. 

Both of these types of relays have dis¬ 
tinct disadvantages when applied to air¬ 
craft power systems. The major un¬ 
desirable feature is their dependence on 
moving mechanical parts for a time de¬ 
lay. This dependence means that the 
relay designer must be certain that his 
design is not adversely affected by vibra¬ 
tion, shock, acceleration, or even mount¬ 
ing position. In addition, he must be 
concerned about stray magnetic fields 
influencing his magnetic circuit and he 
must seal his plunger-type reJay against 
altitude effects. In his attempt to meet 
the operational requirements under all 
the extreme environmental conditions 
encountered in aircraft applications, the 
designer often ends up with either a large, 
heavy device or a complicated device 
built to very close tolerances. Neither 
of these have the desired reliability. 

Static Devices 

The obvious solution to the problem of 
designing an overvoltage relay unaf¬ 
fected by these extreme environmental 
conditions is to design a static device. A 
static device making use of electronic 
tubes is possible, but this approach has 
three disadvantages which render it un¬ 
desirable. The use of electronic tubes in 
aircraft primary power systems is un¬ 
popular from a reliability standpoint; 
a warm-up time is required before opera¬ 
tion and, because of the power require¬ 
ments, this type of design would be rela¬ 
tively large and heavy. A new over¬ 
voltage relay design is described herein 
which has a static time-delay circuit and 
which meets all the requirements of air¬ 
craft operation while remaining small 
and reliable. 

New Relay Circuit 

New Components 

The availability of silicon diodes and 
transistors has now made possible the 
design of a small, reliable overvoltage re¬ 
lay which has none of the disadvantages 


associated with mechanical or electronic 
relays. A group of these small com¬ 
ponents has been assembled into a circuit 
having the characteristics desired of an 
overvoltage relay. The purpose of this 
paper is to describe this new circuit, dis¬ 
cuss some of the design problems en¬ 
countered, and show what kind of operat¬ 
ing characteristics can be expected from 
the relay. Some of the silicon devices 
have certain unique characteristics which 
are utilized in the design and should be 
described separately before the full cir¬ 
cuit is described. 

Fig. 2 shows the characteristic of a 
typical low-power silicon diode. Of par¬ 
ticular interest in this design is the re¬ 
verse voltage characteristic. This type 
of diode exhibits a very sharp Zener 
breakdown, i.e., there is a saturation cur¬ 
rent of only a few microamperes until the 
reverse voltage reaches the breakdown 
value. At this point the reverse current 
suddenly increases and is limited only by 
the resistance of the circuit. This break¬ 
down characteristic makes the Zener 
diode a very useful device for sensing 
voltage levels. The same effect may be 
obtained by using a battery with a voltage 
equal to the diode breakdown voltage in 
series with a resistor equal to the resist¬ 
ance of the diode after it has broken down 
and a blocking rectifier to prevent the 
battery from supplying current to the 
circuit. 

Fig. 3 shows the common emitter 
characteristics of a typical silicon tran¬ 
sistor. As with the diode, the current 
through the collector junction with the 
base circuit open is negligible. A locus 
of points representing 50-milliwatt power 
dissipation in the transistor is shown to¬ 
gether with a typical load line. For 
example, it would require approximately 
120 microamperes flowing into the base 
of the transistor to obtain a 2-milli- 
ampere current into a 10,000-ohm load. 
This represents not only a current gain 
but also a power gain because the base 
input resistance of the transistor is small 
compared to its output resistance. The 
other components used in the circuit to 
be described are famihar to the reader 
as electrical components, if not as phys¬ 
ical components. These are miniatur¬ 
ized resistors, capacitors, and potenti¬ 
ometers. 
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Fig, 1. Operating limits for overvoltage 
relays 




Fig. 5, Time-voltage characteristic of relay 
versus resistance of potentiometer P 2 


OPEIIATION 

Fig. 4 shows the circuit of the new over¬ 
voltage relay. The a-c relay circuit is 
illustrated. A similar but more simple 
circuit may be used on d-c systems. In 
the diagram, the circuit has been broken 
down into five basic parts; a voltage¬ 
sensing circuit Di, Zi, and P^; a time- 
delay circuit Z) 2 , Z 2 , i? 2 , F 2 , and Ci; a 
2-stage amplifier Ti, and T^; a power 
supply 2^8, C 2 , and TR; and a slave relay 
SR. Z\ and Z 2 are Zener diodes, con¬ 
nected in the reverse position and having 
characteristics such as described in Fig. 2. 
T I and 72 are silicon transistors having 
characteristics such as described in Fig. 3. 
Operation of the circuit is as follows: At 
normal levels of a-c generator voltage, 
the direct voltage Fi, which the relay 
circuit sees, is below the breakdown volt¬ 
age of Z\ and the circuit is inactive, with 
no appreciable current flow an 3 rwhere in 
the circuit. C\ remains essentially un¬ 
charged by the leakage current of Zx be¬ 
cause of the capacitor discharge circuit 
R 2 P 1 . With Z >2 connected as it is, the 
voltage on Ci cannot exceed the drop 
across R^ which is in the order of 0.1 volt. 
Pi is set so that at the desired minimum 
operating voltage of the overvoltage relay 
Zx breaks down and conducts, cHkrging 



1 “ 

EQUIVALENT 

CIRCUIT 


Fig. 3. Silicon transistor characteristics for 
common emitter connections 

Cx through P 2 . As Ci charges, a second 
Zener diode Z 2 breaks down and the base 
current l^x starts to flow into Tx. This 
current when amplified by Tx becomes the 
base current of T 2 designated /jg. Ib 2 
is amplified by P 2 and becomes the load 
current /<.. When Jji reaches the critical 
value, Ic is sufiftcient to operate the relay. 

If at any time before the relay operates 
the applied voltage returns to normal, 
the capacitor Ci discharges rapidly 
through D 2 R 2 and all currents return to 
zero. This discharge circuit does not 
affect the time-delay circuit during the 
charging of Cx because, as long as the 
applied voltage exceeds the breakdown 
voltage of Zx, the discharge diode D 2 is 
biased in such a direction that it cannot 
conduct. R 2 is made small compared to 
Pi and P 2 so that the discharge time of 
Cl is small compared to its charging time. 



Adjustment of Time Delay 

The time delay of the circuit is adjusted 
by varying the resistance of P 2 . Fig. 5 
shows the effect of this adjustment. It 
will be noted that the entire charac¬ 
teristic curve can be shifted over the full 
adjustment range by merely varying the 
value of resistance in series with the 
capacitor. This is in contrast to over¬ 
voltage relays in present use which re¬ 
quire changes in size and shape of me¬ 
chanical parts to obtain this adjustment. 
The characteristic operating curve 
be varied over a considerable range by 
changing the value of P 2 from 5,000 to 
20,000 ohms. Further change of resist¬ 
ance in either direction has little effect on 
the delay time. For adjustment purposes 
P 2 need only be set to obtain a certain 
time delay at a single voltage level to as¬ 
sure proper operation over the full volt¬ 
age range. 

Circuit Design 

Voltage-Sensing and Time Delay 

The development of a suitable sensing 
and time-delay circuit presents the major 
design problem. For reasons of co¬ 
ordination with other protective devices 
in the aircraft system, the overvoltage 



Fig. 2. Zener diode characteristic 


Fig. 4. Circuit diagram of new overvoltage 
relay 


Fig. 6. Circuit voltages versus time on 
suddenly applied overvoltage 
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Fis. 7. Components soldered on printed 
circuit board 


relay should sense the average of the 3- 
phase generator output voltages. A 
direct voltage proportional to the average 
of the alternating voltage is obtained by 
using a 3-phase full-wave rectifier made 
up of six diodes. 

The Zener diode Zi is used to sense an 
overvoltage condition. The voltage at 
which Zi breaks down depends somewhat 
on the ambient temperature but other¬ 
wise remains quite fixed. Temperature 
compensation is accomplished in the re¬ 
sistor combination designated as Ri in 
the circuit diagram. This resistance 
varies with temperature in such a manner 
that Zi breaks down at essentially the 
same value of line voltage over the entire 
temperature range of from —65 to +120 
degrees centigrade. 

The time delay obtained at any given 
voltage is measured by suddenly increas¬ 
ing the voltage from its nominal value to 
the given overvoltage. If for any reason 
the capacitor Ci is partially charged at 
the moment of overvoltage application, 
the time delay will, of course, be less than 
it would be with no preliminary charge on 
Cl. The ripple on the direct voltage out¬ 
put of the rectifier presents a problem in 
this type of sensing circuit because the 
peaks of the ripple voltage start charging 
Cl before the average voltage is high 
enough for relay operation. The ratio 
of the d-c ripple to the average value of 
direct voltage is greater by approximately 
four times than the ratio of the mini¬ 
mum relay operation voltage to the 
nominal power system voltage. This 
means that the time delay at a given 
overvoltage would depend on the nomi¬ 
nal voltage level from whidi the over¬ 
voltage was applied because this nomi¬ 
nal voltage level would determine the 
partial charge on Ci. 

If a capacitor is used to filter this 
ripple, true 3-phase average sensing is no 
longer obtained. A capacitor large 
enough to reduce the ripple appreciably 
would also be large enough to hold the 


voltage to a level proportional to the 
highest of the 3-phase voltages rather 
than the average. It is desirable in 
some applications to sense the highest 
phase voltage instead of the average. 
In that case, a capacitor filter across the 
rectifier output is desirable and the 
ripple problem is eliminated. 

A full-wave rectifier is used to take 
advantage of the low ripple resulting 
from this configuration. Without addi¬ 
tional circuitry, the time constant of the 
time-delay circuit would be the same on 
charge and discharge of Ci and, therefore, 
no particular difficulty would be en¬ 
countered until the direct voltage ripple 
was high enough to keep Zi broken down 
and conducting for a longer time than it 
blocked the charging current. However, 
this break-even point of charge and dis¬ 
charge is reached at a voltage level 
below nominal operating voltage, as 
indicated by the 4 to 1 ratio mentioned 
in the foregoing. 

Additional circuitry in the form of a 
capacitor discharge circuit is used 
to alleviate the aforementioned condition. 
The operation of this discharge circuit has 
already been explained as it applies to 
normal operation. Because of its rela¬ 
tively short time constant, this circuit 
prevents C\ from retaining any appre¬ 
ciable charge even when Zi is broken 
down for more than half of each cycle by 
the d-c ripple peaks. The gain of the 
amplifier which follows the time-delay 
circuit is also a factor in the problem of 
preventing Ci from being prematurely 
charged. The gain is made high so that 
a small change in the voltage being 
sensed will operate the relay. The use of 
two stages also makes the individual 
transistor characteristics noncritical. 
Any two transistors of the same type 
may be used in the circuit with good re¬ 
sults, The circuitry shown results in a 
practical circuit with a time-voltage 
characteristic not appreciably affected by 
the voltage level from which the over¬ 
voltage is applied until this voltage level 
is very close to the minimum operating 
voltage of the relay. 

Time Delay Versus Voltage 

The time delay obtained at a given 
voltage depends on the time required to 
complete the sequence of events necessary 
for relay operation. Fig. 6 shows this se¬ 
quence of events in a plot of circuit volt¬ 
ages versus time for a suddenly applied 
overvoltage. Point A along the ab¬ 
scissa, or time base, is the time at which 
the overvoltage is applied, i.e., the point 
when Vi suddenly rises from zero (or 
nominal voltage) to some fixed value 



Fis. 8. Overvoliasc relay package 


greater than the breakdown voltage of Zi. 
The difference between Vi and the 
breakdown voltage of Z\ is applied to the 
time-delay circuit causing Ci to charge 
through P 2 . At point B, the charge on 
Cl has reached the breakdown voltage of 
Z 2 and the voltage on the base of the 
transistor amplifier starts to rise. At 
point C, the transistor base voltage has 
reached the threshold value and base 
current and, therefore, the relay coil 
current starts to flow causing the voltage 
across the slave relay Vsr to rise. At 
point Z>, has reached the pickup 
value for the relay and it acts to trip 
open the generator field circuit. The 
time delay, then, is the elapsed time 
from point A to point Z>. An important 
feature of this design is the fact that no 
current flows in the slave relay coil until 
the time delay is almost complete. This 
means that there is no danger of getting 
premature operation because of shock or 
vibration effects on a partially energized 
relay. 

The higher the generator voltage the 
shorter the time dday before the relay 
operates. This increase in applied volt¬ 
age has two effects. It has the effect of 
increasing the voltage across the re¬ 
sistance-capacitor timing circuit, thus 
causing the critical value of hi to be 
reached sooner; and of increasing the 
supply voltage on the transistor amplifier, 
thus causing it to conduct more current 
for a given value of hi. This latter ef¬ 
fect, however, is small compared to the 
increased diarging rate of Ci. These ef¬ 
fects are such that the operating time of 
the relay varies with applied voltage in a 
manner which fits the overvoltage relay 
requirements. 

Relay Package 

The circuit described herein contains 
approximately '25 very small parts. It is 
difficult to mount these small parts in the 
conventional manner and still take ad- 
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vantage of their small size. For this 
reason alone it appears that the use of a 
printed circuit board is desirable. The 
other familiar advantages of the printed 
circuit such as dip soldering and elimina¬ 
tion of wiring errors are also realized. 
Fig. 7 shows the circuit components 
mounted on a printed circuit board. 
The transformer and the slave relay are 
the only parts not moimted on the board. 
Those two parts are mounted separately. 

Fig. 8 shows the complete unit. Six 
connections are brought out; three for 
connecting directly to 3-phase line volt¬ 


age and three for the single-pole double¬ 
throw relay contacts. The unit is ap¬ 
proximately 2 by 3 by 4 inches in size 
and weighs less than 1 pound. 

Conclusions 

A new relay circuit is described which 
has all the desired electrical charac¬ 
teristics of present overvoltage relays 
while having none of their undesirable 
features. In addition to meeting the 
operational requirements, increased re¬ 
liability and repeatability are realized in 


this design. The production problems 
associated with the manufacture of me¬ 
chanical time-delay devices have been 
eliminated and the adjustment and test 
procedures greatly simplified. The physi¬ 
cal package of the new circuit is also de¬ 
scribed, indicating considerable progress 
in size and weight reduction, so important 
to the aircraft designer. 
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Transfer Function and Parameter 
Evaluation for D-C Servomotors 
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I N ANALYZING and synthesizing feed¬ 
back control systems, the engineer is 
frequently interested in the numerical 
value of the parameters associated with 
the motor-load combination. He prob¬ 
ably has manufacturer’s data concerning 
the motor itself, and perhaps similar 
data are available for many of the load 
components but, in general, parameter 
values are not available for the specific 
motor-load combination and they must be 
calculated or measured. 

With a d-c shunt motor some of the 
parameters for which numbers might be 
desired are: armature resistance R, 
electromotive force (emf) constant Kvi 
static friction, torque constant, Kt, 
armature inductance L, and armature 
inertia /. Some of these parameters are 
easy to measure and some are not; 
furthermore, in many cases some of the 
parameters are negligible. 

This paper contains a review of the 
mathematical equations used for de¬ 
veloping the transfer function of the 
motor and load, an interpretation of these 
equations in terms of negligibility of 
certain parameters, the development of 
measurement techniques, the results 
of actual tests, and a discussion of the 
validity of the results. Several unique 
test methods are presented for deter¬ 
mining the moment of inertia of the motor 
and its load without the necessity of 
adding tachometers which, in the case of 
small motors, might greatly alter their 
operating characteristics. 


Mathematical Theory 


Fig. 1 shows a schematic diagram of the 
system to be studied. The motor load is 
assumed to reflect only additional in¬ 
ertia and viscous friction on the servo¬ 
motor. The differential equations de¬ 
scribing the system are 




_ d^d , ^ d$ 
dt^^^ dt 


( 1 ) 


di d$ 
E^iR+L-+K.- 


( 2 ) 


applied d-c voltage, volts 

4 « armature current, amperes 
armature resistance, ohms 

L=armature inductance, henrys 

angular position of the motor shaft, 
radians 

r=motor output torque, pound-feet 

motor emf constant, volts per radian 
per second 

motor torque constant, pound-feet per 
ampere 

/=equivalent inertia of motor, gears and 
load referred to the motor shaft, 
slug-feet^ 

/=equivalent viscous friction of motor, 
gears and load referred to the motor 
shaft, pound-feet per radian per 
second 


Paper 55-704, recommended by the AIEE Feed¬ 
back Control Systems and approved by the AIEE 
Committee on Technical Operations for presenta¬ 
tion at the AIEE Fall General Meeting, Chicago, 
m., October 3-7, 1955. Manuscript submitted 
May 31, 1955; made available for printing August 
30, 1955. 

G. J. Thaler and W. A. Stein are with the XT. S. 
Naval Postgraduate School, Monterey, Calif. 

The authors wish to acknowledge the assistance of 
ONR in obtaining special equipment for this 
project. 


Static friction is taken into account in 
equation 1 because the torque T is the 
output torque of the motor, i.e., the de¬ 
veloped minus the static torque. The 
system of tmits prescribed in the fore¬ 
going is somewhat impractical when 
working with fractional horsepower mo¬ 
tors, and the system parameters will be 
evaluated with the use of more practical 
units and with appropriate conversion 
factors applied. 

Transforming equations 1 and 2, with 
the motor assumed initially at rest so that 
all initial conditions are zero, and manipu¬ 
lating the transformed equations to solve 
for the motor speed in Laplace form 

KtE 

- - -. ( 3 ) 

JR+fL JR+K,K,\ '• ^ 

Since there is a quadratic factor in the 
denominator of equation 3 if a step of 
direct voltage is applied, the motor speed 
versus time curve may represent over¬ 
damped, critically damped, or under¬ 
damped conditions; the exact condition 
depends on the particular parameter 
values. Experience shows that most d-c 
shunt motors of several horsepower or 
more are appreciably underdamped, those 
of about 1/4 horsepower may be slightly 
underdamped, and the still smaller 
instrument-type d-c servomotors are, in 
general, overdamped. This paper is con¬ 
cerned primarily with motors of 1/4 
horsepower oi less. Some of the measure¬ 
ment techniques may be applied to larger 
motors with satisfactory results, but a few 
of the techniques give results which re¬ 
quire very careful interpretation when 
the motor is appreciably underdamped. 

It has long been customary^ to treat 
the d-c servomotor as a single time-con¬ 
stant device. A common assumption is 
£=0, and /=0, or perhaps L=0, /t^O. 
For either assumption, equations 1 and 2 


50 ( 5 ) = 


s[ 
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Fig. 1. Schematic diagram of a d-c shunt motor with geared inertia Fig. 3. Servomotor circuits modified to make the mechanical time 
and friction load constant predominate 


must be rewritten and equation 3 would 
be changed to 


KtE 



if the first assumption is used. Using the 
second assumption 



In either case the time constant appears 
as a relatively simple expression, and the 
parameters involved can be computed. 


A—^Addition of Ri in armature circuit 
B—^Addition of Ji to motor shaft 


Equations 4 and 5 give a reasonable ap¬ 
proximation of actual performance even 
though the assumption L=0 is not valid. 

Returning to equation 3 and factoring 
the quadratic 

KtE 



( JR+fL Y fR+K, 

i 2JL ) JL 




If the system is greatly overdamped so 
that 




then the first factor in the denominator 
of equation 6 becomes 



and in general R/L»f/J; therefore, the 
first factor reduces to 



Fig. 2. Asymptotic plot of magnitude ratio versus frequency for. A—Plot of measured time constant versus added armature circuit resistance Ri 
motor speed transfer function B—Plot of measured time constant versus added inertia Ji 
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The original equation thus becomes 


rm4 




JR+K,K,\ 




fR+K,K, 
\/ JR 


It must be recognized that equation 9 
is not directly applicable to all d-c 
motors but is the limit approached when 
the motor is represented by a greatly 
overdamped quadratic. This equation is 
representative of a large class of small d-c 
servomotors for which the armature re¬ 
sistance is quite large and, furthermore, 
it may be noted that the limiting time 
constants are 


s - hi 

fR+K,Kr } 


The transfer function is given in equa¬ 
tion 12, and the asymptotic magnitude 
plot is shown in Fig. 2. Note that the 
mechanical time constant is responsible 
for the lower comer frequency in Fig. 2. 
The higher comer frequency is set by the 
electric circuit time constant. If « 2 »o^i 
the attenuation of a }2 is large and negli¬ 
gible energy is transferred at the fre¬ 
quency 0 ) 2 . Therefore the factor [s{L/ 
J?) +1 ] may be dropped and the transfer 
function becomes 


fR+K,Kt 


seconds (mechanical 


time constant) (10; — 


Fig. 5. Types of friction torque 


ference between two nearly equal values 
and, to evaluate this factor, the binomial 
expansion theorem may be applied to the 
radical. If differences of higher order are 
disregarded, the factor reduces to 

/ JR+K,Kt \ 

JR+fL ) 

Since JR»fL, this can be simplified 


JR+K^t^ 


r 2 =- seconds (electrical time constant) 
R 


which are the natural time constants of 
the mechanical circuit and electric circuit 
respectively, as would intuitively be 
expected. 

If these two time constants are ap¬ 
preciably different, the smaller has litUe 
effect and may be neglected. This is 
readily seen by rewriting the trans¬ 
formed differential equation as a transfer 
function expressed in terms of motor 
speed and plotting on logarithmic co¬ 
ordinates 


Kt 

fR^-K,Kt 

^ 11^ 
\fR+K,Kt t 




This is exactly the result obtained by 
assuming that L=0; but is not a justi¬ 
fication of that assumption, since this 
result is a limiting expression which is 
valid only if the motor-load combination 
is greatly overdamped. However, it 
does point out a method for measuring 
the mechanical time constant. If it is 
possible to make c*j 2 »a)i, then equation 
13 is the transfer function of the motor. 

It is readily seen that, if R is increased, 
then (ai decreases and co 2 increases, while 
if J is increased, coi decreases. Thus 
W 2 »wi is obtained either by adding re¬ 
sistance in series with the motor arma¬ 
ture or by adding inertia to the motor 
shaft. For these cases the mechanical 
time constant becomes respectively 

JjR+RO 

f{R'i-Ri)’^KvKt 


Fis. 6 (left). Stalled torque versus armature current plot for determining 
Kt and static friction 

O—Data from special dynamometer which reads output torque 4* 
static friction 

X—Data from sprins balances which read output torque 

Fi 0 . 7 (below). Schematic circuit of speed bridge 



CONSTANT 

D-C 

FIELD 
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Fig. 8. Brush recorder tape curve showins 
output of speed bridge 


'fR+KvK( 


(15) 


The time constants of equations 14 and 
15 refer to the modified systems, as shown 
in Figs. 3(A) and (B). The purpose of 
this analysis, however, is to obtain values 
of parameters for the unmodified motor¬ 
load combination. To accomplish this, 
a number of successive step-function tests 
may be made, each for a different value of 
the modifying parameter. The time con¬ 
stant is measured for each test and plotted 
against the value of the added parameter 
Ri or Ji as shown in Figs. 4(A) and (B). 
The curve obtained for the added resist¬ 
ance is a straight line as long as f{R+ 
Ri)«KvKt and this inequality will hold 
except for very large values of Ri, For 
added inertia the curve obtained is also a 
straight line. Extrapolation of either 
curve to an intercept with the vertical 
axis provides a value of the mechanical 
time constant of motor and load 


JR 

“fR-i-KvKt 


( 10 ) 


and further extrapolation to an inter¬ 
cept with the horizontal axis provides 
values for the armature resistance R, 
as shown in Fig. 4(A), and for the motor¬ 
load inertia J, as shown in Fig. 4(B). 
Note that the addition of resistance to the 
armature circuit or the addition of inertia 
to the motor shaft increases the me¬ 
chanical system time constant and thus 
slows down the transient response to a 
step function. This makes the transient 
response easier to record with an ink- 
paper recorder like the Brush, and the 
resulting record may be read with greater 
accuracy. 


Measurement Techniques 

Most of the parameters associated with 
the d-c motor-load combination can be 
measured by simple, well-known tests. 
These are reviewed here in outline form 
to provide a complete coverage. The 
new techniques developed by the authors 
are then discussed in detail. 

Measurement of R 

The armature resistance of the motor 
may be measured by any of the standard 
bridge methods or at rated current by the 
voltmeter-ammeter method. The arma- 
tinre should be rotated and measurements 
made at several positions, since the num¬ 
ber of commutator segments short-cir¬ 
cuited by the brushes may affect the re¬ 
sistance appreciably. 

Measurement op Kv 

The motor back emf constant may be 
measured by driving the machine me¬ 
chanically and measuring the speed and 
generated emf of the motor. ^ This 
method, however requires an auxiliary 
prime mover. 

It ,may also be measured from ICir- 
choff’s law equation 

E-IR==KvOi (16) 

where 

jE=the impressed direct voltage 
CO=the steady-state motor speed, radians 
per second 

If the load normally includes a tachom¬ 
eter, there is no problem. A very satis¬ 
factory technique that can be employed 
when there is no tachometer is to set a 
stroboscope on the 60-cycle line fre¬ 
quency and to adjust the magnitude of the 
impressed voltage E tmtil a revolving 
disk mounted on the motor shaft appears 
stationary. A plot of E—IR versus a? 
will 3 Hleld a straight line the slope of which 
is Ki,, This method produces a very 
accurate evaluation of iTp, as it is not 
necessary to rely on the stroboscope fre¬ 
quency calibration. 

Friction Measurements 

There are three types of friction torques 
involved in the analysis of the d-c motor, 
namely, static, viscous, and coulomb 
friction torques.® The static torque is 
the torque that a stalled motor must de¬ 
velop before it can revolve. The viscous 
.torque is a friction torque which is di¬ 
rectly proportional to the first power of 
the speed. The coulomb torque is a 
friction torque that exists in a rotating 
motor and is independent of speed. 
Fig. 5 shows a graphical interpretation of 
the different types of friction torques. 


The static torque can be measured by 
extrapolating stalled torque versus arma¬ 
ture current data, as shown in Fig. 6 
and discussed in more detail in the fol¬ 
lowing section. It does not appear in 
the transfer function of the motor but is a 
useful parameter and should be evaluated. 
The coulomb friction is harder to measure. 
As can be seen from Fig, 5, it is slightly 
less than the static friction, as the static 
friction includes the coulomb friction. 
Engineers are in the habit of using the 
two interchangeably. The viscous fric¬ 
tion can be determined by running the 
motor under no-load conditions in a 
special dynamometer^ designed to read 
developed torque. In small ball-bearing 
moimted servomotors it is very small and 
difficult to measure. In transfer-func¬ 
tion evaluation work, the {fR+KJKli) 
term which is of interest can be evaluated 
as a unit. At first glance it might appear 
that / could be evaluated from the 
foregoing expression if R, Kt, and Kt 
were known, but, in finding a small dif¬ 
ference between large terms, the ac¬ 
curacy is limited. 

Measurement of 

The motor-torque constant may be 
measured by holding the armature at 
stall, driving current through the arma¬ 
ture windings, and measuring the torque; 
then 

^ stalled output torque at rated current 

* rated armature current 

(17) 

The torque may be measured with a 
dynamometer, prony brake, or a simple 
system emplo 3 dng a pulley mounted on 
the motor shaft, some string, and two 
spring balances. Fig. 6 shows two plots 
of stalled torque versus armature current 
for an Elinco motor with field excitation 
constant at rated value. One set of data 
was taken with a special dynamometer® 
which measured the total developed 
stalled torque. The other set was taken 
by a pair of spring balances which meas¬ 
ured the stalled output torque. The 
static torque as measured by both meth¬ 
ods was 0.40 ounce-inch. Thus 

4.07-0.40 

Kt by dynamometer*— qi^q ’ “ 

28.2 ounce-inches per ampere 
3.72 

Kt by spring balance * 

28.6 ounce-inches per ampere 

Although the measurements made with 
the spring balances are relatively easy, 
calling for little measuring equipment, it 
will be noticed that the data points do not 


January 1956 


413 


Thalerf Stein—Parameter Evaluation for D-C Servomotors 





Table I. Evaluated Parameters of an Elinco Shunt Motor 

Elinco FD-162 115-Volt D-C Shunt Motor, 1/125 Horsepower, 4,000 Rpm, 0.130-Ampere 
Armature Current, with a Typical Gear Train and Load 


Parameter 


Value 


Comments 


Armature resistance J^... 282* olims.measured by Wheatstone bridge and 

voltmeter-ammeter method 

Emf constant Kv .0.233* volts per radian per second.calculated by equation 16 

Static friction. 0.40* ounce-inch.by dynamometer, Fig. 6 

0.40 ounce-inch.by spring balances, Fig. 6 

Torque constant Kt . 28.2* ounce-inches per ampere.by d 3 mamometer. Fig. 6 

28.6 ounce-inches per ampere.by spring balance. Fig. 6 

Armature inductance L... 0.65* henry.d-c field on during all tests, voltmeter- 

ammeter-wattmeter method at 60 
cycles 

0.64 henry.General Radio impedance bridge at 

1,000 cycles 

0.52 henry.one shot resistance-inductance transient 

on cathode-ray oscilloscope 

(JR-\-KvKt) term. 6.76* voltsXsecondsXounce-inches. . .calculated by equation 18 

radians X amperes 

Inertia J . 0.61* ounce-inch*.by speed bridge with added Ri, Fig. 9 

0.60 ounce-inch*.by added inertia disks with tachometer 

as part of normal load, Fig. 4(B) 

0.66 ounce-inch*.by deceleration test with added inertia 

disks using armature of d-c motor as 
speed indicator 


* Value used in evaluating transfer function. 


line up as well as those obtained with the 
d 3 maniometer and there might be some 
hesitancy in drawing the straight line 
graph. 

Measurement of L 

In measuring the self-inductance of the 
armature L, the field should be excited at 
its rated value. Since the self-inductance 
is composed principally of leakage in¬ 
ductance, the field current and armature 
current do not have a large effect.’ The 
self-inductance was about 10 to 20 per 
cent higher with the field off in the motors 
tested. 

The seH-inductance can be measured by 
observing the transient growth of current 
when the armature is excited with a step 
input of voltage from a soiurce having 
negligible resistance compared to R, 
The difficulty experienced in recording 
this rapid transient and in interpreting 
the result is discouraging. 

Satisfactory results can generally be 
obtained with a standard voltmeter- 
wattmeter-ammeter test by energizing 
the system with a sinusoidal voltage of 
the lowest frequency available or by 
using a conventional impedance bridge 
such as the General Radio impedance 
bridge-type 650A. 

Measurement of the Total Inertia 

OF THE Motor Load when Load 

Includes a Tachometer 

If the motor load normally includes a 
tachometer, the circuits employed in 
either Fig. 3(A) or (B) can be employed. 
In the first instance, the electrical time 
constant 72 is made negligibly small by 
the addition of a resistance Ri in series 


with the armature and, in the second case, 
the same effect is accomplished by the 
addition of load inertia /i. The series 
resistance method is far simpler than the 
second method, but for the sake of com¬ 
pleteness, both methods are presented. 
The mechanical time constant ri~(/R)/ 
(fR+KsKt) can be obtained by the extra¬ 
polation of the straight line graphs shown 
in Figs. 4(A) and (B). Upon applying 
the final value theorem to equation 13 

fR+K,Kt=— (18) 

<as8 

Hence, the expression (fR+KpKi) can 
be evaluated after measuring the ratio of 
the steady-state speed to the impressed 
armature voltage. The inertia of the 
motor and its load is 



Measurement of the Total Inertia 

OF Motor and Load Using the 

Speed Bridge Method 

Quite often the motor load does not 
contain a tachometer, and the addition of 
one for test purposes would greatly alter 
the operating characteristics of the motor. 
A very simple and satisfactory method 
for measuring the speed-versus-time curve 
under the aforementioned conditions is 
the d-c speed bridge illustrated in Fig. 7. 
The d-c speed bridge has found popular 
application in circuits employing a d-c 
motor as an indicator of steady-state 
speed or for a stabilizing feedback in 
servomechanisms. As a result, the as¬ 
sociated circuitry should be familiar. 
The application of the bridge for measur¬ 


ing the growth of motor speeds is, how¬ 
ever, a novel application and in Appendix 
I a mathematical justification is presented. 
The operation of the bridge for time- 
constant measurement is quite simple. 
Since the total resistance in the armature 
circuit is set R 2 at any ar¬ 

bitrary value and balance the bridge by 
adjusting Ri. Apply a step of direct 
voltage to the circuit, as indicated in 
Fig. 7. The bridge is unbalanced; 
first, because of the changing current in 
the armature inductance and, second, 
because of the back emf, or speed voltage. 
A typical trace obtained with the brush 
recorder is shown in Fig. 8. The initial 
spike is caused by L{di)/{dt) and after this 
effect has died out, the motor-load time 
constant can be measured from the bal¬ 
ance of the curve. 

If the bridge is always balanced so that 
then a number of time- 
constant measurements can be made for 
various values of jRi, the values obtained 
for n"' may be plotted against Ri, and 
the resulting curve may be drawn and 
extrapolated, as shown in Fig. 9. The 
time constant r/" will approach the 
following value. 


/// ^ /(Rl+i^2+f^) 


( 20 ) 


Note that at Ri—R, which may be a 
measured value or may be on the extrap¬ 
olated curve, the value of n'" is twice 
the mechanical time constant of the mo- 
tor-load combination, i.e., ri"'=2Ti at 
Ri=R. Equation 19 can then be used 
to evaluate the inertia of the motor and 
load. 

The speed bridge may also be used to 
estimate the armature inductance L. 
If the motor armature is blocked and a 
step of direct voltage is applied, the speed 
bridge voltage rises to the value of the 
applied step voltage and then decays ex¬ 
ponentially with a time constant of 
L/{R+Ri+Ri), from which L may be 
calculated. On the opening of the switch 
the transient has a smaller time constant 
because the energy stored in the induct¬ 
ance discharges through the entire bridge. 
This method of measuring L is not very 
accurate unless the recorder has a very 
high tape speed. 


Measurement of Total Inertia by 
THE Deceleration Test with Added 
Inertia Disks 

The measurement of inertia by the 
addition of series resistance Ri, with the 
use of either a tachometer or speed 
bridge for indicating motor speed, is 
relatively simple to perform in the labora¬ 
tory, requiring no special components 
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Fis. 9 (left). 
Plot of measured 
time constant as 
read from speed 
bridge versus 
added series re¬ 
sistance Ri 


and it is the recommended method. The 
method of measuring inertia by the ad¬ 
dition of inertia disks not only requires ^0 (right). Bode diagrams for 

special inertia disks but also presents the Efinco motor 



CYCLES PER SECOND 


problem of how to connect these disks to 
the motor. Whenever a tachometer is 
normally part of the motor load, the 
step-function test with added inertia 
disks discussed in the section entitled 
“Measurement of the Total Inertia of the 
Motor Load when Load Includes a 
Tachometer” can be used; if a tachometer 


speeds coo of all the deceleration tests are 
the same, it would not be necessary to 
determine the time constants. The time 
for the speed to decay to, say, 50 per cent 
of coo would be proportional to Ta and 
would serve just as well. 


this particular Elinco motor are presented. 

The transfer function of the motor and 
its load becomes 

-1:11- (23) 

E(s) 5(0.000152s2-f.0.066j+l) 

It will be noted that the parameters 


is not present, a deceleration test with Numerical Example given in the foregoing must be con- 

added inertia disks would be simpler than verted into the system of units specified 


incorporating a speed bridge into the 
circuit. 

The procedure employed for measuring 
the total inertia by a deceleration test 
with added inertia disks is as follows.® 
The d-c motor is brought up to an initial 
speed coo and the armature is disconnected 
from the supply, allowing the motor to 
coast to a stop. Since the motor field is 
left excited, the voltage output of the 
armature is proportional to speed and 
can be put on a Brush recorder. 

The torque equation of this de-ener¬ 
gized motor is 


d^e d$ 


and the instantaneous speed can be de¬ 
termined as 



The time constant of this deceleration 
curve is rd=J//. By adding series of 
inertia disks /i, the time constant will 
be changed to rd' = (J+Ji)//. A plot of 
Td versus J\ will be a straight Hne, the 
extrapolation of which to the horizontal 
axis will yield the desired value of J. 

It might be difficult to determine the 
time constants of the different de¬ 
celeration curves. However, if the initial 


The aforementioned tests were con- with equations 1 and 2 before they can 

ducted on a series of motors ranging in be used in the transfer-fimction equation 

size from 1/125 to 1/4 horsepower. To to produce equation 23. The damping 

present more of an idea of the magnitudes factor for this motor and load is 2.58 

of the parameters involved, the data and which shows that the motor is consider- 

calculations for one of these motors are ably overdamped. It is up to the dis- 

given in Table I. Throughout, curves on cretion of the engineer whether to use the 



Fig. 11. Torque-speed curves of Elinco motor 
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transfer function in the form of equation 
23 or to simplify it to a single time- 
constant transfer function 

e(,)^ 4.17 

£(,) i(0.06fo+l} 

In an effort to check out the validity 
of equation 23, a frequency-response lest 
was performed on this motor. An ampli- 
dyne generator with differential fields 
was used to drive the motor armature. 
A direct voltage from a battery was put 
on one differential field and the other 
was excited from a Hewlett-Packard 
low-frequency function generator. With 
this arrangement the motor speed will 
vary sinusoidally about some fixed speed 
and, in this way, static friction and back¬ 
lash in the gearing are eliminated. The 
input to the armature and the output 
of a tachometer geared to the motor are 
recorded on adjacent Brush recorder 
tapes from which sufiBlcient data are ob¬ 
tained to plot the Bode diagrams of 
Fig. 10. Unfortunately the phase-angle 
data are probably only accurate up to 
about 6 cycles per second, as it is ex¬ 
tremely difficult to get angular resolution 
on the brush recorder tape at high fre¬ 
quencies. The amplidyne had a limited 
output above about 10 or 12 cycles per 
second because of the large inductance of 
its field winding. The intersection of the 
—6 decibels per octave line with the 
0 decibel per octave line occurs at a comer 
frequency of 2.2 cycles per second which 
corresponds to a time constant of 0.072 
second. According to theory, as the 
system becomes more overdamped, this 
value should approach the mechanical 
time constant of 0.066 second. Although 
the phase-angle measurements are not 
closer than about ±5 degrees above 6 
cycles per second, it is quite obvious that 
the phase shift between output speed and 
input voltage exceeds 90 degrees and 
the transfer function has a quadratic 
term in its denominator. An effort was 
made to obtain Lissajou figures or two 
simultaneous waves on the cathode-ray 
oscilloscope, but the commutator ripple 
from the amplid 3 nie and d-c motor pre¬ 
vented this. 

To present a complete set of data on 
this motor and to prove that with the 
exception of static friction or cotdomb 
friction a well-designed d-c servomotor is 
essentially a linear device, a series of 
torque-speed curves were measured with 
the special dynamometer. Total de¬ 
veloped torque-versus-speed curves were 
run for 15-volt increments of voltage and 
proved to be straight parallel lines, 
equally displaced from each other, as 
shown in Fig. 11. 


Summary 

1. The d-c motor always has a transfer 
function with a quadratic expression in the 
denominator. It is up to the discretion of 
the engineer whether to use the exact 
transfer function or, under proper condi¬ 
tions, to approximate it by a single time- 
lag transfer function. When this is pos¬ 
sible, the time constant to be used is that 
of the mechanical system. It might be 
commented that the small Flinco motor 
choosen for the niunerical example was not 
a very satisfactory choice since it was 
greatly damped, ^«2.68. This particular* 
motor was selected because it was small 
enough to be driven by the amplid 3 me 
generator and also fitted in the special 
dynamometer. In this way not only was 
the transfer function evaluated but a very 
complete analysis and cross check on 
parameter values coi^ld be made. In 
another case a General Electric 1 /4- 
horsepower shunt motor with I-*0.97 had 
a transfer function 

0(9)^ _ 0.775 _ 

E(,) 5(0.000105^2-j-0.0020s-l-i; 

In this instance the exact transfer function 
would be employed in the analytical or 
design calculations, the motor being slightly 
underdamped. 

2. A thorough review of standard testing 
techniques is presented and, in addition, 
some unique procedures which have proved 
quite satisfactory. Repeated step-function 
testing combined with variation of system 
parameters has given values of mechanical 
time constant and total system inertia 
which compare quite favorably with the 
more elaborate standard methods. 

3. A speed bridge has developed to 
permit the application of these methods to 
systems which do not contain a tachometer. 


Appendix I. A Mathematical 
Justification of the Speed Bridge 
for Measuring Transientl^ Speeds 


When Ri is set equal to and the 

motor is stalled, the circuit of Fig. 7 is in 
effect a balanced Wheatstone bridge. 
Whenever the motor is revolving at constant 
speed, the bridge will be unbalanced by the 
back emf of the motor. As the motor has 
a constant field, the back emf will be 
directly proportional to the speed. No 
problem is presented when making steady- 
state measurements; however, when at¬ 
tempting to measure the growth of speed, 
the unbalance will be equal to the back 
emf-l-A(d«)/(df). To measure the growth 
of speed it is necessary to damp out the 
masking effect of the L{di)/(dt) terms as 
quickly as possible. 

The differential equations describing the 
action of the circuit are 


Kfi' 


d^e de 
dt 


(25) 


di dd 

where The time rate of 

change of current is found to be 




_ Bt 

« _ _ 6 


dt G-H '' G-H 
and the motor speed is 


(27) 




de 


EKt 




r 


JL 


dt fr+K^Kt^G{G-H) 
EKt 
JL 




H{G-Hf * 

The constants G and H are functions of 
circuit parameters 

^ Jr+fL 


2JL 


J/ ^r+fL y ff+Kr,Kt 
\ 2JL ) JL 


(29) 




If 


\\ 2JL ) JL 


2JL 


(30) 


/ Jr+/x y 
\ 2Jl)^ JL 

the speed-versus-time response will be over¬ 
damped and the speed approaches its 
steady-state value exponentially without 
overshooting. Both G and H will be 
negative real numbers since r is made 
sufficiently large to damp out oscillations. 
The absolute value of H will always be 
greater than the absolute value of G; 
and if r is made sufficiently large, then 

l^l»|C?l (32) 

^ Upon examination of the (di)/(dt) equa¬ 
tion, it will be noted that the second term 
of equation 27, the predominant part, is 
quicMy damped out by the multiplying 
factor. In considering the exponential 
growth of the speed, the second term of 
equation 28 is larger than the third term. 
Since G is small, this exponential rise in 
speed is of long duration in comparison 
with the L(di)J(dt) voltage. 

A plot of speed bridge output voltage 
versus time as traced out by the brush 
recorder is shown in Fig. 8. It will be 
noted that when r«Ri-|-R 2 +i?« 2 i?i is 
sufficiently large so that 




JL 


(33) 


then 


_ nf . 

\G\ ^ fr^K,Kt 
and 
1 L 

IhCt 


(34) 

(35) 


For the aforementioned conditions the 
masking effect of the L(di)l(dt) is quickly 
eliminated and the value of |l/G| = ri"' 
can readily be measured in the manner 
shown in Fig. 8. For a d-c motor like the 
small Elinco in the numerical example 
cited, with a damping ratio (*=*2.58, all 
eight of the points indicated in Fig. 9 
could be read off the speed bridge; whereas 
with an underdamped motor perhaps only 
the first five points or so could be read 
accurately from the speed bridge. 
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Discussion 

T. J. Higgins (University of Wisconsin, 
Madison, Wis.): The discusser possesses 
a classified collection of some 3,600 reprints 
of papers on various phases of feedback 


control system analysis, synthesis, and 
components. A review of the 37 papers in 
the file-folder on d-c servomotors reveals 
that none of these encompass study of 
the d-c servomotor as a system component 
in the degree of thoroughness manifested in 
the present paper. 

The authors are to be congratulated for 
this excellent and several-sided study of 
small d-c servomotors. Their review of 
procedures for obtaining numerical values 
of pertinent parameters; their substantia¬ 
tion and illustration of these procedures by 
numerical, experimental example; and their 
critical study and evaluation of the cir¬ 
cumstances determining the equivalent 
transfer function of a motor of the type 
studied comprise a paper which merits the 
careful attention and close reading of all 
interested in servomechanism theory and 
practice. 


Maximum Overvoltage on Aircraft A-C 
Generators After Sudden Removal 

of Load 

R. E. KLOKOW 

ASSOCIATE MEMBER AIEE 


S 3 mopsis: When load is suddenly removed 
from an a-c generator, the terminal voltage 
will rise to some maximum value. The 
magnitude of this overvoltage is a function 
of several factors such as the amount of 
load removed, power factor of the load, 
regulator time delay, exciter response, and 
the pertinent constants of the a-c generator. 
This paper presents an analytical study of 
the influence of these factors on the magni¬ 
tude of the maximum overvoltage. 

T he problem is to determine the effect 
of the a-c generator parameters on the 
maximum terminal voltage following 
sudden removal of load. 

Assumptions 

The a-c generator is considered as an 
ideal salient-pole machine, i.e., hysteresis 
and eddy currents are neglected, the 
stator magnetomotive forces (mmf) are 
sinusoidally distributed in space and satu¬ 
ration is not directly included. These 
are the same assumptions made by Park^»^ 
in deriving the direct- and quadrature- 
axes transient equations of the syn¬ 
chronous machine. Further assumptions 


will be made following the ideas presented 
in papers by Harder and Cheek® and 
Anderson.^ Both of these papers deal 
with the problem of calculating the mini¬ 
mum terminal voltage after sudden appli¬ 
cation of load. These simplifications are: 
neglect of armature transients, neglect of 
armature resistance, neglect of speed 
changes, and neglect of subtransient 
effects. Rather than include a complete 
closed-loop system in the analysis, a given 
voltage as a ftmetion of time will be ap¬ 
plied to the a-c generator field winding. 

Method of Attack 

The direct and quadratiure components 
of voltage, current, and flux linkages are 
used. Kirchoff’s equations are set up in 
operational form. The equations for 
the direct- and quadrature-axis com¬ 
ponents of the terminal voltage are 
solved with the use of the principle of 
superposition; i.e., the change in voltage 
is found as determined by opening the 
stator circuits with the exciter output 
voltage held constant and then found for 
the change in exciter voltage. The re¬ 


sulting terminal voltage is found by 
combining the components. The maxi¬ 
mum overvoltage is found by differentiat¬ 
ing this expression, equating the results 
to zero, solving for the time at which the 
maximum occurs, and substituting in the 
equation for terminal voltage. 

Nomenclature 

direct-axis component of terminal 
voltage 

= quadrature-axis component of terminal 
voltage 

^^(0) = quadrature-axis component of termi¬ 
nal voltage in steady state before 
load is removed 

voltage applied to generator field 
terminals 

direct-axis component of armature 
current 

j^(0) = direct-axis component of armature 
current in steady state before load 
is removed 

= quadrature-axis component of armature 
current 

generator field current 
direct-axis armature flux linkages 
\l/q = quadrature-axis armature flux linkages 
field winding flux linkages 
r/=resistance of field winding 

direct-axis synchronous reactance 
direct-axis transient reactance 

“reactance of direct-axis armature re¬ 
actance 

=s quadrature-axis synchronous reactance 
rc//=« reactance of field winding 
Tdo’ “generator open-circuit time constant 
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TIME (SECONDS) 


Fig, 1, Terminal voltage after sudden removal 
of rated load at various power factors, constant 
exciter output voltage 

jE=excitation voltage 
p^dfdt 

[f(0] =tlie symbolism for saying 
that the Laplace Transform of a 
function of time is a function of the 
complex frequency ^ 

^“exciter response 
ti «regulator time delay 

Results 

An analytical expression for the maxi¬ 
mum terminal voltage is given as equa¬ 
tion 9 of the Appendix 

^<max = 5^(0) ^ X 

The effect of the various factors is given 
explicitly by the foregoing relation, but 
a brief discussion illustrated with figures 
follows. 

Power Factor 

Physically, the power factor of the load 
determines the position of the armature 
mmf wave with respect to the position of 



Fig. 2. Maximum overvoltage as a function 
of power factor of suddenly removed rated 
load. Xd-2.0 per unit, Xq«1.2 per unit, 
Xd'*0.25 per unit, Tdo =0,1 second, ti=0, 
and k=100 per unit per second 



Fig. 3. Assumed variation of excitation 
voltage as a function of time 


the rotor in space. For large inductive 
reactive loads, the stator mmf is practi¬ 
cally in line with and in opposition to the 
field mm f. This means that more field 
ampere-tums are required under a low 
power-factor load in the steady state and, 
consequently, the terminal voltage with¬ 
out exciter action will rise to a higher 
value in the new steady-state condition 
of no load. 

The transient in terminal voltage con¬ 
sists of an abrupt change from the former 
steady-state value followed by an ex¬ 
ponential rise, with a time constant de¬ 
termined by the inductance and resistance 
of the field winding, to the new steady- 
state condition. Fig. 1 shows the effect 
of power factor on the envelope of the 
terminal voltage following sudden re¬ 
moval of load with the exciter voltage 
held constant. Note that for unity 
power-factor load, the terminal voltage 
actually jumps in a negative direction at 
the instant of switching. Fig. 2 shows 
the results obtained by considering an ex¬ 
citer response k of 100. As can be seen, 
the maximum value of the terminal volt¬ 
age decreases with increase in power 
factor. The change is not great for power 
factors in the range of 0 to 0.5, but the 
value decreases rapidly after 0.5. 



Fig. 4. Maximum overvoltage as a function 
of regulator time delay. One per-unit zero- 
power-factor load removed. Xd = 2.0 per 
unit, Xd'=0.25 per unit, Tdo =0.1 second, 
and k = 100 per unit per second 



Fig. 5. Maximum overvoltage as a function 
of exciter response. One per-unit zero- 
power-factor load removed. Xd=2.0 per 
unit, Xd =0.25 per unit, Tdo =0.1 second, 
and ti = 0 

Regulator Time delay ti and 

Exciter Response k 

The regulator-exciter combination is 
assumed to vary, as shown in Fig. 3. 
The reasons for this simplifying assump¬ 
tion is that it permits the study of the 
machine without including the complete 
over-all closed-loop system. 

The effect of the regulator time delay 
on the maximum overvoltage after sud¬ 
den removal of load is shown in Fig. 4, 
vrhile the effect of the exciter response is 
shown in Fig. 5. As would be expected, 
increasing the regulator time delay makes 
the maximum overvoltage greater 
whereas increasing the exciter response 
decreases the maximum overvoltage. 

Machine Parameters 

Figs. 6 and 7 show the effect of the 
direct-axis synchronous reactance xa, the 
direct-axis transient reactance Xd\ and 
the open-circuit field time constant 
Tm on the maximum overvoltage. 



X 0 .1 .2 ^ A 3— 

< OPEN CIRCUIT TIME CONSTANT Td©', SECONDS 


Fig. 6. Maximum overvoltage a$ a function 
of a-c generator constants. One per-unit 
zero-power-factor load removed. Xd'=0.25 
per unit, k = 100 per unit per second, and 

ti=0 









The effect of %d is relatively large for 
aircraft machines with time constants 
under 0.2 second, whereas its effect at 
larger time constants diminishes, xa has 
a greater ejffect at the larger time con¬ 
stants than it does at time constants near 
those of present aircraft machines. 

The effect of T^o' is very significant in 
the range of present aircraft machines and 
its effect levels off at higher values. As 
can be seen from Figs. 6 and 7, the maxi¬ 
mum overvoltage is decreased as both 
Xd and Xd are decreased and as Tlso' 
is increased. 

Effect of Saturation 


The previous work neglected the in¬ 
fluence of saturation on the results. 
Saturation effects the results in two ways: 

1. The values of the machine parameters 
are not constant but vary with saturation. 

2. The voltage induced in the a-c generator 
at no load is not a linear function of the 
field current. For example, in cases where 
the maximum overvoltage is calculated to 
be 2.0 per unit, these results would not be 
correct in a saturated machine. The 
results do hold more closely for wide speed- 
range aircraft machines operating at the 
higher speeds. However, even where the 
results are not quantitatively correct, they 
do show qualitatively the effect of the vari¬ 
ous parameters. 

In a particular case saturation can be 
included by a graphical method given by 
Rudenberg® or with the use of an ana¬ 
logue computer. 

Conclusion 



Fig. 7. Maximum overvoltage a$ a function 
of a-c generator constants. One per-unit 
zero-power-factor load removed. xd'=0.50 
per unit/ k = 100 per unit per second, and 
ti«0 


Appendix. Derivation of 
Expression for Maximum A-C 
Generator Terminal Voltase 

Derivation of Equation 

From Park’s equations® with armature 
resistance, armature transients and sub¬ 
transient effects being neglected 

Cd^—'Pa 

( 1 ) 

The flux linkages are 
rpd — —Xdid'^Xadif 
= •--Xqiq 

— Xad^d -\rXffif (2 ) 

Fliminating i/ and simplifying 


The objective of this paper has been 
achieved, i.e., maximum overvoltage 
after sudden removal of load is expressed 
analytically as: a function of the per¬ 
tinent machine parameters Xd, Xd\ and 
Tdo^l the power factor of the load re¬ 
moved; the exciter response; and the 
regulator time delay. 

If a particular machine and excitation 
system were to meet the assumptions 
made, the results would hold exactly. 
Every actual system deviates from the 
simplifying idealizations made here to 
some degree and the results of this paper 
must be used with discretion when ap¬ 
plied to a particular system. In fact, 
in a particular case, it would be ad¬ 
visable to use the graphical method of 
Rudenberg® or an analogue computer. 
However, in preliminary design work of 
the individual components and in co¬ 
ordinating excitation systems with gen¬ 
erators, the broad results given herein 
will prove useful. 


eQ—G(p)E—Xd(p)id ( 2 ) 

ed—Xqiq ’ (4) 

Where 


Gdp)^ 


1 

l + Ttfp'j? * 


Xdip) =* 


Xd-)rXd'pTdo' 

I'^rTdov 


Xgd&f 

' 







ed(t) 


ed(o)*Xqi, 

_i 


TIME 


Fig. 9. Direct-axis component of terminal 
voltage 



Fig. 10. Component of quadrature-axis 
voltage caused by opening switch 


Equations 3 and 4 are the desired relations. 

Steady-State Conditions 

Prior to removal of load, the machine is 
operating in the steady-state condition at 
some given power factor (cos <f>). Condi¬ 
tions are given by the diagram shown in 
Fig. 8. 

Opexiing Switch and Use of 
Incremental Voltages 

The equations to be solved are put in 
Laplace transform notation by replacing 
p with s, since zero initial conditions apply. 
The equations in the complex frequency 
domain are 

Eqis)^G(s)Eis)-Xdis)Id{s) 

Edis)^XqIq(s) 

under the conditions that iait) and iq(t) 
go from the steady-state values of ^(0) 
and respectivdy to zero at i=0, and 
Eit) is a given function of time. 

To solve these, use will be made of the 
principle of superposition. First, the 
change in voltage will be. calculated rather 
than the total voltage. Thus, AEd{s) and 



Fig. 11. Component of quadrature-axis 
voltage caused by change in excitation voltage 



Fig. 12. Total quadrature-axis voltage 
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AE^(s) will be the Laplace transforms of 
the incremental direct- and quadrature axis 
voltages respectively. In solving for 
the effect of opening the switch 
will be replaced by applying a negative 
step of current. In solving for AEg(s), 
superposition will be applied again. Let 

AEg(s)^AEgi(s)+AEg2(s) 

where 

/tf(r)«sthe component of 
incremental quadrature-axis voltage 
caused by opening the switch 
AEj2(^)=(7(^)A£(^)=the component of in¬ 
cremental quadrature-axis voltage 
caused by change in excitation 
voltage 

The total quadrature- and direct-axis 
voltage is obtained by adding the in ifial 
voltages to these increments. The envelope 
of terminal voltage is obtained by combining 
these total components. 

Solution for Direct-Axis Component 
of Terminal Voltage 

Equation 4 as a function of time is 
edit) ^Xqigit) 

Effect of opening switch is given by 
iqit ) ~ iqiO )—‘ iqiQ ) uit ) 
where 

for /<0 
«(/)-! for i>0 
Therefore 

edit ) = Xq [ iqiQ )- iqiO ) uit )] (5) 

Fig. 9 shows the direct-axis component of 
the terminal voltage. 

Solution of Quadrature-Axis 
Components of Terminal Voltage 

The component of the incremental quad- 
ratoe-a3^ voltage caused by opening 
switch with excitation voltage constant is 

^Qxis)^-Xdis)Idis) 

Here 

/4(f)=£[-4(0)a(<)] = 

s 

and 


AEq2is)--Gis)AEis) 

Assume 

AEW=£«(/)=— 




i+r/(^) 

Therefore 
AEt^s) = ( 

V l+T^'(s) ) s 

ExpMding this m a partial fraction 
expansion and taking the inverse transform 
5 ^elds 

^a^it) 4(0)[^tf—(jTtf—']; />o (6) 

which is graphically shown in Fig. 10. 

The component of the increm^tal 
quadrature-axis voltage caused by change 
in exatation voltage is 


Gis)^ 


I’hTdoXs) 

Therefore 


---) -i 

Expanding into partial fractions and taking 
the inverse transform; 

^eti(e) = - * ^ J ; 

l>/i (7) 

which is shown in Fig. 11. 

The total quadrature-axis voltage is 

Sqii) ^SqiO) -hAeqiil)-l~Aeq2it) 
eqit) = CqiO) ~{-idiO)ixd—ixd—Xd')€~‘ 

( 8 ) 

which is illustrated in Fig. 12. 

Terminal Voltage 

The terminal voltage is determined by 
u^g the inverse transformation from the 
direct- and quadrature-axis components 
to actual quantities 

et^ea^Cd cos cot-\-eq sin 

Considering only the magnitude of the 
terminal voltage and balanced loads 


\et\ --Ved^+eq^ 

Since the expression for ed and Cq are 
distinct for before and after the switching 
operation, the terminal voltage is cal¬ 
culated separately for these two periods. 
For t<0, et is given by the steady-state 
phasor diagram and has been assumed 
to be 1.0 per unit. For />0, =0, conse¬ 

quently, \et\^eq. 

Therefore, the maximum value of \et\ 
for ^>0 is identical with the maximum 
value of the quadrature-axis component 
of the terminal voltage eq max. 

An expression for the maximum terminal 
voltage is obtained by differentiating 
equation 8, setting the results equal to 
zero, and solvmg for the time of the maxi¬ 
mum in equation 8j the following relation 
for the maximum terminal voltage results 

et max = eqiO) '^idi0)xd —X 

(9) 

which is the desired relationship. 
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Klohcm-Maximum Overvoltage on Aircraft A-C Generators 


Discussion 

Morris Flugstad (Boeing Airplane Company, 
Seattle, Wash.): Mr. Klokow neglects the 
effects of amortisseur windings in his 
analysis. We have no data available for 
such a machine to substantiate experimen¬ 
tally the following conclusions. 

Mr. Klokow shows an instantaneous volt¬ 
age dip upon removing a 1.0 per unit (pu) 
unity power factor load from an idealized 
salient-pole a-c generator. Consider the 
effect of suddenly removing a unity power 
factor load from a generator which has no 
amortisseur winding. Flux linkage with the 
field winding must be the same instantly 
following a load removal as prior to a load 
retnoval. Since there is little armature re¬ 
action in the direct axis during a unity power 
factor load, the field instantaneous transient 
current (d-c component) will be small in¬ 
stantly following load removal. The air- 
gap flux will thus be nearly the same in¬ 
stantly following load removal as prior to 
load removal in this ideal machine. (Re¬ 
moving lagging power factor loads will result 
in an instantaneous increase in air-gap flux 
of an amount equal to the reduction in field 
leakage with the resultant transient field 
current.) 

Since the air-gap flux remains the same, 
the open-circuit^ voltage of the generator 
must have an instantaneous voltage rise 
since the stator leakage reactance drop 
is zero after load removal. 


H. C. Bourne and R. M. Saunders (Univer¬ 
sity of California, Berkeley, Calif.): The 
author is to be complimented on his solution 
of a problem of considerable importance in 
aircraft generator design. His approach 
IS an interesting one and one which would 
lead to valid results if one were considering 
the generator alone and hot the system as 
a whole. In his treatment, the author has 
assumed that the variation of exciter voltage 
as a function of time is the particular func¬ 
tion given in Fig. 3. The assumed varia¬ 
tion of exciter voltage has a discontinuous 
slope at h and h. The second discontinuity 
at t 2 is ignored in the mathematical deriva¬ 
tion. ^ This neglect implicity assumes that 
the time associated with the maximum 
termmal voltage is less than h. For large 
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enough K or Ereeiduai, the assumption is 
not true and such a mathematical boundary 
should be defined. In addition, it would 
have been exceedingly interesting to explore 
the effects of zero and negative values of 
Eresiduai, the negative values corresponding 
to exciter forcing. The zero value of 
firesiduai and large K might well correspond 
to magnetic amplifier operation where the 
time of response is exceedingly rapid, of the 
order of one-half cycle or so. In the inter¬ 
ests of completeness, the author should ex¬ 
tend the treatment to cover these cases. 

As pointed out by the author, one must 
consider the saturation effects since they in 
general will limit the peak overshoot rather 
than the linear reactances as assumed. 

An exceedingly simple but not unrealistic 
method to take into account machine satura¬ 
tion is to put an upper bound on the maxi¬ 
mum voltage overshoot. In fact, indica¬ 
tions are that operation of machines at 
higher flux densities is sound from both 
weight and overshoot consideration if the 
problem of harmonic distortion can be over¬ 
come by better design or relaxation of 
specifications. 

R. E. Klokow: Mr. Flugstad is correct in 
saying there cannot be an instantaneous 
drop in terminal voltage after removal of 
unity power factor load from a machine 
having a damper bar circuit in the quad¬ 
rature axis, but this statement is incorrect 
for an ideal machine without damper bars. 
This can be demonstrated as follows. 

From equation 3, the quadrature axis 
terminal voltage the instant after removal 
of load is 

5(^(0+) ) +id(0— 

where the plus and minus signs mean the 
instant after or before /=0, respectively. 
The direct-axis voltage the instant after is 
zero. 

^<i(0+) =0 

The terminal voltage is 


««(0 +) = a /+) ^=^ fl (0 4 ”) 

Now it is indeed possible that at unity 
power factor Cq (0+) is less than ^*(0—) = 
1.0. Consequently the terminal voltage 
immediately after load is removed is less 
than 1.0. For example, let Xq = 1.0 pu and 
Xd' - 0.25 pu, then 

eff(0-)=0.7 

and 

^d(0-)*0.7 
eqi0+) =0.875 

Therefore, in this case terminal voltage 
drops instantaneously from 1.0 pu to 0.875 
pu. 

Physically, the point is that although the 
quadrature-axis terminal voltage (generated 
by the direct-axis flux) rises from 0.7 to 
0.875, the direct-axis voltage (generated 
by the quadrature-axis flux) drops from 0.7 
to 0. The flux in the direct axis is main¬ 
tained by the induced field current, but the 
flux in the quadrature axis collapses as soon 
as the armature current goes to zero. 

The replies to comments of Professors 
Bourne and Saunders are a necessary addi¬ 
tion to the paper. The author agrees that 
mathematical boundaries should be placed 
on the results. Equation 9 of the Appendix 
holds for where tm&x is the time 

at which the maximum voltage occurs. 
This condition was met for the curves 
given in the paper for the case of small 
residual. To demonstrate that large values 
of k do not invalidate the results, a numerical 
example follows: 

Let 

Xa =2.0, 3Cd'=0.25, Jdo^—0.1, h =0.1, 
with 

jfe = 10,/max = 0.09, ^2=® 0.3 

while for 


ife = 100, /max = 0.004, /2=®0.03 

It appears that as k increases, /max decreases 
such that the /max<^ 2 . In a practical case 
where the residual is small compared to the 
excitation voltage under load, the results 
given in the paper hold. However, for 
mathematical completeness, the case of 
/inax>/2 will be discussed. For this case 
equation 8 of the Appendix would be 

eq { t ) =eff(0) +/d(0) [ xd ’-{^ xd - xd ') e ~^^/ TdQ ] 

-w[i—50]} 

for t>h 

An equation for the maximum terminal 
voltage can be derived in exactly the same 
manner as equation 9 of the Appendix. 

Other functions of excitation voltage can 
be assumed better to meet a particular 
type of regulator system. The author has 
tried step functions and exponentials, but 
the results are too cumbersome to be of value 
in this discussion. It is the opinion of the 
author that “exciter forcing” would be of 
value in decreasing the time required to 
return to normal voltage after the maximum 
has been reached, but that the exciter 
respose {k) is the more important factor 
in limiting overvoltage. 

The suggestion of Professors Bourne and 
Saunders of considering saturation as an 
upper bound on the maximum voltage over¬ 
shoot is a most effective method of including 
saturation since it does not invalidate the 
superposition used in the analysis and yet 
prevents erroneous answers. Generator 
designers at the author's company have 
taken advantage of this fact to the extent 
that on some constant speed machines, the 
maximum voltage is limited to 140 per 
cent. Saturation introduced no detrimental 
effect on the harmonics content. 
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Synopsis: In the design of high-precision 
resolvers and synchros there are many 
sources of inaccuracies, such as harmonics 
generated by winding distributions, slot 
openings, and mechanical tolerances. This 
paper develops the equations for output 
voltage in terms of winding and air-gap 
factors, gives a method of analysis which 
is adaptable to digital techniques, and 
presents a general discussion of the sources 
of error and a means for minimizing these 
errors. 


T he ever-increasing emphasis upon ac¬ 
curacy in the field of control systems 
has called for higher precision trans¬ 
ducers to translate mechanical position 
into electrical signals and to perform 
other computations. Synchros and re¬ 
solvers are two devices widdy used in 
this capacity whose similarity is such that 
they may be discussed together. Each 
of these has a rotor whose single winding 


generates a sinusoidal space distribution 
of flux density. In the resolver the wind¬ 
ings on the stator are effectively spaced 
90 degrees apart, whereas in the synchro 
there are three windings effectively 120 
degrees apart. Fig. 1 shows the elec¬ 
trical and mechanical arrangements of 
the coils and the desired or ideal relation¬ 
ships between the supply voltage, the 
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Fi’S. 1. Voltage relationships 


A—For a resolver 
B—For a synchro 


displacement angle, and the output volt¬ 
age. The output voltages are induced in 
the stator by the time rate of change of 
the supply voltage. Thus synchros and 
resolvers are essentially transformers 
whose mutual coupling is variable. 

The history of the synchro is much the 
same as that of any other high-precision 
device. It was originally developed for 
applications where accuracy was not of 
primary importance. A synchro gen¬ 
erator was used to drive directly a follow¬ 
up synchro receiver. In 1934, an early 
paperi gives an excellent analysis of this 
system. The following decade, 1940 to 
1950, saw the development of the syn¬ 
chro as an informational rather than as a 
power transmitting device. Early xmits 
were designed to have a linear relation¬ 
ship between output voltage and angular 
displacement over a range of 60 to 90 de¬ 
grees, but current practice in most cases 
is to attempt to achieve a sinusoidal volt¬ 
age-displacement relationship. To obtain 
higher accuracies synchros are now used 
in closed-loop feedback control systems 
in a transmitter-control transformer com¬ 
bination. This application differs from 
the earlier use in that the synchro trans¬ 
mitter serves to sense the mechanical 
position, transmitting this information to 
the control transformer where a com¬ 
parison is made with the reference input 
to result in a difference or error signal. In 
closed-loop applications synchros operate 
at low-power levels and have the primaiy 
function of transmitting information. An 
analysis of the electrical accuracy of this 
type system was presented by Chestnut^ 
in 1946. A definitive analysis of the er¬ 
rors involved in a salient pole-type syn¬ 


chro generator-control transformer sys¬ 
tem was presented by Kronacher^ in 
1950. The accuracies of 1 per cent (%) 
which were common in the last decade, 
have given way to accuracy demands of 
better than 0.1% which are necessary in 
many of today’s systems. Thus, this 
paper is concerned with the design of 
synchros and resolvers whose relationship 
between shaft position and output volt¬ 
age will not deviate more than 0.1 % from 
a sinusoid. The authors have found it 
necessary to limit the scope of the paper 
to factors concerning the accuracy of the 
synchro or resolver unit rather than con¬ 
sidering the complete synchro or re¬ 
solver system. 

For a practical case the relationship 
between the output voltage induced in a 
stator winding and the shaft position can 
be represented by a Fourier series as 
follows. (It is assumed throughout the 
paper that the velocity is zero.) 

CO 

t) cos cos (w/-i-\J') 

( 1 ) 

The harmonic amplitudes of this series 
are directly related to the errors of the 
unit. The space phase position of the 
fundamental in the foregoing series is also 
a source of error (i.e., the voltages in¬ 
duced in the stator windings are not 90 
or 120 degrees apart in space phase posi¬ 
tion). Time harmonics and time phase 
position can also be a source of error. 
However, the errors which are functions 
of time are generally not directly re¬ 
lated to the accuracy of the unit and are 
usually of minor concern to the designer. 


The purpose of this paper is to isolate 
the various sources of error and to pre¬ 
sent design techniques for minimizing 
these errors. To accomplish this goal, the 
general equations for the output voltage 
in terms of winding and air-gap factors are 
developed in the first part of the paper. 
The methods of analysis and the final 
equations have been specifically designed 
so that they are adaptable to digital com¬ 
puter techniques. A general discussion 
of the sources of error and means for 
minimizing errors are given in the second 
part of the paper. Although the paper is 
devoted primarily to factors which af¬ 
fect the precision of resolvers and syn¬ 
chros, the method of analysis and many 
of the conclusions of the analysis apply 
directly to most high-precision rotating 
magnetic devices such as induction poten¬ 
tiometers, velocity generators, etc. It is 
the authors’ hope that others will be 
stimulated to contribute to the subject 
through discussion of this paper or by 
subsequent papers, because this field of 
design involves practical experiences and 
opinions which cannot always be reduced 
to algebraic equations. 

Nomenclature 

The subscripts r and 5 refer to rotor and 
stator respectively. 

~ harmonic coefficients of general 
Fourier series 

harmonic reduction factor, normalized 
y, t) = air gap flux density, gausses 
^nm* harmonic coefficients of air gap 

fl ux density F ourier series, gausses 

Stator output phase voltage as a 
function of rotor position, volts 
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Fig. 2. Rotor coil parameters 
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Equation 3 of reference 4 gives the 
general relationship for the flux density 
in the air gap 

B{x, y, t) -/(«, t)P(x, y) (3) 

The permeance function, P(x,y)y is 
given by equation 4 of the previous paper 


f( 5 c, 0 = magnetomotive force (mmf), gil¬ 
berts 

Tj. sa rmg value of rotor current, amperes 
integer denoting single coil 
Z=effective stack length, centimeters (cm) 
minimum air gap length, cm 
if a= figure of merit 

ju, V, w, w = order of harmonic, an integer 
iV’=turns per coil 

p(^Xi,y) = B.ir gap permeance function 
Po, P/iv* P/^/«harmonic coefficients of 
permeance function 
radius at the air gap, cm 
.S®® number of slots 
/ = time, seconds 

3 C» angular distance around rotor, degrees 
y = angular distance around stator, degrees 
a = coil distribution angle, degrees 
/3 = coil pitch angle, degrees 

angle between stator reference and rotor 
reference, degrees 

6) = supply frequency, radians per second 
Xn = angle associated with harmonic re¬ 
duction factor, degrees 
<r=skew angle, radians 

Development of General Equation 
for Output Voltage 

In a previous paper^ the authors have 
developed general expressions for the 
airgap tntnf and permeance. Equation 
2(A) of that paper gives the general ex¬ 
pression for the nimf developed by a group 
of coils, one of which is shown in Fig. 2. 
Stator coil parameters are shown in Fig. 
3. For convenience in future analysis 
this equation is restated here in terms of 
normalized reduction factors and phase 
positions of the harmonics: 


Pi», y)= ^ cos (jtx +vy) + 

fits —00 yaa—“00 

P^' sin (iix +yy) (4) 

In that paper methods were outlined for 
determining the coefiScients P(p,v) and 
P'(jt,p) for any given configuration, thus 
it will be assumed in this paper that these 
terms are known. 

Performing the multiplication indi¬ 
cated in equation 3 yields an air-gap flux 
density expression which can be expressed 
in the following form 

OO 00 

B(y,e,0=*s(0 X/ cos(.my+ 

n= wi=s — 00 

W04"Xn7»J?) (^) 

where 9 is the relative position of the rotor 
reference ( 3 C= 0 ) with respect to the stator 
reference (y*=*0). Thus x^y-^B and 
Bnm are flux density amplitudes resulting 
from the product of the air gap mmf and 
permeance expressions. 

The voltage induced in the yth stator 
coil whose center position is asj and whose 
pitch is fish as shown in Fig. 3, is 

e/9, « 

The voltage induced in a stator phase 
belt will be the summation of the individ¬ 
ual coil voltages. Performing this inte¬ 
gration and summing the coil voltages 
yields 


J{Xy t) —kr(t)'^^dnT COS (nX+\nr) 


where 


(2) e{e, t)^ksj^kB0) ^ ^ s ^nm^ms X 

— 00 «sa — 00 

sin (w-0'i"Xn?nB“l"^nms) (^) 



Fig. 3. Stator coll parameters 


where dms is the normalized stator har¬ 
monic reduction factor and has the same 
defining expressions as the normalized 
rotor harmonic reduction factor dmr 
equation 2, and 
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Equation 6 is far too complex to treat 
as a general case. However, for a specific 
case, the equation simplifies so that re¬ 
sults may be readily obtained. This is 
particularly true if the analysis is made 
with the aid of a digital computer. 

The specific situation of a uniform air 
gap is a case in point in that equation 6 
simplifies to 


ej)- 


21 


XlO-8- 




dt 


dnrd'us 


n-l 


COS (w0-l“Xfir (^A) 


Equation 6(A) is the starting point in 
any preliminary design, for this equa¬ 
tion will show the magnitude of output 
voltage harmonics generated when air- 
gap effects are neglected. Thus, equa¬ 
tion 6(A) shows directly the effectiveness 
of the stator and rotor harmonic reduc¬ 
tion factors. The addition of the air-gap 
effects will in general increase the output 
harmonic content. Thus, the analysis of 
the unit with uniform air gap establishes 
conditions of necessity but not sufficiency. 

As a second example, consider the case 
of a rotor with an off-center shaft but with 
an otherwise uniform air gap so that the 
expression for the air-gap permeance is a 
function of x alone. As a consequence of 
the uniformity of the rotor and stator 
surface, it may be assumed that all per¬ 
meance harmonics are negligible when 
compared to the fundamental. Thus 
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-P(^» y) — (-Po+Pl cos x) 
and 

ca 

i) ^‘krCt) ^^^ PodriT cos {nX-{-\nr) + 
»«=1 

JP\CLi%t ( 

Kn+l)x+\nT] + 

cos [(«~1)5C+X«r]} 

For the special case where there is a large 
fifth harmonic in the mmf and no others 
such as 

f(x, t) ^kr(i) [air cos COS (Sjff+Xsr)] 

the output voltage will be 

e{9, t) ’^kr{t)ks^^Q[dird\s COS (d+Xis) + 
a^ra^s cos (5^+X5r+X55)]4- 
[dird^s cos C^^+Xiy+Xas)]+ 

~ [a^ratis cos (e^+Xfir+les)]^ 

p 1 

[dftfd^ cos (40+X6f+X45)] > 

Thus it is seen that new harmonics are 
generated by air-gap effects. 

^ Although the foregoing example is a 
^ple one, it is seen that the steps used 
in driving the output voltage expression 
are such that a more complex problem 
can be handled by ordinary or digital 
computer techniques. The general steps 
in the analysis are: 

1. Determine the expression for the air- 
gap mmf and the air-gap permeance func¬ 
tion. 

2. Determine the air-gap flux density by 
taking the product of these two functions 
and then arrange this expression into the 
form of equation 5. 

3. Multiply each air-gap flux density 
^ression by the stator harmonic reduction 
factor which corresponds to the coefficient 
of y, 

4. Sum all terms, with proper regard to 
phase positions, which have like coefficients 
of 0. 

5. Multiply the final expression by the 
stator constant, k^. 

This will yield an expression for the out¬ 
put voltage which is in the form of equa¬ 
tion 1. 

Discussion of Errors 

As stated previously, the accuracy of a 
resolver is directly proportional to the 
harmonic amplitudes of the Fourier series 
for the stator output voltage as a function 
of rotor position. This Fourier series is 
developed in the first part of the paper. 

The sources of space harmonics are at¬ 
tributable to several factors. The winding 
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itself is the prime source of space har¬ 
monics in that the mmf on the rotor sur¬ 
face generated by a coil will have a rec¬ 
tangular wave form. Proper choice of 
coil pitch, distribution, and number of 
turns per coil is used to min'mize these 
harmonics. The fact that the coil dis¬ 
tribution must vary in discrete steps 
equal to the number of slots is a source of 
a large harmonic whose frequency is 
equal to the number of slots. Proper 
choice of the number of rotor slots and 
stator slots will minimize this harmonic. 
Slot openings which cause a variation in 
the air-gap permeance will also produce 
output space harmonics. To remove 
these harmonics, the rotor or stator is 
skewed. Skewing will also help remove 
the winding step harmonics. Finally, the 
minimum basic tolerances of the manu- 
factunng process are a prime source of 
harmonics in the stator output voltage. 
This source can be attenuated only by the 
selection of a winding design which of¬ 
fers the maximum insensitivity to manu¬ 
facturing errors. 

Winding Harmonic Reduction Factors 

The winding harmonic reduction factor 
o^T or dns can be expressed as follows 

sin n ^ cos naj (7) 

Equation 7 assumes that the winding is 
S3mmetrical about the direct axis so that 
any quadrature axis flux generated by a 
set of coils is cancelled. Thus, the sum¬ 
mation of the coil distribution angles must 
be equal to zero. This, as will be evident 
in the following discussion, is a condition 
which must be met in high precision re¬ 
solvers or synchros. 

I^t djn be the amplitude of the nth 
harmonic generated by the jth coil. A 
series of simultaneous equations be 
set up equating the harmonics generated 
by each coil to zero and the fundamental 
to a constant. These equations are 

•{‘Oil ., »dji^ki (fundamental) 

<^ 18 +528+538.. .5^8=0 (3rd harmonic) 

5x5+525+ 535 .. .5^5=0 (5th harmonic) 


5i«+52ja +53»... djn =0 (»th harmonic) (8) 

The simultaneous solution of these 
equations will give a winding design 
which will provide maximum suppression 
of harmonics. The number of harmonics 
which can be suppressed by a proper 
choice of 5y» is one less than the number 
of coils of the winding. 


^ Theoretically, either the pitch factor, 
sin n^j/ 2 , the distribution factor, cos 
ncxj or the number of turns per coils, of 
equation 7 could be varied to effect a 
solution of equation 8. However, there 
are a number of practical limitations on 
varying these parameters. In the first 
place, a solution which involves negative 
turns is not physically realizable. Second, 
the pitch factors and distribution factors 
can be varied only in large steps equal to 
the slot pitch, 360/5 degrees where 5= 
the number of slots. Further, the wind¬ 
ing must be symmetrical and the dis¬ 
tribution angle should not exceed =bl0 
degrees. For distribution angles larger 
than 10 degrees, a large part of the flux 
generated is quadrature. Although the 
winding is designed symmetrically to 
cancel the quadrature component of flux, 
the effectiveness of this quadrature can¬ 
cellation is limited by mechanical toler¬ 
ances. Thus, a winding which has large 
quadrature fluxes requires tight toler¬ 
ances in mechanical construction or, if 
these tight tolerances cannot be main¬ 
tained, there will be a high rejection rate 
of the finished units. Therefore the 
distributed winding should be limited 
to relatively few coils which are positioned 
so that large quadrature fluxes are not 
generated. To minimize the errors due to 
quadrature fluxes some resolver rotors as 
well as stators are designed with two 
windings spaced effectively 90 degrees 
apart. By short circuiting one of these 
windings the errors due to quadrature 
fluxes can be made negligible. 

type of winding which offers the 
maximum number of coils for harmonic 
suppression and which generates no 
quadrature fluxes is the concentric coil- 
type winding which is shown in Fig. 3. 
The harmonic reduction factors for this 
winding are 

Q 

The distribution angle, naj=zero If 
the maximum number of coils is used, the 
pitch angle is fixed and only the turns 
per coil are variable. For this condition 
the solution to equation 8 is 

A/^iVinax sin^ 

A 

That is, when the maximum number of 
concentric coils is used, a sinusoidal 
turns distribution produces maximum 
suppression of harmonics. This has been 
proved graphically by many designers of 
motors and alternators. A recent paper 
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Fig. 4. Concentric coil winding 


by Berman, et al.,® presented a general 
mathematical proof. 

For any core which has an odd number 
of slots and a maximum number of coils 
whose turns per coil are sinusoidally dis¬ 
tributed, all odd harmonics up to the 
number of slots will be zero. As the 
basic magnetic structure for an odd slot 
core cannot be bisymmetrical, even har¬ 
monics cannot be effectively cancelled. 
However, as the sinusoidal turns dis¬ 
tribution presents a closely balanced 
winding, even harmonics will be reduced 
to a minimum. The equation for the 
harmonics which equals the number of 
slots will be similar to the fundamental 
equation, i.e. 

where 5=the number of slots. Further, 
the equations will be cyclical about the 
harmonic which equals the slot number, 
i.e. 

^ 3+2 = da =* 0 

= etc. 

An even slot core can have a bisym¬ 
metrical winding which will remove all 
even harmonics. However, as one half 
of the winding must be identical to the 
other half, the effective number of coils 
whose turns can be varied is one-half the 
total number of coils. For example, a 
24-slot core can have a maximum of 11 or 
12 concentric coils but only six of these 
coils can be designed for suppression of 
odd harmonics. Thus turns of the 12- 
coil concentric winding can be designed 
to remove all even harmonics plus the 
third, jSfth, seventh, ninth, and the elev¬ 
enth harmonics. This winding will be 
cyclical about the thirteenth harmonic. 

The end coils of a concentric coil wind¬ 
ing contribute very little to the funda¬ 
mental flux, whereas they do make the 
winding more difiicult to manufacture. 


If the end coils, coils 1 and 11 of Fig. 4, 
are omitted, then the output space har¬ 
monics will be equal to the harmonics 
generated by the omitted coils. The 
sinusoidal turns distribution is no longer 
effective in suppressing harmonics. The 
optimum turns distribution can be deter¬ 
mined only by a complete solution of the 
simultaneous equations. Further, there 
is no guarantee that a solution which in¬ 
volves all positive values of turns exists. 
A solution, where all turns are positive, 
wiU usually exist if the third and ninth 
harmonic equations are dropped when 
the two end coils are dropped. However, 
in resolver applications it is essential that 
the third harmonic receive maximum at¬ 
tenuation. 

An example of a winding which omits 
the end coils but still removes third har¬ 
monic is shown in Fig. 5. The winding 
equations for this winding are 

0m0N2 +0.707JVj +0.866^^4+0.966iV'6« ai 

(fundamental) 

1.000JVa +0.707JV'8 +0 -0.707iV6=0 

(3rd harmonic) 

O. 6 OOJV 2 ~0.707iV8 -0.866iV4+0.259i\r6=0 
(5th harmonic) 

-0.500iV2 -0.707178+0.866iNr4+0.259i75=0 
(7th harmonic) 

The solution of these equations is: iV 2 = 
0.65, 173=0.450, 174=0.317, 17b= 1.230. 
Note that to have zero third harmonic in 
this case, it was necessary to omit the 
center coil along with the two end coils. 

Core Material 

In resolvers or synchros, as it is neces¬ 
sary that the space wave form of the air- 
gap flux density be sinusoidal, the flux 
density in various parts of the rotor and 
stator is not uniform. The average ef¬ 
fective a-c permeability of a core will de¬ 
crease as the flux density approaches zero 
or saturation. It is also a function of the 
core losses. When the average a-c per¬ 
meability varies as a function of the mag¬ 
nitude of the flux density, the space wave 
form of the air-gap flux density is dis¬ 
torted. Time harmonics will also be 
generated in the output voltage. An¬ 
other factor which causes distortion of the 
air-gap density is that associated with 
core strains. The permeability of most 
core materials.is extremely sensitive to 
strains on the core. Nonuniform strains 
on a core will cause a variation of the a-c 
effective permeability which will also dis¬ 
tort the air-gap flux density space wave 
form. 

The magnitude of the errors which are 
generated by variations of the core per¬ 
meability will be proportional to the mmf 
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Fig. 5. Special winding design to remove 
third harmonic 


drop which appears in the core material. 
If it can be assumed that the total mmf 
generated appears across the air gap, then 
variations of the core permeability will 
not introduce space harmonic errors. In 
pancake-type resolvers, the mean length 
of flux path in the core material is larg^ 
and the stack length is small. This re¬ 
quires a very small air-gap length if the 
phase shift between the supply voltage 
and the output voltage is to be less than 
the customary 9 degrees. These condi¬ 
tions lead to a large mmf drop in the core 
material. In one typical unit the mmf 
drop in a silicon iron stator was calculated 
to be greater than 5%. 

The mmf drop in the core material can 
be reduced by increasing the air-gap 
length, by increasing the length of the 
rotor and stator stack or by increasing 
the permeability of the core. Consider¬ 
ing these factors, the optimum core ma¬ 
terial will be 78% nickel-iron. This 
material has a high initial permeability 
(approximately 20,000 gausses per oer¬ 
sted) and a minimum sensitivity to 
strains. However, this material is soft 
and difficult to machine accurately. Thus, 
this material is best for pancake-type re¬ 
solvers where the length of the stack must 
be small compared to the length of the 
flux path in the material. If the stack 
length can be made large compared to the 
length of flux path in the material then an 
iron-silicon alloy may be the better ma¬ 
terial. Although this alloy has a low 
initial permeability it is easier to machine 
to a tight tolerance. 

Manufacturing Tolerances 

The effects of manufacturing errors 
such as noncylindrical rotor, off-center 
shaft, etc., can be determined for a spe¬ 
cific design by the method given in the 
latter part of the first section of this 
paper. However, considering the com¬ 
plexity of equation 6, a general treatise 
of manufacturing errors is beyond the 
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scope of this paper. Suffice it to say that 
because of the limits of mechanical toler¬ 
ances all harmonics will be present in the 
air-gap flux density wave form in spite of 
the fact that the rotor winding is spe¬ 
cifically designed to remove some har¬ 
monics. Practical experiences, and theo¬ 
retical studies made with the aid of a 
digital computer have indicated that, un¬ 
less both the rotor and the stator wind¬ 
ings are carefully designed to give maxi¬ 
mum suppression to all harmonics, it is 
impractical to maintain tight enough 
mechanical tolerances to produce a re¬ 
solver unit which has less than 0.1% 
error. 

Summary 

In the design of high-precision re¬ 
solvers, mechanical tolerances are limiting 


Discussion 

V. E. Hagen (Eclipse-Pioneer Division, 
Bendix Aviation Corporation, Teterboro, 
N. J.): The paper is an excellent and 
informative one on the effects of windings as 
one of the main sources of error in synchros 
and the means for minimizing it. However, 
for the past 2 decades Eclipse-Pioneer 
Division of Bendix Aviation Corporation 
has been investigating means and methods 
for improving the performance and fabrica¬ 
tion of precision synchros and resolvers. 
Some of these important improvements 
are disclosed and claimed in several U. S. 
patents assigned to Bendix Aviation 

Corporation. 1 “3 

At the end of the paper it is stated that 
“The concentric coil-type winding with a 
variable turns per coil will provide maximum 
harmonic suppression.** I believe that this 
type of winding, among others, is disclosed 
and claimed in one or more of the patents 
mentioned. See for example. Figs. 4, 6, 
and 6 of references 1 and 2, and Fig. 3 of 
reference 3. 

The statement following equation 8, “The 
number of harmonics which can be sup¬ 
pressed by a proper choice of djn is one less 
than the number of the coils of winding,** 


factors on the accuracy. It is therefore 
essential that both the rotor and the 
stator winding have a maximum insensi¬ 
tivity to harmonics generated by improp¬ 
erly aligned rotors, nonconcentric stators 
etc. The concentric coil-type winding 
with a variable turns per coil will provide 
maximum harmonic suppression. A 78% 
nickel-iron core material offers the best 
magnetic characteristics for core ma¬ 
terial but this material is very difficult to 
machine accurately. In applications 
where the stator and rotor stack length 
can be made large as compared to the 
length of flux path in the core material, 
silicon iron alloys can be used to ad¬ 
vantage because of their comparatively 
easy machineability. Although this paper 
is primarily devoted to design factors for 
high-precision resolvers, the methods of 
analysis and many of the results will be 




is not necessarily correct any longer because 
of new design concepts being used by our 
organization. 
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R. A. Heartz and R. M. Saunders: The 
authors are well aware of the Bendix 
patents and the valuable work done in this 
field as disclosed in the Glass patent and 
others. However, we were concerned pri¬ 
marily with the scientific aspects of the 
problem which are not often treated in a 
logical fashion in letters patent. Neverthe¬ 
less, the authors are grateful to Mr. Hagen 
for presenting this patent bibliography; it 
does add to the paper. 

Over the years the optimum design of 
windings has been a subject of considerable 
attention in both the scientific and patent 
literature. The earliest treatment the 
authors can find is contained in a patent 
by Newcomb in 1899^ illustrating a graphical 
method for determining the optimum wind¬ 


valuable in the design of other types of 
high precision rotating devices, such as 
synchros, induction potentiometers, velo¬ 
city generators, etc. 
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ing distribution in alternating current 
motors. Subsequent papers by Lyon® 
(1918) and Appleman® (1937) are the most 
significant treatises in the extensive scientific 
literature on the subject and show that 
designers were well aware of the necessary 
conditions for obtaining minimum har¬ 
monics in electric machinery. 

The statement that the number of 
harmonics which can be suppressed by 
a proper choice of a^n is one less than the 
number of coils of the winding refers 
specifically to equation 8. The number of 
independent equations is determined by the 
number of independent coils. However, in 
general, harmonic suppression will be 
cyclical and the winding will suppress higher 
harmonics as well as those represented in 
equation 8, as shown by reference 5 of the 
paper. 
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Correlation Between Root-Locus and 
Transient Response of Sampled-Data 
Control Systems 


ELIAHU I. JURY 

ASSOCIATE MEMBER AIEE 


Synopsis: The introduction of the root- 
locus method in the 2 -plane simplifies the 
investigation of sampled-data control sys¬ 
tems, by demonstrating the correlation 
between transient response and the location 
of the roots. It is shown that by establish¬ 
ing the correlation between frequency locus 
and the root locus, the correlation between 
frequency and transient response of sam¬ 
pled-data systems can be demonstrated. 

Synthesis of sampled-data control systems 
can be performed in the time domain 
through the introduction of phase-angle loci 
as demonstrated in examples. Finally, 
approximate equations are given so that 
transient overshoot and peak time may be 
evaluated without actually working out the 
transient solution. 


tween frequency and transient response 
can be demonstrated. Through the in¬ 
troduction of phase-angle loci, the syn¬ 
thesis of sampled-data control systems in 
the time domain is possible, as indicated 
in examples. 

The purposes of this paper are: 1. to 
correlate the frequency locus of the trans¬ 
fer function and the root-locus in the 2 - 
domain, 2. to demonstrate that S 3 nithesis 
of sampled-data control systems can be 
performed by phase-angle loci and 3. by 
the approximate equations given, to 
evaluate, without actually working out 
the transient solution, the transient over¬ 
shoot and peak time. 


T he performance of sampled-data con¬ 
trol systems is evaluated on the tran¬ 
sient-response basis when a unit step is 
applied, while synthesis of such systems 
can best be performed on the frequency- 
response basis.i”"* A certain correlation 
exists between the maxima of the fre¬ 
quency response and the maxima of the 
transient response for second-order sys¬ 
tems,^ which make possible the synthesis 
of such systems in the frequency domain. 
However, it is difficult to formulate the 
correlation generally and quantitatively 
with easily understood results, especially 
for higher order sampled-data control 
systems. The introduction of the root- 
locus method in the 2 -plane makes it pos¬ 
sible to demonstrate easily the correlation 
between transient-response and root loca¬ 
tion. Furthermore, by establishing the 
correlation between the frequency locus 
and the root locus, the correlation be- 
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Correlation Between Frequency 
Locus and Root Locus 


The frequency locus'* G^{z) of any 
sampled-data system is the locus of all 
points of 6 ^*( 2 ) in the {?*( 2 )-plane as 2 
traverses the unit circle. This locus is 
the conformal transformation of the 
whole unit circle of the 2 -plane on the 
(?*( 2 )-plane. Fig. 1 indicates a typical 
sampled-data control system whose fre¬ 
quency locus for various values of gain K 
is shown in Fig. 2. • The 2 -transform 
input-output of such a system*, assuming 
iV*( 2 ) is unity, is given® as follows 


ec\z)^er*{z) 


G*{z) 


( 1 ) 


where G^{z) is the 2 -transform of the open- 
loop transfer function and dc*{z)y and 
are the 2 -transforms of the output 
and input respectively. 

The root locus is the locus of all values 
of 2 when substituted in G*{z) gives the 
function ^*( 2 ), a phase angle of {2m— l)x 
where m is integer number. It is also 
the conformal transformation of the nega¬ 
tive real axis of the G*( 2 )-plane on the 2 - 
plane. Fig. 3 indicates a typical root 
locus of 1+ G%z ). In brief, the frequency 
loci are certain conformal transforma¬ 
tions from the 2 -plane to the G*(s)-plane 
or from G*( 2 )-plane to the 2 -plane re¬ 
spectively by the complex function G*{z), 


This transformation is regarded as the 
correlating relationship between the fre¬ 
quency locus and the root locus. 

The root locus is actually a graphical 
method for obtaining the poles of the over¬ 
all transfer fimctions. Thus, if a sam¬ 
pled-data control system is characterized 
by equation 1 , then the poles of the over¬ 
all transfer function will evidently be all 
those values of 2 which make G*{z) = — 1 . 
In seeking to find values of z which make 
the transfer function G*{z) equal to — 1 , 
the value —1 is considered as a vector 
whose, angle is ( 2 m—l) 7 r and magnitude 
is unity. First, the problem may be 
considered of finding the locus for which 
the angle condition alone is satisfied, i.e., 
plot the locus of 2 for the open-loop 
transfer function G*{z) so that the addi¬ 
tion of all angles of the various terms of 
G*{z) add up to ( 2 m—l) 7 r. This locus 
can be easily plotted using a spirule® or 
other procedures indicated later. After 
the locus has thus been determined, one. 
considers the second condition, i.e., that 
the magnitude of ^*( 2 ) be unity at a par¬ 
ticular value of 2 which corresponds to 
(2m—1 )t. This procedure determines 
the maximum allowable value or range of 
values of the gain which makes the 
sampled-data system stable or causes it to 
have a certain overshoot and peak-time 
response. 

Since the frequency locus is the con¬ 
formal transformation of the unit circle 
in the 2 -plane, the frequency locus itself 
cannot give the value of the poles. Any 
attempt to find the poles by means of the 
correspondence between the 2 - and ^*( 2 )- 
planes requires some transformation along 
a certain curve inside the unit circle where 
the desired poles are located. Thus, the 
frequency locus may be generalized by 
putting 

( 2 ) 

into the transfer function G*(z). (For a 
stable system the particular values of 2 
to be considered should lie inside the unit 
circle.) Using An as a parameter, a 
family of constant An locus is obtained. 
The usual frequency locus is the constant 
An locus, where An = unity. If the radial 
lines from the origin of the 2 -plane are 
conformally transformed on the G*(z)- 
plane, a family of constant <#> locus is ob¬ 
tained. By means of these two families 
of loci, a curvilinear square in G*(z)-plane 
can be found which encloses the point 
— 1 , 0 , and by taking successively dose 
approximation in the values of 2 the poles 
of equation 1 , can be found to any desired 
accuracy. Typical families of constant 
An and constant <i> and their conformal 
transformation in the G*( 2 )-plane are 
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Fig. 1. Typical sampled-data control system 

shown in Figs. 4 and 5. This generalized 
frequency locus is included in this paper 
only as an indication of the possible 
methods of obtaining the poles of equa¬ 
tion 1. 

The root locus may be generalized by 
the relation 


In this case -"tan“^y/a(;--1, and the 
equation of constant phase loci is 

y —( — tan ^)ac+tan \p (7) 

Equation 7 is a family of straight lines 
as shown in Fig. 7. 

For case 3 

G*(z)=‘z—b/z'-a ( 8 ) 


basis forms of G*(z) discussed in this 
paper will suffice to cover most forms of 
G*(z). To obtain the roots of 1+G*(z) 
in equation 1, one can apply the magni¬ 
tude condition, i.e., |G*(z)| = 1, which 
yields the actual roots. 

The frequency locus G*(z) can also be 
obtained from the root locus once the 
roots have been determined, in the same 
manner as obtaining the frequency locus 
from the root locus in the continuous 
systems. 

From the correspondence between z 
and the G*( 2 )-plane, any information of 
the system encompassed on the G*(z)- 
plane may be obtained from the 0 -plane 
by means of certain transfonnation. To 
find the actual correlation between fre¬ 
quency and transient responses, advan¬ 
tage can be taken of the fact that the loci 
on the (?*( 0 )-plane give information on 
the frequency response, and the loci on 
the 0 -plane on the transient response. 

Synthesis of Sampled-Data Control 
Systems in Time Domain 

Shaping of G*(z) to yield favorable 
over-all frequency response can be ac¬ 
complished by insertion of linear networks 
either in the forward or the feedback path. 
The M (or the frequency overshoot) cri¬ 
terion* will assure a satisfactory transient 
response if the attenuation diagram of the 
closed-loop frequency response is ex¬ 
amined. Frequency shaping of G*{z) by 
inserting linear networks is inherently 
complicated because the magnitude and 
phase angle of the open-loop frequency 
response cannot be obtained by the prod¬ 
uct of magnitudes and summation of 
phase angles of each cascaded component 
of the system in G*{z), However, when 
digital computers^ or pulsed networks are 
inserted in the open loop as shown in 


Ang(9*(s) = ^ (3) 

where ^ may be any angle varying from 
zero to d=7r. For various values of ip, a 
family of constant \p of constant phase- 
angle loci may be constructed which are 
analogous to those used in continuous 
systems.® 

Typical constant phase-angle loci will 
be derived as follows. 

For case 1 

G^(z)^l/z (4) 

Since 2 is complex, which can be written 
as x+jy; thus tan”^ y/x, and the 
family of constant \p loci has the following: 

y—( —(S) 

Equation 5 indicates that constant ^ 
loci are straight lines as shown in Fig. 6. 
For case 2 

^;’^(0) = l/(0-l) (6) 


The phase angle \p in this case can be 
easily shown as 

^ —tan”i y/ar—&—tan“^ y/^—a (9) 

By putting iV=tan p in equation 9, the 
constant ^ loci equation after certain 
algebraic manipulation can be written as 
follows 

Equation 10 is a family of circles as 
shown in Fig. 8 for a and h real numbers. 
It is noted that the root locus is the con¬ 
stant xp locus, for which \p is equal to 
(2w—1 )t. Since the 0 -transform of the 
transfer fimction, ^*( 0 ) is generally re¬ 
garded to consist of combinations of the 
mentioned three cases, thus the three 


IMAGINARY 



Fig.^' 2 (i«ft). Typical 
Irequency focus of 

G*(r) 


Fig. 3 (right). Typical 
root-locus of 1 +G*(z) 
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Fig. 1, then by multiplication of the mag¬ 
nitudes and the addition of the phase 
angles of the frequency loci of the com¬ 
ponents, the open-loop frequency re¬ 
sponse can be obtained and shaping of 
G*(z) is readily performed in very much 
the same way as for continuous systems. 

Sampled-data control systems can best 
be synthesized in the time domain by the 
use of phase-angle loci, provided pulsed 
networks or discrete sample stabilizers are 
employed. As will be shown later, that 
accurate relation between the chosen 
roots from the root locus and the tran¬ 
sient response are readily obtained, so 
that transient response may be evaluated 
quickly without actually working the 
transient solution in such cases. The root 
locus can be constructed by superimposing 
the phase-angle lod of the cascaded com¬ 
ponents of G*(z) on the z-plane and 
identifying the points which give a sum 
of (2m—l)ir. The choice of the proper 
poles of equation 1 from the root locus 
will 3 deld the desired transient response. 

The shaping of the root locus to yield 


IMAGINARY 


Fig. 4 (left). Family of con¬ 
stant 0 locus and constant Ah 
locus in the z-plane 


Fig. 6 (right). Phase-angle 
loci of 1 /z 



the desired roots can be accomplished by 
adjusting the constants of the stabilizing 
components in the loop which might be 
digital computer or pulsed networks. By 
so doing, a qualitative picture may be ob¬ 
tained of how the original root locus tends 
to change. In view of the fact that all 
sampled-data control systems are only 
conditionally stable,^ the problem of shap¬ 
ing the root locus is more difficult than in 
the continuous case, hence trial-and-error 
procedures are more prevalent in the 
synthesis of such systems than in the con¬ 
tinuous ones. The compensating effect 
of pulsed networks is limited by the actual 
practical considerations of the range of 
constants. However, digital computers 
can be utilized more freely for they are 
subjected to fewer restrictions. 

Illustrative Example 

If a sampled-data system such as is 


shown in Fig. 1 is assumed (without the 
stabilizing network) and with 


G(s)=^ 


K 


( 11 ) 


it can be easily shown that the corre¬ 
sponding G*(z) of this second-order system 
with zero hold circuit is 


G*(z) 


KT 
o(s—1) 




( 12 ) 


The root-locus equation can be ob¬ 
tained by letting the phase angle of 
0*(z) = 7 r, from which, see Appendix, is 
derived the following 

y2+(3c-|-5)2==:&2+&+€“®^(&-|-l) (13) 


ar-i+r‘‘^ 


(14) 


Equation 13 is a circle in the 2 -plane 
which indicates part of the root locus. 
These circles have been plotted for various 
values of T as shown in Fig. 9. It is 



noticed that the roots for maximum al¬ 
lowable gain are complex when T is small, 
and real when “T” becomes larger, and 
the transition between those types of 
poles is when r=3.7. Therefore, the sys¬ 
tem can oscillate at two frequencies: 1. 
when co = 7 r/r, and 2. when w<7r/r, as 
has been deduced in previous work.^»^ 

As an illustration, two root loci are 
plotted in Figs. 10 and 11, when r=2 
and 5 respectively and a =unity in equa¬ 
tion 13. 

If the values r=l, Fr=l,<J=l are in¬ 
serted in equation 12, then 


G*(2)« 


0.368 2+0.72 
2—1 2—0.368 


The constant-phase lod of equation 15 
are obtained by superimposing the various 
phase-angle loci of the two components of 
G*{z), i.e., the straight lines and circles. 
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Fig. 7 (left). IMAGINARY 



of z-b/2-6 


The root locus is obtained by identifying 
the points which give a sum of =fcl80 de¬ 
grees. The various constant-phase loci 
and the root locus of equation 15 is con¬ 
structed in Fig. 12, 

Part of the root-locus equation can be 
obtained from equation 15 as 


Assume 


A =0.5, 5 « 0.736, C=0.368 
Equation 20 becomes 


iV*(2)=0.5 





2 

(z-l)(s-0.368)| 

^z-0.368\| 

0.368 

(z+0.72) ' 

U-0.736/1 


(24) 


For the same distance from the origin 
as for the roots of the uncompensated 
locus when (A'= 1), the roots 


( 22 ) 


Zifi=0.13zhj 0.79, 23 =+0.766 
and Z“=3.81. 


(25) 


y*+(A;+0.72)2 = (i.368)2 (16) 

Equation 16 denotes a circle of radius 
(1.368) and the center at (—0.72, 0) 
which agrees with the graphical construc¬ 
tion in Fig. 12. To find K from the root 
locus, the equation 


The compensated open-loop 2 -transform 
is then 


N*(z)G*(z)\x 
\2-0.S68/\2-0.368/ 


Q.368ir 

2—1 


(23) 


The limiting value of gain Km in this 
case can be foimd when the shaped root 
locus crosses the unit circle, which yields 
the following roots 


21,2 = -0.1d=i 0.995, 23 = +0.744 (26) 


K^ 


(2-l)(2~0.368) 

2+0.72 


1 

0.368 


should be satisfied, 
when unity the roots are 


(17) 


The root locus of l+iV'*( 2 ) G*(z) is as 
shown in Fig. 13, and the value of the gain 
can be found as follows 


xiic maxmium gain oeiore msxaDiiiiy 
reached is 


K^^6A8 


(27) 


2i,a = 0.5±JvU38 (18) 

The maximum allowable gain Km is ob¬ 
tained at the intersection of the root locus 
with the unit circle, at which point the 
roots are 

2i,2«0.24=by0.97 (19) 

Km is equal to 2.43, which indicates the 
limit of stability of this particular system. 

Suppose the system described in equa¬ 
tion 11 is to be compensated with the 
pulsed-lead network, or digital computer, 
as shown in Fig. 1; then the transfer func¬ 
tion N*(z) of the compensating system is 
given as 

N*(z)‘nA^ (20) 

The choice of the digital compensation 
in the form given in equation 20 will fur¬ 
ther stabilize the system if 5>C, as may 
be noticed from the constant phase loci 
qf this function and the shaped root locus 
in Fig. 13. 
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It is noticed that the compensated 
system is more stable than the original 
one, but the values of gain are limited for 
stability even in the compensated case. 
The results are compared in Table I. 

Approximate Equations for Transient- 
Overshoot and Peak-Time 

For a sampled-data control system as 
shown in Fig. 14, assume that the input- 
output 0 -transform relation can be repre¬ 
sented as follows 

C*(z) G*( 0 ) ^A(z) 

R*iz) l+HG*(z) ^B(z) ^ 

where 


of the integrand in equation 32. Per¬ 
forming the integration, it can be shown 
that equation 32 is 


CcnT) ^ 

<lh — real 


(3*)“+l 


EJ KA(it) I 

|(3t-l)S(3»)| 

Qk-^Jc+jPk 




COS [«fe+ Ang A(qic)- Ang (j*— 

D-AngB', 2 *>] (33) 


where 


tan Bjc ' 


dB. 

=^k/ocjc and B\g^) = —\ 


(34) 


Assume that a pair of predominate 
poles exists (<a!o=i=ii3o) near the unit circle 


and that all other poles are concentrated 
near the origin of the unit circle. Then 
all the modes of equation 33 may be 
neglected except the constant term and 
those due to the pair of predominate poles 
(a:o=fc:i/3o), thus 



KA(zo) 

S(l)^1 

1(00—1)5'(20) 


l^l“x 


COS [w^o+Ang i4(0o)—Ang(0o— 1)— 
Ang (35) 


where 


f 

il 

(36) 

dB 

BW^- 

aZ 2a2o 

(37) 


Suppose the response of such a system 
is as shown in Fig. 15, where Mp and rip 
are the important quantities that charac¬ 
terize this response. To obtain Up, apply 
the following condition and solve for rip 
which ought to be integer. 

C(«+l)-aw)=0 (38) 

The solution of equation 38 generally 
yields the value of n which is noninteger; 
however, the actual value of rip is the 
upper integer value of the actual n ob¬ 
tained. In the following derivations, it 
is assumed that the solution of equation 38 
yields an integer value of n. 

Substituting equation 36 in 38, it can 
be shown that 

„^=l[^^-AngA(zo)+AngB',«)] (39) 

The first overshoot is obtained while sub¬ 
stituting equation 39 in 35, thus 


m 

A{z)= n {z-pi) 

i=i 

nt 

5(0) = n (0-gjfe) (29) 

It is assumed that no multiple poles of 
C*(2)/R*(z) exist and that the order of 
B(z) in z is higher than A(z)y as encoun¬ 
tered in practical systems. For step-input 


R*(z) -^ (30) 

0—1 

Substituting equation 30 in equation 28 




(31) 


The inverse 0 -transform of C*{z) is 


C(nT) 



Adz) 

dz-l)B(z) 


z^dz 


(32) 


where P is a contour of integration in the 
0 -plane that encloses all the singularities 


Fig. 11. Root-locus plot for 
T=5 
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z - PLANE 


-•-K= 00 


REAL 
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2 

KA(zo) 

X 

KA{g,d 

'[(ao-l)>+i3o»]‘« 

B'm 

(qi-DB'(qd 


il^peak = 


| 2 ol“^sin Ang(;so-“l)] (40) 

Equation 40 can be simplified further as 
follows 






2i8 


\KA(zo) 


[(«o-l)2+M 


BXzo) 


This mode will die to a small per cent of 
its initial value when nj,=Z, and if fip is 
larger; then the effect of this simple pole 
is small even if 


j|«P ( 41 ) KA(qi) 


(qi-l)B'(qi) 


The accuracy of the assumption which 
resulted in the two approximate relations 
for tip and Mp may be explained readily. 
From the general solution of equation 33, 
a certain simple mode is considered; that 
is, the mode 


is large. It can be shown that the co¬ 
efficient 

KA(^qi) 

(qi-l)B\qi) 

is small if this rootgi is not too dose to 


Table I. Transient Responses of Original and 
Compensated Systems 





Com- 

Term 

Symbol 

Original 

pensated 

Complex roots. 

. Sl,s .. 

.0.6dbj0.38. 

.0.13+j0.79 

Real roots. 



0.766 

Distance of 



complex roots 
from origin of 
unit circle... 

V 

0.795 

0.795 

Gain. 

. K .. 

1 

3.81 

Maximum gain., 
Peak overshoot. 

. Km .. 

2.43 .. 

6.4 

per cent.. 

Peak time, sec* 

. Mp 

39.9 

40.7 

onds. 

, ftp ,, 

3 

2 


other roots. In case a certain mode must 
be accounted for, the magnitude of this 
mode at tip can be evaluated from the 
proper term of the general equation 33; 
this is added to the result of equation 35 
as a second approximation. 

Equation 39 can be rewritten as 

IT 

np9o —(sum of angles from zeros to 

the predominate pole ao+j^o) 
-|-(sum of angles from other 
poles to the predominate pole 

ao+iiSo) (42) 

Thus it may be concluded that zeros de¬ 
crease, npy and additional poles increase 
fip. Furthermore, tip is inversely propor¬ 
tional to ^ 0 * 

Mpf from equation 41 can be written as 
the product of the following two terms 

(This quantity is al¬ 
ways less than unity, since the pre¬ 
dominate poles are inside the unit 
circle.) 
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SYSTEM RESPONSE 



Fig. 15 (left). The 
desired response 


IMAGINARY 


Fig. 19 (right). 
Effect on Mp and np 
when aO < ab 


IMAGINARY 



Fig. 16. Location of predominate poles in 
the z-plane 


IMAGINARY 



state the output equals the input, thus 


K- 


n (1-2*) 
_ 

n (i-pi) 

i=»i 


(44) 


Substituting for K into equation 41 to 

obtain 

Mpeak=(Product of distances from all 
poles to the point (1,0), ex¬ 
cluding distances from two pre¬ 
dominate poles to the point 
l,0)/(product of distances from 
all poles to predominate pole 
ao+iiSoi excluding the distance 
between predominate poles) X 
(product of distances from 
zeros to the predominate pole 
ao+;/5o)/(product of distance 
from all zeros to the point 

l,0)|8o|"*’ (45) 

In equation 38 tip can be written as 

-iih E E 0 


all zeros all poles except 
predominate pair 
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Fig. 20. Effect on Mp and np when db/ 
d0»1 and y is small 
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REAL 


Fig. 21. Effect on Mp and np when a zero 
existe outside the unit circle 


(46) 


Fig. 17. Effect on Mp and np when a third 
root is near the origin of the unit circle in the 
z-plane 
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where and y are as shown in Fig. 16. 
Substituting for np in equation 45, then 

•M’peak — [ IT (all poles except pre¬ 
dominate pair) (due 

ao 

to additional poles) Jxj^n (all 

zeros)^ |zo|(due to zeros) X 

(constant term)] (47) 

where aO, a5, dO are the distances as 
shown in Fig. 16. 

In discussing the effect of real poles on 
Mp, it is evident from Fig. 17, lhat if a 
pole is near the origin of the unit circle. 


then a0/a& is nearly unity and the effect 
of this pole configuration on both Mp 
and Up is not substantial. In contrast to 
this, if a pole configuration is as shown in 
Fig. 18, then o0/a5>l, and Mp will in¬ 
crease considerably. Thus it can be 
deduced that the response will be highly 
oscillatory if the poles are coinciding. 
Finally, if a pole configuration is as shown 
in Fig. 19, then flOA5<l, and Mp is re¬ 
duced, compared to the case of Fig. 17. 
Similar conclusions can be deduced when 
the additional poles are complex inside 
the unit circle. 

The effect of zeros on Mp and np can 
be deduced from the second bracket of 
equation 47, where it is noticed that for a 
zero configuration as shown in Fig. 20, 
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h il/j, and «p are small. In contrast 

doCsl^^th^”** tremen¬ 

dously thus a zero near the point (1 01 

IS not desurable. However wtiM o' 
is niitc;/t« + 1 . • when a zero 

<b outside tte unit circle, as shown in Fig. 

-1. then db/dO^i, and wiU not £- 

ou<rhtr''r®‘ <=o^dusion, it 

ought to be mentioned that real and com- 

inside the unit arde, while zeros of the 
over-dl transfer function may be located 
anywhere inside or outside the unit circle 


Conclusions 


By establishing the correlation between 
the frequency locus on the G*(s)-plane 
and the root locus on the z-plane through 
conformal transformation, the frequency 
response may be interpreted in terms of 
the par^eters of the transient response. 

The introduction of phase-angle loci 
und the superposition method, make pos¬ 
sible the plotting and shaping of the root 
locus to be accurately achieved. The 
reshaping can be achieved practically for 
any stabilizer element of the system, 
provided it is a pulsed network or a digi¬ 
tal computer, the parameters of which 
may be varied. The roots chosen from 
the root locus, together with zeros, will 
determine the transient response. By de¬ 
veloping approximate equations when a 
pair of predominate poles exist, a system 
may be synthesized without actually 
working out the transient response. The 
approximate relations for peak-time Up 
and overshoot Mp may be used to deter¬ 
mine the effect of the location of zeros as 
well as other poles on peak-time tip and 
[>eak overshoot Mp. 

Thus it is indicated that synthesis of 
sampled-data control systems can be per¬ 
formed on the root locus as well as on the 
frequency locus. The choice between the 
two lies in the convenience in plotting the 
root locus and in the particular results to 
he sought. This convenience is empha¬ 
sized more in those systems using pulsed 
networks or digital computers than in 
those using networks in the continuous 
element, in which case the frequency 
locus is best applicable. 


Appendix. Derivation of Root- 
Locus Equation of Second-Order 
Sampled-Data Control System 


The transfer function of a second-order 
system with hold circuit is as follows 


Gis) 




(48) 


The corresponding s-transfonn of G(s) is 
KT K 1-6“’®^ 


G*{zh 




(49) 


or 


G-iz) 

d 


z-f-J 


(z-l)(z-.-»^) 


(50) 


where 

Since z=*4-iy, thus G*(z) can be written as 
G\Z): 


g(r-i/g+^-°7c) 


The phase of G*{z) in equation 62 can be 
easily shown to be 


^A=tan-i yA+J-tan-iX 

(a:— l)(3i:— 6“®^)—^2 


(53) 


Putting iV«tan ^ in equation 53, it can be 
shown that 


iV«tan 


y/x+b— 

ry{(*-i)+(*-«-‘'’’)n 

_ (»-!)(*-1 

l+(y/*+ 6 ) 

XSx-l-*-*’’) 1 



To obtain the root-locus = r, or thus 
equation 54 becomes 


1 

which finally yields 
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-4- 

Discussion 


Masahiro Mori (University of Tokyo, Chiba 
City, Japan): I also proposed the root- 
locus method of the pulse transfer function 
l^t year in Japan^ and I agree with the 
views that this method is convenient for 
those systems using pulsed network which 
are important for good control. 

It can be sho^ that the rules* used to 
plot the root-loci of continuous systems are 
also applied to these sampled-data systems, 
because both systems have transfer func¬ 
tions of the same rational function forms. 
The use of the phase-angle loci is a good 
method to plot the root-locus of the function, 
as in equation 15, which has two compo¬ 
nents. But it seems very complicated when 
the transfer function has more tban two 
components, and not any more convenient 
than using the rules. 

Approximate equations for Mp and np. 
and the effect of the location of zeros and 
poles on Mp and Up expressed in this paper 
are valuable for synthesis and optimum 
adjustment. I have proved the relation 
between the location of roots and the 
shapes of initial response, as shown in Table 
same tune I found the damping 
criterion on the 2-plane. 

Another form of equation 33 is 

Qnn=(«ih”+a2f2”+ •..)+ 

sin «0i+7i77i” cos n<l>i) -j- 
(/ 32172 ” sin 

72 ^ 72 ” cos n<f>i) -i-... ] ( 57 ) 


where on, ^i, 7 ^ are constants, and ff, 171 are 
the constants which gave values according 
to locations of roots. The first term may 
be introduced from real roots and the second 
from conjugate complex roots. From equa¬ 
tion 57, the result as shown in Table II may 
be deduced. 

Now, the output sequence which is 
introduced from a pair of conjugate roots is 

Qnr) cos (w^ft+Ang Rj,) (58) 

where \qjc\ ~ absolute value of root, and 
Rk = residue of gje. If is defined as 



(59) 


for instance, at the case of 25-per-cent (%) 
damping 

C{mT) J. 

C(0) 4 

hence 
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Table II. Correspondence Between z-Plane 
and $-Plane 


Stability cri¬ 
terion.inside of unit cir¬ 
cle .left half-plane 

One uniform 

variation... .one positive real 

root.one negative 

real root 

One damping, .one pair of con¬ 
jugate complex 
roots or one 
negative real 

root.one pair of con¬ 

jugate com¬ 
plex roots 

Critical 

damping.intersection with 


positive real 

axis.intersection 

with negative 
real axis 


25%r.damping.. heart-shaped 

curve in Fig. 

22(A).straight lines in 

Fig. 22(B) 


Spiral for <l>k> n is unnecessary. Then the 
heart-shaped curve in Fig. 22(A) is the con¬ 
dition for 25% damping. If the root is 
located on this curve, the damping is 25%. 
When the root is located inside this curve, 
the damping is stronger than 25%, and when 
outside, the damping is weaker. The 
optimum condition may be determined by 
finding the value of K at the intersection of 
this curve with the root locus. 

It is also evident that the criteria in the 
s-plane are the conformal representations of 
those in the 5-plane, with such a condition 
as 2 = see column 3 of Table II and Fig. 

22(B). 

Fiirthermore, there is a suggestive case in 
the 2 -plane which does not appear in the 5- 
plane. When the root-locus of a sampled- 
data system passes through the origin, it is 
possible to cause the system to have a 
finite settling time. If the gain is equal to 
the value of K at the origin of the z-plane, 
the input-output a-transform becomes a 


Eliahu 1. Jury: It is true, as Mr. Mori 
points out, his interesting discussion in that 
the root locus can be plotted with the use of 
the other methods he mentions. However, 
for synthesis purposes and root-locus shap¬ 
ing it seems that the phase-angle lod ap¬ 
proach is very promising, for it yields the 
form of the transfer function to be used for 
further stabilizing the system, as shown in 
Fig. 13. 

The damping criterion indicated by Mr. 
Mori is useful in certain cases, but it yields 
only the complex roots. However, the 
system can also have the same overshoot if 
the roots are lying on the negative part of 
the real axis in the s-plane, as indicated in 
Table II. This part of the locus is not 
apparent in this logarithmic spiral, for Mr, 
Mori assumes only complex conjugate roots. 
Furthermore, this constant overshoot curve, 
which is limited to the sampling instants 
only, can be extended^® for the actual 
response of the system, as shown in Fig. 23. 




Fig. 22. Twcnty-fivc-pcr-cent damping cri¬ 
terion on (A) the z-plane; (B) the s-plane 

The locus of equation 61 is a logarithmic 
spiral as shown in Fig. 22(A). Of course, 
this spiral has infinite intersections with 
axes, and may have many intersections with 
the root locus. But practically, the wave 
form should not contain frequencies higher 
than 1/2 cycle per second, so the part of the 



Fig. 23. Constant overshoot locus in the z-plane, for the following system 

S/i — —TSs 

- 1 — 1 ^ Mp=Cm« (n,iii) T-1y MnT;); are variables 

sKs+SwnI?) 


finite polynominal in as mentioned in 
reference 3. Some examples of the open- 
loop transfer functions in such case are 
1/(2-1), 6-“^^/(2-€-“^), (2-J)/(22-2- 
1 ), etc. 

I believe that the root-locus method has 
good applicability not only in continuous 
systems but also in sampled-data systems. 
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It is true that when the root locus passes 
through the origin, the system will have a 
finite settling time; but from critical study 
of these cases, it seems that often high over¬ 
shoots appear between sampling instants, 
which are objectionable in most cases. 

In conclusion, the author feels that the 
root-locus approach for synthesis of sanapled- 
data control systems utilizing a digitel 
computer or pulsed network is very promis¬ 
ing. Further investigation of this method 
is indeed desirable. 

References 

1. Discussion by Eliahu I. Jury of Extension op 
Continuous-Data System Design Techniques 
TO Sampled-Data Control Systems, G. W. John¬ 
son, O. P. Lindorff, C. G. A. Nordling. AIEE 
Transactions, vol. 74, pt. II, Sept. 1956, pp. 269-60. 

2. Synthesis and Critical Study of Samplbd- 
Data Control Systems, E. I. Jury. Report, 
University of California, Berkeley, Calif., series 60, 
issue no. 136, 1955. 


Janxtary 1966 


Jury — Root-Locus and Transient Response of Sampled-Data Systems 


435 












Simplified Test Method for the D-Axis 
Transient Reactance and Time Constant 

C. F. yOHE 

ASSOCIATE MEMBER AIEE 


A RELATIVELY simple test method 
is demonstrated to obtain the tran¬ 
sient reactance and time constant of an 
a-c synchronous generator by an analysis 
of an oscillogram of the a-c generator field 
current. This method is applicable in 
many aircraft electric system studies, 
such as voltage-regulating stability and 
voltage rise on sudden removal of load, 
where only the a-c generator transient 
effects need to be considered. The in¬ 
fluence of the d-c and subtransient arma¬ 
ture currents are disregarded because of 
their comparatively negligible effect on 
the magnitude of the transient voltage of 
aircraft generators. Hence, to obtain test 
values of machine constants for these 
studies, the more efficient simplified test 
method may be used. 

The subtransient effects are not re¬ 
flected in the main field current, hence the 
direct-axis subtransient reactance Xd 
and the time constant Ta cannot be 
determined by this simplified test method. 
For those cases, where it is necessary to 
determine all of the direct-axis short- 
circuit constants, the test must be taken 
by the more general’ method given in 
reference 1. 

Simplified Test Method to Determine 
Xd' and Td' 

Test Procedure 

To determine the a-c generator direct- 
axis short-circuit transient reactance and 
time constant by test, the a-c generator 
is connected as shown in Fig. 1. ‘The 
generator is operated at conditions of 
rated frequency, constant field excitation, 
and no load. The terminal voltage 
should be approximately on the air-gap 
line to avoid appreciable saturation. An 
oscillogram, as shown in Fig. 2, is taken 
when a short circuit is suddenly applied. 

Determination of Xd' and Td' 

The symmetrical armature currents 
(sustained, transient, and subtransient) 
produce a rotating magnetomotive force 
(mmf) which is stationary with respect 
to the field poles while the unidirectional 
component produces an mmf which is 
stationary in space. Each of the arma¬ 


ture-current components has an 
associated component of current in the 
rotor circuits in the following manner 

1. The sustained component of the short- 
circuit armature current is proportional 
to the sustained constant field-excitation 
current. 

2. The direct-axis transient component 
of the armature current is proportional to 
the transient component of the field current. 

3. The d-c component of the armature 
current is associated with a fundamental 
a-c component in the main field circuit 
and damper windings. 

4. The subtransient component of the 
armature current is associated with a d-c 
component of current in the damper wind¬ 
ings. 

The presence of these related main- 
field circuit components to the armature 
short-circuit currents can be seen in the 
sample oscillogram shown in Fig. 2. 

There is at all times a proportionality 
between the direct-axis transient com¬ 
ponent of the armatxure current and the 
transient component of the main-field 
current. Thus, by multiplying the tran¬ 
sient component of the field current by the 
appropriate factor X, this curve may be 
plotted in terms of per-unit (pu) armature 
current, as shown in Fig. 3. The con¬ 
version factor K. is determined by dividing 
the sustained pu short-circuit armature 
current, which is metered by an indicating 
instrument at the time of test, by the 
units of deflection of the sustained field 
current measured on the oscillogram. 
Thus 

Is (pu sustained short-circuit armature 
current) 

Ifs (sustained field current in units of 
deflection) 

The transient component of field cur¬ 
rent is defined here as the instantaneous 
value of field cxurent (neglecting the a-c 
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C. F. Yohb is with the Westinghouse Electric 
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component) minus the sustained current; 
see Fig. 2. The initial value of the tran¬ 
sient component of armature current is 
determined by extrapolation of the curve, 
shown in Fig. 3, to the time of applica¬ 
tion of the short circuit. The transient 
reactance is determined by dividing the 
open-circuit voltage by the sustained 
component of the armature current plus 
the initial value of the transient compo¬ 
nent of the current obtained from Fig. 3. 
The transient time constant is deter¬ 
mined as the time required for the tran¬ 
sient component to decay to 36.8 per cent 
of its initial value. 

Armature Short-Circuit Time 
Constant Ta' 

This may be determined from an 
analysis of the a-c component of the 
field current. The d-c component of the 
armature current produces a mmf which 
is stationary in space. This mmf induces 
a fundamental a-c component of current 
in the main field circuit which decays at 
the same rate as the d-c armature-current 
component.4 Thus, T/ may be deter¬ 
mined from the decrement factor of 
the a-c component of field current. 

This can be done graphically by draw¬ 
ing a smooth curve through the peaks 
of the a-c component of field current and 
plotting the magnitude of this envelope 
on semilog graph paper as a function of 
time. Ta' is the time required for the 
envelope to decay to 36.8 per cent of its 
initial value. 

In general, the d-c armature-current 
component does not persist after the first 
2 or 3 cycles in aircraft synchronous 
generators. Hence, enough points are 
not available to determine accurately Ta' 
in these cases. 

Effective Field Time Constant T^*' 

The transient component of the field 
current following load disturbances pro¬ 
vides a convenient method of deter¬ 
mining Tag' at any operating point. 
This time constant may be determined 
from the transient component of the 
field current following a step change in 



Fig, 1, Test setup for the determination of 
the a-c generator short-circuit constants 
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load. If the a-c generator is saturated 
at this operating point, the transient 
component of the field current will only 
approximate an exponential function of 
time and, therefore, will not yield a single¬ 
valued time constant. 

Advantages of the Simplified Method 

In applying the AIEE test method,^ an 
oscillogram of the 3-phase short-circuit 
armature currents is required. To obtain 
such an oscillogram, several repetitions 
of the test may be required before proper 
oscillograph adjustments can be deter¬ 
mined. For example, to measure an a-c 
generator transient-time constant in the 
order of 12 to 15 milliseconds requires 
oscillograph chart speeds of 150 inches per 
second to allow the transient component 
of current to decay to 36.8 per cent of its 
initial value in approximately 2 inches of 
film. This fast chart speed accentuates 
the problem of obtaining an oscillographic 
record of the armature currents which 
have large deflections and clearly defined 
traces. Several attempts are required 
before proper adjustments of oscillograph 
sensitivity, light intensity, chart speed, 
trace spacing, and optimum developing 
procedure is determined. 

If the simplified method is applied, the 
foregoing difficulties become less critical. 
The oscillograph writing time is improved 


since the field-current trace is a d-c tran¬ 
sient as compared to the 400-cycle-per- 
second armature-current transient. 
Thus, light intensity adjustment, trace 
spacing, and developing procedure become 
lesser problems. The analyzing pro¬ 
cedure is simplified since only one d-c 
exponential function is analyzed as com¬ 
pared to the three more complex a-c 
short-circuit current waves. 

Limitation of Field Current Method 

Subtransient Constants 

The subtransient effects are not re¬ 
flected to the main field circuit, hence 
these constants X/ and T/ cannot be 
determined by this simplified test method. 
They must be determined by the more 
general method given in the AIEE test 
code.^ However, if in addition to Xa 
and Td' only Xa is required, the latter 
may be determined by the ^ static im¬ 
pedance method given as method no. 3 
in the test code, while the former may 
still be obtained by the simplified test 
method. 

Saturation 

If saturation exists, the proportionality 
between the armature short-circuit cur¬ 
rent and field current is only approximate. 
To miniinize the effect of saturation, 


Table I. Comparison of Data Obtained by Analysis of Armature-Current Wave and 
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the open-circuit voltage before short 
circuit should be approximately on the 
air-gap line. 

Second-Harmonic Component of 

Armature Current 

There is also a second-harmonic com¬ 
ponent of the armature current present 
in the armature short-circuit current 
wave. Associated with this is a d-c 
component of current in the field circuit 
which has a decrement factor of Ta, 
This d-c component of field current will 
disrupt the proportionality between the 
armature current and the field current. 
For most aircraft synchronous genera¬ 
tors this effect does not have an appre¬ 
ciable influence after the first 2 or 3 cycles. 
Thus, this influence does not usually 
hinder the determination of the transient 
constants by the simplified method. 

Verification of Test Method 

Table I shows the data obtained by 
analyzing oscillograms by both the 
method given in reference 1 and the sug¬ 
gested method given herein. There is 
less than a 5-per-cent discrepancy between 
the data obtained by each of the methods. 
This discrepancy can be contributed to 
saturation at rated voltage and to in¬ 
herent errors of the graphical analysis of 
the oscillograms. 

Conclusions 



AIEE Test Code No. S03i 

Simplified Method 

MacUne 

Xd% 

Pu 

Td% 

Seconds 

Xd% 

Pu 

Td'. 

Seconds 

40-kva aircraft, 360/440-cycle-per-second 

salient-pole generator. 

60-kva aircraft, 360/440-cycle-per-second 
salient-pole generator. 

_0.217.0.0122.0.219. 

_0.282.0.0127.0.270. 

for rated voltage and 400 cycles per second 

.0.0139 

.0.0133 


The suggested test for determining the 
transient reactance Xd! and the transient 
time constant Td' simplifies both the 
test procedure and method of analyzing 
the oscillogram. The constants obtained 
on aircraft generators by the simplified 
method compare favorably to the con¬ 
stants determined by the method given 
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The Development of a Static Voltage 
Regulator for Aircraft A-C Generators 


D. L. PLEUE 

ASSOCIATE MEMBER AIEE 


H, H. BRITTEN 

ASSOCIATE MEMBER AIEE 

T he purpose of this paper is to de¬ 
scribe the development of a static air¬ 
craft voltage regulator for constant- and 
variable-speed a-c generators. This type 
of regulator is one which utilizes com¬ 
ponents which are static in nature as a 
means of control. The development was 
started in an effort to develop a new and 
better regulator to meet more rigid speci¬ 
fication requirements. The regulator that 
has resulted not only meets these require¬ 
ments but promises inherent reliability 
and long life. 

Background 

Increased Use of Electric Power in 
Airplanes 

In modern aircraft there is a continuous 
trend toward increased use of electrical 
power. 1 This trend is noticeable in most 
aircraft but more pronounced in combat 
planes. Realization that functions can 
be performed electrically with greater 
reliability and economy of weight has in¬ 
creased the burden on generators and con¬ 
trol. Hydraulic systems, for example, are 
more vulnerable to battle damage than 
electrical systems. Increased use of 
larger and faster-moving turrets places 
additional demands on the electric^ sys¬ 
tem* That planes may be effective in 
all weather conditions, radar and other 
types of electrical equipment are con¬ 
sidered essential today. These factors 
plus many others are increasing the bur¬ 


den on the aircraft electrical system and 
bring about greater dependency of the 
modem plane upon its electrical system. 

Trend Toward Alternating Current 
FOR Airplanes 

During and after World War I, the de¬ 
velopment of d-c systems generally fol¬ 
lowed the practice of the automotive in¬ 
dustry. The 24-volt battery and the 28- 
volt d-c generator became the standard 
before the beginning of World War II. 
By this time, important functions were 
being performed electrically, and the 
safety of the plane depended upon the 
reliability of the electrical system. 

As electrical loads and aircraft sizes 
increased, it became apparent that a 
more economical generating and distribut¬ 
ing system was required.^ Higher volt¬ 
ages were needed to reduce conductor 
weights. Two methods of achieving this 
were selected as having the most promise. 
These were the 120/208-volt 3-phase a-c 
system, and the 120-volt d-c system. 
Because of certain advantages inherent 
in the a-c system, there is a strong trend 
in this direction. This trend has been 
further accelerated by the development of 
practical constant-speed drives. 

Some of the advantages attributed to 
the a-c system are: 

1. Ease of obtaining any desired utiliza¬ 
tion voltage by means of a transformer. 

2. Decreased brush wear and decreased 
commutation problems. 


3. Simplicity and reliability of induction 
motors. 

The importance of this trend toward a-c 
power was demonstrated by the World 
War II B’36 aircraft which has an a-c 
generating capacity of 160 kva. Much 
of this power was used as alternating cur¬ 
rent and the d-c power was obtained 
through transformer-rectifier units. 

It has been stated that the dependa¬ 
bility of an aircraft generating and dis¬ 
tributing system should compare favor¬ 
ably with that of an electric utility, with 
the exception of ultimate life expectancy.^ 
The dependability of such a system can¬ 
not exceed the reliability of the com¬ 
ponents which make up the system. One 
of these system components is the gen¬ 
erator voltage regulator. 

Importance of Voltage Regulator 

The voltage regulator is of prime im¬ 
portance in the successful operation of an 
electrical system. Good voltage control 
under all conditions is essential as many 
load devices require substantially normal 
voltage for satisfactory operation and 
life. With increased dependence of the 
plane upon its electrical system, regulator 
specifications have become steadily more 
rigid in their requirements. It was there¬ 
fore believed, that the best solution of 
the over-all problem would be to develop 
a regulator using static components 
which would offer performance, life, and 
reliability commensurate with the in¬ 
creasingly important role of electric 
power in the modem aircraft. 
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Fig. 1. Magnetic amplifier for aircraft use, 
consisting of saturable reactor and associated 
rectifier. Rated 5 watts* continuous output 
at 320 cps 

Basic Considerations 

In the initial stages of a regulator de¬ 
velopment, basic means of accomplishing 
various functions are investigated in 
order to determine that method which af¬ 
fords the greatest reliability, best perform¬ 
ance, and lightest over-all regulator 
weight. 

Type of Amplification and Control 

It was decided that the magnetic ampli¬ 
fier should be used as the primary means 
of amplification and control. A mag¬ 
netic amplifier is any device which 
utilizes the saturable reactor as a means 
of control or power amplification. The 
particular type of magnetic amplifier 
which was applied to this regulator is the 
amplistat. 2 This magnetic amplifier is 


AMPLIFIER 

POWER 

SUPPLY 


EXC.- 

BUCKING- 

FIELD. 


characterized by its ability to obtain 
extremely high power gain and speed of 
response. Its output is essentially direct 
current and hence can be used to control 
one or more fields on the exciter. 

The saturable reactor and its associated 
metallic rectifier are extremely rugged 
and dependable when properly applied. 
At frequencies close to 400 cycles per 
second (cps) the physical size of this type 
of magnetic amplifier per watt of output 
is small enough to be practical for air¬ 
craft use. Fig. 1 shows a magnetic am¬ 
plifier capable of 5 watts* continuous out¬ 
put at 320 cps. 

Control of Exciter 

Conventional aircraft a-c generators 
with integral exciters are controlled by 
varying the excitation to one or more fields 
on the exciter. It was decided that this 
regulator would control the exciter by 
supplying positive ampere-turns to the 
exciter field in varying amounts depend¬ 
ing upon the condition of regulation. This 
method of exciter control was chosen be¬ 
cause it required minimum power from 
the regulator for control. 

In variable frequency a-c systems of 
this type, the two extremes of control re¬ 
quirements are found at: 1. full generator 
load, minimum rated speed, and 2. zero 
generator load, maximum rated speed. 
In addition to these steady-state re¬ 
quirements for control, additional range 
of control must be provided to take care 
of short-time overloads and insure proper 
system transient performance in recover¬ 
ing from sudden load changes. The ef- 
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Fig. 2. Glow tube voltage reference 


fects of ambient temperature and altitude 
on generator excitation requirements 
must also be considered in determining 
the full range of control which is neces¬ 
sary. 

The maximum amount of power neces¬ 
sary for control can be reduced by the 
utilization of more exciter field winding 
space. This process is limited by the 
total amount of space available and also 
by the fact that using more field space 
causes a longer exciter field time constant. 
Since the latter is undesirable from a re¬ 
sponse and stability standpoint, some 
compromise must be reached whereby 
satisfactory performance can be achieved 
without adding unnecessary weight to 
the regulator. 

Type of Reference 

The selection of a reference for a volt¬ 
age regulator is of prime importance since 
in any automatic control system the 
ability of a regulator to control a quantity 
depends on the comparison of that quan¬ 
tity with a known or fixed quantity. It 
is generally desirable to reproduce the 
relatively fixed properties of the reference 
quantity in the output quantity. There¬ 
fore, any drift or other instability which 
may be found in the voltage reference will 
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Fig, 3, Regulator block 
diagram 


January 1956 


Britten, Plette—Static Voltage Regulator for A-C Generators 


439 














Fig. 4. Comparison cir- 3-phase generator 
cuit VOLTAGE 
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FULL-WAVE 
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appear as an undesirable variation in the 
generator output voltage. 

After considering various types of volt¬ 
age and current references which could 
have been used for this application, it was 
decided that the glow-ischarge type of 
tube (glow tube) showed many advan¬ 
tages over other types of reference. It 
is well known that this device, when 
supplied from a d-c source of voltage 
through a series-dropping resistor, will 
maintain a nearly constant voltage across 
its terminals. This action is relatively 
independent of variations in the magni¬ 
tude of the voltage source and hence this 
reference has also become known as a volt¬ 
age regulator tube. 

The glow tube in its miniature form 
weighs only ounces including the 
weight of the mounting socket and pro¬ 
tective shield. The unit is approxi¬ 
mately 3 V 4 inches long and 7/8 inch in 
diameter, and so takes up very little of 
the available regulator space. Fig. 2 
shows this reference tube. 

The voltage which the glow tube main¬ 
tains across its terminals will vary less 
than 1/2 per cent (%) when the ambient 
temperature is varied from —55 to 
+71 degrees centigrade. Since it op¬ 
erates from a direct voltage, the glow 
tube output voltage is not affected by 
changes in frequency. 

In spite of the fact that this reference 
is an electronic tube, it is an extremely 
rugged device. Unlike most tubes, it 
has no filaments and no grids. Extended 
life tests under vibration cycling at 
various frequencies have been performed 
on groups of these tubes. The tests 
have showm that this type of unit is cap¬ 
able of withstanding vibration tests 10 
times the duration of those called for in 
most of the existing regulator specifica¬ 
tions without causing malfunction of the 
regulator. 

In addition to these advantages, the 
glow tube has suflSicient reference power 
available to compare favorably with 
other references considered, whose weights 
were many times greater. The impor¬ 
tance of the amount of reference power 
will be considered later. 
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Specific Design Considerations 

Dbscrii>tion op Voltage Regulator 
System 

The voltage regulating system consists 
of the static-voltage regulator, rotating 
d-c exciter, and a-c generator. The ele¬ 


ments of the system may be represented 
by functional blocks as shown in the block 
diagram of Fig. 3. The comparison cir¬ 
cuit accomplishes the voltage sensing 
and contains such elements as a glow 
tube, dry-disk rectifiers, and resistors. 

The output of the comparison circuit is 



ATc* first stage 
CONTROL AMR TURNS. 

AT/^s SECOND STAGE 
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Fig. 5. Effects of supply voltage variation on push-pull amplifier characteristic 
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Fig. 6. Application and removal of full load 

/^—Application of full load, 0.75 pf. At 6,000 rpm, 15-I<va senerator is controlled by static 

voltage regulator 

B—-Removal of full load, 0,75 pf. At 6,000 rpm, 15-l<va generator is controlled by static 

regulator 


a voltage directly proportional to the dif¬ 
ference between the generator voltage 
and the regulator set voltage and is re¬ 
ferred to as the error signal. If the char¬ 
acteristics of the error signal are pre¬ 
served with respect to linearity and its 
power levd increased sufficiently, it can 
control the excitation of the a-c generator 
and cause its output voltage to remain 
relatively constant regardless of load, 
speed, and powei: factor (pf). 

Two stages of magnetic amplification 
are used to increase the power level of the 
error signal. These are referred to on the 
block diagram of Fig. 3 as magnetic am¬ 
plification. Included in this block are 
such elements as saturable reactors, recti¬ 
fiers, linear reactors, and resistors. The 
stabilizing circuit contains such elements 
as capacitors and resistors. Its function 
will be explained later. 

The action of the voltage-regulating 
system can be traced simply by assuming 
some steady-state condition and then 
considering that for some reason the 
generator voltage tends to decrease. 
This causes an error signal from the com¬ 
parison circuit in such a direction as to 
increase the output of the magnetic am¬ 
plifier. This action increases the output 
of the d-c exciter, which tends to restore 
the generator voltage to its original value. 

The Comparison Circuit 

The comparison circuit in a voltage 
regulator usually consists of two parts; 


a voltage reference and a directly propor¬ 
tional feedback from the generator output 
voltage which it is desired to regulate. 
Fig. 4 shows the comparison circuit as 
used in the static regulator and includes a 
temperature-compensating resistor. The 
need for temperature compensation will 
be discussed later. 

As shown in Fig. 4, the output of the 3- 
phase a-c generator voltage is passed 
through a full-wave bridge rectifier to ob¬ 
tain a direct voltage to supply the com¬ 
parison circuit. The output of this recti¬ 
fier will be nearly proportional to the 
average of the three line-to-line voltages 
of the 3-phase a-c generator. Therefore 
if a fixed proportion of this voltage is 
compared to the constant voltage present 
across the glow tube, a means of telling 
whether the generator voltage is too high 
or too low is achieved. The difference 
between the reference voltage and this 
direct feedback voltage is a measure of the 
amount and direction of the generator 
voltage deviation from that voltage which 
the regulator is set to maintain. This dif¬ 
ference or error signal is the output of 
the comparison circuit and is used to con¬ 
trol the magnetic amplifier. 

As explained previously, one of the 
prerequisites of a good reference is its 
power output. This property is impor¬ 
tant because it directly influences the 
available power in the error signal from 
the comparison circuit. Referring to the 
comparison circuit of Fig. 4 and specifi¬ 
cally to the glow tube references, the 


maximum reference power available Pr 
may be defined as the product of the 
glow tube voltage and its maximum rated 
current. Furthermore, the power output 
of the comparison circuit Po may be de¬ 
fined as the power absorbed by the resist¬ 
ance of the control circuit of the first-stage 
magnetic amplifier. Assuming that equal 
bidirectional linearity is desired in the 
error signal, it may be defined as a condi¬ 
tion where the maximum absolute value 
of current in the error signal at the end of 
linearity is equal in both positive and 
negative directions. The end of the 
linearity is assumed to occur when the cur¬ 
rent in the glow tube falls to minimum 
current or reaches the maximum current 
for which it was designed. Under the 
foregoing assumptions the maximum 
power that can be obtained from the com¬ 
parison circuit may be expressed very 
closely by 

^ a^Pr 

Po -- 

200otM 

where 

Po “power output of comparison circuit 
jBo= normal generator voltage at which 
voltage Po“0 

jEm=generator voltage at which glow tube 
conducts maximum rated current 
a “generator voltage deviation from Eo in 
per cent 

Pr “maximum reference power available 
ajif=per cent of voltage over which output 
of comparison circuit is linear with 
respect to voltage “(jEw—Po)/P<?X 
100 % 

Often, transient conditions can occur 
which limit the amount of power that can 
be obtained from the comparison circuit 
for small voltage deviations. If, for 
example, the reference capabilities were 
extended in a relatively narrow voltage 
deviation from normal voltage, the refer¬ 
ence may be damaged during a severe 
voltage transient as experienced when 
clearing a 3-phase short circuit on the 
generator. Nevertheless, in general, the 
amount of power available in the error 
signal is proportional to the reference 
power available and may be said to be 
tempered by the maximum reference 
power transiently permissible. 

Amplifier Power Supply 

Any power amplifier requires an auxil¬ 
iary power supply of some kind. The 
magnetic amplifier operates from an a-c 
supply. The logical place to obtain this 
power is directly from the a-c generator 
since there would then be no dependence 
on external sources of power outside of 
the generating system itself. It was 
therefore decided that the amplifier 
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should be supplied from one single-phase 
voltage of the generator. The power thus 
supplied is passed through a transfoimer 
in the regulator to provide isolation from 
the generator and to deliver correct utili¬ 
zation voltages. 

Obtaining the amplifier power supply 
from the generator requires special con¬ 
sideration. There are times when exci¬ 
tation is required and no voltage is availa¬ 
ble to supply the amplifiers. Such con¬ 
ditions exist during: 

1. Initial build up of system voltage from 
rest. 

2. Three-phase short circuit or a single¬ 
phase short circuit on the generator which 
eliminates the amplifier power supply. 
Under either of these conditions, it is essen¬ 
tial that very large values of excitation be 
attained in order to cause large generator 
armature current to flow for rapid clearance 
of the existing short circuit. 

These two obstacles are overcome by 
inserting a small single-pole, single-throw, 
normally closed relay contact between the 
exciter field and the exciter armature; 
see Fig. 3. 

With the relay in the closed position, 
the exciter is self-excited. If the coil of 
this relay is supplied from the same 
source of voltage as the amplifier, then the 

442 


excitation on the generator will build up 
until the amplifier has sufiicient power 
available to supply the exciter field excita¬ 
tion. At this point, the relay will pick 
up and the exciter will no longer be self- 
excited. Since this relay pickup will not 
occur in the case of the two types of short 
circuits mentioned, the exciter will pro¬ 
vide ceiling voltage and thereby aid in 
clearing the short circuit from the system. 

Magnetic Amplifier Design 

In general, power gain and time con¬ 
stant are interdependent in magnetic 
amplifiers. This relationship may be 
expressed approximately as 

Pq^KTc 

P(?=power gain of the magnetic amplifiers 
Jc=time constant of the amplifier 
.K*«a constant dependent on the amplifier 
size, ^pply voltage frequency, char¬ 
acteristics of the core material, etc. 

It now becomes apparent why the 
power available in the error signal is im¬ 
portant. The power level of the error 
signal is to be increased by magnetic 
amplification to the proper level to 
supply field power to the exciter. There¬ 
fore, the amount of power gain required 
by this amplifier can be reduced by in¬ 
creasing the power available in the error 


signal. As seen in the foregoing equa¬ 
tion, this will result in a smaller time con¬ 
stant for the amplifier, which is very de¬ 
sirable from a response and stability 
standpoint. 

In the static regulator a 2-stage ampli¬ 
fier is used to obtain the required power 
gain with extremely fast response time. 
The advantage of a 2-stage amplifier can 
readily be seen by a simple example: 
Assume that a power gain of 90,000 is re¬ 
quired. If ir=90,000 in the foregoing 
expression, a time constant of 1 second 
would be required in a 1-stage amplifier. 
If a 2-stage amplifier were used, each 
stage having a power gain of 300 and 
90,000, the necessary power gain 
would be achieved and each amplifier 
would have a time constant of 0.0033 
second. 

The first stage of magnetic amplifica¬ 
tion in the static regulator consists of two 
magnetic amplifiers connected in a push- 
pull circuit. This type of connection 
tends to minimize the effects of varying 
voltage and frequency of the amplifier 
power supply on the over-all transfer 
characteristic. The output of each am¬ 
plifier in the push-pull circuit is fed into 
separate control windings on the second- 
stage amplifier. These control windings 
are connected in opposition and the dif¬ 
ference in ampere-turns in the two wind¬ 
ings is the resultant control ampere-tums 
in the second-stage amplifier. The curves 
of Fig. 5 show the individual and resultant 
characteristics of a typical push-pull 
stage feeding into a second-stage ampli¬ 
fier. f 

Curves 1^ and 1" show the individual 
first-stage characteristics and curve 1 the 
resultant push-pull characteristic at nor¬ 
mal voltage. Curves 2', 2", and 2 show 
the same characteristics at 25% over¬ 
voltage. These curves clearly illustrate 
the minimized voltage effects on this 
type of circuit. In a similar manner the 
push-pull circuit tends to minimize the ef¬ 
fects caused by frequency variation of the 
amplifier power supply. 

The complete coverage of all problems 
encountered during the development with 
respect to magnetic-amplifier, design are 
beyond the scope of this paper. Severe 
voltage transients and wide frequency 
range of the amplifier power supply al¬ 
tered the design procedure from that used 
on amplifiers power supply altered the 
design procedure from that used on am¬ 
plifiers which are to operate from fixed fre¬ 
quency and supply voltage. In addition 
to this, extensive investigation was made 
to determine the proper core materials for 
achieving maximum performance and 
minimum weight. 
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Exciter Bucking Field 
On variable-frequency a-c generators, 
the range of excitation requirements can 
be very great. On some generators, for 
example, the exciter field power required 
at full load and minimum speed might be 
400 times the power necessary to provide 
the same voltage at zero load and maxi¬ 
mum speed. By addition of a few nega¬ 
tive or bucking ampere-turns to the ex¬ 
citer, the power requirements at top 
speed and no load can be multiplied by 10. 
These same ampere-ttirns require less 
than 25% additional exdter field power 
at the minimum speed and full-load condi¬ 
tion. Therefore the magnetic amplifier 
has to supply only a 50-to-l power range, 
a job which is considerably easier. For 
this reason, the exciter is supplied with a 
bucking field which receives its excitation 
from rectified generator voltage. 

A further advantage of this bucking 
field is that it decreases the time neces¬ 
sary to return to rated voltage from the 
high voltages present after removal of 
heavy loads and short circuits at high 
generator speeds. 

vStabilizing Circuits 
In general, feedback control systems 
having more than two significant time 
constants and having relatively high gain 
are capable of producing sustained oscil¬ 
lations, sometimes referred to as '‘hunt¬ 
ing.” To eliminate this condition, the 
static regulator employs the use of a 
capacitor-resistor network in the feedback 
circuit from the exciter. It is sufiicient 
to state that this circuit provides such 
necessary phase margin that the regulat¬ 
ing system is stable and sufficiently 
damped to meet the transient require¬ 
ments. 

Temperature Compensation 
To avoid variations in regulated volt¬ 
age due to the effects of changing tem¬ 
perature on the characteristics of various 
components, some means of temperature 
compensation must be included in the 
regulator. This is provided by a special 
temperature-compensating resistor which 
is inserted in the comparison circuit, as 
shown in Fig. 4. The large change in the 
resistance of this element with tempera¬ 
ture tends to compensate for changes in 
other elements so that nearly constant 
voltage is held, regardless of ambient 
temperature. 


Parallel Operation 

Regulators designed to operate with 
generators which are to be paralleled must 
have some provision for reactive load 
equalization between generators. Many 
alternating voltage regulator supplied 
today accomplish this by placing a small 
current transformer in series with one of 
the generator lines. This current trans¬ 
former feeds an equalizing reactor 
transformer, the output voltage of which 
is shifted approximately 90 degrees in 
phase relation to the current from the cur¬ 
rent transformer. When this voltage is 
added to the generator line voltages in 
the proper manner at the input to the 
regulator, the action of the regulator is 
such as to reduce excitation of the gen¬ 
erator if the generator is producing more 
than its share of excessive lagging or 
overexcited reactive current. Leading 
or underexcited reactive current from the 
generator would cause the regulator to 
increase the generator excitation by action 
of the equalizing circuit. The real or 
power component of current has little 
effect on the operation of this circuit. 
Division of real power is accomplished by 
governors on the generator drives. 

A further refinement of the equalization 
circuit is obtained by connecting the sec¬ 
ondaries of the current transformers of 
all paralleled generators in a series loop 
arrangement. By this connection a sig¬ 
nal proportional to the difference in the 
reactive currents carried by the various 
generators is supplied to the regulator¬ 
sensing circuits. This has become a 
rather standard feature of aircraft a-c 
generator systems and is known as dif¬ 
ferential equalization. The advantage 
of this type of equalization is that a rela¬ 
tively high gain may be employed in the 
reactive load equalization circuit without 
causing abnormal droop in the system 
voltage when reactive loads are impressed 
on the system. 

Results 

The following are some typical data 
taken with a 15-kva 0.75-pf, 4,800 to 
7,200-rpm generator and the static air¬ 
craft voltage regulator. 

1. Voltage variations due to load changes 
from no load to full load and speed changes 
from 4,800 to 8,000 rpm were held to less 
than =tl%. 


2. Voltage variation due to changes in 
regulation ambient temperature from —55 
to +71 degrees centigrade was less than 
± 1 / 2 %. 

3. Recovery time after application and 
removal of full load was 0.05 second at 
minimiun rated speed of 4,800 rpm and 0.1 
second at maximum rated speed of 7,200 
rpm. In Fig. 6 are oscillograms showing 
the recovery time obtained with this 
regulator and the 15-kva generators. 

4. Output voltage modulation under worst 
conditions was less than 0.5%. 

5. Voltage was unaffected by opiating 
position, vibration, or an acceleration of 
10 g along any axis of the regulator. 

The weight of the regulator was ap¬ 
proximately 17^/2 pounds and its size was 
approximately 11 by 11 by 7 inches. 
The finished regulator is shown in Fig. 7. 

Conclusions 

As a result of this development, two 
regulators have been designed which are 
nearly identical. One of these units is 
capable of operation with 15-, 30-, 60-, 
and 90-kva generators which have an 
operating speed range of 4,800 to 7,200 
rpm, (320 to 480 cps). The other unit is 
capable of operation with 15- and 30-kva 
generators with speed range from 4,000 
to 8,000rpm, (400 to 800 cps). 

A number of regulators have been 
built for each rating of generator, and 
tests have shown them to have excellent 
electrical performance even under the 
most adverse conditions of temperature, 
load, acceleration, and vibration. In 
addition, these regulators promise in¬ 
herent long life and low maintenance as 
well as the ruggedness and dependability 
so vital to the success of our modern 
aircraft. 
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Precision Low-Frequency Inverter 
for Aircraft 

M. E. DOUGLASS 

ASSOCIATE MEMBER AIEE 


T he purpose of this paper is to detail 
the power supply requirements for a 
mass rate fluid flowmeter; to examine 
various methods of driving the impeller 
of the flowmeter; and to describe the 
power supply for the drive method 
selected with its performance charac¬ 
teristics. 

The power supply used is a 3-bar 
commutator, chopping direct current to 
provide a simulated 3-phase 4-cycle 
electrical output, that drives the impeller 
motor at 240 rpm. The commutator is 
driven at constant speed by a permanent 
magnet d-c motor slaved to a balance 
wheel. The frequency is maintained 
constant within 0.3 per cent (%) over 
the temperature range from —55 to 
+71 degrees centigrade in all positions; 
with vibration from 100 to 500 cycles 
per second (cps) at 10 g acceleration. 
The power output is approximately 40 
watts and is free from radio noise in ac¬ 
cordance with Military Specification 

Need for Constant Speed 

In the mass rate flowmeter for which 
this power supply was developed, 
fluid enters a unit, called an impeller, 
which is a cylinder with straight axial 
passages, sufficiently long so that the 
fluid flow at exit is parallel to the axis, 
and which is rotated about its axis at a 
constant speed. Immediately down¬ 
stream from the impeller is a similar unit 
mounted in bearings so it is free to rotate 
but restrained from rotation by a spring; 
see Fig. 1. This unit, called the turbine, 
absorbs the energy from the fluid im¬ 
parted by the impeller, and the torque 
developed in the turbine is proportional 
to the mass rate of flow of fluid and to 
the angular velocity of the impeller. 
This torque deflects the turbine against 
its restraining spring so the turbine 


Paper 55-840, recommended by the AIEE Air 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Conference on Aircraft 
Electrical Applications, Los Angeles, Calif., 
October 26-27, 1966. Manuscript submitted 

July 29, 1964; made available for printing Sep¬ 
tember 12, 1956. 

M. E. Douglass and J. R. Lavbndbr are with 
the General Electric Company, Lynn, Mass. 

444 


J. R. LAVENDER 

NONMEMBER AIEE 

position which is used to indicate mass 
flow rate is proportional to the mass rate 
of flow times the impeller speed. Thus, 
any deviation in speed of the impeller 
is reflected directly as an error in the 
indication of the flowmeter. To achieve 
the high standards of accuracy required 
for the aircraft appKcation of this flow¬ 
meter, deviations in speed of the impeller 
of only 0.3% from the base speed are 
permissible. 

Miscellaneous Specifications 

In addition to the constant speed 
specification, a further limitation that 
all electrical wiring must be sealed from 
the fluid passages was required for safety, 
and since the equipment was to be air¬ 
borne, it must be of minimum weight, 
it must operate over a temperature range 
of —55 to +71 degrees centigrade, from 
sea level to 50,000 feet altitude, and over 
a voltage range of 22.5 to 30 volts for a 
28-volt nominal system. 

Possible Drive Methods 

In the initial consideration of the 
problem, several angular speed regulating 
devices were investigated, and devices 
such as centrifugal switches, induction 
disk generators, and permanent magnet 
generators were considered as primary 
detectors for speed. Size, weight, re¬ 
liability, accuracy, or development time 
required, narrowed the field to con¬ 
sideration of the three approaches pic¬ 
tured schematically in Fig. 2. 

The first system of Fig. 2 used a regu¬ 
lated power supply, if it were available 
on the aircraft, to drive a synchronous 
motor. A magnetic coupling to provide 
sealing of the motor from the fluid was 
required in this system, and a gear train 
to reduce the speed of the synchronous 
motor to the 63 rpm required at the 
impeller. The major problem with re¬ 
spect to this proposal was that the air¬ 
craft power supplies available do not 
control frequency much closer than 2% 
to 5%, and while this is adequate for 
most purposes, it is about 10 times the 
limit allowable for the flowmeter applica¬ 
tion. 


Where an accurately controlled fre¬ 
quency is required, it has been the 
practice to use an electronic power supply 
governed by a tuning fork or crystal. 
Application of this practice to the flow¬ 
meter problem provided systems 2 and 
3 of Fig. 2. System 2 simply put a 
regulated power supply between the 
generator and the synchronous motor. 
Consideration was given to both 400- 
cycle and 60-cycle controlled frequency 
power supplies, of which there are quite 
a few commercially available to meet the 
required specifications. The 400-cycle 
systems showed a weight advantage over 
the 60-cycle systems; however, the 
weight of the regulated power supply 
was so large as to be a serious disadvan¬ 
tage. 

The third scheme shown is the one 
finally selected. This one combines the 
motor and magnetic coupling in one unit. 
The windings of the motor are outside 
a sealed metallic wall. Fig. 3; a per¬ 
manent magnet rotor running at 240 
rpm is inside the wall in the fluid stream, 
and it drives the impeller through a gear 
train at 63 rpm. A 4-cycle frequency- 
regulated power supply provides the 
electrical energy to the motor. 

The selection of 240 rpm as the motor 
speed provides an optimum balance 
between no-load losses of the motor, and 
torque required to drive the impeller. 
Since the required energy input to the 
impeller is fixed by the turbine torque 
output reqxiirements, the higher the 
* motor speed the less torque it needs to 
supply this energy, and the smaller it 
could be made. However, since the 
motor rotor runs in the fluid, the faster 
it runs, the higher are the no-load losses 
due to viscous drag, which would require 
extra energy from the power supply. 
With a 2-pole motor, 240 rpm requires 
4 cps for synchronous operation, which 
establishes the frequency of the power 
supply. 

The low-frequency power supply-motor 
combination provides some highly signi¬ 
ficant simplification and weight advan¬ 
tages over the conventional 400- or 60- 
cycle systems. In the flowmeter the 
low-speed motor with its unique design 
eliminated a magnetic coupling of about 
1 potmd estimated weight. This repre¬ 
sents 6 to 8 pounds savings on the over¬ 
all system on 6- or 8-engine planes. The 
gearing is simplified by using a 3.81 to 
1 reduction instead of the 127 to 1 re¬ 
quired for an 8,000-rpm, 400-cycle motor. 

The power supply as finally developed 
provides about 37.3 watts (driving 8 
flowmeters) with a weight of 2 V 4 potmds 
(i.e., 16.6 watts per pound) as compared 
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to an estimated weight of 21 pounds for 
a 400-cycle controlled frequency power 
supply to provide equivalent perform¬ 
ance. (Part of this weight of the elec¬ 
tronic power supply is required to supply 
the high no-load loss and high reactive 
volt amperes of 400-cycle synchronous 
motors.) 

Power Supply 


time the contacts are closed to maintain 
the armature rotation per cycle of the 
balance wheel constant. This provides 
a very accurate average speed control, 
and by the use of materials insensitive 
to temperature change in the balance 
wheel and hair spring, this accuracy is 
maintained over the required tempera¬ 
ture range. 

With this basic method accepted, the 
details of commutator design remained 
to be established. To select the time 
during the cycle at which the switching 
operations should take place, it was 
reasoned that if the low-order harmonics 
were eliminated from the current wave 
form, filtering (if found necessary) would 
be easier, and motor osdllation frequency, 
due to the power supply, would be raised 
well over the natural resonance of the 
turbine which is about 1 cps. 

A Fourier analysis of the coil current, 
assuming only resistance in the motor 
coils, was made. This current has the 


Fig. 2. Flowmeter drive systems 


general form shown in Fig. 7. The 
relative magnitude of the vertical steps 
is established by the connections to the 
motor. The values qj, jS, and y can be 
controlled, within limits, by the relative 
sizes of the commutator segments and 
brush width. From the symmetry of 
the wave form about the 180- and 90- 
degree ordinates, the Fourier series 
representing this wave is /(^)=i4/sin 
e+Az sin 30+^5 sin 50...-4^ sin w0, 
where in has odd integral values. The 
coefficients of each term in this expression 
are given by 

4m = ~ 12 /(0) sin wBdS 

^Jo 

Substituting proper values for /(0) 
and integration limits 

2E . V 

4i=—r (2 cos a-hcos iS-fcos 7 ) 



The power supply consists of a 3-bar 
commutator, each bar being connected 
electrically to a slip ring. Two brushes 
diametrically opposite on the commutator 
are connected to the positive and negative 
terminals of the 28 volt d-c power supply 
which is commonly available on most 
aircraft. Three brushes are in contact 
with the 3 slip rings and are connected 
to the coils of a 2-pole 3-phase Y-con- 
nected motor. As the commutator ro¬ 
tates, each of these 3 brushes is alternately 
positive, dead, negative, and dead. The 
resultant magnetic field in the motor 
stator rotates 30 degrees each time a 
switching operation takes place in the 
commutator. Fig. 4 shows a schematic 
diagram of the commutator. Table I 
indicates the switching sequence, the 
coil currents, and the resultant motor 
vector. 

To rotate the commutator at constant 
speed, a small permanent magnet d-c 
motor whose speed is controlled by a 
balance wheel is used.-' This motor is 
shown in Fig. 5. The mechanism is 
shown in Fig. 6. A pair of contacts is 
operated upon by a cam driven by the 
motor and a balance wheel, in such a 
manner that the motor receives sufficient 
energy from the power source to rotate 
a fixed amount during each swing of the 
balance wheel. Changes in motor load 
or voltage change the proportion of the 


Fig. 3. Flowmeter cutaway 
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Table I. Inverter and Flowmeter Motor Operating Principle: See Fig. 4 




Fig, 4. Inverter and flowmeter motor operat¬ 
ing principle 


(2 COS 3a+ cos 3/3+cos 3y) 

2JS 

cos Sor-f-cos 5i9-fcos 5y) 

2jE 

7a-fcos 7i3+cos 7 ^) 

Inspection of these equations shows that 
if the coefficients of the third, fifth, and 
seventh hannonics are set equal to zero, 
three simultaneous equations in these 
. unknowns are formed. Solution of these 
equations should 5 deld values of a, 
and 7 which wo'uld eliminate these har¬ 
monics from the wave. A solution for 
these equations under which the coeffi¬ 
cients of the third and fifth hannonics 
3 re reduced to zero was found when 
a =18 degrees, ^=42 degrees, and 7 = 
78 degrees, and these values were used 
in building the commutator. 

The actual wave form of the motor coil 
current is shown in Fig. 7 directly below 
the idealized wave. It was recognized 
at the start that the inductance of the 
motor coils would not be negligible in 
any precise analysis of the system 
operation; however, this preliminary 
wave form was so satisfactory in opera¬ 
tion that no changes from the original 
values of a, /5, and 7 have been required. 

Production Design 

With the basic operating principle of 
the inverter determined by the develop¬ 
ment, the production design of the 
precision low-frequency inverter for air¬ 
craft use involved four major considera¬ 
tions. These were: 

1. Size and weight. 

2 . !Radio noise suppression. 

3. Operating life. 

4. Vibration isolation. 

Although the first of these, size and 
weight, enters into each part of the 
design, certain items control the basic 
size and weight of the unit. 

The main components of the inverter 
are the drive motor, brushes, the com¬ 
mutator, and the necessary gearing to 
accomplish the speed reduction from the 
2,700 rpm of the d-c controlled speed 
motor to the 240 rpm of the commutator. 
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Since the size and weight of the motor 
are fairly well established by the avail¬ 
ability of a motor with the required 
precision and since the size of the com¬ 
mutator and brushes is also established 
by the wave shape and output require¬ 
ments, the problem is to obtain the best 
configuration in the least space with the 
least size and weight of supporting parts. 
As shown by Fig. 8 , locating the brush 
and commutator arrangement back over 
the drive motor between two supporting 
plates gives a very compact assembly. 
The alignment of the commutator is ob¬ 
tained by the same blocks that hold the 
brush holders, and these blocks are of 
plastic material both for lightness and 
insulation of the brush holders. 

Since the inverter is in a hermetically 
sealed case to provide dependable, long- 
lived operation independent of most 
ambient conditions, the case material 
must be of a material that will allow 
soldering. Normally this material is 
either brass or plated steel of sufficient 
thickness to withstand handling, as well 
as to provide sufficient attenuation for 
radio noise suppression. Even with a 
small case, either material of suitable 
thickness adds considerably to the weight 
of the umt. For this design, a copper- 
bonded aluminum, commercially known 


as Alcuplate, consisting of 20 % of thick¬ 
ness of copper bonded to aluminum on 
the outside of the case, is used for the 
case material. The use of this material 
provides the case with sufficient strength 
and permits soldering, yet is only ap¬ 
proximately half the weight of brass 
or steel. 

Radio Noise Suppression 

Although the commutator spacing was 
designed to give a wave shape with* the 
least amount of low-frequency harmonics, 
the inverter is still primarily a rotary 





Fig. 5. Inverter driving motor 
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Table If. Output Frequency Tolerances 



Fig. 6. Inverter driving motor details 


switch driving an inductive load, and 
no actual commutation can be achieved. 
The resulting transients and arcing at 
the brushes from the switching create 
a very high noise level. Since these 
transients occur only every 1/48 second, 
there is a large difference between the 
peak and quasipeak values of radio noise, 
and a large amount of filtering is neces¬ 
sary to reduce the peak values below 
the limits specified in MIL-I-6181B. 

Complete enclosure of the unit helps 
to contain the radiated noise, but filtering 
must be added to bring the conducted 
noise below specified limits and to prevent 
radiation from these lines. This filtering 
adds to the problem of size and weight 
of the unit. If conventional self-con¬ 
tained T filters in each line, external to 
the sealed inverter section, were used to 
accomplish the desired suppression, then- 
size and weight would be equal to or 
greater than that of the inverter itself. 

For this production design, the filtering 
was reduced to the basic elements of the 
conventional filters, and these elements 
were located within the sealed inverter 
case where lead lengths could be kept to 
a minimum and the components them¬ 
selves placed at the most effective points. 
Thus, the toroidal inductors. Fig. 8, 
are located directly in the line between 
the noise source (brushes) and the feed¬ 
through capacitors. Fig. 8, which in 
turn feed directly into the output con¬ 
nector. Additional capacitance to mini¬ 
mize low-frequency noise was connected 
in parallel with the feed-through ca¬ 
pacitors and was so arranged that the 
lead lengths were at a minimum. With 
such an arrangement, it was possible to 
use L sections in each line instead of tt 
filters and still obtain the desired sup¬ 
pression. This means reduced filtering 
to one-sixth of the total size and weight 
of the unit. This accomplishment was 
aided considerably by some of the latest 
advances in electrical components, par¬ 
ticularly capacitors. 
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Fig. 7. Flowmeter driving motor coll current 


Operating Life 

The problem of long operating life 
centered mainly about the brushes used 
in the inverter, not only those brushes 
used for switching but also those used 
in the drive motor. Selecting the proper 
brush for any application is a rather 
long and time-consuming project since 
tests cannot readily be accelerated, and 
this application is no exception. Very 
little work has been published on com¬ 
mutator speeds of 240 rpm by industry 
in general. The arcing of the switching, 
although reduced to some extent by the 
filtering, tends to shorten the brush life. 

Since the inverter must operate imder 
extremes of environmental conditions, it 
has been hermetically sealed to give a 
controlled atmosphere for brush opera¬ 
tion. This procedure not only eliminates 
many variables in the selection of a brush 
but also gives a more constant condition 
for production units with resultant more 
reliable operation. Many tests were 
run on various kinds and types of brushes 
and one was finally found that filled 
all requirements, including a very low 
wear rate. This is an impregnated silver 
graphite brush and it is run in a dry 
helium atmosphere. Tests for over 
2,500 hours of operation have been run 



Fig. 8. Inverter construction details 


Tolerance 

Test in Per Cent 


Room temperature, 25 C.+0.15 

Full load.+0.15 

Voltage error.+0.05* 

Position error.+0,05* 

High temperature, +70 C.+0.30 

Low temperature, — 55 C.+0.30 

Vibration resonance.+0.15* 


* Change in frequency from room temperature 
output test. 


on these brushes. A similar program 
was conducted on the motor to insure its 
satisfactory operating life, as well as 
its starting and timing abilities after 
considerable hours of operation. 

ViBitATiON Isolation 

Because the motor is dependent on the 
period of the balance wheel for proper 
timing, its timing can be affected by 
certain frequencies of vibration in certain 
planes. For this reason, the inverter 
must be vibration isolated to reduce the 
amplitude of these vibrations at the 
critical frequencies. A conventional 
amplifier type shock mount with a 
resonant frequency of 9 cycles and an 
efficiency of better than 65% over 26 
cycles was used to reduce the amplitude 
of these vibrations. Under these condi¬ 
tions, timing errors do not exceed 
±0.15% at the resonant frequencies of 
the motor. 

Conclusion 

The over-all result of this development 
and design program is a precision low- 
frequency inverter for an aircraft ap¬ 
plication with about a 40-watt capacity 
at 17 volts (average) and 4 cps which 
meets the frequency limits shown in 
Table II under the variables listed. The 
size of the unit is 3 V 2 by 4 Vs and 

the weight is only 2 V 4 pounds. A com¬ 
pleted power supply is shown in Fig. 9. 



Fig. 9. Complete inverter 
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Correlation of the Thermodynamic 
and Electrical Characteristics of 
Blast-Cooled Generators 


DANIEL FRIEDMAN 

ASSOCIATE MEMBER AIEE 


I N A recent paper a historical study 
was made of the procedures being used 
to correlate the thermodynamic and elec¬ 
trical characteristics of blast-cooled 
generators.^ This paper will discuss the 
correlation procedures being used at the 
Naval Research Laboratory (NRL), ex¬ 
plain why they were chosen and, where 
possible, present supporting experimental 
results. 

For discussion purposes, the rating of 
blast-cooled generators will be divided 
into three phases: pressure-drop charac¬ 
teristics, heat transfer characteristics, 
and loss characteristics. 

Nomenclature 

fit = proportionality constant 

speed effect on generator pressure drop, 
inches of water 
J=current, amperes 

thermal conductivity of the cooling air 
L=loss, watts 

Mss cooling air flow, pounds per minute 
i\r«= generator speed, revolutions per minute 
(rpm) 

iV«=Nusselt number 

P=sabsolute pressure, centimeters (cm) 
mercury 
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generator pressure drop, inches of 
water 

Q =heat removed by cooling air, watts 

R«s=Re 5 niold number 

7'=absolute temperature, degrees Kelvin 

_ (K) 

T—mean absolute temperature, K 
a=exponent 

r=ratio of specific heats, for air y = 1.4 
p=air density, pounds per cubic foot® 

M—absolute viscosity 

Subscripts 

a=average 
&= brush 
standstill 
d** effective 
inlet 
p = out 
R=rotor 
/= total 
5=stator 

reference sea level conditions 
w—surface or wall 

Pressure-Drop Characteristics 

Standstill Correlation 

In an earlier NRL report, an equation 
was developed which made it possible to 
predict the effect of air weight flow, pres¬ 
sure altitude, load, and inlet air tempera¬ 
ture on the generator pressure chop.^ 
This equation is 

Ap^aiM^/ p (I) 

The large change in absolute pressure 
and temperature which the air experiences 
as it passes through the generator raises 
the question as to what correlation 
method shotdd be used to calculate p.® 
To determine experimentally which cor¬ 
relation procedure best accounts for the 
effect of the cooling-air absolute pressure 


on the generator pressure-drop charac¬ 
teristics, tests were conducted on a 
General Electric (GE) 15-kva generator 
(2CM212A2y 

Fig. 1 shows the standstill pressure- 
drop characteristics taken at sea level 
and at a pressure altitude of 50,000 feet 
with the use of two methods of calculat¬ 
ing p. 

Method A 

p«=<*./[ (2). 

Method B 


Pe 


CI2 


Ti+To 


(3) 


This use of outlet pressure is based on the 
results of equation 2, reference 5. At sea 
level Pe=Pa since the drop in absolute 
pressure in the generator is negligible. 
Fig. 1 shows that method B gives the 
best correlation. Within the altitude 
and flow range covered, for the same 
pressure drop, the MV Pc for sea level and 
60,000 feet (method B) agree within 4 
per cent (%). This means that the pre¬ 
dicted air flows would be within 2%. 

To determine the effect of inlet air tem¬ 
perature, additional sea level tests were 
run at an inlet air temperature of —65 
degrees centigrade (C). Using either cor¬ 
relation method, the low-temperature re¬ 
sults were within the accuracy Emits ob¬ 
tained in the foregoing. Additional tests, 
also shown in Fig. 2, show that either 
method successfully predicts the effect 
of load on the generator pressure-drop 
characteristics. 

To improve correlation and reproduci¬ 
bility, almost all of the GE 2CM212A2 
measurements were made with the gen¬ 
erator wrapped in sufficient paper tape to 
make it completely airtight. 


Speed Effect 

In addition to presenting a flow restric¬ 
tion, many generators are so constructed 
that pressure sources exist within the 
machine when the rotor is toning. 
This phenomenon is commonly known as 
the “fan effect.” This fan effect may be 
the result of a fan built into the machine 
to provide cooling with no external pres- 
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Fis- 1. Effect of pressure altitude and inlet air temperature on generator pressure-drop charac¬ 
teristics: GE 2CM212A2, zero rpm^ taped generator, axial inlet 


sure drop, or it may be the result of 
characteristics inherent in the particular 
design of the machine. 

For some machines, changing the speed 
of the generator may change the air flow 
resistance of the machine. This means a 
change in the value of a used in equation 
1. Since the test results of almost all 
investigators can not separate the two 
effects, the “speed effect” is the algebraic 
sum of the two effects. 

The measured pressure drop across the 
generator is equal to the actual internal 
pressure drop plus or minus the speed 
effect. It should be remembered that it 
is the actual internal pressure drop, not 
the measured over-all pressure drop, 
which should be used in equation 1. 

Most investigators measure the speed 
effect at a sea level reference condition 
and calculate the effect for other condi¬ 
tions by application of the general fan 
lecwsM In this case 

\^8L/ PSL 

For some types of generators, however, 
this assumption has been found to be 
invalid. Reference 6 indicates that for 
some generators the speed effect is a func¬ 
tion of air flow and in some cases does not 
follow the speed correction shown in 
equation 4. 

Similar results have been obtained at 
NRL using the GE 2CM212A2.^ For 
these tests, a large fan was attached to 
the rotor shaft in order to provide a speed 
effect which was large enough to be 


measured with reasonable accuracy. Fig. 
3 shows the results of tests made at sea 
level with varying generator speed. 
Both types of speed effects seem to be 
operating here. First, all the lines do not 
pass through the intercept. This means 
that the fan acts as a pressure source. 
Second, there is a change in slope of the 


pressure drop versus M^/p curves. This 
may be due to a flow redistribution phe¬ 
nomenon within the generator or it may 
be due to an air flow effect on the fan char¬ 
acteristics. Since the two effects could 
not be separated, there was no way of de¬ 
termining what was happening inside the 
machine. Although the heat transfer 
correlations showed no flow redistribution 
effects, the results were not accurate 
enough to be conclusive. 

Fig. 4 shows the results of tests made at 
two speeds and. a number of pressure alti¬ 
tudes. To correlate the results shown in 
Figs. 3 and 4, the difference in pressure 
drop resulting from the speed effects 
within the machine were plotted as a func¬ 
tion of speed and inlet air density. Fig. 
5 shows the results obtained, which can 
be represented by the equation 



It should be pointed out that the results 
are valid only for the configuration inves¬ 
tigated. For further details, see refer¬ 
ence 4. 

Where a high degree of accuracy is re¬ 
quired, the effect of air flow, density, and 
speed on the speed effect should be deter¬ 
mined experimentally for the specific 
configuration under consideration. For 
a rough approximation, however, equa¬ 
tion 4 should be adequate. 



Fig. 2. Effect of generator speed and load on its pressure-drop characteristics: GE 2CM212A2j 
50,000-foot pressure altitude, no fan, taped generator, axial inlet 
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Fig. 3. Effect of generator speed on its pressure-drop characteristics: GE 2CM21SA2/ sea 
level/ with fan, taped generator/ axial inlet 

Comparison of Correlation Methods Compressibility Effect 


entation methods, the air flow and heat 
rejection, without having to make any 
calculations.^ Considering the complexity 
of the problem, this will result in the sav¬ 
ing of considerable time and effort when 
designing generator installations. 

In the 3-chart presentation method, see 
Fig. 6, the air flow is plotted as a function 
of pressure drop and generator outlet 
static pressure. Equation 1, however, 
indicates that the pressure-drop character¬ 
istics are also a function of air tempera¬ 
ture. For most installations this prob¬ 
lem can be solved by making the following 
simplifying assumptions: 

1. The static air temperature as a function 
of altitude is obtained from the tabulation 
of standard hot atmosphere or similar 
temperature-altitude relationship."^ 

2. The ram temperature rise, for a given 
set of conditions, is calculated assuming 
that the pressure drop across the generator 
is one-half of the free stream dynamic 
pressure. In equation form 

Pt^P+2Ap (7) 

From the Appendix of reference 8 


7-1 



Equation 1 is basically the same as the 
equation which has been used by a num¬ 
ber of investigators, namely^* ^ 

M^a2Vp(Ap) ( 6 ) 

The relative merits of the two correla¬ 
tion methods can best be seen when it is 
attempted to determine the pressure-drop 
equations from experimental data. For 
identification purposes, the presentation 
method represented by equation 1 will be 
called method C; and the method repre¬ 
sented by equation 6, method D, Method 
C requires a plot of pressure drop as a 
function of M^/p and method D requires 
a plot of mass flow as a function of pAp, 
If rectangular co-ordinates are used, the 
accuracy of method D is limited by the 
fact that the altitude curves are confined 
to the lower left corner of the plot. Since 
the curve or curves obtained are not 
straight lines, curve fairing and extrapola¬ 
tion are difficult. Although some of the 
resulting accuracy limitations can be 
eliminated by the use of log-log co¬ 
ordinates, the use of log co-ordinates 
makes it impossible to consider the nega¬ 
tive pressure drops which may result 
from generator fan action. The use of 
method C also makes it easier to determine 
the speed effect, since this effect can be 
determined directly from the required 
figures. The use of method !>, however, 
requires that the density term be taken 
into account. 


The correlation equations discussed so 
far are based on incompressible flow 
theory. At large pressure drops, the 
compressibility effects must be con¬ 
sidered.^ Reference 1 points out that 
existing information does not cover a 
Ap/P range large enough for any conclu¬ 
sions to be derived. 

Graphical Presentation 

For convenient use, the rating equa¬ 
tions can be presented in graphical form. 
This makes it possible to predict the rat¬ 
ing of the generator, and for some pres¬ 


or for air 



In this case Ti = Tt. 


3 . To-Ti- 


loss at rated load in watts 
" 7.6M 


( 10 ) 


4. The generator pressure-drop charac¬ 
teristics can be represented by equations 
1 and 4 or their equivalent. 

Where refrigeration, engine bleed-air, 
or similar devices are used, the inlet air 
temperature is not directly related to stag- 


Fig. 4. Effect of 
pressure altitude on 
generator pressure- 
drop characteristics: 
GE 2CM212A2/ 
6/000 rpni/ with fan, 
taped generator, 
axial Inlet 
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GENERATOR SPEED (rpm) INLET AIR DENSITY (LBS/FT") 

Fig. 5. '*Speedl effect*' as a function of generator speed and air density: GE 2CM212 A2, with 

fan, taped generator, axial inlet 

nation air temperature. A method of peratures.^ Since it is the hot spot which 

presentation has been suggested by F. M. limits component life, it seems logical 

•Potter which overcomes this difl&culty. to use the hot-spot temperature for Te. 
In this case, the air flow is plotted as a Otherwise it will be necessary to obtain a 

function of pressure drop and an arbitrary correlation between hot-spot temperature 

reference density. This reference den- and the reference value used for Tc. At 

sity is determined graphically from the NRL, the hot-spot temperatures are used 

inlet air temperature and outlet static in equation 11. 

pressure. No co-ordinates for this refer- Xhe next question is how hot can be 
ence density need be shown. The pres- allowed to go? For most components, 

sure-drop lines should be calculated with this value is a function of the life desired, 

the use of the average temperature for the mechanical stress, assembly methods, 

range covered by the chart and the calcu- and other mechanical considerations, 

lation procedures discussed in the fore- Since different materials and construction 

going. With this presentation method, 
a variation in inlet temperature from —55 


techniques are used by different manufac¬ 
turers for the same type of equipment, 
the best source of this type of informa¬ 
tion is the equipment manufacturer, who, 
it is expected, will obtain this informa¬ 
tion from their material suppliers, from 
additional life tests, and from measure¬ 
ments made on machines which have 
proved satisfactory in actual use. 

The constant a. must be determined 
experimentally for each generator. For 
the same machine, the value of a is a func¬ 
tion of the choice of correlation tempera¬ 
tures. For example, the use of hot-spot 
temperature will usually give a smaller 
value of a than would be obtained using 
surface temperatures. 

If changes in air temperature and air 
flow shift the limiting temperature from 
one component to another, it may be 
necessary to develop equations for each 
component. For example, the rotor 
windings may be limiting at one condi¬ 
tion, the stator windings at another, and 
the bearings at a third condition. It 
will be necessary, when determining the 
rating for a specific set of conditions, to 
check the temperature of all critical com¬ 
ponents to determine which one is limit¬ 
ing. 

Rotor Speed and Altitxtde 

The air flow M to be used in equation 
11 is the flow past the heat-transfer sur¬ 
face under consideration. It has gener¬ 
ally been assxuned that the flow rate past 
every component under investigation is a 
direct function of the total air flow. In 


to +80 C will introduce an error of about 
2%. Fig. 7 is a plot of the characteris¬ 
tics of the GE 2CM212A2 generator using 
this presentation method.^ 

The presentation method to be used for 
a particular application depends on the 
type of configiuration involved and the 
accuracy desired. The second presenta¬ 
tion method is more accurate than the 
first, but it involves a great deal more 
calculation. The additional work re¬ 
quired by the last presentation method is 
justified only when inlet temperatures 
are nowhere near normal (variation 
greater than 25 C) ram temperatures. 

Heat-Transfer Characteristics 

Coefficient of Heat Transfer 

Forced convection heat transfer is fre¬ 
quently correlated by the equation^’* 

Q^aM^(Te-Ti) ( 11 ) 



For Te, a number of investigators have Fig. 6. Generator altitude rating chart: GE 2CM212A2, 6,000 rpm, 0.75 power factor, no 
used equivalent or measured surface tern- fan, axial inlet, untaped generator 
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Fig, 7 (left). Graph¬ 
ical presentation 
of generator pres¬ 
sure-drop character¬ 
istics: GE 2CM- 
SISAS, with fan, 
axial inlet, untaped 
generator 



Fig. 8 (below). 
Stator heat-transfer 
correlation based on 
total loss: GE 
2CM212A2, axial 
inlet, taped gene¬ 
rator 



many cases, this assumption is not valid. 
For example, assuming a negligible air 
flow through a generator, there would be 
an air flow over the rotor surfaces due to 
the relative velocity of the rotor surface 
to the air in the generator. Under op¬ 
erating conditions, the air flow over the 
rotor surfaces is the resultant of the axial 
and peripheral air flows. The peripheral 


air flow is a function of rotor rpm, abso¬ 
lute air pressure, and air temperature. 
When the axial velocity is of the same 
order of magnitude as the peripheral ve¬ 
locity, the peripheral air flow should pro¬ 
duce a speed, altitude, and temperature 
effect on the heat-transfer coefficient. 
This effect should be greatest at reduced 
air flows. 


To study the phenomena involved, it 
will be best to start with the simplest 
case, a cylinder rotating in free air. For 
this configuration® 

JVa=0.1i?n’/> (12) 

In terms of the variables used in this 
report, equation 12 reduces to 

(13) 

k\T„-Ti) \^ ) 

(The physical dimensions are included in 
the constant.) 

Within the range of — 55 Cto + 80 C 
and sea level to a 65,000-foot pressure 
altitude, this reduces to 


^‘=o(jvp)-«-”(r)+«-“ (14) 

Lr 


Luke^® experimentally studied the heat 
transfer from a rotating cylinder with a 
circular housing around it. With no air 
flow, his experimental results can be ex¬ 
pressed by 

(IS) 

Lr 

With air flow through the gap between 
the rotor and the outer cylinder, the ex¬ 
ponent varied from —0.62 to —0.2, de¬ 
pending on the ratio of rotor surface speed 
to the air through velocity. For all 
speeds, the through air flow was the same. 

Equations 14 and 15 apply to surface 
temperature measurements. The inclu¬ 
sion of insulation resistance between the 
wire and the outside air, and the use of 
hot-spot temperatures rather than aver¬ 
age surface temperatures may change the 
coefficients of temperature, speed, and 
pressure. 

For actual generators, the investigation 
of these effects is complicated by the fact 
that a large number of other factors are 
affected by changes in speed and altitude. 
For example, increasing the generator 
speed increases generator friction losses. 
As a result, the air reaching the rotor 
may be hotter. 

Tests of the GE 2CM212A2 generator 
produced test results which showed pres¬ 
sure and temperature effects consistent 
with equation 14, but the predicted 
speed and air flow effects were not ob¬ 
served.®*^ For the rotor 


fs-Ti 1.80^ 
Lr (PaM)^-* 


This equation indicates that the rotor 
heat-transfer coefficient at 50,000-foot 
pressure altitude is about one-half sea 
level value. It would seem, until further 
experimental evidence has been obtained, 
that rating tests must be taken at altitude 
as well as sea level. 
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Fi 0 . 9. Stator heat-transfer correlation based on estimated stator loss: GE 2CM212A2, axial 

inlet, taped 0 enerator 


log paper. The slopes varied from -0.2 

_Q 5 with most of the data at the 

smaller slopes. Rather than present the 
large mass of data, which would be more 
confusing than enlightening, a cross plot 
of these results is shown in Fig. 10. The 
two parallel lines seem to bracket the re¬ 
sults. For correlation purposes, the 
upper line is used, whose equation is 

Tft - = 10.9( 

As an approximate average figure, an ex¬ 
ponent of -1/4 will be used for air flow. 
The equation for brush rise becomes 

Flow Redistribution 

By changing the flow distribution 
within the machine, internal fan action 
may change the effective heat transfer 
coefficient within the machine. For the 
2CM212A2 generator, however, attach¬ 
ing the fan to the inlet end of the drive 
shaft produced no effect on any of the 
heat transfer coefficients within the ma- 


The rotor temperatures used in equa¬ 
tion 16 are average temperatures cal¬ 
culated from resistance measurements. 
These measurements were made while the 
generator was running with the use of the 
bridge circuit discussed in reference 11. 

It should be pointed out that the ex¬ 
ponents used in equation 14 will vary 
from one generator to another. A gen¬ 
erator designed to have high velocities for 
a given mass flow would tend to show less 
altitude effect than one designed to have 
low air velocities. As a general rule, for 
machines with the same nominal rating, 
the one with the highest pressure drop for 
a given flow will have the smallest altitude 
effect. 

Loss Correlation 

Previous investigators have used the 
generator total loss as the Q in equation 
11. For some components, a better cor¬ 
relation can be obtained if Q is taken to be 
the loss within the component. For 
example, the 2CM212A2 tests indicate 
that rotor losses should be used to corre¬ 
late rotor temperature.** 

An interesting example of how impor¬ 
tant it is to choose the correct loss for cor¬ 
relation purposes was obtained when 
analyzing the stator temperature meas¬ 
urements taken on the 2CM212A2» Fig. 
8' shows the heat transfer correlation of 
stator measurements using total losses as 
Q, There appears to be a definite alti¬ 
tude effect. When the estimated stator 
loss was used instead of the total loss, no 
altitude effect could be observed; see 


Fig. 9. Both loss values seemed to take 
into account the effect of speed and 
power factor. 

In attempting to correlate brush heat- 
transfer phenomena,' no temperature rise 
per unit loss correlation seemed satis¬ 
factory. In addition, factors other than 
speed, brush current, air flow, and air 
temperature seemed to affect brush tem¬ 
perature, which, for example, is known to 
be affected by humidity and by previous 
operating history. 

The temperature rise for each test was 
plotted as a function of air flow on log- 


chine. For other generators, however, 
this effect may not be negligible. 

Experimental Considerations 

Using the correlation methods outlined, 
it is possible to make a complete thermal 
evaluation of a generator with a limited 
number of tests. In addition, these cor¬ 
relation methods do not require that tem¬ 
perature stabilization be achieved at 
conditions where one of the components 
is operating within a few degrees of its 
maximum allowable temperature. This 
means that the required data can be 
taken at lower temperature levels with 


Fis. 10. Brush tem¬ 
perature rise as a 
function of rotor 
current: GE 2 CM- 
212 A 2 , axial inlet, 
taped generator, air 
flow of 10 pounds 
per minute 
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less expenditure in time and money. 
By overloading and underloading the 
generator for short periods, the average 
test time can be further reduced. 

At the present state of the art, each 
organization doing experimental thermal 
evaluation has developed its own instru¬ 
mentation techniques. As test results be¬ 
come available, suflScient information wiU 
be obtained with which to judge the rela¬ 
tive merits of the different techniques 
being used. This comparison is handi¬ 
capped, however, by the fact that very 
few reports adequately discuss the tech¬ 
niques and instrumentation used. 

Other Heat Flow Paths 

It should be remembered that heat can 
be added to or removed from the gen¬ 
erator through other heat flow paths. 
Free convection, radiation, and conduc¬ 
tion through the mounting pad must be 
considered. The magnitude and direc¬ 
tion of this heat flow depends on the en¬ 
vironmental conditions of the particular 
installation. Almost all rating studies 
have assumed that all the losses were re¬ 
moved by the cooling air. This assump¬ 
tion was made since it was felt that the 
ratings which were arrived at were on the 
safe side. In addition, the thermally in¬ 
sulated condition serves as a convenient 
reference point from which rerating 
equations for other environmental condi¬ 
tions could be developed. 

In many experimental thermal evalua¬ 
tions, however, test conditions were not 
set up with these factors in mind. For 
example, tests have been run with the 
generator mounted directly to a cold pad. 
In this case, a rating chart based on these 
data would not be on the conservative 
side. Rating tests are run at NRL with 
the outside of the generator thermally 
lagged and the generator insulated from 
the drive stand. Tests were run with the 
generator surface insulation removed to 
determine the effect of these heat-flow 
paths on the temperatures within the 
generator. For the 2CM212A2 genera¬ 
tor, even with an external air velocity of 
about 25 mph, no change in internal tem¬ 
peratures could be detected. 

In this installation, the drive-stand 
insulation could not be removed. Tests 
were run on an instrumented 2CM73C4 
generator to determine the effect of pad 
heat conduction. The results obtained 
show that the temperatures within the 
generator, particularly the bearing tem¬ 
perature, are affected by pad tempera¬ 
ture. 

Robinson, Bamum, and Buxton have 
also considered these factors in their ther¬ 
mal study. The reports of many other 


investigators, however, do not discuss 
the installation in sufficient detail to be 
able to tell what precautions were taken 
to take these factors into consideration. 

Transient Conditions 

For short-time applications, the tran¬ 
sient response to a step change in air tem¬ 
perature and/or air flow is important. 
For the chamber used, it was impossible 
to change the air temperature rapidly, 
and the change in air flow used was far 
from a step function. Preliminary data 
indicate that the time constant for rotor 
and stator was about 6 V 2 minutes, and 
about 2 minutes for the brushes. Com¬ 
plete equilibrium was achieved in about 
1/2 hour. These data were obtained dim¬ 
ing the regular testing procedure with a 
mi nim u m amount of added test time. 

Loss Characteristics 

To be able to predict the rating of a 
generator, it is necessary to know what 
the loss characteristics of the generator 
are. This can be calculated from the de¬ 
sign of the machine or determined experi¬ 
mentally. 

When component temperatures are best 
correlated against the losses within the 
component, a method for determining 
these losses must be established. For 
example, for a-c machines the rotor 
losses are not directly related to the over¬ 
all losses. Standard test and calculation 
procedures are available that can be used 
to estimate the loss distribution within 
a-c and d-c generators. For a detailed 
discussion of how this was done experi¬ 
mentally for one specific generator, see 
reference 4. 

Graphical Presentation 

As was pointed out earlier, the pres¬ 
sure-drop, heat-transfer, and loss charac¬ 
teristics can be presented in the form of a 
rating chart which can be used to predict 
the rating of a machine for any set of 
environmental and operating conditions. 

In the 3-chart presentation method 
shown in Fig. 6 , the curves in the upper 
right section are plotted from the heat- 
transfer correlation equations. The or¬ 
dinate of these curves is the air flow 
through the generator to the same scale 
as is used for the upper left section of the 
figure. The abscissa is the generator or 
component loss used for correlation pur¬ 
poses. The lower right section is a plot 
of generator rating as a function of the 
reference loss used in the upper right 
section. 

Where speed effects are important (gen¬ 


erator speed variation greater than 5%) 
separate charts should be prepared for 
minimum and maximum rated speed. 
This would take into account the change 
in loss distribution as well as any change 
in heat-transfer coefficient with speed. 

For some machines, the effect of power 
factor can be taken into account by plot¬ 
ting additional curves in the lower right 
part of the rating chart. Where there is 
an appreciable change in loss distribution 
within the machine, it may be necessary 
to have a separate chart for each power 
factor. 

An altitude effect on the heat-transfer 
characteristics can be taken care of by 
having a series of lines in the lower right 
section of the chart. Fig. 6 shows the re¬ 
sult of such a presentation for the 2 CM21 - 
2A 2. A brief description of how this 
figure was prepared will best explain how 
the presentation method works. 

1. For each generator operating condition, 
the loss distribution is determined within 
the machine.^ 

2. For at least three mass flows within the 
range under consideration, the allowable 
air temperature was calculated for each 
component using the experimentally de¬ 
termined correlation equations. 

3. Steps 1 and 2 were repeated for at least 
two other loads. 

4. For the rotor correlation, calculations 
must be made for several outlet pressures. 

5. For the highest pressure altitude con¬ 
sidered, a plot of allowable inlet air tem¬ 
perature versus the alternator rotor copper 
losses was prepared for all critical com¬ 
ponents. A separate figure was prepared 
for each mass flow. These figures are a 
graphical determination of what com¬ 
ponents were limiting for a given set of 
conditions. The curves shown in the 
upper right section of Fig. 6 are a cross 
plot of these figures. Although no scale 
is shown, the abscissas of the two right 
plots are the log of the alternator rotor loss. 
The decision as to which altitude to use in 
the determination of the upper right plot 
is a somewhat arbitrary one. The maxi¬ 
mum altitude condition was chosen since 
it had the least number of discontinuities. 

6. In the lower right section of the figure, 
the curve representing generator rating 
as a function of the reference loss was 
plotted. This is the 50,000-foot line shown. 

7. For the other altitudes, the allowable 
inlet air temperatures were plotted as a 
function of the allowable output. Pro¬ 
jecting straight down from the intersection 
point of the air weight flow and air inlet 
temperature, a point was located in the 
lower right plot of air temperature versus 
output. For each altitude a curve was 
drawn which represented the upper right 
boundary of the points so obtained. The 
results will therefore be on the conservative 
side. 

8. Since for some applications the total 
loss is required, a plot of total loss versus 
output for two altitudes was also included. 
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Conclusions 

General 

1. The process of rating blast-cooled 
generators can be divided into three phases: 
pressure-drop characteristics, the heat- 
transfer characteristics within the machine, 
and the relation between generator load 
and generator losses. 

2. Many investigators in the field are not 
supplying sufficient information concerning 
test and instrumentation procedures to 
enable others to evaluate properly their 
results. 

3. Except for some specialized require¬ 
ments, generator rating charts should be 
prepared in the form shown in Fig. 6. 
In cases where speed is important (speed 
variation greater than 6%), two or more 
charts should be prepared for the same gen¬ 
erator. 

Pressure-Drop Characteristics 

1. For a generator without a speed effect, 
equation 1 should be used to correlate the 
pressure-drop characteristics. The density 
terra in the equation should be calculated 
from average air temperature and outlet 
static pressure. This equation takes into 
account the effect of air temperature, air 
flow, pressure altitude, and generator load 
on the pressure-drop characteristics of the 
generator. 

Where there is a speed effect, the change 
in pressure-drop characteristics should be 
experimentally determined for a number 
of speeds, altitudes, and flow rates. If this 
is not possible, equation 4 can be used to 
estimate the effect of air density and 
generator speed. The pressure drop to 
be used in equation 1 is the pressure drop 
which would exist if the generator was not 
turning, not the measured over-all pressure 
drop. 

2. Sufficient data are not available with 
which to predict the pressure-drop charac¬ 
teristics of generators in the compressible 
flow range. 


Heat-Transfer Characteristics 

1. The limited experimental data available 
seem to indicate that for some generators, 
general speed and pressure altitude affect 
the heat-transfer coefficient. When de¬ 
veloping rating equations for a specific 
generator, the effect of these variables 
should be experimentally evaluated. If 
these effects can be neglected, equation 11 
should be used to correlate the heat-transfer 
characteristics of the generator. 

2. Until experimental evidence is obtained 
to justify another correlation method, 
hot-spot temperature should be used in 
heat-transfer equations. 

3. For some machines, separate rating 
equations may have to be developed for 
several components within the machine 
(bearings, rotor, stator, etc.). 

4. The transient response to a step func¬ 
tion change in cooling can be determined 
during steady-state evaluations with little 
added complexity and test time required. 

5. During experimental evaluations, the 
effect of other heat flow paths on the 
generator temperature distribution should 
be considered. 

6. For some machines, component tem¬ 
peratures are best correlated against the 
losses within the component, rather than 
over-all losses. 

7. The correlation methods discussed in 
this report do not require that temperature 
stabilization be achieved at conditions 
where one of the components is operating 
within a few degrees of its maximum allow¬ 
able temperature. This means that the 
required data can be taken at lower tem¬ 
perature levels using less time and money. 
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Discussion 

R. A. Yereance (Boeing Airplane Company, 
Seattle, Wash.): This is a very good paper 
and presents some points with which we are 
in complete agreement. This is particularly 
true of the statement following equation 16 
that, *Tt would seem, until further experi¬ 
mental evidence has been obtained, that 
rating tests must be taken at altitude as well 
as sea level.*’ We also agree that the value 
of some reports has been decreased because 
insufficient information was given as to test 
techniques. 

We do not agree with all of Mr, Fried¬ 
man’s statements but believe this is due to 
the fact that our tests were run on 60-kva 
400-cycle 3-phase constant-speed machines, 
much larger machines than those tested by 
Mr. Friedman, and also due to the fact that 
we were not free to make changes in the 
machines tested, as was Mr. Friedman. 

January 1956 Friedman- 


In this paper it is stated that the M^/pe 
curves for sea level and 60,000 feet agree 
within 4% within the altitude and flow 
range covered. However, it is also stated 
in several places that there may be flow 
distribution changes through the machines 
under varying conditions. We believe that 
such flow changes occurred with ch^ging 
altitude in the machines we tested in the 
range of normal cooling air flow, and we 
have not found good correlation between 
our sea level and altitude M^pe curves, 
possibly for this reason. This would add 
further weight to the statement that, in 
the present state of the art of blast-cooled 
machines, tests must be run at altitude as 
well as at sea level. 

In equation 11 it is suggested that hot¬ 
spot temperatures be used. The hottest 
components of the machines we have tested 
have been the rotors, and we have to date, 
found no practical method of determin¬ 
ing the rotor hot spot while the machine 


is running, as we were not free to add 
additional instrumentation slip rings to the 
machine. 

Preceding equation 7, it is stated that the 
ram temperature rise was calculated assum¬ 
ing that the pressure drop across the genera¬ 
tor was one half of the free-stream dynamic 
pressure. It should be pointed out that the 
temperature rise is due to the pressure drop 
across the generator and ducting system, and 
not the generator alone. In our work we 
assumed that the temperature rise would be 
85% of the theoretical temperature rise for 
100% ram recovery and data obtained on 
our airplanes since then have seemed to 
indicate that this value may have been too 
low. For some installations assuming 100% 
of the theoretical temperature rise may not 
be overly pessimistic. 

This report shows the results of good 
and extensive experimental work and anal¬ 
ysis of the data obtained. Our remarks 
are intended merely to point out that the 
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work was done on a single machine and in¬ 
stallation and that, as sufficient back¬ 
ground in this field has not yet been gained, 
the results can not be applied to any other 
situation. 

John Alger and J. T. Bateman (General 
Electric Company, Erie, Pa.): A significant 
step in the altitude rating of aircraft genera¬ 
tors has been the adoption by the industry of 
a uniform format for rating charts. The 
more difficult step has yet to be taken: that 
is, to define the assumptions and com¬ 
promises which may be made in the interest 
of simplifying the chart and minimizing 
the amount of calculation and costly testing 
that go into its preparation. 

The author of this paper has certainly 
illuminated the way for that second step. 
Rather than presenting a single approach, 
he had compared the predictions of many 
possible assumptions with the results of 
thorough and exhaustive altitude testing on 
a production generator. Correlations are 


shown clearly enough to serve as a guide to 
machine improvement. 

The graphical presentation of air flow by 
factoring in standard atmospheric tempera¬ 
tures and ram temperature rise is an ex¬ 
cellent means of increasing the accuracy 
of the chart without additional complexity. 
There is some indication that pressure drop 
varies with the mass flow to a power slightly 
less than two in particular generator designs. 
The characteristic of a particular machine 
should be obtained by test rather than as¬ 
suming that the machine behaves as a series 
of orifices. 

By using the loss in the limiting com¬ 
ponent instead of over-all machine loss, the 
author has obtained a close correlation of 
data which leads to significant improvement 
in testing technique. Altitude tests may be 
run to provide a substantial (but not a 
specific) temperature rise and later corrected 
to the ultimate component temperature. 
This temperature rise per unit loss correla¬ 
tion can cut altitude testing time in half. 


Daniel Friedman: The author wishes to 
thank Messrs. Yereance, Alger, and Bate¬ 
man for their comments. 

I agree with Messrs. Alger and Bate¬ 
man’s comments on pressure-drop character¬ 
istics. A great deal of experimental data 
have become available since the prepara¬ 
tion of this paper. This information seems 
to indicate that 

Ap =ai(ArVp)^ 

where b is an exponent with a numerical 
value somewhere between 1.0 and 0.9. 

There seems to be a need for further 
clarification of the intent of equations 7 and 
8. Equation 7 is an estimate of the differ¬ 
ence between the stagnation (total) pressure 
and the static pressure for the aircraft since 
it is the speed of the aircraft which deter¬ 
mines the ram temperature rise. Equation 
8 assumes that the air temperature rise is 
100% of the theoretical ram temperature 
rise. 


An Oil-Cooled A-C Generator (or 
High-Speed High-Altitude Aircraft 
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Synopsis: A new approach to the problems 
of brush life and commutation, bearing life 
and lubrication, and high ambient tempera¬ 
ture in aircraft generator design is presented. 
A test and development program for obtain¬ 
ing adequate data for the design and con¬ 
struction of an oil-cooled machine is 
outlined. The prototype machine and 
some construction details are shown. 

I N THE aircraft industry, many novel 
methods are tried in an attempt to 
solve perennial problems. This paper 
presents a new approach to three of the 
ever-recurring problems of the aircraft 
generator designer. 

Since the invention of the wheel, bear¬ 
ings and their lubrication have been a 
problem. For most surface equipment, 
fairly adequate solutions have been 
fotmd.^ In aircraft, however, with the 
extreme variation of temperature and 
moisture conditions, with the demands 
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for light weight, and with the high-am¬ 
plitude vibration conditions caused by a 
high engine horsepower to airplane 
weight ratio, bearings and their lubrica¬ 
tion account for a large percentage of the 
unsatisfactory reports for aircraft gen¬ 
erators. ^ Weight competition, the neces¬ 
sity for operation in all positions, and the 
necessity of keeping brushes free of oil 
have prevented the use of oil-lubricated 
bearings which, it is believed, would elim¬ 
inate much of the bearing problem. 

A second problem of the electrical de¬ 
signer on electric equipment has been 
the problem of brushes. Again, fairly 
acceptable solutions have been found for 
surface equipment. In aircraft, the de¬ 
sign compromise necessary to take care 
of the variations in temperature, altitude, 
and humidity have been so great that in 
general only fair to poor operation is ob¬ 
tained under any one concHtion. A con¬ 
siderable amount of work has been ex¬ 
pended to obtain these compromises, yet 
brushes and their Hfe continue to be 
another source of unsatisfactory reports 
on aircraft generators.®"® 

A third problem results from the ever- 
increasing speed of aircraft. This speed 
raises the temperature of air brought on 
board the aircraft to cool the equip¬ 


ment.®“^^ The power expended to get 
the air on board rises to astronomical 
values for small amounts of air, which at 
these higher temperatures tends to be 
much less effective. Fig. 1 shows the 
stagnation temperature rise of air for 
various speeds and the power expended 
to get a quantity of air on board. The 
quantity of air shown is approximately 
that allowed for a 60-kva machine by the 
new military class C specifications. Fig. 
2 shows the trend in cooling coefficients, 
air rise, and copper loss with increasing 
temperature. Fig. 3 shows the life 
characteristics of that group of insula¬ 
tions designated as class This curve 
represents the present state of the insula¬ 
tion art applicable to electrical ma¬ 
chinery. 

Discussion 

In an attempt to solve these three prob¬ 
lems, a development program was started 
to arrive at an aircraft generator based on 
new concepts. It was believed that these 
concepts would lead to a workable solu¬ 
tion. The new concepts are listed as 
follows: 

1. Oil-lubricated bearings would greatly 
minimize or reduce the bearing problem. 

2. Elimination of brushes would eliminate 
the brush problem and greatly simplify 
the oil-lubrication problem. 

3. Use of a different heat sump or a 
different method of cooling would take 
care of the temperature problem. 

When it was decided to try to build an 
aircraft generator based upon different 
concepts than those used in the past, a 
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Fig, 1, Horsepower cost and stagnation 
air temperature rise versus flight speed 

Curve A—Horsepower required to take 
1 pound of air per second on board an aircraft 
Curve B—Stagnation air temperature rise 

number of questions had to be answered. 
Some of the answers are of necessity arbi¬ 
trary, others are based on study of the 
literature, and still others on tests. A 
list of questions follows. The answers 
will be discussed in the text following the 
list. 



Fig. 2. Temperature effects In air-cooled 
generator 

Curve A—Heat transfer coefficient with 
constant head and altitude versus cooling 
air temperature 

Curve B—Air temperature rise with constant 
head, altitude, and constant losses versus 
cooling air temperature 

Curve C-~Copper loss with constant current 
density as function of copper temperature 



tifier would serve the same two purposes 
and would weigh considerably less than a 
battery. 

The problem of the coolant to be used 
is a complex mixture of engineering, psy¬ 
chology, and convenience.^^’^® A fairly 
complete survey of possible coolants for 
aircraft generators was made in unpub¬ 
lished work by Martin and Hambor. 
The authors’ engineering associates sur¬ 
veyed and evaluated the field of coolants 
and decided that for aircraft generators 
on planes as built at present the two logi¬ 
cal coolants other than air are fuel and 
oil. Fuel has many things to recommend 
it. It is on board modem aircraft in 
comparative abundance. It has good 
thermal conductivity and a low, relatively 
constant viscosity. It is already being 
used to cool the engine oil under most 
flight conditions. If oil were to be used, 
fuel would be the final sump under high¬ 
speed conditions, and fuel and air ^ould 
be the sump under low-speed conditions. 
Oil has many things to recommend it, 
also. Aircraft a-c generators are used 
with some auxiliary drive or transmission 
to give constant output frequency. These 
drives require oil for their bearings, and 
the hydraulic type requires oil for their 
operation. These drives contain pumps 
for moving the oh. If oil were used, 
these same pumps could be expanded to 
move oil through the a-c generator. If 
oil is used as a coolant, the same oil can 
be used for the bearings. The aircraft 
pngitifi uses oil to cool its bearings. In- 
terdiangers are available to cool this oil 


1. What rating should be experimented 
with first? 

2. Should the machine and its system be 
independent of any battery or d-c system? 

3. What coolant should be used? 

4. How should the coolant be used? 

5. What should the coolant flow rate be? 

6. What should the design temperatures 
for the coolant be? 

7. Can seals be relied upon in machine 
after machine? 

8. What materials are compatible with 
the coolant at the design temperature? 

9. What materials are compatible with 
the coolant vapor at the design temperature? 

10. What t 5 rpe of machine should be built? 

11. What excitation system should be 
used with the machine? 

12. If rectifiers are used with the excita¬ 
tion system or the machine, what are the 
general requirements? 

13. What type of rectifier should be used? 

The rating of a machine which is to be 
buht is arbitrary and based largely upon 
economics. Past economic experience 
of the authors’ company indicated an ex¬ 
cellent market potentid, in general, for 
a-c aircraft generators rated at 40 kva. 
It was therefore decided to start develop¬ 


ment on a 3-phase machine to be rated 40 
kva, 120/208 volts, 400 cycles. 

Other performance criteria were to be 
in line with military specification MIL- 
G-6099^^ when applicable. Later after 
appreciable testing had been completed 
and the type of machine had been decided, 
negotiations with a particular potential 
user altered the short-circuit capacity 
from the 300 per cent (%) required by 
MIL-G-6099 to 400%, and changed the 
specification of unbalanced voltage with 
unbalanced loading.^® 

Early in the development it was 
decided, again arbitrarily, that if possible, 
this machine or its system should fulfill 
the dreams of the a-c systems designer of 
a batteryless a-c aircraft power system. 
In the past, because of weight considera¬ 
tions, most relaying in a-c aircraft sys¬ 
tems has been actuated by direct current. 
This direct current has been obtained 
from a transformer-rectifier system feed¬ 
ing a battery. The battery is heavy for 
the two functions it serves in an operat¬ 
ing system. First, it furnishes excita¬ 
tion power to insure reliable starting of 
the a-c generator, and second, it furnishes 
relaying power during a fault. A small 
permanent-magnet generator with a rec- 
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Fig. 4. Test setup used for testing Insulation 
materials in oil (the ruler is 18 inches in 
length) 


for the engine. Many engines have al¬ 
ready integrated into the oil system a 
constant-speed drive system. Little in¬ 
crease in the interchanger size would 
therefore be necessaiy to handle the a-c 
generator losses. Finally, a psycho¬ 
logical block exists in the minds of many 
people as to the use of fuel around elec¬ 
trical machinery. Considering all of this, 
it was decided to develop this machine to 
use engine oil (military specification 
MIL-L-7808 B) as a coolant. “ 

The decision to use oil as a coolant 
emphasizes the necessity of building a 
brushless machine. Several years ago 
experiments were run to determine the 
compatibility of military specification 
JP-4 fuel with brushes. It was found, 
at that time, that brushes operating on 
sHp rings would work satisfactorily sub¬ 
merged in fuel if the proper grade of brush 


were used and the brush pressures prop¬ 
erly adjusted. Similar tests on oils were 
far from encouraging. Neither JP-4 fuel 
nor oil in droplet quantities was con¬ 
ducive to good brush operation. 

When it was decided to use oil as a 
coolant, it was necessary to determine 
how it should be used. Should the ma¬ 
chine be treated merely as an enlarge¬ 
ment in a tube with all components in the 
machine submerged? Should the oil be 
sprayed on the hot components, then col¬ 
lected in a sump and pumped off? Or 
should the oil be put through separate 
ducts and the heat conducted to these 
ducts? Calculation based on viscosity 
and shearing in the oil indicated that a 
submerged system would absorb too 
much power. Tests confirmed this. 
Spray cooling would cause too much aera¬ 
tion of the oil, deterioration of the oil 
with overheating, and erosion of the in¬ 
sulation. It appeared most desirable to 
keep the oil pretty well contained in its 
own passageways. Tests on materials 
described later indicated that it was not 
desirable to have copious supplies of mili¬ 
tary specification MIL-L-7808 oil around 
copper. 

A machine cooled by oil but not having 
its internal parts submerged will be filled 
by various vapors. Since a machine of 
this type would of necessity be designed 
to operate at fairly high temperatures, 
some of the silicone compounds would 
probably be used. The vapors of these 
compounds are usually destructive to 




Fig. 5 (left). Schematic dia¬ 
gram of a conventional aircraft 
a-c generator 


Fig. 6 (below). Schematic 
diagram of a brushless a-c 
generator, showing current 
transformer feedback and per-. 
manent magnet generator 




Fig. 7. Brushless a-c generator excitation 
requirements with constant generator output 
volts 


Curve A—^Total exciter requirements for 
rated voltage 

Curve B—Excitation furnished by current 
transformers 

Curve C—Excitation required from regulator 


brushes.® Use of brushes in such a ma¬ 
chine would rule out many otherwise usa¬ 
ble materials. 

Oil flow rate was established by a proc¬ 
ess of reasoning. Too large a flow rate 
would result in heavy, large ducts and 
too small a one would result in a large 
temperature rise in the oil. Small flow 
rates would make it difficult to set up 
turbulent flow in the ducts. Since oil 
has poor thermal conductivity, turbu¬ 
lence is a necessity for good heat transfer. 
Considering these things, a compromise 
of 5 gallons per minute was arrived at. 
This results in an oil rise through the a-c 
generator and a hydraulic drive of about 
25 degrees centigrade (C). 

To make the heat exchangers as light in 
weight and. as small as possible, oil tem¬ 
peratures should be high. Above 180 C 
MIL-L-7808 B oil deteriorates rapidly. 
Considering this and the 25 C rise of the 
oil in passing through the generator and 
the drive, and allowing a slight margin, 
it was decided that design of the genera¬ 
tor drive package should be based on an 
oil-in temperature of 150 C and the gen¬ 
erator should use the oil before it is used 
by the drive. 

In the authors* experience, static seals 
have been reliable if properly installed. 
Rotating seals have not been so reliable. 
Sometime during the life of a moving seal, 
it leaks, particularly, if it has to with¬ 
stand pressure. At the temperatures 
just mentioned added trouble was ex¬ 
pected. 

A number of tests on rotating carbon 
type seals were run. Performance was 
good, but leakage of small amounts was 
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Fig. 8. Brushless a-c senerator rotor 


encountered often enough to justify the 
following additional design criteria: 

1. A sump line should be included and 
provision made to sump the generator and 
return to the oil system any oil that may 
leak by the seal during the life of the 
generator. 

2. All materials used in the generator 
should be relatively impervious to MIL- 
L-7308B liquid or vapor. 

Rumors received from many sources 
said that MIL-L-7808 B engine oil was 
an excellent solvent, paint, varnish and 
plating remover, and metal dissolver. 
To verify or disprove the action of the oil 
and to find satisfactory materials to build 
a machine over 100 different materials 
normally used in generator construction 
were submerged in the oil and heated, 
and held at temperature for 1 week. At 
the end of that time, many of the ma¬ 
terials had dissolved in the oil. Others 
had become brittle. Some had changed 
their characteristics completely. Cad¬ 
mium plating was removed from steel. 
Coppers and brasses, in general, grew 
thick crusts. Many silicone rubbers 
ceased to have rubber characteristics. 
Adhesives ceased to adhere. In general, 
glasses, teflon, asbestos, and mica were 
unaffected. Binders were frequently un¬ 
satisfactory. 

Similar tests were run on the same ma¬ 
terials except that the material was sus¬ 
pended in the vapor atmosphere above 
the oil. Results were different. Many 
materials which were unaffected by the 
liquid became useless in the vapor. The 
silicone rubbers showed the greatest 
variation in this respect. 

In general, the basic materials, glass, 
asbestos, and mica, were not affected. 
Aluminum and magnesium appeared to 
be unaffected by either liquid or vapor. 
Copper with an insulation which would 
stand the liquid or vapor appeared to be 
not seriously affected. Fig. 4 shows a 
rack of tests containing a number of ma¬ 
terials in oil. The vapor tests were run 
in the same way except that the mate¬ 


rials were suspended above the oil. 

Brushless machines may be made in 
many ways. Some of the more well 
known are inductor generators, cascade 
generators, permanent magnet generators, 
asynchronous generators, and generators 
with a-c exciters and rotating rectifiers 
in place of commutators and slip rings. 
Inductor generators have high leakage 
reactance and are inefficient in their use 
of iron in that the magnetic flux changes 
from some minimum plus value to some 
maximum plus value; hence, they are 
heavy for the rating. Cascade genera¬ 
tors are generally slow in response and in¬ 
efficient. Permanent-magnet generators 
are large and heavy for their ratings 
and their output voltage is not easily 
regulated. Asynchronous generators 
with shtmt-capacitor banks have no 
short-circuit capacity. Series-capadtor 
banks overcome this objection but in 
either case, no adequate means for reg¬ 
ulating asynchronous machine output 
voltage are available. This leaves the 
rotating-rectifier type machine as the 
most promising. It should have re¬ 
covery and short-circuit characteristics 
similar to a-c generators used in aircraft 
power systems in the past, and a very 
similar type of regulating means should be 
applicable. 

The design of an a-c generator must be 
co-ordinated with the exdtatibn system 
to be used. Past a-c generators have 
consisted of a main machine with a static 
armature and a rotating d-c field fed by 
slip rings from a d-c exdter which has 
rotating armature and a static d-c field. 
Excitation for the exdter was obtained 
either from the output pf the exdter or 
from the output of the main a-c generator. 
Stabilization feedback was obtained from 
the output of the exdter. Fig. 5 shows 
the schematic diagram of such a generator. 
Series exdtation and armature reaction 
compensation in the exdter were obtained 
from the output of the exdter. In the 
rotating rectifier, many of these things 
must be obtained in different ways. Fig. 
6 shows the schematic of a rotating-recti¬ 
fier machine. In this unit, the main 
machine stiU has a static a-c armature 
and a rotating d-c field. Instead of recti¬ 
fying the output of the exciter armature 
with a set of brushes and a conunutator, 
the output is rectified by a rectifier which 
rotates with the shaft. The output of 
the rotating rectifier is fed directly into 
main machine rotating field. Series exd¬ 
tation and armature reaction compensa¬ 
tion for the exdter can no longer be ob¬ 
tained from the output of the exdter. 
Instead, they are obtained by use of a 
current feedback system from the output 



Fig. 9. 40-kva oii-cooled brushless a-c 
generator 


of the main a-c generator. Voltage con¬ 
trol exdtation is obtained from the volt¬ 
age output of the main a-c generator. 
Fig. 7 shows test curves of the distribu¬ 
tion of this exdtation. Negative feed¬ 
back for stabilization is obtained from a 
special damping winding on the exdter 
stator; Fig. 6. To insure stability of the 
system, all constants were calculated and 
put on an analogue computer where they 
were varied to give the time constants 
required for stable operation. The con¬ 
stants indicated by the analogue com¬ 
puter were incorporated into the machine 
and regulator design. 

Rectifiers to be satisfactory for a 
rotating-rectifier machine cooled by a 
150 C oil must rulfill certain obvious re¬ 
quirements. They must be capable of 
operating at some temperature in excess 
of 160 C. They must be capable of with¬ 
standing centrifugal force in the order of 
15,000 g. They must be light, must 
occupy small volume, and must be sturdy, 
reliable, and preferably effident. There 
are some less obvious requirements made 
necessary by the fact that transients re¬ 
flect through a machine. To determine 



Curve A—No load saturation 
Curve B—Full load saturation at 0.75 power 
factor 

Curve C—Three-phase short-circuit saturation 
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by test how severe these requirements 
might be, a 40-kva air-cooled machine 
was set up with selenium rectifiers feeding 
its slip rings. Load-on, load-off and 
other transients were checked. It was 
found that the maximum back voltage 
reflected across the rectifier was approxi¬ 
mately 50% higher than the maximum 
voltage out of the rectifier under any load 
condition. It was found that the maxi¬ 
mum current in the forward direction 
was about twice the maximum current 
out of the rectifier for any load condition. 
These are somewhat generalized conclu¬ 
sions and would vary with the constants 
of the generator. 

None of the known types of rectifiers, 
selenium, copper oxide, copper sulphide 
or germanium, would satisfy these re¬ 
quirements. However, early in 1954, 
the authors* company produced on a 
laboratory basis a rectifier cell based on 
the element silicon. This rectifier cell 
was capable of operating at 20 amperes 
in a single-phase bridge at 100 volts back 
voltage. Physicists forecast that this 
rectifier would be able to operate to tem¬ 
peratures as high as 200 C. Tests upon 
the cell indicated that when built into a 
rectifier, the efficiency would be as high 
as 95%. All of these things were neces¬ 
sary in order to build an adequate rotat- 
ing-rectifier machine. To find out if 
these cells would operate under high 
centrifugal stress, would take short time 
voltage and current transients, and would 
operate at the temperatures required, 
test fixtures were built and each point was 
proved. 

Conclusion 

With the answers procured to all these 
questions, it was now possible to start the 
design of a machine based upon the 
answers. An oil ductwork system capa¬ 
ble of taking 400 pounds per square inch 
was designed. This system first passes 


the oil down the center of the shaft in a 
stationary tube, then back along the 
inside diameter of the shaft, where it re¬ 
moves the rotor heat and the heat from 
the rectifiers. The oil is then passed 
through cast-in stainless steel tubing in 
the support castings where it picks up 
heat from the stator portions of the ma¬ 
chine. One rotating seal is used. All 
other seals are static. All cooling calcu¬ 
lations were made on the assumption 
that the heat must be conducted to the 
oil by the metallic or solid portions of the 
machine. On this basis, the main ma¬ 
chine d-c rotor was designed to be of the 
roimd or distributed winding type to get 
better heat conduction paths without 
complex ducting. 

The electrical design is straightforward, 
limited only by the maximum tempera¬ 
tures that can be tolerated and the maxi¬ 
mum amount of heat that can be con¬ 
ducted to the oil with those temperatures. 
Of course, the compounding circuit must 
be balanced to give adequate short-cir¬ 
cuit capacity and still leave regulation 
range. Fig. 8 shows the rotor of the ma¬ 
chine. At the left is the d-c field of the 
main alternator. Next to it is the rotat- 
ing-rectifier structure. The second rotor 
from the right is the exciter armature. 
At the far right is the permanent magnet 
field structure. Fig. 9 shows the as¬ 
sembled machine with a test bracket. 

A considerable number of tests have 
been run on the machine. Fig. 10 shows 
saturation data for the main a-c generator 
obtained with special test fixtures. Fig. 
7, shows tests data for the over-all ma¬ 
chine excitation requirements. Harmonic 
analysis of the output indicates less than 
2% for any one harmonic. Tests on 
unbalance indicate that the two-thirds 
requirement of MIL-G-6099 has been 
met. Temperature runs and life runs, 
so far made, indicate that the original 
objectives, solution of the bearing, brush, 
and temperature problems, are attainable. 
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Discussion 

D. W. Exner (Boeing Airplane Company, 
Seattle, Wash.): The significance of this 
major advance in the design of aircraft 
generators cannot be overstressed. It is an 
important step toward the development of 
truly environment-free equipment. As 
flight speeds increase, the cost in horse¬ 
power of blast air cooling becomes excessive. 
As speeds increase further, the stagnation 
temperature rise begins to affect the ma¬ 
chine rating and then, finally, exceeds the 
allowable operating temperature of conven¬ 
tional insulating materials and lubricants. 
This is the cause of the trend toward use of 


of fuel as a heat sink in advanced aircraft 
designs. 

Direct use of fuel as a coolant, without 
interposing oil as an intermediate heat 
transfer fluid, will become atrractive for 
certain applications. To gain maximum 
advantage from the use of fuel as a heat 
sink, further development of engine fuel 
systems is needed to permit us to use the 
heat of vaporization of the fuel. At present 
this presents problems in the metering and 
injection of fuel to the engine and in forma¬ 
tion of coke deposits in the fuel system. It 
is believed that these problems can be solved 
by further research, thus making available 
a tremendously increased heat sink ca¬ 
pacity. 


H. J. Braun: The discussion of the direct 
use of fuel as a coolant is interesting to many 
electrical designers in that it indicates the 
trend of thinking in the aircraft industry. 
Fuel can be used as a liquid coolant or as an 
evaporant. Much of the fuels liquid cool¬ 
ing capacity is today wasted during loiter or 
let down conditions by the engine fuel-han¬ 
dling system. A considerable amount of 
development work needs to be done on 
variable displacement fuel pumps to 
alleviate this condition. 

Mr. Exner discussed some of the problems 
encountered in vaporizing fuel. At the 
present time some engine manufacturers are 
working with means to handle fuel in the 
vapor form'. 
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Air Turbine Drives: Performance 
and Limitations 


L. ROYCE 

NONMEMBER AIEE 


T he practice in modern jet aircraft of 
using axial-flow jet engine compressors 
has decreased the number of engine pads 
available for driving accessories. This, 
coupled with the presence of a high-pres¬ 
sure air supply as a source of power, has 
brought about the introduction of the 
air turbine as a prime mover. Since the 
energy level of the jet engine bleed air is 
dependent upon the engine setting, which 
is in turn dependent upon the airplane 
flight condition, the design of the turbine 
drive will be dictated by, first, the flight 
condition which results in a minimum 
energy supply to the prime mover and, 
second, the power that must be developed 
by the prime mover. These factors will 
influence the performance of the unit at 
the airplane cruise condition where air 
consumption is most critical. The first 
section of this discussion is concerned with 
the imposed requirements at the design 
point, and the penalty involved from the 
standpoint of performance, at the cruise 
condition. Subsequent sections will deal 
with the turbine configuration and the 
turbine control system response rate. 

Theniiod 3 niamic Performance 

The horsepower (HP) developed by a 
turbine is proportional to the product of 
the temperature drop of the air passing 
through the turbine and the turbine air 
flow rate. Turbine temperature drop is 
used in place of enthalpy drop since the 
specific heat of air is assumed constant. 
The turbine air temperature drop de¬ 
pends upon the pressure and temperature 
of the air supplied to the unit at a given 
altitude and the turbine efi5.ciency. The 
weight flow through the unit is dependent 
upon the pressure and temperature of the 
air supplied to the unit and the turbine 
nozzle area. 

Figs. 1 and 2 represent a typical set of 
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bleed pressures and temperatures availa- 
ble from the jet engine compressor for 
the idle let-down and cruise flight condi¬ 
tions. With these values and mth l^e 
assumption that turbine efficiency is 100 
per cent (%). the maximum possible 
temperature drop through the turbine 
may be found; see Fig. 3, which show 
that the turbine air temperature drop in¬ 
creases with altitude and the cruise tem¬ 
perature drop is the larger at any given 
altitude. Referring to Figs. 1 and 2, and 
using a nozzle area of 1 square inch, will 
show that the weight flow per square inch 
of nozzle area for each flight condition 
may be calculated. The results are 
plotted in Fig. 4. which shows that weight 
flow decreases with increasing altitude 
and at a given altitude is smaller for the 
idle let-down condition. Combining the 
results of Figs. 3 and 4 results in the HP 
that the unit can devdop when the tur¬ 
bine efficiency is 100% and the nozzle 
area 1 square inch. Fig. 6 shows that 
the capacity of the turbine is always 
greater at cruise than at idle let-down 
and that the 10.000-foot idle let-do^ 
condition is the most critical operating 
point of the turbine. The HP developed 
at any operating point may be changed by 
selecting a new nozzle area; the new HP 
value being equal to the HP from Fig. 5 
multiplied by the new nozzle area. Thus 
it can be seen that for any given nozzle 
area, operation at 10,000-foot idle let¬ 
down will always result in the smallest 
HP. Therefore, for the assumed bleed 
conditions, 10,000-foot idle let-down is 
the design point for the turbine. 

Fig. 5 shows that if the turbine is sized 
to produce a given HP at the design 
point, then at all other operating condi¬ 
tions this same turbine will be capable 
of developing a greater HP. If it is de¬ 
sired to run the unit at constant load at 
various operating conditions, some 
method must be employed to limit the 
turbine power. Since HP is dependent 
upon turbine air temperature drop and 
weight flow, a control of either of these 
values will result in constant turbine 
power. Since turbine air temperature 
drop depends upon turbine supply pres¬ 
sure the turbine air temperature drop at 
any operating point may be decreased by 


reducing the bleed air pressture at the 
inlet to the unit. This type of control is a 
throttling control using a constant or 
fixed turbine nozzle area. Control of tur¬ 
bine HP may also be accomplished by 
regulating the weight flow through the 
turbine. Since the weight flow is directly 
proportional to the turbine nozzle area, 
the nozzle area may be varied to vary the 
turbine HP. This configuration is called 
a variable area turbine. 

Tbe performance of a fixed- and a vari- 
‘ able-area turbine is almost identical at tbe 
design point. At this operating point 
the supply conditions are the same for 
both units and so, for a given turbine 
HP, both units will have approximately 
the same nozzle area and thus the same 
air consumption. If operation of the two 
units at an off design point is now con¬ 
sidered, it can be seen that the variable 
area unit will require a nozzle area de¬ 
crease to maintain the same HP while the 
fixed area unit will require throttling. 
Throttling reduces the available energy 
supplied to the unit per pound of air and 
thus the fixed area unit will require a 
larger number of pounds of air to produce 
the required HP at the off desi^ point 
than the variable area unit which is work¬ 
ing with the higher energy air supply. 

Assume that the turbine drives an al¬ 
ternator rated at 12 kva. If the power 
factor is 0.9, the alternator efiSciency 0.8, 
and the turbine gear box efficiency 0.96, 
then rated turbine load is 19.1 HP. If 
the unit is designed so that the maximum 
power output at 10,000-foot idle let-down 
is 19.1 HP, then with 100% turbine efid- 
ciency the turbine required nozzle area 
would be 0.667 square inch. For a de¬ 
sign point maximum load of 125% rated 
(23.9 turbine HP) the required nozzle 
area would be 0.835 square inch. Table 
I lists the nozzle area requirements for 
the 10,000-foot idle let-down design 
point for various load requirements. 

The off design point of major impor¬ 
tance is the point at which the most ex¬ 
tended period of operation occurs. Fix 
this point at 40,000-foot cruise with the 
turbine operating at 100% rated load 
(19.1 HP). If it Is assumed that the 
turbine efficiency is 100% at 40,000-foot 
cruise, the required air flow rate may be 
calculated to carry 100% load for a fixed 
nozzle area design with the use of eac^ 
of the five design nozzle areas listed in 
Table I. The results of this calculation 
are shown by the higher weight flow 
curve of Fig. 6. 

Inspection of Fig. 6 shows that as the 
load at the design point is increased, the 
air consumption required to enable the 
turbine to develop the same HP (100% 
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Fls- 3. Turbine air temperature drop versus altitude 


rated) at 40,000-foot cruise increases. 
Since increasing the load at the design 
point increases the power capacity at the 
cruise point, Fig. 5, it is seen that each 
additional increase in load at the design 
point results in an additional increase in 
the amount of throttling required at the 
40,000-foot cruise point to keep constant 


load (100% rated). Hence the turbine 
operates with air at a lower energy level 
for each increase in throttling, and there¬ 
fore the turbine requires a greater weight 
flow to develop the same HP. 

For the five design points listed in Table 
I a variable area turbine operating at 
40,000-foot cruise, 100% rated load, and 


100% tmrbine efficiency would require 
the air consumption shown by the lower 
weight flow curve of Fig. 6, which shows 
that the air consumption for 100% load 
and 100% turbine efficiency at 40,000-foot 
cruise is independent of the load at the 
design point This is true because no 
throttling is present in a variable area 
design. 



Fig. 6 shows the variation with load at 
the 10,000-foot idle let-down design point 
of the ratio of air consumption for a fixed 
nozzle area turbine operating at 40,000- 
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ALTITUDE - 1000 FEET 

Fis. 5. Turbine developed HP versus altitude 

foot cruise, 100% turbine efficiency, and 



100% rated load to the air consumption 
for a variable area turbine operating at 
the same condition and same efficiency. 
These comparisons have been made on 
the basis of 100% turbine efficiency and 
assuming no pressure drop due to ducting 
between the jet compressor and the tur¬ 
bine. 

With the duct characteristic curve 
shown in Fig. 7 and actual turbine effi¬ 
ciencies for fixed and variable area tur¬ 
bines the data shown in Fig. 6 may be re¬ 
calculated. 

Fig. 8 is a plot of the actual weight flow 


Table i. Nozzle Area Requirements 
10,000-Foot Idle Let-Down, 100% Turbine 
Efficiency 

Load 

Requirement, Turbine, Nozzle Area 

Per Cent Required Required, 

of Rated HP Square Inches 


100.19.1.0.667 

126 .23.9.0.835 

150.28.6.1.0 

175.33.4.1.17 

200.38.2.1.335 


required at 40,000-foot cruise, 100% 
rated load for both the fixed and variable 
area designs versus load at 10,000-foot 
idle let-down, and the ratio of the actual 
weight flows for the two types of tur¬ 
bines. 

Three interesting observations can be 
made from Figs. 6 and 8. First, the air 
consumption for both types of turbines is 
greater when duct losses and actual tur¬ 
bine efficiencies are taken into account; 
second, the actual air consumption for the 
variable area design increases with in¬ 
creases in the load at the 10,000-foot idle 
let-down point; and, third, the per-cent 
increase in required weight flow for the 
fixed-area design compared to the vari¬ 
able area design is smaller in the actual 
case than in the ideal case of no duct 
losses and 100% turbine efficiency. 

The first observation is almost self- 
evident. When actual losses are taken 
into account, the air consumption re¬ 
quired increases. The fact that the ac¬ 
tual air consumption of the variable area 
turbine increases at 40,000-foot cruise, 


100% rated load with increasing load at 
the 10,000-foot idle let-down point (ideal 
air flow was shown to be independent of 
design point load) is due to the turbine 
efficiency variation with nozzle area. 
As the load at the design point is in¬ 
creased, the variable area maximum 
nozzle area increases, and so the nozzle 
area variation from the design point 
nozzle area to the 40,000-foot cruise, 
100% load nozzle area increases and tur¬ 
bine efficiency falls. 

The third observation is the most im¬ 
portant. Here it is seen that the penalty 
of using a fixed area design rather than a 
variable area design does not result in as 
large a percentage increase in air con¬ 
sumption as would be indicated theoret¬ 
ically. 

Fig. 8, based on typical bleed condi¬ 
tions and typical duct and turbine charac¬ 
teristics, shows the penalty which must 
be paid in air consumption at the cruise 
condition for increasing the load require¬ 
ment at the design point. This figure 
shows that regardless of the type of tur- 
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TURBINE WEIGHT FLOW 


Fis. 7. Turbine inlet pressure/compressor discharge pressure versus 
turbine weight flow 

bine selected the weight flow will increase 
as ttirbine design load increases. By 
doubling the design load the fixed area 
unit operating at 100% load at 40,000- 
foot cruise will increase its air consump¬ 
tion by 36% while the variable area unit 
will increase its air consumption by 19%. 

It becomes imperative, then, to evaluate 
thoroughly the actual electrical loads at 
the design point if a realistic design load 
for the turbine is to be established. It 
should be remembered that the turbine 
will be capable of developing a greater HP 
than the design HP at all operating con¬ 
ditions other than the design point. 

This analysis was carried out with the 
use of bleed data during flight. There 
axe cases where the turbine is required to 
operate during a ground idle condi- 
ion, in which case the design point for 
the turbine becomes ground idle. The 
ground idle design point is usually so much 
more critical to unit performance at the 
cruise condition that a short discussion 
is warranted to stress the importance of 
the load requirement at the design point. 

Assume that the jet engine compressor 
ground idle pressure ratio is 1.6, making 
the bleed pressure 47.8-inch Hg. Further 
assume the same duct characteristic as 
was used for the 10,000-foot idle let¬ 
down design point; see Fig. 7. The HP 



Fig. 8. Actual weight flow at 40,000-foot cruise, 100% load versus 
per cent rated design load; ratio of fixed area to variable area, weight 
flow versus per cent rated design load 


let-down design point. The 24.7 pounds- 
per-minute air consumption is plotted in 
Fig. 10. 

The limitation in the turbine power at 
the ground idle design point is due only 
to the duct loss. Evidently the duct 
size may be increased, up to a point, and 
whatever power is desired obtained. 
However, the large increase in required 
weight flow at cruise is not due entirely 
to the duct loss. This can be seen by 
assuming no duct loss and using actual 
turbine efficiencies to calculate the 40,000- 
foot cruise, fixed-nozzle area, 100% load 
weight flows. These data are plotted in 
Fig. 10, and by comparison to Fig. 8 show 
increases in actual weight flow of approxi¬ 
mately 39% over the weight flow at 
40,000-foot cruise, fixed-nozzle area, 100% 
load, when the design point was 10,000- 
foot idle let-down and duct losses were 
included. The introduction of the ground 
idle point as the design point of the unit 
works a hardship on the variable-area as 
wen as on the fixed-area design. Since 
the maximum nozzle area requirement 
increases in going from the 10,000-foot 


output of the turbine for the ground idle 
condition may now be plotted as a func¬ 
tion of the turbine nozzle area. Fig. 9 
shows that for the bleed pressure of 47.8- 
inch Hg and the assumed duct losses, 
the actual turbine HP and the turbine 
HP based on 100%, turbine efl&ciency 
both increase as larger values of nozzle 
area are selected up to a certain value of 
nozzle area. Selecting still larger nozzle 
areas results in a decrease in turbine 
power rather than an increase. This is a 
veiy important characteristic because it 
shows that if the duct is too small, the 
duct actually limits the amount of power 
that the turbine can develop. Fig. 9 
shows that 100% rated power (19.1 HP) 
can be obtained at ground idle but 125% 
is not possible with the assumed duct. 
For the 100% load at ground idle as de¬ 
sign point, the actual air consumption at 
40,000-foot cruise, 100% load for a fixed 
area turbine would be 24.7 pounds per 
minute, representing an increase of 72% 
over the weight flow at 40,000-foot cruise, 
100% load for a fixed area turbine based 
on a 100% load at the 10,000-foot idle 
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TURBINE DEVELOPED HORSEPOWER 



NOZZLE AREA - SQUARE INCHES 



Turbine Configuration 

In general, there are any number of pos¬ 
sible turbine configurations which may 
be used to develop power. The follow- 
g >1 ing discussion deals only with those tur- 

Wne^evelopedHp’ ^nes that experience has shown to be 
versus nozzle area most adaptable to aircraft use. 

The two basic types of turbines are the 


idle let-down to the ground idle design 
point the area ratio range has been in¬ 
creased through which the nozzles must 
be varied. There is a mechanical limita¬ 
tion to this variation and if the lumt is 
exceeded, throttling must be employed. 
Therefore, without going into details of 
variable-area performance at cruise based 
on ground idle design, it is sufficient to 
say that the air consumption will be con¬ 
siderably in excess of the values shown in 
Fig. 8 for the 10,000-foot idle let-down 
design point. 

The discussion has been confined to the 
performance of fixed- and variable- 
nozzle area turbines. In particular ap¬ 
plications it may be advantageous to use 
designs involving partial admission, multi¬ 
wheels, or variable turbine speed (in 
conjunction with constant output speed). 
The partial-admission arrangement is 
really a modified variable-area design 
where the nozzle area is increased in 
large steps rather than continuously. 
Multiwheel configurations are useful 
when the required operating range calls 
for two entirdly different nozzle areas 


and the losses involved in a partial-ad¬ 
mission design are objectionable. Vari¬ 
able turbine speed units are helpful in 
enabling a better matdiing of the tur¬ 
bine characteristic to the bleed air pres¬ 
sure schedule. The thermodynamic per¬ 
formance of all of these turbines falls be¬ 
tween the performance of the fixed- and 
variable-area designs and is adversely 
affected by increased load requirements 
at the design point. 

It may be seen, then, that regardless of 
the type of unit used, the selection of the 
minimum acceptable load at the mini¬ 
mum jet bleed air energy point will af¬ 
ford considerable savings in unit air con¬ 
sumption at all operating points and par¬ 
ticularly at cruise. In cases where duct 
sizes are limited by the unit location, it 
will allow a practical solution to a design 
of an alternator drive. If the turbine 
cannot develop the required power when 
load requirements are held to a minimum 
and duct size is a maximum, the last re¬ 
sort is to increase the idle speed of the 
engine to obtain the required turbine 
power. 


fixed-area and the variable-area. Each 
of these types can be broken down into 
the following classification based upon 
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direction of flow of the air through the 
turbine. 1. Fixed area: axial flow; cen¬ 
tripetal flow. 2. Variable area: centri¬ 
petal flow. 

The general physical dimensions of an 
axial turbine consist of small outside diam¬ 
eter and long length. The centripetal 
turbine is usually large in outside diam¬ 
eter and short in the length dimension. 
Comparing the weight and volume of a 
fixed- to a variable-area turbine shows 
that the fixed area unit is the smaller and 
lighter of the two. Also, the fixed-area 
turbine is much simpler mechanically. 

The selection of the type of turbine to 
be used in a given application depends 
upon the load requirement, the allowable 
unit weight and volume, and the reli¬ 
ability required. In deciding whether 
fixed or variable area should be used the 
first consideration is the space and weight 
limitations. In many cases there is no 
choice since a variable area unit would not 
fit within the allowable envelope. How¬ 
ever, if a choice exists, the next considera¬ 
tion is the magnitude of the load. If 
loads are small, although the fixed-area 
unit may require an appreciable per¬ 
centage increase in air consumption over a 
variable-area design, this appreciable per¬ 
centage may be a relatively small amount 
of air flow in terms of pounds per minute. 
In this case, it would not seem desirable 
to increase the weight and complexity of 
the turbine to save a small amotmt of air 
flow. (It should also be remembered 
that xmit weight decreases airplane range 
just as does turbine air consumption, but 
to a smaller degree.) If, on the other 
hand, the load requirements are large, 
it may be desirable to use variable area 
with its associated complexity and larger 
weight in order to take advantage of 
large-weight flow savings. 

In alternator drive applications, failure 
of the speed control system to hold speed 
as designed is as bad, from the standpoint 
of performance, as a complete loss of the 
unit. The variable-area unit, with each 
nozzle blade pivotable, is susceptible to 
much more mechanical difficulty than a 
fixed-nozzle design and thus susceptible to 
more speed control failures. This is an 
important characteristic of the variable- 
area unit and must be given due con¬ 
sideration in the selection of the type of 
turbine to be used in a given application. 

Fig. 11 shows a cutaway of a power tur¬ 
bine. This unit uses an axial-flow design 
and is geared to drive a 4,000-rpm 9-kva 
alternator. 

The turbine drive configuration that is 
used in any particular installation is 
usually a tmit compromised with respect 
to the many controlling requirements. 


It must be remembered that in the over¬ 
all picture the airplane performance 
rather than the tmit performance is the 
governing criterion. 

Turbine Speed Control Response 
Rate 

The nature of the electrical loads found 
in today’s airplanes requires that the 
speed of the alternator be held within 
relatively close limits during steady-state 
and transient operation. The means by 
which the speed control requirements 
may be met are numerous. Electric, 
hydraulic, and pneumatic systems or any 
combination of these are possible. The 
response rate of a given system will de¬ 
pend upon the design of the system. As 
an example of the state of the art at this 
time, the response of the Stratos pneu¬ 
matic speed control system is presented. 
This control system is isochronous and is 
used in conjunction with a fixed-nozzle 
area turbine. 

Steady State Response 

The speed control fimctions as an iso¬ 
chronous controller within d=0.50% of 
steady-state speed. Setting of the speed 
control is held to within =1=1.5% of rated 
speed. 

Transient Response 

When step load increments of =1=60% 
rated load are added or removed from 
the load, the speed recovers to 2.5% of 
the initial steady-state speed within 0.6 
second and to 1.5% within 1 second. 
Under this condition the maximum devia¬ 
tion from the steady-state speed is not 
more than 4.6%. 

The ability of the unit to return 
rapidly to a steady-state speed after the 
system is disturbed by load changes is an 
important consideration. It is customary 
to specify the speed error, after a given 
interval of time from the initiation of the 
disturbance, in the form of a percentage 
speed variation. However, it is impor¬ 
tant to refer this percentage to the proper 
speed. For the proportional type of 
governing systems the percentage speed 
variation after a given time interval is 
usually referred to the new steady-state 
speed. For an isochronous control sys¬ 
tem the steady-state speed is independent 
of the load. Therefore, to put the two 
types of control systems on a comparable 
basis, all percentages should be referred 
to the steady-state speed before the load 
change. 

The response rate of a speed control 
system used with a variable-area turbine 
will be poorer than the response rate of 


the system when used with a fixed-nozzle 
design. This is true because the inertia 
forces involved in positioning the variable 
nozzles are greater than those for posi¬ 
tioning the throttle valve. The response 
of the variable area unit may be made 
faster by inserting a throttle valve up¬ 
stream of the variable nozzles and posi¬ 
tioning this valve as a function of unit 
speed. The variable nozzles could then 
be positioned as a function of flight condi¬ 
tion and altitude. This would result in 
the same speed response as for the fixed- 
nozzle design but the throttle valve would 
introduce a slight throttling loss at all 
operating conditions. 

Conclusions 

The selection of the type of turbine to 
be used for a given application depends 
upon the requirements for the particular 
job. In general, a variable-area turbine 
will require less air flow, will weigh more, 
take more space, and be more complicated 
than a fixed-area unit. The performance 
of either type of unit at all operating 
points, and particularly at the cruise con¬ 
dition of the airplane, suffers as the load 
requirement at the unit design point is 
increased. Therefore every effort should 
be made to evaluate realistically the 
minimum acceptable load at the turbine 
design point, which usually occurs at the 
minimum energy level of the bleed air. 




Discussion 

J. Bendersky (General Electric Company, 
Lynn, Mass.): Mr. Royce's paper is a 
great contribution to the new field of jet 
aircraft air turbine drives. This paper goes 
a long way in fulfilling the increasing need of 
shedding light upon the design .problems of 
air turbine drives. 

The author’s point of the importance of 
not overestimating the load requirements 
at the low bleed air energy design point can 
not be overemphasized. The writer’s com¬ 
pany has spent considerable time and effort 
in studying the problem of minimizing the 
bleed airflow consumption under varying 
loads and varying bleed air energies. 

We have found that the load requirements 
of our turbo alternator drives and turbo 
hydraulic pumps could vary by a factor of 
100 to 1. This coupled with a bleed pressure 
variation of 250 pounds per square inch 
absolute (psia) at maximum energy to 8 
psia at minimum energy and with a turbine 
exhaust pressure variation of 14.7 psia at 
sea level to 1.3 psia at altitude would lead to 
a desired turbine nozzle area variation of 
3,000-5,000^1. 

Obviously, a turbine nozzle area variation 
of 5,000 to 1 cannot be accomplished with- 
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out a considerable loss in ttirbine efficiency. 
Therefore, it is necessary to keep the re¬ 
quired area variation to a minimum. 

It can now easily be seen why there are 
mechanical difficulties in designing a vari¬ 
able area nozzle to cover such a large varia¬ 
tion in area. For example consider a var¬ 
iable area nozzle which changes its area by 
rotation of the nozzle blades position from 
full closed through 20 degrees of arc to open. 
To reduce the full area by a factor of 5,000 
the blades would have to be positioned 15 
seconds of arc from the full closed position. 
This is impractical from a mechanical design 
standpoint because tolerances would allow 
some of the blades to be completely closed 
and some of the blades would be 0.5 degree 
open. In addition, the turbine efficiency 
would be very poor because of the small 
nozzle angle and because the blade tip leak¬ 
age area would be many times as great as 
the passage area. 

The throttling process which may simply 
be a butterfly valve in the bleed air supply 
line does not. suffer from the mechanical 
problems of area variation. The butterfly 
valve is quite capable of reducing the turbine 
nozzle effective area from full to zero, an 
infinite variation, without any mechanical 
difficulty. The turbine efficiency at a high 
degree of throttling would not be lower than 


the variable area nozzle turbine efficiency 
at small nozzle areas and in fact might be 
higher. 


D. W. Exner (Boeing Airplane Company, 
Seattle, Wash.): The author points up 
very well one of the problems of applying 
air turbine drives to electric generators, the 
problem of matching the design of the 
turbine to the design of the generator. This 
problem is common to all other prime-mover 
drives of limited capacity, such as auxiliary 
gas turbines and reciprocating engines. 

The power system designer is faced with 
the problem of providing adequate electric 
power, not only under normal steady-state 
conditions, but also under transient overload 
conditions; also, he must be sure that 
sufficient power is available to clear circuit 
faults quickly. Failure to do the latter 
may result in complete loss of power, ex¬ 
cessive damage, or fire, or at least a serious 
outage. Faults because of their serious 
potential effects, must be anticipated at 
any time and, because they may be caused 
by other airplane damage, they may occur 
coincident with conditions causing low air 
supply. 

Electric a-c generator output is limited 
primarily by thermal and excitation capaci¬ 


ties. Aircraft constant-frequency genera¬ 
tors are normally designed to supply 150% 
load for 5 minutes and 200% for 5 seconds, 
and to deliver a minimum of 300% current 
to a solid 3-phase fault at their terminals. 
With certain types of faults and certain 
fault impedances the torque reflected into 
the prime mover by the generator will ex¬ 
ceed 200% rated. The system designer 
must assume the worst fault condition 
because he has no control over the occur¬ 
rence. 

Because the small prime mover is inher¬ 
ently torque limited, the application problem 
becomes complicated. The inevitable result 
is pressure by the prime-mover designer on 
the system designer to compromise his 
normal application margins so as to lower 
the prime-mover design point. This pres¬ 
sure is good if the net result is a realistic 
check on system requirements. It is bad, 
on the other hand, if the over-all system 
reliability and safety is compromised. 

As a matter of interest, this difiSculty does 
not seem to arise in applying a hydro¬ 
mechanical transmission to a generator. 
This transmission does not have the same 
torque limitations on designs 9*s a small 
prime mover, and the extractable torque 
from the main engine is, for all practical 
purposes, unlimited. 


The Effect of Machine Impedances on 
the Voltage Unbalance of 3-Phase 
Synchronous Generators 


T. F. HARDMAN 

ASSOCIATE MEMBER AIEE 


I N COMMON use today are many 3- 
phase 4-wire electric systems that 
operate primarily with single-phase line- 
to-neutral loads. Quite often on these 
systems it is found impractical to distrib¬ 
ute the single-phase loads so that the 
power supply operates into a balanced 3- 
phase system. A-c power systems on 
present-day aircraft typify this condition. 

Servomechanism systems, radar ap¬ 
paratus, electric rate-gyros, and other di¬ 
versified single-phase loads on aircraft 
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systems require close voltage regulation 
limits for satisfactory operation. It is 
imperative then that the aircraft power 
supply have characteristics which limit 
the deviation of the single-phase terminal 
voltages when unequal loading is applied. 

Previous papers and texts have empha¬ 
sized that the negative-sequence react¬ 
ance reflects the ability of a 3-phase syn¬ 
chronous generator to prevent the un¬ 
balancing of the terminal voltages under 
conditions of unbalanced loading. This 
statement applies to systems on which the 
load unbalance is not extensive or where 
the other impedance quantities of the 
synchronous generator are small in com¬ 
parison with the negative-sequence react¬ 
ance. If the latter conditions are not 
true, further consideration must be given. 
Also lacking in previous work, without 
considerable calculations, is a working 
knowledge of the extent that the genera¬ 
tor impedances, including the negative- 


sequence reactance, effect voltage un¬ 
balance. 

Hence, the need arises for practical 
information that will enable the design 
engineer to evaluate the effect of the ma¬ 
chine impedances on this aspect of per¬ 
formance in the consideration of the over¬ 
all performance of an optimum syn¬ 
chronous generator for a given applica¬ 
tion. Information of this nature would 
also permit the utilizer of the generator 
to make performance predictions from 
tested or calculated impedance values. 

Background 

The effect of applications of un¬ 
balanced loading on wye-wye neutral- 
connected systems has been treated in 
recent papers. prior to this time pub¬ 
lished work has been concerned mainly 
with the fault-type unbalance with little 
reference to the effect of the voltage reg¬ 
ulator. To augment previous work, and 
because of its widespread application, 
the wye-connected regulated generator is 
chosen for this investigation. 

The electric systems employed in air¬ 
craft are numerous, and the nature of the 
unbalanced loading which can occur on 
these systems is extensive and diversified. 
To present any analysis of performance 
it is necessary to select conditions which 
are defined and which impose the most 
severe requirements on the synchronous 
generator. The military specifications®*'* 
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PER UNIT NEGATIVE-SEQUENCE IMPEDANCE 


Fig. 1. The effect of the negative-sequence 
and zero-sequence impedances on the voltage 
unbalance of a synchronous generator carrying 
^/3-rated line current on one phase only 


establish tests which have become com¬ 
monplace as a measurement of the im¬ 
balanced voltage performance of this 
type of equipment. Since these test 
conditions do not represent probable ap¬ 
plication conditions and are primarily for 
the purpose of establishing generator 
characteristics, the most practical and 
best-defined case is when the generator is 
loaded on one phase only. 

ITomenclature 

jflsaphasor operator 

£=s positive-sequence generated voltage 
Eat -Eft, -Ec *= positive-sequence generated 
phase voltages 
/“'load current 
/«» Ib» Ic “phase currents 
/ai,/si,/cl “positive-sequence phase cur¬ 
rents 

/a 2 ,/ft 2 ,/c 2 “ negative-sequence phase cur¬ 
rents 

/ao,/& 0 i/co“ zero-sequence phase currents 
Vuf Fft, phase voltages 
Vai, Vbi, positive-sequence phase volt¬ 
ages 

Va 2 , Fft 2 , l/c 2 “negative-sequencephase volt¬ 
ages 

^ao» Fco“ zero-sequence phase voltages 
.Zi, Za, Zo, “positive-, negative-, and zero- 
sequence generator impedances 
^ci“ positive-sequence generator 
impedances 

Ea 2 , ^ft 2 , 2cs “ negative-sequence generator 
impedances 

i^aOf <2fto, ^co“ zero-sequence generator im¬ 
pedances 
“load impedance 

TVlethod of Calculation of the Phase 
Voltages 

The steady-state operating conditions 
•of an unbalanced, regulated generator 
are a function of the generator excitation. 



PER UNIT NEGATIVE- SEQUENCE IMPEDANCE 

Fig. 2. The effect of the negative-sequence 
and zero-sequence impedances on the voltage 
unbalance of a synchronous generator carrying 
1/3-rated fine current on one phase only 



PER UNIT NEGATIVE-SEQUENCE REACTANCE 

Fig. 3, The effect of the negative-sequence 
reactance and resistance on the voltage un¬ 
balance of a synchronous generator carrying 
2/3-rated line current on one phase only 


Knowledge of the ejffect that the regula¬ 
tor-sensing circuit has on the generator 
excitation permits a great simplification 
in the analytical solution for the generator 
terminal voltages. The solution as well 
as the understanding of unbalanced volt¬ 
age conditions is made possible by the 
method of S 3 ntnmetrical components. 
The equations for the calculation of the 
terminal voltages of a 3-phase synchro¬ 
nous generator, with one loaded phase 
only, are developed in the Appendix and 
are 

Fa =8 reference terminal voltage, 

the loaded phase (1) 

V6=‘a^Va+^l(a‘-l)Zo+(a‘-a)Zi] (2) 

O 

rc=aVa+^Ka-l)Zi>+(a-a^)Z!] (3) 

o 

To calculate the terminal voltages from 
equations 1, 2, and 3, Va is chosen as the 
reference voltage and is assumed to be 
some arbitraiy value, say 120|0 volts. 
Fft and Vc are then calculated for a given 
magnitude and phase angle of the line 
current L The magnitudes of the calcu¬ 
lated values of Va, Fj, and F<. are then 
re-evaluated by the ratio of the sum of 
the calculated values |Fa|, |Fft|, and |Fc| 
to the adjusted regulated sum of |Fa|, 
|Fj|,and|F.|. 

Example 1 

The problem is to find the value of the 
line-to-neutral voltages for a 15-kva 120/ 
208-volt, a-c synchronous generator car¬ 
rying rated 41.7-ampere line current at 
unity power factor on one phase only (3- 
phase average sensing), where 


Z 2 =0.201 -fjO.SfiS=0.407160.4 ohms 
Zo“0.127-f/0.050 = 0.136|21.6 ohms 
The solution is as follows: assume that 
Fa“120|_0 

V,=a‘Va+^[(a^-l)Zo+(a‘-a)Zi] 

O 

F>=l| 240X120 lO+^l 0[V^| -150X 
0.136 | 21.5 +\/5| -90 X 0.407| 60.4 ] 
Fi> = 123.6 | -115.7 

F<,=oFa+^[(a-l)2o+(a-o*}Z2] 

o 

Fc = l|l20X120|0+-^|0[V3|150X 

0.136 121,5 +v^|90 X0.407160.4) 
Fc-=130.5| 123.4 

Calculated 

iFal + lFsI + lFcl =120+123.6+130.5 

= 374.1 

Regulated 

|Fa| + |Fs| + |Fc|=360 
Ratio 
360 

Re-evaluated 
Fa=120X0.962 = 115.4|_0 
F6=123.6 X0.962 = 118.91 -115.6 
Ve =130.5 X0.962 = 125.5| 123.3 
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Table I. Comparison of Test and Curve Values of Unbalance for 2/3 Per-Unit Line 

Current on One Phase Oniy 


BBSBSSaSSSBS 



Test 

Fig. 1 

Pig. 3 


Test 

Test 

Line-to- 
Neutral 
Voltage 
Unbalance, 
Per Cent 

Line-to- 
Neutrai 
Voltage 
Unbalance, 
Per Cent 

Line-to- 

Neutral 

Aircraft A-C 
Generator 

Sequence 

Impedance, 

Per Unit 

Sequence 
Impedance, 
Per Unit 

Voltage 
Unbalance, 
Per Cent 


12 kva, W.S.R* . 

.0.140-|-i0.510.... 

.. .0.045-f-iO.024. 

. .9.20.. 

.10.6. 

. .9.8 

15 kva, N.S.R.f. 

.0.068-f-i0.135.... 

.. .0.044H-iO.017. 

. .3.22.. 

. 3.3. 

..3.5 

30 kva, C.S4.... 

.0.085-f-i0.200.,.. 

.. .0.027H-iO.020. 

. .4.23.. 

.4.5. 

. ,5.0 

30 kva, N.S.R... 

.0.096-hi0.222.... 

.. .0,033-|-i0.022. 

..4.87.. 

. 5.1. 

..5.5 

30 kva, W.S.R... 

.0.104+i0.290.... 

.. .0.034-HiO.020. 

. .6.25.. 

. 6.4. 

. .6.9 

40 kva, C.S. 

.0.06H-i0.152.,.. 

.. .0.020+i0.020. 

, .3.10.. 

.3.2. 

. .3.7 

40 Kva, C.S. 

.0.053-|-i0.151.... 

.. .0.028-hi0.015. 

. .3.10.. 

.3.2. 

..3.6 

60 kva, C.S. 

.0.075-hi0.2l7.... 

,. .0.024-|-i0,040. 

..4.66.. 

.4,8. 

..5.1 


*Wide speed range, 
t Narrow speed range. 
t Constant speed. 


This simplified method of solution is 
based on the assumption that the volt¬ 
age regulator maintains the terminal 
voltage at a constant average value. 
The application of unbalanced loads on a 
regulated system creates a change in 
phase angle of the voltage sensed by the 
regulator and results in a departure from 
this average value. To determine the ex¬ 
tent of this departure, the sums of the 
phase voltages were compiled for three 
different types of aircraft a-c generators 
operating under all the conditions of the 
military specifications.^’^ The sums of 
the phase voltages varied from 358.4 to 
362.0 with the regulator adjusted to 
hold the sum to 360. The largest varia¬ 
tions occurred when the phase angles of 
the voltages had the most extreme varia¬ 
tion from the balanced position. This 
compilation demonstrates the accuracy 
of calculation by this method. Under the 
most severe conditions of the military 
specifications,®’^ the calculated values 
will be within 0.55 per cent of the ter¬ 
minal voltages that could be calculated 
by an exact method. The tested air¬ 
craft generators have a negative-sequence 
impedance of 0.60 per unit or less and a 
zero-sequence impedance of 0.05 or less. 
The error in calculation will increase with 
increasing sequence impedances and with 
more rigorous unbalanced load conditions. 

The purposes for the development of 
equations in this form are as follows: 

1. The equations are independent of the 
generator positive-sequence impedance Zi 
and the load impedance Zl- 

2. The magnitude and phase angle of the 
line current I can be positively and pur¬ 
posely defibied. 

3. A simplified solution of the regulated 
values of Va, Fj, and Ve which gives 
reasonably accurate results can be obtained 
without the complication of the solution 
for these voltages by considering the 
circuit composed of the regulator, exciter, 
and alternator. 


The absence of Zi in the equations 
simplifies the solution, emphasizes the se¬ 
quence impedances which affect the im¬ 
balance on the unloaded phases, and per¬ 
mits an investigation of the variation of 
Zi and Zo without consideration of the 
change in Zi. 

The Effect of the Machine 
Impedances on Voltage Unbalance 

The generator positive-sequence im¬ 
pedance has no effect on the unbalancing 
of the phase voltages of a 3-phase a-c 
generator. As shown by equations 29, 
30, and 31 of the Appendix, the internal 
voltages caused by the positive-sequence 
impedance add in a like manner to each 
of the generated phase voltages, there¬ 
fore maintaining balanced terminal condi¬ 
tions. 

The effect of the variation of negative- 
sequence and zero-sequence impedance on 
the voltage unbalance performance of a 
regulated, 3-phase a-c generator carrying 
2/3-rated live current on one phase is 
shown by the curves of Fig. 1, and for 
1/3-rated line current on one phase by 
the curves of Fig. 2. These curves were 
constructed by computing the per-cent 
voltage unbalance, as defined by the 
military specifications,®-^ from calculated 
values of phase voltages by the method 
of equations 1, 2, and 3. Various values 
of Z 2 and Zo were chosen; R 2 was al¬ 
lowed to vary proportionately with X 2 
and JRq to vary proportionately with Xq. 
The impedance values of the reference 
generator of example 1 were used as a 
base. 

As shown by the curves of Figs. 1 and 
2, the voltage unbalance of the syn¬ 
chronous generator is primarily deter¬ 
mined by the negative-sequence imped¬ 
ance. However, as the value of the 
negative-sequence impedance is decreased 
to meet performance requirements, the 


zero-sequence impedance e 
creasingly more effective,^ 
phase, line-to-neutral unity powe 
load is representative of the mos se\ 
specification test requirements imposed 
on the generator, these curves will assist 
the machine designer in the selection of 
generator windings and dimensions o 
obtain an optimum design for a given 
application. 

The effect of the variation of negative- 
sequence reactance and. resistance o** t le 
voltage unbalance performance of a 
regulated, 3-phase a-c generator carrying 
2/3 rated line current on one phase is 
shown by the curves of Fig. 3. These 
curves were constructed by computing 
the per-cent voltage unbalance from cal¬ 
culated values of phase voltages by the 
method of equations 1, 2, and 3. Various 
values of Zt were chiosen; Rt was al¬ 
lowed to vary proportionately with Xi, 
with the use of the negative-sequence 
impedance value of the reference genera¬ 
tor of example 1 as a base, and Z, was 


per unit. 

It been stated® "that the negative- 
sequence reactance reflects the ability of 
the generator to preveri't the unbalancing 
of the voltages, and the negative-se¬ 
quence resistance reflects the ability to 
carry the negative-sequence current with¬ 
out undue rotor heating. As shown in 
Fig. 3, this statement is only partially 
true. The negative-sequence resistance 
also reflects the ability of the generator to 
prevent unbalancing of the voltages, es¬ 
pecially as the value of negative-sequence 
reactance is reduced. These curves will 
assist the design engineer in obtaining an 
optimum relation between the generator 
stator winding and the rotor damper 
circuit. 

To attest the validity and, therefore, 
the usefulness of the curves of Figs. 1 and 
3, a tabulation of test and curve values for 
various aircraft a-c generators is shown 
in Table I. The values for voltage un¬ 
balance from Figs. 1 and 3 are slightly 
higher than the test values. This is ac¬ 
countable for from the fact that the test 
value for Z 2 to Zq are obtained from tests 
conducted in accordance with procedures® 
which do not yield these impedances of 
the saturated and, consequently, lower 
values of the unbalanced load test condi¬ 
tions. 


Conclusions 

1. A simplified method of solution for 
the tenninal voltages of a regulated, 3- 
phase synchronous generator carrying load 
on one phase only has been developed and 
verified. The solution is such that for a 


I 
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defined load current the negative-sequence 
and zero-sequence impedance values are 
the only variables. 

2. Guides of per-cent voltage unbalance 
for various values of negative-sequence and 
zero-sequence impedance are constructed 
for the 2/3-rated and 1/3-rated single¬ 
phase line-current conditions of the military 
Specifications.3These curves emphasize 
the importance of the negative-sequence 
impedance in the reduction of voltage un¬ 
balance but also show that the zero-sequence 
impedance is a factor. The machine de¬ 
signer can use these results in the selection 
of generator characteristics for optimum 
design. 

3. Curves of per-cent voltage unbalance 
for various values of negative-sequence 
reactance and resistance are constructed 
for the 2/3-rated single-phase line-current 
conditions of the military specifications. 
These curves show that the negative- 
sequence resistance, as well as the negative- 
sequence reactance, plays an important 
roll in the reduction of voltage unbalance. 
The machine designer can apply these 
results to the evaluation of the rotor 
damper circuit for a particular design. 


Appendix. Development of the 
Equationsofthe Terminal Voltages 
on a 3-Phase Synchronous 
Generator Carrying a Line-to- 
Neutral Load on One Phase Only 

By writing Kirchhoff's equations in terms 
of the symmetrical component quantities, 
the following fundamental relations are 
obtained 
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The generator internal drops are 
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Asstiming that the generated voltages 
are equal, balanced, and 120 degrees apart 


•2a~ l^a+Fao+Fai+Fa2=£ (23) 

(24) 

•2c = Fc+Feo+Fci-|-Fc2=aB (25) 

Combining equations 14 through 25 

■2= Fa+g-(Zao+^ai+Za2) (26) 


F6+“ (Zfto+g^^fii+gZftg) 

(27) 

aE= Fc+-(Zco+g-^ciH-g^-2’c2) 
o 

(28) 


Assuming that the sequence impedances 
of each phase are equal, equations 26, 27, 
and 28 become 


E— Fa-(-”(-2’o+Ei-l-Z2) 

(29) 

g2E- Fft-f “(-^o+g^Zi-f^iZa) 

(30) 

FcH-“ (Zo-|-oZj -{-a^Zi) 
o 

(31) 


Multiplying equation 29 by a*, equating 
equations 29 and 30, and solving for Vb 
gives 

Vb^aWa-^^ [(a2-l)Zo+(a2-a)^2] (32) 

o 

Multiplying equation 29 by a, equating 
equations 29 and 31, and solving for Vc 
gives 

Fc-aFa-l-^ [(a-l)Zo+{a-a^)Z2] (33) 

o 


References 


1. Mbthops BOR Prediction of Steady-State 
Performance for Unbalanced Regulated 3- 
Phasb Generators, B. J. Wilson. AXBE Trans¬ 
actions, vol. 72, pt. II, 1953 (Jan. 1954 section), 
pp. 413-422. 

2. Calculations on Voltage Unbalance for 
3-Phase Synchronous Systems, B. J. Wilson, 
W. K. Gardner. Ibid., vol. 73, pt. II, 1954 (Jan. 
1955 section), pp. 426-37. 

3. Electrical Power, Aircraft Characteris¬ 
tics of. Military Specification MIL-E-7894, 
U. S. Bureau of Aeronautics, Washington, D. C., 
April 25, 1952, sect. 4.1.1, and 4.1.3. 

4. Generators and Regulators; Aircraft, 
Alternating Current, General Specification 
FOR. Military Specification MIL-G-6099, U. S. 
Bureau of Aeronautics, Washington, D. C., April 
19, 1950, sect. 4.5.7, and 4.5.7.1. 

5. Machine Characteristics, C. P. Wagner. 
Electrical Transmission and Distribution Reference 
Book, Westinghouse Electric Corporation, East 
Pittsburgh, Pa., 1950, chap. 6, pp. 145-94. 

6. Test Code for Synchronous Machines. 
AIEE Standard No. 503, June 1945. 




Discussion 

B. J. Wilsou and W. K. Gardner (Naval 
Research Laboratory, Washington, D. C.): 
We credit the author for his ingenuity in 
treating voltage unbalance within the limits 
that permit prediction of regulator action. 
The method appears useful for general 
unbalanced loading on wye-wye neutral 
connected, wye-wye, and wye-delta circuits. 

The author has restricted his application 
to single-phase loading in wye-wye neutral 
connected circuits, but we would like to 
amplify its use. It works to advantage 
even for general 3-phase unbalanced load¬ 
ing. 

When applying the method to 3-phase un¬ 


balanced loading of the wye-wye neutral 
connected circuit, equations 34, 35, and 36 
form a convenient starting point. (These 
were derived from equations 7, 4, and 5 of 
reference 2 of the paper.) 
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(36) 

Equations 37,38, and 39 are in suitable form 
for application of the author’s method, 
where Fa has been chosen for reference and 
equations 34 and 35 selected for use and re¬ 
arranged. 

Fa = reference terminal voltage (37) 

(38) 
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--Fa 



(39) 


Fa&=Fa-F6; F6 c=F6-Fc; 

Fca-Fc-Fa (43) 


1. Assume a value for Fa. 

2. Obtain corresponding values of F& and 
Fc from simultaneous solution of equations 
38 and 39 where knowledge is assumed of 
the values of machine sequence impedances 
Zo, Z 2 and the phase load impedances 

Za, 2/bt 2 jc‘ 

3. Adjust the voltage level of the values of 
Fa, Fe, and Fc in a manner appropriate to 
the method of regulator sensing. 

Similar equations, though more com¬ 
plicated, may be readily developed for 
the most general case of both self- and 
mutual impedance unbalanced three-phase 
loads. 

When applying the method to the wye- 
wye circuit, equations 40-43 form the basic 
starting point. 


1. Assume a value of Fa, the reference 
terminal voltage (X—JV). 

2. Calculate corresponding values of Vb and 
Fc from equations 41 and 42, respectively. 
Knowledge of the values of Z 2 and the phase 
load impedances Za, Zb, Zc is assumed. 

3. Adjust the voltage level of Fa, Vb, Vc 
in a manner appropriate to the method of 
regulator sensing. 

4. Calculate the final values of line-to-line 
voltages from equation 43. 

When applying the method to the wye- 
delta connection, equations 44, 45, and 46 
form the basic starting point. 


(44) 

LZ&c Z,ca 3 J 


ZE 




"-[i] 


r ~ [aZi-Zi -aH.Zi+Zi+Zc)] Vt 


aZ% (a^—o)"! 

IZic' 

"Zca”^ 3 J 

(40) or 

1 

r~ ( 1 Z 2 Z 2 ^ 

(0-1)1 

\[Zi+Za-a(,Zi+Zc)]Va + 

1 Tr. —. 

l^Zca ^ab 



Vbc (45) 


J -Zb-- a(Zi +Z 6 4 -Kc) ] Vb 

(41) Fca=*-Fa&-F6c 


L Zbc Zca 3 J 


(46) 


or 


r ^‘1 

r Z^-f-Za— (i(Z2~{~Zc) "I 

L zj 

La^Za—Zft —a{Z2 -{“Zb +Zc) J 


Vc^[-Zc\ 



[Fa] 


(42) 


1. Assume a value of Fa&, the reference 
terminal voltage (Hne-to-line). 

2. Calctdate the corresponding values of 
Fftc and Fca from equations 45 and 46, 
respectively. Elnowledge of the values of 
Z 2 and the delta load impedances Za6, Zbc, 
Zca is assumed. 

3. Adjust the voltage level of the values of 


Faft, Vbc, Vca in a manner appropriate to the 
method of regulator sensing. 

We wish to emphasize that the general 
synchronous system equations are not 
independent of Zi. The author has derived 
equations that are independent of Zi for a 
special purpose. In the general problem 
of system voltage control the parameter 
Zi must remain explicit along with excita¬ 
tion voltage. Also, we caution in the use 
of the proposed technique that the regulator 
behaves within the limits of knowledgeable 
regulator action. 


T. F. T(9^r({mar \; The discussers have made 
an appreciable supplement to the paper 
by extending the calculation method to 
general 3-phase unbalanced loading. Their 
contribution is appreciated. 

The paper limited the method of calcula¬ 
tion and the constructed curves to single¬ 
phase loading in wye-wye neutral connected 
circuits to demonstrate the effect of the 
machine impedances on the voltage unbal¬ 
ance performance as imposed by the un¬ 
balanced load requirements of the military 
specifications.^ 

I am in accord with the discussers’ com¬ 
ment that the general synchronous system 
equations are not independent of Zi. Zi 
does not occur in equations 2 and 3 of the 
paper because the phase current I is a 
defined quantity. The phase current I is 
actually dependent upon Zi, as well as the 
other system impedances. 

Knowledgeable regulator action was in¬ 
cluded in the paper to illustrate that the 
regulator does not behave idealistically. 
The method of adjusting the voltage level 
in accordance with the method of regulator 
sensing, used by the author as well as the 
discussers, produces accurate results only 
when the regulator behaves exactly. 

Reference 

1 . See references 3 and 4 of the paper. 


lensins Methods Applicable to a 3- 
Phase Load Transfer Contactor 


R. W. STINEMAN 

ASSOCIATE MEMBER AIEE 


P. L. EPSTEIN 


A load transfer contactor is employed 

in an electric circuit as illustrated 
in Fig. 1. As is evident from the figure, 
the purpose of the contactor is to connect 
a bank of loads to one of two possible 
power sources. While the contactor 
could be either manually or automatically 
controlled, only automatically conteolled 
self-contained contactors are considered 
in this paper. Also, the contactor could 
be employed in either a single-phase or a 
3-phase circuit, but this paper deals only 
with 3-phase circuits. 


NONMEMBER AIEE 

Load transfer contactors conventionally 
employed in aircraft 3-phase electric sys¬ 
tems generally contain three sensing re¬ 
lays, each relay being connected from a 
phase of the normal power source to neu¬ 
tral. In the event that one of the sensing 
relays drops out as a result of a low line- 
to-neutral voltage, the load is transferred 
to the alternate power source. Power to 
operate the main contacts is drawn from 
the alternate power source. Ina200/115- 
volt system, the sensing relays are com¬ 
monly adjusted to pick up under 100 


volts and to drop out over 80 volts. Such 
a s e nsing circuit has a number of evident 
shortcomings; 

1. If there is a line-to-line fault on the 
normal power feeder, the contactor may not 
respond properly. 

2. The low ratio of pickup to dropout 
voltage means that each sensing relay 
operates with relatively little contact 
pressure and is therefore vulnerable to 
aircraft vibration. 

3_ The relatively close percentage tolerance 

on pickup and dropout voltage creates a 
problem of compensating for 
environmental conditions such as tempera¬ 
ture variations. 

4. Loss of one phase of the normal power 
source may initiate a transfer even though 
the alternate power source has also lost a 
phase and is therefore not a better source of 
power. This factor is most significant in a 
power system which is arranged for either 
paralleled or isolated operation of its 
alternators. During paralleled operation 
in such a system, a fault may affect equaUy 
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Fig. t. Sinsle- 
Hne diasram il¬ 
lustrating the ap¬ 
plication of a 
load transfer con¬ 
tactor 


both the normal and alternate power 
sources and cause a momentary useless 
operation of the transfer contactor. 

An obvious solution to the first of these 
items to to install three additional sensing 
relays connected line to line. However, 
the use of a total of six relays with their 
associated circuits makes the contactor 
quite bulky and heavy and, of course, the 
last three of the foregoing disadvantages 
still prevail. Furthermore, failure of any 
one of the six relays wotdd cause a false 
transfer. It thus appears that a fresh 
approach to the problem of sensing cir¬ 
cuitry is in order. 

Fundamental Concepts 

Substantial improvement over previous 
practice has been attained in contactors 
currently under development through the 
application of certain fundamental con¬ 
cepts new to the industiy. The first of 
these concepts is that of comparative 
rather than absolute sensing. By this it 
is meant that the sensing circuit is de¬ 
signed to compare the voltage of the nor¬ 
mal power source to the voltage of the al¬ 
ternate power source as a reference, 
rather than to refer the normal source 
voltage to an arbitrary fixed reference. 
In essence, comparative sensing is the true 
objective of a transfer contactor,' in that 
it is desired to supply the loads with volt¬ 
age as nearly normal as possible. One of 
the fruits of comparative sensing is the 
elimination of the second and third short¬ 
comings listed, for the older sensing cir¬ 
cuit. This is best explained by a nu¬ 
merical example. If the line-to-neutral 
voltages of two power sources were di¬ 
rectly compared, it would be found that 
the sensing relay would be required to 
pick up under 35 volts and drop out over 


16 volts in order to have performance 
comparable to the older system. Thus, 
the ratio of pickup to dropout voltage is 
considerably increased and a wider per¬ 
centage tolerance on relay operation is 
available. Comparative sensing also elim¬ 
inates the fourth objection to the older 
type of sensing circuit. 

A second new concept is the employ¬ 
ment of symmetrical components of nor¬ 
mal and alternate power source voltage. 
It may be recalled that the positive- 
sequence component of three-phase volt¬ 
ages indicates the general level of voltage, 
while the negative- and zero-sequence 
components indicate the degree of un¬ 
balance of the voltages. However, no 
zero-sequence voltage is developed dur¬ 
ing a line-to-line fault and since an ob¬ 
jective is to detect line-to-line faults, it is 
apparent that zero-sequence voltage is of 
little interest. On the other hand, 
negative-sequence voltage is developed 
sensingduringanyunsymmetricalfault; so 
by negative-sequence voltage, it is possible 
to detect both line-to-neutral and line-to- 
line faults. If such sensing is employed, 
it is necessary also to sense positive- 
sequence voltage in order to detect 3- 
phase faults or other failures which 
equally affect all phases of the normal 
power source. 

Calculations were carried out to deter¬ 
mine the magnitude of positive- and 
negative-sequence voltage during resistive 
line-to-neutral and line-to-line faults at 
the terminals of a Westinghouse type- 
8QL60A 60-kva alternator. The calcu¬ 
lations were simplified to the extent that 
saturation, saliency, and limitations on 
maximum excitation were neglected. The 
results of the calculations are plotted in 
Fig. 2 as a function of fault voltage. 
These curves apply with little error to 
any load within the rating of the alterna¬ 
tor. As a result of voltage regulator ac¬ 
tion, the magnitude of the positive- 
sequence voltage is relatively unaffected 
by a line-to-neutral or a line-to-line fault. 

Combining the concepts of compara¬ 
tive and sequence voltage sensing, the fol¬ 
lowing definitions are derived 

E,ia—Eia—Ein 
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where 

Fid[=diffCTential positive-sequence voltage 
positive-sequence voltage of the al¬ 
ternate power source 

Fla = positive-sequence voltage of the 
nonnal power source 

where 


The authors wish to acknowledge the help of R. L. 
Amtz of Hartman Electrical Mani^acturing 
Company in the development of the rectifier cir¬ 
cuitry. 


differential negative-sequence voltage 
F 2 a« negative-sequence voltage of the nor¬ 
mal power source 



Fig. 2. Positive- and negative-sequence 
voltages during an unsymmetrical short 
circuit in an aircraft electrical system 


F 2 a=negative-sequence voltage of the al¬ 
ternate power source 

Further 

where Ed is called the differential se¬ 
quence voltage. 

There are three general conditions to 
which a load transfer contactor should 
respond: 

1. Complete failure of the normal power 
source. 

2. A partial but symmetrical failure of 
the normal power source as might be occa¬ 
sioned by a resistive 3-phase fault or in¬ 
sufficient alternator excitation. 

3. A partial unsymmetrical failure of the 
nonnal power source such as an unsym¬ 
metrical short circuit or open circuit on 
the nonnal power feeder. 

The first condition will be detected if the 
remaining conditions are detected, and 
need be given no special consideration. 



Corporation 

Fig. 3. A load transfer contactor employing 
sequence-filter sensing circuits 
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Fi^. 4< A simplified block diasram of the contactor illustrated in Fig. 3 



Fig. 6. Outputs of a sensing circuit of the type illustrated in Fig. 7 


The second condition determines the re¬ 
quired sensitivity to differential positive- 
sequence voltage; in line with past prac¬ 
tice, a pickup-dropout range of 35 to 15 
volts would appear appropriate. The 
third condition determines the required 
sensitivity to differential negative- 
sequence voltage. Referring to Fig. 2, it 
is evident that a sensitivity of 60 to 30 
volts would result in a response compara¬ 
ble to the older type of sensing for a line- 
to-neutral fault. However, in the in¬ 
terest of standardization of sensing cir¬ 
cuitry, a sensitivity of 40 to 20 volts was 
selected for both differential positive- 
sequence voltage and differential negative- 
sequence voltage or any equivalent com¬ 
bination. In other words, the contactor 
is made sensitive to simply a differential 
sequence voltage range of 40 to 20 volts, 
regardless of the combination of positive- 
and negative-sequence voltages. 

Another factor which should be men¬ 
tioned is the matter of time delay; i.e., 
the contactor should be able to override 
certain system transients. The older 
style sensing circmt was required to over¬ 
ride the following conditions: 


INPUTS 




Rs 


b 


.5 

cjC 

•V3 

2(oC 


;} 


OUTPUT 


Fig. 5. Detailed circuit of the type of 
sequence filter used in Fig. 4. With normal 
phase sequence, abc, the filter operates as a 
negative-sequence filter 


1. Application of load to the normal power 
source. 

2. Faults on the load side of the contactor. 
This feature is necessary to allow such a 
fault to be cleared by circuit protectors in 
the normal power feeder before the fault 
is interrupted by the contactor itself, a 
phenomenon which leads to a cycling 
condition, which tends to prolong the 
duration of the fault, and which imposes 
upon the main contacts the severe burden 
of switching the fault current. 

With comparative sensing, two addi¬ 
tional conditions must be overriden by 
the contactor time delay: 

3. Removal of load from the alternate 
power source. 

4. Overvoltage of the alternate power 
source caused by faulty regulating equip¬ 
ment. 

For conditions 1, 3, and 4, a delay of ap¬ 
proximately 0.15 second appears to be 
adequate in most cases. The delay re¬ 
quired for condition 2 depends on the type 
of fault protection employed. The con¬ 
tactors described in the succeeding sec¬ 
tions of this paper were used in an ap¬ 
plication where a delay of 0.35 to 0.60 
second was required. 

Another characteristic which must be 
controlled in the design of a load transfer 
contactor is the difference between the 
transfer and retransfer voltages. It 
should be realized that when a transfer 
contactor operates, the system in which it 
is installed is altered to some extent. 
Consequently, it is not uncommon for the 
voltage at the normal power source ter¬ 
minals to increase slightly after the trans¬ 
fer operation. If the pickup and drop¬ 
out voltages of the sensing elements are 
too close together, a cycling condition 


may occur in which the contactor re¬ 
peatedly transfers and retransfers. It is 
therefore necessary that the spread be¬ 
tween transfer and retransfer voltage be 
at least 7 differential sequence volts, and 
it is desirable that the spread be at least 
10 volts. 

Contactor Employing Sequence- 
Filter Sensing Circuits 

A straightforward application of the 
foregoing principles leads to the load 
transfer contactor illustrated in Fig. 3 
and for which a simpUfied block diagram 
is shown in Fig. 4. Note that both the 
alternate and normal power source volt¬ 
ages are applied to the inputs of both 
positive- and negative-sequence filters. 
The output of each filter is then rectified 
and applied to one coil of a 4-coil polarized 
relay. The polarity of the connections 
to the relay is such that the relay, in ef- 


3-PHASE INPUT 



Fig. 7. A sensing circuit based on a 3-phase 
rectifier. This circuit is relatively insensitive 
to frequency and temperature changes 
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feet, responds to differential sequence 
voltage as has been defined. When the 
differential sequence voltage reaches a 
value of 40 volts, the polarized relay op¬ 
erates to actuate the time-delay relay 
which in turn energizes the main con¬ 
tactor with power supplied by the alter¬ 
nate power source. Thus the loads are 
transferred to the alternate power source. 
If the differential sequence voltage subse¬ 
quently drops to under 20 volts, the 
polarized relay drops out, thus causing 
the loads to be retransferred to the normal 
power source. 

The design of the sequence filter cir¬ 
cuits is shown in detail in Fig, 5. The 
filter is shown connected as a negative- 
sequence filter. However, exactly the 
same circuit could be used as a positive- 
sequence filter simply by interchanging 



Fjg. 9. Time-delay curves for the contactor 
of Fig. 8 


any two of the input leads, a feature which 
is characteristic of positive- and negative- 
sequence filters. The output of the filter 
is proportional to the sequence voltage 
being sensed. Other filter circuits would 
be possible but the one illustrated appears 
to be best suited to this application. 

The contactor emplo3dng sequence 
filters was tested and its performance 
was found to be essentially as expected. 
A desirable characteristic of the circuit, 
that was discovered during the test pro¬ 
gram, was that the contactor would not 
connect the loads to a power source whose 
phase sequence had been reversed. The 
principal disadvantage of the contactor 
was that the sequence filters were found 
to be sensitive to frequency changes. As 
a result, the operating points did not re¬ 
main within the desired limits at all com¬ 
binations of operating temperature and 
frequency. 

The weight of the contactor, including 
the sensing circuitry, is about 12 pounds. 
The main contacts are rated 160 amperes 
per phase at 200/115 volts, 400 cycles per 
second. 

An Improved Transfer Contactor 

The validity of a transfer contactor 
based on symmetrical component sensing 
having been established, the development 
of an improved unit was undertaken. 
The first difficulty to be attacked was the 
frequency and temperature sensitivity of 
the sequence filters, alluded to in connec¬ 


tion with the tuned filter of Fig. 5. While 
other filters employing reactive elements 
might be designed, all filters of this type 
suffer from frequency sensitivity. Devia¬ 
tions of system frequency from the design 
center value of 400 cycles per second do 
not affect the positive-sequence filter very 
seriously, but the normal variation of air¬ 
craft system frequency from 380 to 420 
cycles per second will result in a spurious 
output equivalent to 4 negative-sequence 
volts from the filter of Fig. 5 at the ex¬ 
treme liimts of the frequency range. 
This is a substantial portion of the 20-to- 
40 volt figure which is to be monitored. 
In addition, networks having reactive 
elements are sensitive to temperature 
changes. While this obstacle is not in¬ 
herent in the circuits, as frequency sensi¬ 
tivity is, it is practically very difficult to 
secure temperature-compensated reactive 
elements sufficiently good to avoid 
another 4 volts or so of spurious output at 
some point in the normal ambient tem¬ 
perature range of minus 60 to plus 85 
degrees centigrade. 

In view of the afore-mentioned diffi¬ 
culties, it was decided to make an attempt 
to eliminate the tuned filters. It was 
considered less important to synthesize 
the mathematically correct functions of 
the positive- and negative-sequence com¬ 
ponents than to have two functions which, 
in a general way, would manifest the aver¬ 
age system voltage and the degree of un¬ 
balance between phases, provided these 
latter practical functions were reproduci¬ 
ble and invariant with temperature and 
frequency. A possibility for eliminating 
the tuned positive-sequence filter lies in 
recognition of the fact that the output 
voltage of a 3-phase half-wave rectifier ap¬ 
proximates closely the positive-sequence 
symmetrical component of the system. 
The approximation is very good unless 



Fig. 10. Load transfer contactor in its finally 
developed configuration 
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there are large departures from the nor¬ 
mal 120-degree phase relationship be¬ 
tween the three line voltages. In the 
case of the negative-sequence com¬ 
ponent, it was considered that the ripple 
voltage produced by the 3-phase rectifier 
might be proportional to the desired func¬ 
tion. Mathematical verification of this 
principle was carried out by means of a 
computer. Fig. 6 shows the agreement 
between the true positive- and negative- 
sequence voltages and the outputs of the 
rectifier unit, as calculated for a series of 
line-to-neutral faults on an actual a-c 
system. The agreement was considered 
sufficiently good for all practical purposes. 
By means of rectifier-type circuitry, 
frequency sensitivity has been eliminated 
from the filters, and the variation in out¬ 
put with temperature is substantially re¬ 
duced. The basic circuit which emerged 
from this development is shown in Fig. 7. 
It should be noted that the circuit is no 
longer sensitive to the direction of phase 
rotation. 

A practical circuit as used in the actual 
transfer contactor is shown in Fig. 8. 
Here the outputs of the positive- and 
negative-sequence filters of the normal 
and alternate power sources are fed into a 
magnetic amplifier which serves to com¬ 


bine differentially the positive- and 
negative-sequence signals of the normal 
and alternate power sources to provide an 
indication of which source is better. The 
amplifier output operates a pilot relay 
which transfers the contactor to the alter¬ 
nate source, should the latter become bet¬ 
ter than the normal source by more than 
40 differential-sequence volts. 

The power supply of the magnetic 
amplifier and that of the contactor are 
derived from the same phase of the alter¬ 
nate power source. This eliminates the 
possibility of the pilot relay demanding 
transfer when motor power might not be 
available to the contactor. The mag¬ 
netic amplifier is operatedunderexcited and 
has high inductance signal windings so as 
to provide a time delay of up to 10 
seconds to override the transient condi¬ 
tions discussed. The elimination of me¬ 
chanical devices to produce this time de¬ 
lay has appreciably improved the relia¬ 
bility of the device. 

The time delay provided by this ar¬ 
rangement is inversely proportional to the 
severity of the disturbance. Fig. 9 shows 
a plot of the transfer time versus the mag¬ 
nitude of the disturbance in terms of dif¬ 
ferential sequence volts. It will be 
noted that the results are slightly dif¬ 


ferent for single-phase, 2-phase, and 3- 
phase-to-neutral faults, which would not 
be the case if the filter circuits developed 
voltages which were the exact mathe¬ 
matical analogues of the positive- and 
negative-sequence components. The 
chief source of this discrepancy is the out¬ 
put of the ripple filter which tends to be 
somewhat low at high values of negative- 
sequence voltages. 

Fig. 10 shows the complete device. 
The contactor itself is a 3-pole double¬ 
throw unit, spring-loaded to the normal 
source. The unit shown is rated at 175 
amperes per phase and weighs 7.5 pounds. 
Units having a 60-ampere rating have also 
been developed. 

Conclusions 

The application of new concepts in 
sensing circuit design has led to the fol¬ 
lowing improved characteristics of load 
transfer contactors: 

1. Reduction in weight and size. 

2. Correct response to line-to-line as well 
as line-to-neutral faults. 

3. Wider percentage tolerances in sensing 
elements with resulting increased rugged¬ 
ness and improved performance. 

4. Relative insensitivity to frequency and 
environmental changes. 




Discussion 

R, P. Sedgwick (Douglas Aircraft Company, 
Santa Monica, Calif.): The authors have 
made very clever use of a rectifier phenome¬ 
non which generally appears as a nuisance 
item and turned it into the solution of a 
frustrating problem. Their load transfer 
contactor evaluates between two power 
sources as to voltage magnitude and voltage 
balance and selects the better of the two for 
service to the loads. Overvoltage and fre¬ 
quency error are the only quantities not 
tested by the relay and these are generally 
controlled by other relays in a system. 

I note that the transfer circuit may be 
more sensitive to short circuits on the load 
side of the contactor if the bus is supplied 
from a high-phase regulated generator, due 
to the reduction in positive phase sequence 
volts resulting from such regulation as 
compared with average sensing regulation. 

Curiosity arises as to whether half-wave 
rectification for the negative sequence sens¬ 
ing circuit would give better sensitivity. 
It is noted that the circuit must be sensitive 


to the magnitude of the ripple voltage rather 
than its frequency, since the frequency (if 
the term is applicable) of the ripple voltage 
is ‘lower” when negative sequence voltage 
is present. Also I would like to know if the 
authors have investigated the behavior of 
the contactor for distorted bus voltage wave 
form as might be caused by certain types of 
loads. 

I particularly like the statement concern¬ 
ing the unimportance of synthesizing 
the mathematically correct sequence func¬ 
tions. 


R. W. Stineman and P. L. Epstein: Since 
our paper was prepared,* the appearance of 
silicon rectifiers has made possible the design 
of a d-c solenoid to operate the main con¬ 
tacts. It is expected that this solenoid, 
together with the silicon rectifier, will occupy 
about the same space as the a-c solenoid 
shown in Fig. 10. The d-c design eliminates 
an objectionable hum which was produced 
by the a-c solenoid. 

In reply to Mr. Sedgwick’s comments, it 
is certainly true that the particular adjust¬ 


ment that was chosen for the contactor 
sensing elements may not be suitable for 
other applications. When high-phase sens¬ 
ing is employed in the system voltage 
regulators, a short circuit will produce less 
differential negative-sequence voltage and 
more differential positive-sequence voltage 
than is indicated by Fig. 2. However, the 
over-all differential sequence voltage should 
not be much different. 

Full-wave rectification was employed in 
the sensing circuits (see Fig. 8) in order to 
eliminate, in so far as possible, the spurious 
negative-sequence signal resulting from the 
residual ripple in the rectifier output with 
balanced input. This is analogous, in 
principle, to striving for a high signal-to- 
noise ratio in communication circuits. 

No particular attention was paid to wave 
form distortion, since the operating range 
of 20 to 40 differential sequence volts is much 
larger than any harmonic voltages present 
in the particular application discussed. It 
may be mentioned, however, that the “nega¬ 
tive sequence” rectifier output will ignore 
harmonics which appear symmetrically on 
all three phases of the system. 


ERRATA 

“Harmonics From Railroad Rectifiers on Power 
System Reduced by Filters,” by S. J. Bozzella, 
J. L. Kennedy, M. Mahr, Jr., and H. W. 


Wahlquist, published in Applications and- 
Industry, November 1955, pages 324-34. 

In Table VI, page 330, the heading for 
column 6 now reads “NO TIF.” This 
should be corrected to read “NONE,” re¬ 
ferring to no shunts in operation, while 


"TIF” indicates that the values given are 
for telephone influence factor. Likewise, 
the numerals in the headings for columns 3, 
4, and 5 indicate the number of shunts in 
operation. A change also should be made 
in the RSS value in column 6 from 120, as 
it now appears, to 164. 
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